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ON THE ZETA FUNCTIONS OF PREHOMOGENEOUS VECTOR
SPACES FOR PAIR OF SIMPLE ALGEBRAS

TAKASHI TANIGUCHI

ABSTRACT. In this paper, we consider the prehomogeneous vector space for pair of
simple algebras which are k-forms of the D, type and the Eg type. We mainly study
the non-split cases. The main purpose of this paper is to determine the principal parts
of the global zeta functions associated with these spaces in the non-split cases. We
also give a description of the sets of rational orbits of these spaces, which suggests the
expected density theorems arising from the properties of these zeta functions.

1. INTRODUCTION

Let k be a field and D a simple algebra of dimension 4 or 9 over k. We denote by D°P
the opposite algebra of D. In this paper, we consider the prehomogeneous vector space

(G,V) =(G,p,V) where
(1.1) G = D* x (D°®)* x GL(2), V=D®Kk,
and

p(g)(a ®v) = (gragi2) ® (g2v) for g = (g11,012,92) € G,a€ D,v € k2.

We call the prehomogeneous vector space D, type and Eg type if the dimension of D is
4 and 9, respectively. This representation is a k-form of

G' = GL(n) x GL(n) x GL(2), V=" @k @ k?

for n = 2 and n = 3 if the dimension of D is 4 and 9, respectively. If D is split, then
(G,V) is equivariant to (G, V") over k. In this paper, we give a certain description of
k-rational orbits and determine the structure of the stabilizers for semi-stable points.
Also we determine the principal parts of the global zeta function for the non-split cases
of (G, V) over an algebraic number field k.

We recall the definition of prehomogeneous vector spaces. Here we give a definition
of a certain restricted class instead of giving general one for simplicity.

Definition 1.1. An irreducible representation of a connected reductive group (G,V)
over k is called a prehomogeneous vector space if

(1) there exists a Zariski open G-orbit in V' and
(2) there exists a non-constant polynomial P € k[V] and a rational character y of G
such that P(gz) = x(g9)P(x) for all g € G and x € V.

Irreducible prehomogeneous vector spaces over an arbitrary characteristic 0 alge-
braically closed field was classified by Sato and Kimura in [14]. Sato and Shintani
[15] defined global zeta functions for prehomogeneous vector spaces if (G, V) is defined
over a number field.
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The information of the principal part at the rightmost pole of the global zeta function
for a prehomogeneous vector space together with an appropriate local theory yields
interesting density theorems. For example, using Shintani’s result [16] for the space of
binary cubic forms, Datskovsky and Wright [3, 4] gave the zeta function theoretic proof
of the Davenport and Heilbronn [5, 6] density theorem

x
PRI
|Apl<a

where F' runs through all the cubic fields with the absolute value of its discriminant
|Ap| is not bigger than x. Also recent works concerning to the space of pairs of binary
Hermitian forms [8, 9, 10] by Kable and Yukie gave certain new density theorems together
with Yukie’s global theory [21]. For the statement of the density theorem, see the
introduction of [8]. Note that this case is another k-form of the D, case. These k-forms
are listed in H. Saito’s classification [12].

We return to our prehomogeneous vector space (1.1). The following theorem is a main
result of this paper.

Theorem 1.2. Let D be a non-split simple algebra of dimension m = 4 or 9. The
global zeta function Z(®,s) associated with the prehomogeneous vector space (1.1) can
be continued meromorphically to the region R(s) > 2m — 2 only with a possible simple
pole at s = 2m with the residue 7(G1)Ds fVA O(x)dx.

The constants 7(G1), Yy and the measure dx on Vj are defined in Section 4. All
the other poles are also described by means of certain distributions in Theorem 4.24,
but the above theorem is enough to get the density theorems. On the other hand, the
expected density theorems require not only the standard tauberian theorem, but also
the appropriate local theory and what is called “filtering process”, which will be studied
in a forthcoming paper. For a general transition process from the tauberian theorem for
global zeta function of prehomogeneous vector spaces to density theorems, see [20].

The expected density theorems from our cases will be discussed in Remark 3.10 using
a result in Section 3, but we also give a brief summary here. We assume k£ = Q for
simplicity. For a finite extension F' of Q, hr and Rpr denote the class number and the
regulator of F', respectively.

For a prehomogeneous vector space (G,V) in Definition 1.1, set Vi = {z € Vg |
P(x) # 0} where P(x) is as in (2) and T = ker(G — GL(V)). For z € V&, G, denotes
the stabilizer of x and G, denotes its identity component. Roughly speaking, the global
zeta function is a counting function for the unnormalized Tamagawa numbers of G2/ T
of points in z € Gg\Vg® (see [20], for example). Hence, by Proposition 3.6 and 3.7, the
behavior of the zeta function at the rightmost pole for the D, case and the Eg case (both
split and non-split) yields the asymptotic behavior of the following function

S WR: and Y, hrRe

F-Ql=2 [F-Ql=3
[Ap|<= |Ap|<z
F is embeddable into D F is embeddable into D

as x — 00, respectively. If the method of filtering process in [3, 4], [2], [8, 9, 10] is
applicable to compute the above density, one can also compute a similar density with
finitely many local conditions by the same method. It is also easy to show that for
each D, the condition F' C D can be determined by finitely many local conditions of F'.
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Hence, the expected density theorems from the non-split cases seems to be quite similar
to that of from the split cases.

One advantage of non-split cases is that the global theory becomes much easier. The
analysis of the global zeta function becomes much complicated as the split rank of the
group growth, and we could not yet success to establish the global theory for the split
D, and Fj cases. Especially the rank of the group is 5 for the split Eg case, and the
complexity of computing the principal part of the zeta function seems to be formidable.

For the rest of this section, we will give the contents of this paper and the notations
used in this paper. More specific notations will be introduced in each section. In Section
2, we will define the space of pair of simple algebras and summarize its basic properties.
Before starting the global theory in Section 4, we will give a certain description of
rational orbits in Section 3. The split cases are treated in [19, §3], and this is a slight
generalization of those cases. We prove that the set of rational orbits corresponds one to
one to a certain set of quadratic extensions and cubic extensions for the D, case and the
Eg case, respectively. Also we determine the structure of the stabilizers for semi-stable
points. The expected density theorems from our cases will be discussed in Remark 3.10.

