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Abstract

The universal character is a generalization of the Schur polynomial attached to a
pair of partitions; see [8]. We prove that the universal character solves the Darboux
chain. The N-periodic closing of the chain is equivalent to the Painlevé equation of
type As\l,)_l. Consequently we obtain an expression of rational solutions of the Painlevé
equations in terms of the universal characters.

Introduction

The universal character S, ), defined by Koike [8], is a polynomial attached to a pair of
partitions [A, x| and is a generalization of the Schur polynomial. The universal character
is in fact the irreducible character of a rational representation of the general linear group
GL(n,C), while the Schur polynomial that of a polynomial representation.

The Darboux chain, given by (1.1) below, is a sequence of ordinary differential equa-
tions with quadratic nonlinearity. This is closely interconnected with the spectral theory of
Schrodinger operators; in fact, governs a sequence of Schrodinger operators connected with
the neighbours by the Darboux transformations; see [16, 17, 18, 24, 25].

The Painlevé equations can be derived from the Darboux chains with suitable boundary
conditions; as is well known that the chains, (1.1), with periods of order three and four
yield Painlevé equations Py and Py respectively. In general, for an integer N > 3, the
N-periodic closing of the chain coincides with the (higher order) Painlevé equation of type

*Current address: Department of Mathematics, Kobe University, Rokko, Kobe 657-8501, Japan.
E-mail address: tudateru@ms.u-tokyo.ac.jp, tudateru@math.kobe-u.ac.jp



Ag\l,)_l, proposed by Noumi—Yamada; see [1, 14, 15, 18, 24, 25].

The aim of the present article is to show certain relationships among the universal char-
acters, the Darboux chains, and the Painlevé equations. We prove that the Darboux chain
admits particular solutions expressed by means of the universal characters (see Theorems 1.4
and 1.5). We have a cycle of the universal characters connected with the action of vertex
operators (see Lemma 2.2). Finally, these cycles, together with the fact that N-periodic
closing of the chain is equivalent to the Painlevé equation of type Ag\l,ll, yield a class of
rational solutions of the equation in terms of the universal characters (see Theorems 2.4 and
2.6). Section 3 is devoted to the verification of Theorem 1.5.

1 Integrable chains

1.1 Darboux chain and its bilinear form

First we recall the definition of the Darboux chain and then review its bilinearization fol-
lowing [16, 25]. Consider the sequence of nonlinear differential equations for v, = v,(x) of
the form:

Uy +Vpg =02 — 02 +a, (n€Z), (1.1)

which is called the Darboux chain. Here v stands for the derivative of v with respect to x
and o, € C is a constant parameter.

Introduce the variable w,, = u,(z) defined by
Uy = V2 — Dy — Cp, (1.2)
where ¢,, € C is a constant such that
Oy = Cp—1 — Cp. (1.3)

Equation (1.2) is considered as a Riccati equation for v,, and thus linearizable via the change

of the variables

d
vy = ——log) (1.4)
then (1.2) is transformed into the Shrédinger equation
d2
(de - un) U = cpthn. (15)

It follows from (1.1) and (1.2) that the potential u,, (n € Z) satisfies the recursion relation:

Upr1 = Up — 2(108 V) 2z (1.6)
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Now let us define the function 7,, = 7,(z), called the 7-function, by

2 62

_ 2
Uy = —2@ log 7, — 7% + ne. (1.7)

Then we obtain from (1.5) the Hirota bilinear equation:

(Di +exD, + ekn) Tn * Tax1 = 0, (1.8)
with .
Cn
hp = —— —m — = 1.9
- ~n—3 (1.9)

Here the symbol D, denotes the Hirota differential with respect to the variable x; for instance,
Dof -g=fg—fg, Dif-g=Ffg—2fg+ [
Remark 1.1. Conversely a solution {v, = v,(x);n € Z} of the chain (1.1) is expressible in

terms of the 7-functions. Combining (1.4), (1.6) and (1.7), we obtain in fact

€ d Tn+1
W= 1 — —1 .
v 21: dz o8 Tn

(1.10)