In Section 4, we study the global theory for the non-split cases. In §4.1, we introduce
notations used in this section and review some basic facts on adelic analysis. In §4.2,
we define a global zeta function. Also we will give an estimate of an incomplete theta
series. Although H. Saito [13] proved the convergence of the all global zeta functions
associated with prehomogeneous vector spaces, we need the estimate in order to use
Shintani’s lemma. In §4.3, we divide the global zeta function into the “entire part” and
the “principal part” by using the Poisson summation formula. We study the “principal
part” in later subsections.

In §4.4, we introduce a stratification of unstable points. To separate the contribution
from unstable strata, we use Shintani’s lemma. In §4.5, we review Shintani’s lemma and
apply it to our cases. Since D* is of rank 0, the smoothed Eisenstein series for our case is
essentially the same as that of GL(2). In §4.6, we review some analytic properties of the
zeta function associated with (single) simple algebra, because this zeta function appears
in the induction process. In §4.7, we compute contributions from unstable points. By
putting the results together we have obtained in §4.4-84.7, we determine the principal
part of the global zeta function in §4.8.

The standard symbols Q, R, C and Z will denote respectively the rational, real and
complex numbers and the rational integers. If R is any ring then R* is the set of
invertible elements of R and if V' is a variety defined over R then Vi denotes its R-points.
In Section 2 and 3, k denotes arbitrary field. In Section 4, k denotes an algebraic number
field.
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2. THE SPACE OF PAIR OF SIMPLE ALGEBRAS

In this section, we define the representation of the space of pair of simple algebras,
and discuss its basic properties.

Let k be an arbitrary field and D a simple algebra over k of dimension m = n?,n > 1.
Let T and N be the reduced trace and reduced norm, respectively. We denote by D°P
the opposite algebra of D. We introduce a group (G; and its representation space W as
follows. Let

G1=D* x (D°®)*.
That is, Gy is equal to D* x D* set theoretically and the multiplication law is given by
(911, 912) (h11, h12) = (g11h11, hi2gi2). We regard G as an algebraic group over k. The
simple algebra D can be considered as a vector space over k. When we regard D as a
vector space over k, we denote this space as W. We define the action of G; on W as
follows:
(g1,w) — gr1wgi2, g1 = (911, 012) € G1,w € W.

This defines a representation W of Gy. Clearly, (Gy, W) is a prehomogeneous vector
space. We discuss the properties of the zeta function associated with this space in §4.6,
which will be used in the analysis of the zeta function associated with the space of pair
of simple algebras.

Let Gy = GL(2) and k? the standard representation of Gy. The group G = G x G
acts naturally on V = W®#A?. This is a k-form of (GL(n) x GL(n) x GL(2), k" ®@ k" @ k?),
and it is proved in [14] that this is a prehomogeneous vector space if and only if n = 2
or n = 3. Since we are interested in prehomogeneous vector space, we consider the case
n = 2,3 for the rest of this paper. That is, D is a simple algebra of dimension 4 or 9.
We call these representation D, type and Eg type for n = 2 and n = 3, respectively
following [19].

We describe the action more explicitly. Throughout of this paper, we express elements
of VEWa@W as x = (11, 79). We identify x = (z1,29) € V with x(v) = viz1 + voxy
which is an element of simple algebra with entries in linear forms in two variables v =
(v1,v2). Then the action of g = (g11, g12,92) € G on x € V is defined by

(97)(v) = gniz(vg2)gra-
We put F,(v) = N(z(v)). This is a binary quadratic form (resp. cubic form) in variables
v = (v1,v2) if n =2 (resp. n = 3), and the discriminant P(z) (x € V) is a polynomial
in V. The polynomial P(z) is characterized by
P(z) = H(Oézﬂj —a;4)? for Fy(v) = H (qjv1 — Bivg), x € V.
i<j 1<i<n
Let x; (i = 1,2) be the character of GG; defined by

X1(g91) = N(g11)N(g12),  x2(g2) = det g,
respectively. We define x(g) = x1(91)?x2(g2)? for n = 2 and x(g9) = x1(g1)*x2(g2)¢ for
n = 3. Then one can easily see that
P(gz) = x(9)P(x)
and hence P(z) is a relative invariant polynomial with respect to the character y. Let
S={r eV |Plx)=0}and V¥ = {z € V | P(z) # 0} and call them the set of

unstable points and semi-stable points, respectively. That is, x € V is semi-stable if and
only if F,(v) does not have a multiple root in P' = {(v; : va)}.
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3. RATIONAL ORBIT DECOMPOSITION

§ 3.1. Rational orbit decomposition. In this section, we will interpret the rational
orbit space G \V;*® and determine the structure of the stabilizers for semi-stable points.
The split cases are treated in [19, §3], and here is a slight generalization of that. For the
expected density theorems, see Remark 3.10. For x € V;*, let GG, be the stabilizer of
and G its identity component.

Let QF (resp. €;) be set of isomorphism classes of separable commutative k-algebras
of dimension 2 (resp. 3). For example, Q;" can be regarded as the disjoint union of
{k?} and the set of separable quadratic extensions of k.

Definition 3.1. For z € V;**, we define
Z, = Proj klvy, va]/(Fy(v)),
k(z) =T(Z,,02,).
Also we define k(x) to be the splitting field of Fj(v).

Note that E(x) may not be a field. Since V;® is the set of z such that F, does not

have a multiple root, Z, is a reduced scheme over k and k(z) is an element of £ (resp.
&;P) for n = 2 (resp. n = 3). Since

Fgl,(v) = x1(91) Fx(vg2),

the isomorphism classes of Z,, k(z) and k(z) depend only on the Gy-orbit of .
We let _
ay: G \V® — Q)P (resp. &) =+ k(x)

for the Dy case (resp. the Fg case). We first determine the image of ay .

Definition 3.2. (1) For n = 2, we denote by Q;(D) the subset of Q; consisting of
algebras which have an embedding to Dj.

(2) For n = 3, we denote by &;?(D) the subset of € consisting of algebras which have
an embedding to Djy.

Lemma 3.3. (1) Let (G,V) be the Dy case. The image of the map av is Q5" (D).
(2) Let (G,V) be the Eg case. The image of the map &y is € (D).
(3) Moreover, any orbit Gyx C Vi contains an element of the form y = (1,y2).

Proof. Here we consider the Eg case. The D, case can be treated similarly. First note
that for z = (L,w) € V¥, F.(v1,1) = N(v; + w) is the characteristic polynomial of
—w € Dy that does not have a multiple root, and hence the algebra k(z) is isomorphic
to the subalgebra k[w] C Dy generated by w over k in Dj.

Let L € €°(D). We regard L as a subalgebra of Dy and take an element u € Dj,
so that L = kfu]. Let x = (1,—u) € Vj. Then since dimy L = 3 = deg F,(v, 1), the
characteristic polynomial F,(vy,1) of w is also the minimum polynomial of u. Hence
F,(v1,1) does not have a multiple root since w is separable. This shows that z =
(1, —u) € V;* and now by the remark above we have oy (Gyx) = L. This proves that
the image of ay contains €;"(D).

Since (3) implies the opposite inclusion, we consider (3). If Dy is non-split, this is
obvious because D, is a division algebra. We consider the split cases. Since the argument
is similar, we consider the Fg case here. In this case, D = M(3) be the algebra of 3 x 3
matrices. For a € D, let rank(a) denote the rank of the matrix a.
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Let x = (z1,29) € V. If either the rank of x; or 3 is equal to 3, the element is
invertible and hence, there exists a g € Gy, such that gz = (1, *). Also if both the rank
of x; and zy are less than or equal to 1, we have F,(v) = det(z1v; + xov2) = 0 which
contradicts to z € V;*. Hence, by changing if necessary, we assume that rank(z;) = 2.
Then there exists a g; € Gy, such that 2’ = g1z = (e,y), where

1 00 Y11 Y12 Y13
e=101 0], y=1{vy2a1 Y22 ¥Yos
0 0 0 Ys1 Y32 Ys3

If y33 = 0, then it is easy to see that F,/(v) has a multiple root, and so y33 # 0. Hence,
again we can take an element ¢g; € Gy so that

zi1 212 0
gi(e’y) = (67 2)7 Z = 221 222 0
0 0 1

Now it is easy to see that there exist «, 5 € k so that rank(ae + 5z) = 3, hence we have
(3). O

We later show that the map ay is in fact injective. Next we consider the structure of
the stabilizers for semi-stable points. Note that for x € V3,

dim G, =dim G, =dimG —dimV = 4.

Lemma 3.4. Let z € V.
(1) Let (G,V) be the Dy case. We have G5 = (GL(l)k( )) as a group over k.
(2) Let (G, V) be the Eg case. We have G; = GL(1)j,) x GL(1); as a group over k.

Proof. By Lemma 3.3 (3), any G-orbit in V;* contains an element of the form x = (1, w)
with w € Dy \ k. Hence it is enough to show the lemma for these elements. We identify
k(x) with k[w] C Dy.

In order to prove an isomorphism between two algebraic groups G, Gy over k, it is
enough to construct isomorphisms between the sets G, Gar of R-rational points of

G4, G, for all commutative k-algebras R which satisfy the usual functorial property. For
this, the reader should see [11, p.17].

We first consider (1). For the Dy case, k(z) = k[w] is a separable k-algebra of
dimension 2. Let R be any commutative k-algebra. We put R(z) = k(z) ® R. Note
that R(z) = R[w] is a subalgebra of Dr = D ® R and is commutative. Since {1,w} is a
k-basis of k(z), this is also an R-basis of R(z). Let s,t € R(z)*. Then {st, stw} is also
an R-basis of R(z), and so there exists a unique element g = gy € GL(2)x such that
g (st,stw) = (1,w). Hence (s,t) — (s,t,9s) gives an injective homomorphism from
(R(x)*)? to Gyr.

This shows that there exists an injective homomorphism

(GL(1)z,))* — Ga

Since (C}L(l)%(m))2 is a connected algebraic group of dimension 4, we have (GL(l);(m))2 =
GS.

Next we consider (2). Again we let R be any algebra and put R(z) = k(z) @ R.
Then we have a injective homomorphism from R(z)* x R* to G.r by sending (s,t) to
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(5,571t~ t). This shows that there exists an injective homomorphism
GL(l)E(w) x GL(1), — G,.

Since GL(1),)x GL(1)y is a connected algebraic group of dimension 4, we have GL(1),, x
GL(1)r = G2. O

x

Finally, we show the injectivity of ay,.
Lemma 3.5. In both cases, the map ay is injective.

Proof. Since the split case is already proven in [19], we only consider the non-split

cases here. Let x,y € V;° satisfy k(z) = k(y). By Lemma 3.3 (3), we may assume
x = (1,u1),y = (1,uz). Then k[u;] and k[us] are isomorphic subfields of Dy. By the
Skolem-Noether theorem [1, CHAPITRE 8 §10], there exists an element § € D} such
that

klui] — klus], pr— 0po~"

gives an isomorphism.
Let (G,V) be the Dy case. Then k[u] is a quadratic extension over k. Hence there
exist a,b € k with b # 0 such that uy = 6(a + bu;)0~'. Hence for

B 1 (10
g = <970 a(a b)) eGka
we have y = gx.

Let (G,V) be the Eg case. There exists p € k[u] so that uy = 0pf~'. We claim that
there exist a,b,c,d € k with ad — bc # 0 such that p = (¢ + duy)/(a + buy). In fact, if
we consider the k-linear map

Ukt — k), (a,b,c,d) — (a+ buy)p — (c+ duy),

the kernel of ¢ is non-trivial. Therefore there exists (a,b,c,d) € k* \ {0} so that (a +
buy)p — (¢ + duy) = 0, and since p ¢ k, we have ad — be # 0.

Hence for
g= <0(a+bu1)1,91, (Z Z)) € Gy,

we have y = gux. O
We summarize the result in this subsection as follows.