1.2 Universal characters and Schur polynomials

For a pair of sequences of integers A = (A, Ao, ..., \) and p = (pq, p2, - . ., pur), the universal
character Sy (2, y) is a polynomial in (x,y) = (21,22, ..., Y1, Y2, - . .) defined as follows (see
[8]):

qu/,Hl—I—i—j(y)a 1 S { S v

S x, = det
(@, Y) Pr_y—ivj(@), U+1<i<i+!l

(1.11)
1<e,j<I+V

Here p,(x) and g,(y) are the elementary Schur polynomials defined by

an(a:)z” = 8@ (g, 2) = anz”, (1.12)
n=0 n=1

and p_,(x) =0 for n > 0; or

k]‘ k2--- k

. T1 Ty Tp"
k1+2ko+-+nkp=n

Polynomial g, (y) is just the same as p,(x) except replacing x; by y;. The Schur polynomial

Sx(x) (see e.g. [9]) is regarded as a special case of the universal character:
Sx(@) = det (pr,—i+;(®)) = Sp o, y). (1.14)
If we count the degree of each variable z,, and y,, (n =1,2,...) as

degx, =n, degy, = —n,



then Sp y(x,y) is a (weighted) homogeneous polynomial of degree |A| — ||, where we let
Introduce the operators Vi, = Vi(z; x,y) (k € Z) as follows:
Vk(za €T, y) = eki(migy’Z)eikg(ngZil)a (115)

2]

where 593 stands for <ﬁ, %am’ %am, .. ) For n € Z, we define the vertex operators X, =

Xn(.’B, a:m ay) and Yn = Yn(ya T ay by

Viziz,y) =Y X.2", Vi(w Ly, x) = Zan_”. (1.16)

Note that [X,,, Y,,] = 0.

Proposition 1.2 (see [19]). The operators X,, and Y, (n € Z) are raising operators for the

universal characters in the sense that

S[)\M(azvy) = X>\1 .- 'X')\ZYM1 .Y -1

Ky

Example 1.3. We give a few examples of the universal characters below.

Spa(x,y) = 1,
Sima(x,y) = Su(x) =1,
Siw.w(®y) = Ty — 1,
3
X
Sien.0(x,y) = Sei)(x) §1 s,

Si(2.1),1)] (x,y) = (3 - xg)
x3 3

We also note that (see [19])

Stvu (@, y) = Sa(x — 9y)Su(y — 9) - L. (1.17)

1.3 Similarity reduction of modified KP hierarchy

The Darboux chain (1.1) is closely related to the theory of infinite dimensional integrable
systems. As seeing below, the chain (1.1), or (1.8), is regarded as a similarity reduction of
the modified KP hierarchy:.
Recall that the modified KP hierarchy is the following system of Hirota bilinear equations
(see [3]):
> pe(—2u)pria(Dg) exp (Z ujD%) Op() - Oy () = 0, (1.18)
k=0

j=1
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where u = (uy,u,...) are parameters and Dy = (D,,,3D;,,3D,,,...). We obtain in

particular, from the constant term with respect to w, the bilinear equation:
(D2, + Dy,) 0 - 0py1 = 0. (1.19)

Let the pair (0, 0n41) = (04(21, 22), 0py1(x1, 22)) be a solution of (1.19) such that

0 0
(xla—xl * 29523—352) 0j(w1,22) = djo;(z1,25), d; € C. (1.20)

Noticing 0;(czy, *x9) = c%ioj(x1,x5) for any ¢ € C*, we set

(@) = o (x —Qie) | (1.21)

It follows from (1.19) and (1.20) that the pair 7,,(z) and 7,41 (x) satisfies the bilinear equation
(see [14]):
(Di +exD, + e(dpyq — dn)) Tn * Tne1 = 0, (1.22)

which is exactly the bilinear form of the Darboux chain (1.8).

1.4 Schur polynomial solves the chain

The Schur polynomial Sy = S}y g gives a particular solution of the Darboux chain (1.1), or

(1.8), in the sense of the following theorem.

Theorem 1.4. For any integer k and sequence of integers X, let f = f(z) and g = g(x) be
the functions defined by

f=58\(x), g=>Suxn(T), (1.23)
with .
TL=T, T2= oo, Tn= 0 (n>3). (1.24)
€
Then we have
(Di +exD, + ek) f-g=0. (1.25)

Proof. A key is the following

Claim (see e.g. [4, 14]). For any integer k and sequence of integers A, the pair o,(x) = Sx(x)
and opy1(x) = S (x) solves the first modified KP hierarchy (1.18); in particular satisfies
(1.19).