Proposition 3.6. Let (G, V') be the Dy case.
(1) The map
GAVE — (D), & — k(a)
18 bijective.
(2) Let x € Vi&*. As a group over k, G = (GL(l)%(z))Q.
Proposition 3.7. Let (G,V) be the Eg case.
(1) The map
GV — GP(D), v+ k()
1s bijective.
(2) Let x € V™. As a group over k, Gg = GL(1)5,) x GL(1)y.
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§ 3.2. Application to global fields. If k£ is a global field, it is well known that the
sets Q;P(D), € (D) can be described by means of local conditions. Here, we review
the argument. We assume that k is a global field in this subsection. Also if D is split,
QP(D) = Q;F and €7 (D) = & for n = 2 and n = 3, respectively. Hence we assume
D is non-split in this subsection. Recall that m = n? is the dimension of D.

Let 9t be the set of places of k. For v € 9, let k, be the completion of k at v. We
denote by Inv, (D) the Hasse invariant of D ® k, over k,.

Definition 3.8. We define M to be the set of elements v € M which satisfy Inv, (D) #
0.

It is well known that 9p is a finite set.

Proposition 3.9. (1) For n = 2, the set Q" (D) consists of elements L € Q;" such
that L ® k, is a quadratic extension of k, for all v € Mp.

(2) Forn =3, the set €, 7(D) consists of elements L € €;° such that L ® k, is a cubic
extension of k, for all v € Mp.

Proof. We will prove the case n = 3. The case n = 2 can be treated similarly.

Let L be an arbitrary separable cubic extension of k. We denote by 9, the set of
places of L. The field L is an element of (D) if and only if D is split over L. By the
Hasse principle, this condition is equivalent to that D ®y, L, = M(3, 3) 1, forallw € M.
Since D ®y, k, = M(3,3),, for all v & Mp, we only need to consider w which divides an
element v € Mp. For this v, D, = D ® k, is a division algebra. Hence for a separable
extension F'/k, with [F' : k,] < 3, D, ®x, F = M(3,3), if and only if [F : k,] =
Therefore D, ®y, Ly, = M(3,3), if and only if [L, : k,] = 3. O

Remark 3.10. Let 7 = ker(G — GL(V)). Then it is easy to that

T = {(t11, t12, t2) | t11, t12, ta € GL(1)k, tirtiats = 1} = GL(1)), x GL(1)y,
and hence
T {(GL@)M JGL(1);)?  the Dy case,
GL(1)50)/GL(1)x the Fjg case.

For the non-split cases, 7{?( ) is a quadratic or cubic field over k for any = € V®, and

hence G2/ T does not contain a split torus. This shows that (G, V') are of complete type
for the non-split cases.

We conclude this subsection with a brief discussion of the possible density theorems
which we expect to derive from the theory of the zeta function for our cases.

Roughly speaking, the global zeta function is a counting function for the unnormalized
Tamagawa numbers of G/ T of points in z € G \V®. Let F = k(z) and we denote by
hp and Rp the class number and the regulator of ', respectively. If we consider the
canonical measure on the adelization of G2 /T, the unnormalized Tamagawa number of
this group is (Ress=1(r(s))? (resp. Res,=1(r(s)) for the D, case (resp. the Eg case) where
Cr(s) is the Dedekind zeta function. This leads us to believe that the theory of the zeta
function will eventually yield the average density of h%.R% for F € Q;7(D) from the
D, case, and the average density of hpRp for F' € (’lsep(D) from the Eg case. Also the
author hopes that by changing the division algebra D, we might obtain the density of
all quadratic fields and cubic fields.
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So, we have to develop a local theory to see that these are the correct interpretation
of the problem.

4. THE GLOBAL ZETA FUNCTION

In this section, we study analytic properties of the global zeta function for non-split
cases. The main result is Theorem 4.24, which describe the principal parts of the global
zeta function.

8§ 4.1. Preliminaries. In this subsection, we collect basic notations that we use in this
section. Also, we review some basic facts concerning adelic analysis that we need later.
Throughout this section, k is a number field. Let D be a non-split simple algebra of k
of dimension 4 or 9. Then D is a division algebra. Since the argument is similar for the
two cases, we treat them simultaneously. Recall that m = n? is the dimension of D.

Suppose that G is a locally compact group and I' a discrete subgroup of GG contained
in the maximal unimodular subgroup of GG. For any left invariant measure dg on G, we
choose a left invariant measure dg (we use the same notation, but the meaning will be
clear from the context) on X = G/T" so that

/Gf(g)dgz/XZf(m)dg.

~yel’
Let 71, ro, hg, R and Ay be the number of real places, the number of complex places,

the class number, the regulator and the discriminant of k, respectively. Let e; be the
number of roots of unity contained in k. We set

Cr = AR (27T)r2 hkRkelzl .

We refer [17] as the basic reference for fundamental properties on adeles. The ring of
adeles and the group of ideles are denoted by A and A*, respectively. The adelic absolute
value | | on A* is normalized so that, for ¢ € A*| |¢| is the module of multiplication by ¢
with respect to any Haar measure dz on A, i.e. |t| = d(tz)/dz. Let A = {t € A* | |t]| =
1}. We fix a non-trivial additive character ( ) of A/k. The set of positive real numbers
is denoted R, . Suppose [k : Q] =n. For A € R, A € A* is the idele whose component
at any infinite place is A/ and whose component at any finite place is 1. Then we have
A=A

We choose a Haar measure dz on A so that [, n dr = 1. We define a Haar measure
d*t® on A° so that fAO/kX d*t" = 1. Using this measure, we choose a Haar measure d*¢

on A* so that -
foat= [ [ somaaee,
AX 0o JAO

where d*\ = A7'd\ and d\ is a Lebesgue measure.
Let (x(s) be the Dedekind zeta function of k. We define

Zi(s) = |Ax[*? (w-sﬂr (g)) ((27)'°T(5))" Cu(s) -

This definition differs from that in [17], p.129 by the factor of |A;|*/? and from that in
[20] by the factor of (27)™. It is adopted here as the most convenient for our purposes.
It is well known that Res;—1 Zx(s) = ¢x. We define

. Zk(S)
M7 Zds ey

0= Res;_19(s) = and Uy = "

Zr(2)’
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For a complex variable s, we denote by R(s) the real part.
For a vector space V over k, Vi denotes its adelization. Let .#(V}) be the spaces
of Schwartz-Bruhat functions on V. We define the Haar measure dx on V4 so that

fVA i dr = 1.
We express elements of Gy = GL(2) as follows:

alts, ta) = (tol Lf;) () = (i (1’) Y — ((1’ é)

We recall the following well known facts concerning adelic analysis. The proof may
be found in [20, Chapter 1].