As shown in the previous section, equation (1.25) is deduced from (1.19) via the similarity
reduction; see (1.20) and (1.21). Since Sy(x) is homogeneous of degree |A|, the theorem
follows immediately from the above claim. |



1.5 Universal character solves the chain

Consider the change of the variables:
t=——a? (1.26)

and

7= t*i(“*%)(“*%)ﬂ“ Tppl = t*i(‘”%)(“*%)ﬂl“, (1.27)

the bilinear form of the Darboux chain (1.8) is converted to

1 NN . . _ d7,
(tD? — (t+a)Dy — 3 (kn —a— 5)) o * Tl + THTH = 0. (1.28)

The universal character Sy ) also solves the Darboux chain:

Theorem 1.5. For any integer k and pair of sequences of integers [\, p], let f = f(t) and
g = g(t) be the functions defined as follows:

f = S[)\,u] (.’B, y)a g = S[(kz,)\),u](wla y/>7 (129)
with . .
xn:t—i—g, yn:—t+g, x;:t—I—&—i_ : y;:—t%—&—i_ : (1.30)
n n n n

where a € C being an arbitrary constant. Then we have
2 dg
(tD; —(t—I—a)Dt—k)f-g—i—fE:(). (1.31)
The proof of the theorem is given in Section 3 below.

Remark 1.6. Let AT denote the transpose of the partition \; see [9]. Viewing the properties:

S[)x,u} (33, y) = iS[AT,;LT} (—JI, _y) and S[)\,;L] (337 y) = S[u,)\] (y7 13),

we have from Theorem 1.5 that the pair

f=Sn,m(,Y), 7= Snwwr(xy), (1.32)

satisfies dz
(th—(t—a—l)Dt—k)f@Jrfd—i:0. (1.33)

Remark 1.7. An extension of the KP hierarchy, called the UC' hierarchy, is proposed in
[19, 23]. Since the UC hierarchy admits all the universal characters to be its polynomial
solutions, it is an interesting problem to construct a certain reduction procedure from the

hierarchy to the Darboux chain.



2 Painlevé equations and universal characters

2.1 N-Periodic chain and Painlevé equation of type Ag\lf)_l

From now on, we consider the N-periodic chain, namely, equations (1.1) with the N-periodic
condition:

UniN = Un, QpinN = Q. (2.1)

We normalize N
> an=1, (2.2)
n=1

without loss of generality. As shown in [18] (and see also [1, 24]), through the change of
variables:
fn = Up + Up-1, (23)

the N-periodic chain is converted to the Painlevé equation of type Ag\l,)_l due to Noumi—
Yamada [15], denoted by P(Ay_1); the system of differential equations for f, is given as
follows:

()if N=2g+1(9g=1,2,...),

dfy g J
P(Asy) : o In <]Z:; Jnyoj—1 — JZ:; fn+2j> + a;

() if N=2g+2(g=1,2,...),

P(Aggi1) : rdfn _ fn ( Z Jrnt2i—1fntor — Z fn+2jfn+2k+1>

2dr : :
1<j<k<g 1<j<k<g
1 g g
+ 5_;an+2kz fn+anzlfn+2j‘
= ]:

Note that P(Az) and P(Aj3) are equivalent to the Painlevé equations Py and Py respectively.

Remark 2.1. The Painlevé equation P(A4;) (I > 2) has symmetry under the (extended) affine
Weyl group of type Al(l); that is, P(A;) is invariant under the action of the transformations

s; (1=0,1,...,1) and 7 given as follows (see [15]):

SZ'(OQ') = —Qy, Si(&j) :Ctj+04i (] :Z:lil), Si(&j) :Odj (] #Z,Z:l:l),

(J=1i%1), s(fy)=1f (G#4i£1), (2.4)

and 7(o;) = i1, 7(f;) = fir1; these define a representation of the extended affine Weyl

group W= (s0,...,s,m) of type A;l).



Now we shall consider the bilinear form of P(Ay_1). The periodic condition (2.1) requires
that ¢,y n = ¢, — 1; see (1.3) and (2.2). Hence we have that, if

(2.5)

1
€ = N,
then we can set
kn—l—N - kny Tn+N = Tn,

in the bilinear form of the chain (1.8). Thus we obtain the system of bilinear equations:

K,
(Dg + %Dm + W) T Tos1 =0, (2.6)

with 7,4 n = 7, and k,n = ky, which is equivalent to Painlevé equation P(Ay_1) via

(2.7)

see (1.10) and (2.3).

2.2 N-reduced partitions and chain of vertex operators

We first recall the definition of N-reduced partition following [14]. A subset M C Z is said
to be a Maya diagram if

meM (m<0) and m¢M (m>0).