Lemma 4.1. (1) Let C C GL(V)a be a compact set, and ® € #(Vy). Then there exists
U e .#(Vy) such that
|[®(g2)] < W(x)

forallge C,xz € Vy.
(2) Let ® be a Schwartz-Bruhat function on A™. Then there exist Schwartz-Bruhat
functions ®1,...,®, > 0 such that

|q)(x17 tee 7xn)| S q)l(xl) o (I)n<xn)
(3) Suppose & € #(A). Then for any N > 1,
> d(tr) < max{L, [t| 7'}, > d(tr) < [t 7.
xzck zekX

§ 4.2. The global zeta function. In this subsection, we define the global zeta function.
Also we give an estimate of an incomplete theta series in order to use Shintani’s lemma.
Recall that Go = GL(2). Let T, C G; be the set of diagonal matrices and Ny C Gy
be the set of lower-triangular matrices whose diagonal entries are 1. Then By = T5 N, is
a Borel subgroup of Gs.
Let

Gl = {91 = (911, 912) € Gua | IN(g11)| = IN(g12)] = 1},
Gy = {92 € G | | det go| = 1},

G=aY xGY,, Gp=R.xGY,

T\SA = {a(tan,t22) | ta1, t2n € A},

Top ={alp™ pita | p € Ry 1y € T3}

By, = TyuNow, P =Gy x By,

The group G acts on V, by assuming that A € Ry acts by multiplication by A. Through-
out this section, we express elements g € Gy, ¢" € G} as

g = (AaglagQ)ago = (917g2)

where A € Ry, g1 € GY,, and g, € GY,. We identify element ¢° € G with (1,¢°) € Gy
and g; € GY,, 9> € GY, with (1,¢1,1), (1,1, g2). We may also write as § = A\g°.

Let Ky be the standard maximal compact subgroup of GY, i.e.

Ky= ] 0@ R)x [] U@C)x ] GL2,0,)

VEMR vEMc vEM;
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Let dky be the Haar measure on K5 such that the total volume of K5 is 1.
Let

ty = as(p oy, pitas), by = tomy(u)
where p € Ry, to1, 190 € A%, € A. Throughout this section, we assume that

g2 = Koby = Kaag (™ ta1, pitas)na(u)
is the Iwasawa decomposition of g, € GY,.
The measure du on A induces an invariant measure on N. We put
dXt = dX[I, dxtgl dxtgg, dbg = ,u2 dXtQ dUQ

We use dgs = dkodb) as the Haar measure on GY,. It is well known that the volume of
GY, /G2y, with respect to the measure dgy is Us.
We fix an arbitrary Haar measure dg; on GY,. Since the rank of the group G, is 0,

GY, /G4y is compact. We put
T(Gl) == / dgl
G?A/le

We choose dg° = dgidgs, dg = d*\dg° as Haar measures on G, G, respectively.
For n > 0, we define

Ty ={a(p™ 1) | € Ry, < ).

Let Q, C @]ANM be a compact subset. We define &5 = K2T2077+QQ. It is well known
that for a suitable choice of n and 2y, &Y surjects to G5, /Gax. Also there exists another

compact set Qy € GY, such that &Y C §2T20n+' We fix a compact subset Q; C GY,

~

which surjects to G9, /G1x. Let Q= @1 X Q.
Definition 4.2. Let r € R. We define C(GY /Gy, r) to be the set of continuous functions
f(g°) on G /G satisfying

sup  f(g°)u™" < 0.

gOEQTgH_
A function f on GY /G is said to be slowly increasing if f € C(GS /Gy, ) for some
r € R.
Note that C(GY /Gy, r1) C C(GY /Gy, ra) if 11 > ro and C(GY /Gy, ) C LY G /Gy, dg”)
it r > —2.

Definition 4.3. Let ® € .#(V,) and § € G. For any subset L C Vj, we define an
incomplete theta series O (®, g) by

OL(D,9) = ) ®(g).
xzeL
If L is invariant under the action of a subgroup Hj, C Gy, we often regard O (P, 9) as
a function on G /Hy. For example, if L = V*, Oy=(®, g) is a function on G /Gj..
Lemma 4.4. For any N > 1,
A2 m N>
ss @ q - ’

for g e Ry x &°.
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Proof. By (1) of Lemma 4.1, we may assume § = A(1,ax(pu ! p)), u < 1. For z =
(x1,22) € V¥, we have z; # 0 and x5 # 0. Note that the weight of a(ty,ty) € Ty with
respect to each k-coordinate of x; and x5 is ¢, and t,, respectively. Hence, by (2) and
(3) of Lemma 4.1, for any Ny, Ny > 1,

Ove(®,7) < (A" )M (A ™)™ max(1, A )™ max(1, A )™

< ATV N2 NNz pax (1, A272™) max(1, ™) max (1, ' ™™)

< A\~ max(1, AQ_QW)MNl_NQH_m.

Note that max{1,ab} < max{l,a} - max{1,b} for a,b > 0. For A > 1, take N; =
N+m—2, Ny, = N. For A <1, take N; = 3, N, = 1. Then we have the proposition. []

Now we define the global zeta function.

Definition 4.5. For ¥ € .#(V,) and a complex variable s, we define

2(®,s) = / Oy (@, ) dg,
GA/Gk

2u@s) = [ Ney(@.9)ds
Gao/Gy

A>1

The integral Z(®,s) is called the global zeta function. By Lemma 4.4, the integral
Z(®, s) converges absolutely and locally uniformly on a certain right half-plane and the
integral Z, (®, s) is an entire function. Since the global zeta function is well defined for
Vi, by Theorem (0.3.7) in [20] (which is due to Shintani), Z(®,s) can be continued
meromorphically to the entire plane and satisfies a functional equation

Z(®,s) = Z(D,2m — s).