Each Maya diagram M = {...,mg, ma, my} corresponds to a unique partition A = (Ay, g, ...)
such that m; — m; 1 = N\; — A\iy1 + 1. For each n = (nq,ng,...,ny) € ZN | let us consider

the Maya diagram:
M(n)=(NZcp, + 1) U(NZcp, +2)U---U(NZcp, + N);
then denote by A(n) the corresponding partition. Notice that
A(n) =A(n+1),

where 1 = (1,1,...,1). A partition of the form A(n) is said to be an N-reduced partition.
We remark that a partition A is N-reduced if and only if A has no hook with length of a
multiple of V.

We have a cycle, connected with the action of the vertex operators (1.16), among the

universal characters attached to N-reduced partitions:



Lemma 2.2. The following formulae hold.

Xy Sy (T, Y) = £ pmten (T, ),
XN”2_|'""SP\("+31)7M} (w7 y) = iS[A(n—l—el—l—eg),u] (ma y)7
: (2.8)

iS[A(n—i—q+---+eN72+eN71),M} ("Bv y)a
XN”N_‘n‘SP\(n‘f’el+"'+3N—2+3N71)7N} (CB, y) = iSP\(n),u} (a:, y)-

XNnN,l—\n\ S[)\(n+e1 +ten—2),u (33, y)

Here n = (ny,na,...,nn) €ZY, In|=ny+ - +ny, €, =(0,...,0,1,0,...,0), and p being

an arbitrary sequence of integers.

We can easily verify the above lemma by Proposition 1.2 together with the commutation

relations among the vertex operators (see [19]):
Xle = _Xl—le+1 and [Xk, )/l] =0.
Note that similar formulae as (2.8) hold also for the operators Y,.

Ezample 2.3. (1) Consider the case N = 2; we have a chain of universal characters Sp ) (, y)

in which A being a two-reduced partition, connected with vertex operators X,, (n € Z).

\
A=0 X, 1 Xo 1 X, -
O () () )
X_1 X_o X_3

(2) Consider the case N = 3; we have a cycle of a triple of universal characters correspond-

ing to three-reduced partitions. We give below an example for (nj,ns,n3) = (2,1,0) in

]
X_3i i Xo
A=T1 —+-
X3

2.3 Rational solutions of P(Ay_;) in terms of Schur polynomials

Lemma 2.2.

Viewing Lemma 2.2 with = ), we obtain from Theorem 1.4 a class of solutions of Painlevé

equation P(Ay_1) expressed in terms of N-reduced Schur polynomials:



Theorem 2.4. For any n € Z", let

T = S)\(n+€1+€2+"'+ei)(w)7 (2.9)
where N
=T, T2=-o r=0 (I>3).

(1) The N-tuple of polynomials {7, = 7;(x); 1 € Z/NZ} solves (2.6), the bilinear form of
P(ANn_1), when
ki = an-+1 — |n|

(2) Consequently
x d Ti+1

;= = — —log 2+,
f N dzx 8 Ti—1

gives a rational solution of P(An_1) with the parameters:

1

Remark 2.5. The rational solutions given in Theorem 2.4 have been considered in the case
when N = 3, that is, for the fourth Painlevé equation Pry; cf. [7, 14].

2.4 Rational solutions of P(As, ;) in terms of universal characters

In what follows we consider only the case when N is even. Let N = 2g + 2, the N-periodic
chain is equivalent to Painlevé equation P(Ag,11). Equation P(Ay,.1) has another type of
rational solutions than that given in the previous section, which is expressed by means of
the (g + 1)-reduced universal characters.

Through the change of the variables:

2

R — (2.11)
49 4+ 4
and
Toj = t_i(a_%)(a%)ﬁj, Tojt1 = t_i(a%)(ﬁ%)ﬁjﬂ, (2.12)

the bilinear form of P(Ag,11), (2.6) with N = 2g + 2, is converted to the system:

1 1 d 7o,
tD?_(t"‘a)Dt__ koj —a— = 7~—2j'7~—2j+1+7~—2jﬂ =0, (2.13a)
2 2 dt
1 1 ~ ~ ~ d5
(tD? —(t—a-1)D; - B (k2j—1 +a+ 5)) Toj—1 - Toj + ng_1% = 0. (2.13b)

Combine Lemma 2.2 with Theorem 1.5 (see also Remark 1.6), we thus have the following.