The purpose of this section is to determine the pole structure and to describe the residues
by means of certain distributions.

Remark 4.6. The above definition of the zeta function looks slightly different from
the original definition in [15LL but these are essentially the same. We briefly compare
these functions. Let G = G//T. Recall that we put T' = ker(G — GL(V)). Let dg be an

invariant measure on GG5. The original definition of the global zeta function is as follows:
2@~ [ \@Iev-(.9)d.
Ga /G

Since T = GL(1) x GL(1) is a split torus, the first Galois cohomology set H'(k',T)
is trivial for any field k" containing k. ThlS implies that the set of k'-rational point
of G coincides with Gk//Tk/ Therefore G = GA/TA and GA/Gk = GA/TAGk Let
T9 = G9 N'T,. Then we have

(Ry x G)/T} = Gu/Ta

via the map which sends the class of (A, g11, 912, 92) to class of (g11, g12, Ag2). Moreover,
this map is compatible with their actions on Vj. If we identify Gy / T ,g with CNJA via the
isomorphism, then we have |x(g)| = \* for the Dy case and |x(g)| = \'? for the Ej case.
Also the volume of fg /T, = (A%/k*)? is finite. Hence Z(®,4s) is a constant multiple
of Z*(®,s) for the Dy case and Z(®P,12s) is a constant multiple of Z*(®, s) for the Ej



PAIR OF SIMPLE ALGEBRAS 13

case. (The constant depends on the choice of the measure.) Our choice of Z(®, s) is for
the conventions of our global theory.

Let
MQD(:U)—/ O (ko) dka.
K>

Then Z(®,s) = Z(M®,s) and M®(x) is Ky-invariant. Therefore, we may assume the
following for the rest of this section.

Assumption 4.7. The Schwartz-Bruhat function ® is Ks-invariant.
§4.3. The principal part. For x = (z1,25) and y = (y1,y2), we define
[2,y] = T(v1y2) + T(w291).

This is a non-degenerate bilinear form on V. For § = (\, 911,12, 92) € Ry x G, we
define

7 =000 0 Ve
This is an involution and the above bilinear form satisfies
(92, 3'y] = [z, y].
Recall that () is a non-trivial additive character of A/k. For ® € .#(V,), we define its
Fourier transform by

Be) = [ Bw)le.u) dy.

Va

It is easy to see that the Fourier transform of ®(g-) is A-3®(g").
For A € Ry, we define ®,(z) = ®(A\z).

Definition 4.8. For ® € .#(V,),s € C and ¢" € GY, we define

J(®@,9%) =Y D((g")'x) - Y D(g),

€Sk z€Sk

1°(®) = / J(®,¢°) dg°,
G /Gy

1
I(®,5) = / N T0(®y) d*\.
0

Then by the Poisson summation formula, we have the following.
Proposition 4.9. We have
Z(®,5) = Zy (D, 5) + Zo (B, 2m — 5) + I(D, 5).
We study the last term for the rest of this section.

§4.4. Stratification. In this subsection, we consider a stratification of Vj. Let
Yi={zeV ]|z, =0}, YF={xeY |z #0}.

We define S; = GY;*. Let P = G X Bs.

Lemma 4.10. We have

(1) Vi \ {0} = V;* IL Sy,
(2) Slk = Gk ka }/155
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Proof. We consider (1). Let z € Vi \ {0} and = ¢ V;*. Since either x; # 0 or x5 # 0,
there exists an element g € Gy such that the first coordinate of gx is 1. Replacing = by
gr, we may assume that z is of the form x = (1, —x3), where x5 € Wj. Then F,(v) is
the characteristic polynomial of x5 and the condition P(x) = 0 is equivalent to that the
characteristic polynomial of x5 has a multiple root.

Let L = k[xs] be the subalgebra of Dy generated by xs over k. Since Dy, has no zero
divisor, k[z5] is a (commutative) integral domain which is finite over the field k. So it is
a field. Then since the degree of extension [L : k] divides dimy D, = n?, it is either 1 or
n. Note that we are assuming n = 2 or 3. Assume [L : k] = n. Then F,(v) is a minimum
polynomial of x5 over k because the degree of Fj(v) is n. Since any field extension of
an algebraic number field is separable, we conclude that F,(v) does not have a multiple
root. This is an contradiction and hence [L : k] = 1, which implies x5 € k. Therefore,
there exists an element go € Gy such that gox € Y. This proves (1).

It is easy to see that P;Y[; = Y3 and that if z € Y[3,9 € G and gz € Y|} then
g € Py. This proves (2). O

§4.5. The smoothed Eisenstein series. To compute [°(®), it seems natural to di-
vide the index set S) of the summation into its G-orbits and perform integration sep-
arately. However, we can not put this into practice because the corresponding integrals
diverge. This is the main difficulty when one calculates the global zeta functions of
the prehomogeneous vector spaces. To surmount this problem Shintani [16] introduced
the smoothed Eisenstein series of GL(2). He used this series to determine the principal
parts of the global zeta functions for the space of binary cubic forms and the space of
binary quadratic forms. Later A. Yukie [20] generalized the theory of Eisenstein series
to the products of GL(n)’s, and applied it to determine the principal parts of the global
zeta functions in some cases. In this subsection, we essentially repeat the argument of
Shintani and Yukie in our settings.
We express the Iwasawa decomposition of g» € GY, as

92 = Ka(g2)az(tai(g2), taz(ga))na(u(ga))-

Let s € C. The Eisenstein series of G, for By is defined as

E(g2,s) = Z [t21(g27) [T

vEGar/Ba,

It is well known that the summation defining F(go, s) converges absolutely and locally
uniformly in certain right half-plane and can be continued meromorphically to the whole
complex plane. For analytic properties of F(gs,s), see [18], [20].