10



Theorem 2.6. For any m,n € Z9, let

7:2]' = S[)\(m+e1+---+ej),)\T(n+el+---+ej)} (.’B, y)a (214)
7:2j+1 = S[)\(m+e1+---+ej+ej+1),)\T(n+el+---+ej)](wlay/)a
with . .
xn:t—f_ga yn:_t_}_ga x;:t—i_&—i_ ) y;:_t‘f‘&—i_ )
n n n n
where
Ag+1)

and a € C being an arbitrary constant.
(1) The (2g + 2)-tuple of polynomials {7; = 7;(t); i € Z/(2g + 2)Z} solves (2.13) when

1
koj =2(g+ 1)mj1 —2|m|+a+ 3
1
kajr = 2(g + Dnjr = 2| —a — 2.

(2) Consequently
x d Titl
= = S log T

gwes a rational solution of P(Asg+1) with the parameters:

In| —|m|+a+1

g+1 ’

g+1

Qgj = M1 — Ny +
Qj41 = My — Mg +

Example 2.7. Consider the case when g = 1, namely, N = 4. Let m; — my = m and
n1 — ny = n. We have, from Lemma 2.2, a cycle of a quartet of universal characters

S (T, y) connected with the alternate action of vertex operators X; and Y; (i € Z):

[(m — 1)1, nl] [m!, nl]
Y ., Y,
Al =1m=DLn =D = = [ml, (0 —1)]
Here we write the two-reduced partition as m! = (m,m —1,...,1); and notice that (m!)T =

m!. Then the quartet

(To, T1, T2, T3) =

(S[(m—l)!,(n—l)!] (CB, y)7 S[m!,(n—l)!} (wla y,)v S[m!,n!} (wa y)a S[(m—l)!,n!] (w/7 y/)) )

11



solves (2.13) with

1 1 1 1
(ko, k1, ka, k3) = (2m+a+§,2n—a—5,—2m+a+§,—2n—a—5).

Remark 2.8. The expression of rational solutions for ¢ = 1,2 in Theorem 2.6 has been
established in a different manner by Masuda et al. [11, 12]. We refer also to the results
[5, 6, 10, 13, 20, 21, 22, 23, 26] where a class of rational (or algebraic) solutions is expressed
in terms of Schur polynomials, or universal characters, for each of other Painlevé equations

and Garnier’s generalizations.

3 Proof of Theorem 1.5

Consider the change of variables:

n n

then let S[(:\l)u} (t) be a function of ¢ equipped with a constant parameter a € C defined by

S[()(\l,)u] (t> = S[A,u}(wa y) (32)

Similarly let
PO (t) = pa(x) and ¢ (t) = plP(—t) = gu(y).

We remark that pf{l) is essentially equivalent to the Laguerre polynomial. In fact we have

= p(t)k", (3.3)

ne”L

the generating function:
tk/(l k)

and pf{l) satisfies the linear differential equation of the form:

§ d
Lap!® () = npl@(t), Ly=t-— + (t+a)—. 3.4
Lemma 3.1. For any A and pu, the function S[(;)“] (t) has the following expression of ‘Wron-
skian’ type:
d I+ —j @
I+1'—1 (@ .
(a) E -1 (_1) - qul/,ﬂrl—f—i—l(t)a 1 S 1 S [
Sw] () = det d 1+ — @ ’
(E) Px._ it (1), V+1<i<li+4V
1<i,j<l+U
(3.5)

where
a=a—1—1+1.

12



Proof. Polynomials p{® (t) and g\ (t) satisfy the formulae:

pleh = pl@ —p (3.6a)
d
S o@ _ (et]) 3.6b
dtpn pn—l ’ ( . )
o = —a, (3.6¢)
d
— 1) g@ = _glatl) 3.6d
( % )qn a (3.6d)

which are essentially the contiguity relations for the Laguerre polynomial; cf. [2].
Consider the matrices
Rp=I+ Y  Eypn (I<k<I+1I-1),
k<i<I+l'—1
where I denotes an identity; and E; ;1 a matrix element, that is, a matrix in which the (4, i+
1)-th element is unity and all the others are zero. Applying the matrices Ry, Ra, ..., Riir—1
successively from the right hand to the row vector:

a) ,(a) (a)
<p£L )7pn+17 e 7pn+l+l/71) )

g\ g\ 2
- (a) a (@) (@)
at Ppyivr—1s at Poyivr—1s- 5 Pogigrr—1 ) >

by virtue of (3.6a) and (3.6b). By the same procedure as above, the vector:

<q7(’ba)’ qr(za—)la e ?qq(z(l—)l—l’-i-l) ’

then we obtain

is transformed into

d I+0'-1 d I+1'-2
4 _pyret@ (4 1@y (@)
((dt ) (5 (1), (1))

via (3.6¢) and (3.6d). Since det Ry = 1, the proof is now complete. [

One can easily verify the

Lemma 3.2. For an (I +1') x (I4+1")-matriz M = (M, j(t))1<i j<i+r, we have the following
formula of Leibniz type:

j
N—
_ 4 .
M, (& —1) My My |
) ) . p
d My, o (L=1D)My,; -+ My
(d_ —U'|det M = E det : (dtd ) My ’ {
t 1<j<I+V/ My 11 EMHLJ’ o My
: l
d
| Ml+l’ 1 EMH-Z’J cee Ml—l—l’,l—f—l’ 1/



Proof of Theorem 1.5. For the sake of simplicity, we prepare some notations; let
d? d ~ d? d d
L, =t— +(t —, Ly=t— —(t—a)— d 6=—-1.
TERRE TS gz~ (t-a)g at

Then the left hand side of equation (1.31) is rewritten as follows:
d
(th—(t+a)Dt—k)f-g+fd—i]

= f(Lat19) — (Laf)g — kfg
+2t {(6%f)g +1'(6f)g —U'f(8g) — (6.5)(3g)} -

(3.7)

Now we shall substitute (1.29) with (1.30) into the right hand side of the above formula. Let

f=det(fi;(t)<ij<irv and g = det(gi;(t))1<ij<i+r+1; namely, let

Fii(t) = ql(;zl/)_iHJrifj(t) (1<i<ly,
’ p&fll,_iﬂ(t) (+1<i<i+l),

and so on. We have

N—
fir o Lafiy o fue
: : ; I
TR S IV R ¥ P 1 |
a - 3
r Jrern o Lafryy o franwr
: : : ¢
| fievn o Lafivry 0 Jvasr |
Z
[ fir ifu o fur T
at
. . y
d
+2t ) det foa o Glvg o fraw )
A
, frs1i1 - 0 - fryiw
J
. : l
| Sl 0 - fiprgsr |
j k
N— N—
-4 d
/1 G/1k
+2t2det
<k d d
I L Sy Sk

Noticing the relations:

Lapff) (t) = np(a) (t) and Zaqr(f) (t) = —anf) (1),

n

14
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we see that the first term of right hand side of (3.8) is equal to (JA| — |u|)f. The sum of the

other terms coincides with

i x
E-1f; (- N
4 _ 1 g d _ 1 , v 1
%) de (dtd L (dtd Ve 2 (l’((Sf) atha) )f) .
j<k Efl“rl,j Eflurl,k 2
. . I
L %flﬂﬁj %flﬂ',k 1/

We can compute also L,;1g in the same way; then we obtain

%{RHS of 3.7)} = (0°f)g— (6)(6g)

i 0
 (E Doy (E-Dax |
4 Vg (L2-1)g
+fx Z det (dtd ) g (dtd ) qgu k )
j<k aJr+1,j HIr+1k
: : [+1
L %ng/HJ %glJrlUrl,k 1/
Z k
-V A G-V A |
d d
ar ]- ’q i ]_ ’
—gx Y det (dtd ) frg (dtd ) fra ) o
j<k Efl“rl,j Efl“rl,k
) . ]
L %leCJ %fm',k 1/

From Lemma 3.1 we have the expression of f = f(t) and g = g(t) of ‘Wronskian’ type:

fo= det[¢im ) gD O]
g = det[p™ nm=D . @],

with m = [ +1'. Here we let £€9) and @@ (j > 0) be the column vectors of size m and m + 1

respectively defined as follows:
5(]) — D(l,, l)] % T ((—1)m_1%(3,)7 L (_1)m—1qﬁ(g)’pg\al)+l71’ o 7p§$)> ’
nY = D, 1+1) xT ((—1)%1%@, (=)@ @ @ ,pg?) ,
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with

l/

D', 1) = dt

7

L at 1
Using the formula in Lemma 3.2, we have from (3.9) that
1
Q_t{RHS of (3.7)} =
}£<m+1)75<m72>’ €O x [ gD )]

[, €72, €0 x [nD g g
+}€(m_1)7€(m 2)7"' 0)} X ’nm+1 ’r’(m)7n(m_2)7“‘7’r’(0) )

(3.10)

which immediately turns out to be zero by the Pliicker relation (a determinant identity). W
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