Let 9(s) be an entire function of s such that

sup (1 + [s|¥)[e(s)] < oo
c1<R(s)<ca

for all ¢; < ¢y, N > 0. Moreover, we assume (1) # 0. For a complex variable w, we
define

¥s)

w—s

Ay(w;s) =

Where there is no confusion, we drop ¥ and use the notation A(wj;s) instead.
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Definition 4.11. For a complex variable w, we define

g w0, 0) = —

2m V -1 R(s)=r1

E(g2, s) Ay (w; 5) ds.

for some r; > 1.

Note that the above definition does not depend on the choice of r;. The function
&(g° w, 1) is called the smoothed Eisenstein series. When there is no confusion, we
drop 1 and use the notation &(g°, w) instead.

The following proposition is known as Shintani’s lemma.

Proposition 4.12. (1) The function &(g°,w) is holomorphic for R(w) > 0 except for
a simple pole at w =1 with the residue o (1).
(2) Let f € C(GY /Gy, 1) for some r > —2. Then the integral

/ £(69)6 (" w) dg”
G2 /Gy

becomes a holomorphic function for R(w) > 1—e€ for a constant € > 0 except possibly
for a simple pole at w =1 with residue

o) [ S dg"
G /G
3) For a slowly increasing function f(g°) on G /Gy, the integral
A
[ s v dg
G /Gy,

becomes a holomorphic function on a certain right half-plane.
(4) We have

| el w)dg = r(Gortwin)
G /G

The above proposition was first proved for GL(2) by Shintani [16, pp. 172, 173, 177].
The adelic proof is given in [18, pp. 527, 528]. In our case, we included the first factor
(Y, in the statement instead of just considering GL(2), but exactly the same proof works
because G, /G1}, is compact. For the convenience of the reader, we give a sketch of the
proof here. To prove Proposition 4.12, the following lemma on the Eisenstein series for
G = GL(2) is crucial. For the proof, see [16], [18], or [20].

Lemma 4.13. (1) Let En,(go,s) be the constant term of E(ge,w) with respect to No
1.€.
En,(g2,5) :/ E(gana(u), s) du.
Nap/Naj
The constant term has the following explicit formula:
En,(g2,8) = 0"+ 17 (s).
(2) Let E(go,s) = E(ga,s) — En,(g2,5) be the non-constant term. Then E(gs,s) is

holomorphic for R(s) > 0. Moreover, for any s in this region and | > 1,

|E(g2.5)] < ™"
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(3) We have
/ &(ga, w) dgs = Aw, 1).
GSA/G%

Sketch of the proof of Proposition 4.12. Let

El<92’ 3) = E(927 s) — M571¢<3) = /L7571 + E(g2> 5)'
This function is holomorphic for R(s) > 0. Recall that p = Ress—10(s).
Let € be a small positive number. By moving the contour, we have
1 1y Y(s) py(1) 1 / 1 P(s)
S RASYS d — + s
271'\/ —1 R(s)=r1 K gb(s)w — S s w—1 27‘(’\/ —1 R(s)=e K gb(s)w — S

1 : ois) o1 : U(s)
27T\/—_1 /§R(s)=r1 E (92’ S)w — S ds = 27‘(‘\/—_1 /?R(s):e E (927 S)w dS,

and each of the integrals in the right hand sides is holomorphic for ®(w) > e. This
proves (1).

We consider (2). Since C(G%/Gy,r1) C C(GS /G, 12) for 11 > 7y, we may assume
—2 < r < 0. By moving the contour, we have

1 0y, s—1 7.0 ¢(3)
2my/—1 /é}%(s)rl (/Gg/(;k Fla ™" da > ¢(8)w - o

_ p(1) 0\ 7.0

_ —/Gg/Gk £(6°) dg

ds,

w—1

1 0y,,5-1 740 Y(s) d
+ T oo </Gg/ck flg )’ dg ) cb(s)—w — ds.

The second term in the right hand side is holomorphic if R(w) > —r/2 because for
R(s) = —r/2, we have f(¢°)u* € C(GY/Gy, (r —2)/2) C LY(GY/Gy,dg"). A similar
argument shows that

1 0y 1/ 0 M
—27r\/__1 /é)?(s)_r1 </G'X/Gk f(g )E (92,5> dg ) w—SdS

is holomorphic for $(w) > 0. This proves (2).

To see (3), we may assume f(¢°) € C(G% /Gy, r) for some r < —2. Then f(¢°)u*~t €
C(GY /G, —1) for R(s) > —r, f(¢")u=*"t € C(GY /G, —1) for R(s) < r, and f(g°)E(ga, s) €
C(GY /Gy, —1) for R(s) > € where € > 0 is a small number. Hence by moving the contour
for each of these terms, we obtain (3). Now (4) immediately follows from Lemma 4.13

(3), and these finish the proof of Proposition 4.12. O

Let &n,(g°, w) be the constant term of &(g°, w) with respect to N, i.e.
o) = [ sl w)du
Noy /Nog
By Lemma 4.13 (1), we have

R = A
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Definition 4.14. Let f(w), g(w) be holomorphic functions of w € C in some right
half-plane. We use the notation f(w) ~ g(w) if f(w)— g(w) can be continued meromor-
phically to {w | R(w) > 1 — €} for some € > 0 and is holomorphic at w = 1.

We define
1(®, w) = / J(®, ¢°)(g°, w) dg.
GY /Gy

By Lemma 4.4, J(®,g) € C(G% /G, —1). Hence, by Proposition 4.12 (2), we have the
following.
Proposition 4.15. We have

I°(®,w) ~ oA(w; 1)I°(®).

Definition 4.16. For a complex variable w, we define

=)(®, w) / O, (@, ) (5, w) o,
G2 /Gy,

Zp(@.0) = 20) [ (6P w)dg”
G /G
Since Og (P, g") is a slowly increasing function, by Proposition 4.12 (3), the inte-
gral Z; (P, w) converges absolutely for sufficiently large R(w). It is proved in [20] that
E(g2,5) = E(tgy*, s) for go € GY,. Hence, £(¢°, w) = &((g°)*, w) for g° € GY. Therefore,
by Lemma 4.10, we have the following.

Proposition 4.17. We have
I°(®,w) = E1(P, w) + Zu(D, w) — 51 (P, w) — B (P, w).
For Z4(®, w), Proposition 4.12 immediately leads to the following.
Proposition 4.18. We have
Ex(P,w) = 0(0)7(G1)B20A(w, p).
We study =Z; (P, w) in §4.7.

§4.6. The zeta function associated with the space of division algebra. Since
the prehomogeneous vector space (G, W) of (single) division algebra appears in the
induction process, we have to know the principal part of the zeta function for this case.
This function is essentially the same as that of Godement-Jacquet [7]. In this subsection
we review the principal part of the zeta function in this case.

We put Pi(z) = N(z) for x € W and W= = {z € W | Pi(x) # 0}. Note that
W = {x € Wi |  # 0}. The group R, x GY, acts on W by assuming that A\ € R,
acts by multiplication by A. For any subset L C W}, we define ©1(¥, Ag;) in the obvious
manner.

Definition 4.19. For ¥ € .#(W,) and s € C,

Zw (¥, s) = / N O (¥, Agr) d*Ndgy,
R+XG?A/G1k

Zuy(vs) = [ X*@us (U, Agy) A\
B ot
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The following lemma is a direct consequence of Lemma 4.1.

Lemma 4.20. The integral defining Zw (P, s) converges absolutely and locally uniformly
in the region R(s) > m, and the integral defining Zw (P, s) is an entire function.

For z,y € W, we put
This defines a non-degenerate bilinear form on W. We note that this bilinear form

satisfies [g12, ¢iylw = [z, y]lw where we put (g11,912)" = (gl_;,gl_ll).
We define the Fourier transform on .#(W,) by

V@) = [ W)l dy
Wy
Then by the Poisson summation formula, we have
O (W, Agt) = A" Buze (1%, AL (1)1) + A~ (0) — W(0).

Applying the above equation, we obtain the following principal part formula for this
zeta function.

Proposition 4.21. We have

Zw(\lf,s) = ZW-}—(\P,S) + ZW+(\II*,m o S) +T<G1) (\Ij*(o) . w) ,

s—m s
where Zw (Y, s) and Zw(V*,m — s) are entire functions.

§ 4.7. Contribution from unstable strata. In this subsection, we express the residue
of Z1(®,w) in terms of Zy defined in the previous subsection. We identify Y; (see §4.4)
with the space W of single division algebras in §4.6.

Definition 4.22. For & € .#(V,), we define a Schwartz-Bruhat function Ry ® on Wy
by restricting to Yi4.

Proposition 4.23. By changing v if necessary, we have
E(P,w) ~ pA(w; 1) Zw (Rw P, 2).
Proof. We have

=1 (P, w) Os,,(®,9")&(¢°, w) dg°

2/Gr

@Yfi ((I)a go)g(goa ’LU) dgo
/Py

@Yls,j ((I),p0>£)(p07 ’U)) ng

I
o

0/ Py,

I
S

®Yf,§((p> (g1, b2))& (bg, w) dgydb,

GY,/G1xBY, /Bag

N2@Yf,§ ((I)’ (917 t2))@@N2 (t27 U)) dgldXtQ-

/G?A/le XTY, /Tag

The last step is because N acts on Y; trivially. By changing g1, to gi1t5y, we have

=4(®, w) = / 12O (R, (1, 91)) 6 (alp™ 0), ) dudgs.
R+ XG?A/le
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By the definition of Zy (V, s), we have
/ P OweE (Rw ®, (1, 91)) d*udgy = Zw (Rw®, Fs + 1)
R+ XG?A/le
for R(s) < —3,RN(s) > 3, respectively. Since
.
_— Zw(Rw®, —s + 1)A(w;s)ds ~ 0,
2my/—1 R(s)=r2<—3

we have
1

27TV —1 R(s)=r3>3
By Proposition 4.21, Zy (Rw®, s+ 1) has a simple pole at s = 3 and is holomorphic for

R(s) > 0 except for that point. If we consider (s — 3)1(s) instead of 1 (s), this function
still satisfies the property we have assumed. Namely,
sup (1 +[s|™)|(s = 3)u(s)] < o0
c1<R(s)<ca
for all ¢; < co, N > 0 and (s—3)¢(s)|s=1 # 0. Therefore, by changing ¥ (s) to (s—3)¢(s),
we may assume that Zy (Rw®, s + 1)A(wj; s) is holomorphic for R(s) > 0. (This is the
passing principle (3.6.1) of [20].) Hence,
1
21V =1 Jy(s)=1/2
+ oA (w; 1) Zw (Rw @, 2)
~ oA (w; 1) Zw (Rw @, 2)
This proves the proposition. U

El ((D, U}) ~

Zw(Rw®, s+ 1)o(s)A(w; s) ds.

Z1(P,w) ~ Zw(Rw®, s + 1)p(s)A(w; s) ds

§ 4.8. The principal part formula.
Theorem 4.24. Suppose that ® = M®. Then
Z(q)v 5) = Z+(CI), S) + ZJr(EI\)a 2m — S)

o0)  ®0)\ ZwRw®,2) Zw(Rw®,?2)
+T<G1)m2< B >+3—(2m—2)_ s—2

s —2m s
where the first two terms in the right hand side are entire functions.
Proof. By Proposition 4.17, 4.18 and 4.23,
I°(®, w) = pA(w; 1) (T(Glm@(o) —3(0)) + Zw(Riw®,2) — Zy (R, 2))
for a suitable choice of 1(s). Hence, together with Proposition 4.15, we obtain
1°(®) = 7(G1) B (B(0) — ®(0)) + Zw (Rw®, 2) — Zw (R ®, 2).
Recall that I(®,s) = fol I°(®y)d*\ where @) (z) = ®(Az). It is easy to see that
©(0) = ©(0),  Bx(0) = A"2"P(0).
Since
Zw (Rw®y, s) = A Zw(Rwd, s),
Zw (R ®y, 8) = N2 Zyy (R, 5),
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we get
Zw (Rw®»,2) = X Zw(Rw®,2),
Zw (R ®y,2) = X2 2 Zy (R ®, 2).
Then the theorem follows by integrating A\*I°(®,) over s € (0, 1]. O

Theorem 1.2 in the introduction immediately follows from the above theorem.
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