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Abstract

Based on Feynman and Hibbs’s idea, we give a mathematically rigorous defi-
nition of functional derivatives in Feynman path integral. In this definition, the
functionals which belong to Fujiwara’s class, can be differentiated as many times as
we want. Furthermore, the Taylor expansion formula and the integration by parts
hold with respect to the functional derivatives.

1 Introduction

In this paper, using the theory of the time slicing approxiamtion [4], we give a
mathematically rigorous definition of functional derivatives in Feynman path inte-
gral [1]. Feynman and Hibbs [2] explained functional derivatives in Feynman path
integral, using broken line paths. Based on Feynman and Hibbs’s idea, we “restrict
the directions of functional derivatives” to broken line paths. By this restriction,
the functionals which belong to Fujiwara’s class, can be differentiated as many times
as we want. Furthermore, we prove the invariance of Feynman path integral with
respect to translations, the Taylor expansion formula with respect to the functional
derivatives, and the integration by parts with respect to the functional derivatives.

In order to state the results of this paper, we recall the notation in [4].

For a path v : [0,7] — R? which starts from zo € R? at time 0 and reaches
r € R? at time T, i.e., 7(0) = 29 and v(T') = x, we define the action S[y] by

T1,dy 2
S :/_— — V(t,y)dt. 1.1
bl=) 3% (t,7) (1.1)
Let F[y] be a functional on the path space C([0,T] — R¢) whose domain contains
all of broken line paths at least. Let 0 < i < 1 be a parameter.

Let A7 be an arbitrary division of the interval [0, 7] into subintervals, i.e.,

ATjoiT:TJ+1>TJ>"'>T1>T0:0. (1.2)
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Set 541 = x. Let 27, 71, ---, ¥1 be arbitrary points of R%. Let Yar, be the
broken line path which connects (7}, z;) and (Tj—1,x;—1) by a line segment for any
7=12 ... J,J4+1, ie., PYAT,O(TJ') = xj. Set tj=1T; —Tj_1. Let ’AT@‘ be the size

of the division defined by |A7o| = 1<m<a}<+1 tj. Using the oscillatory integrals, we
<<

define the Feynman path integral by

[ #SPIFLIPR)
J+1 1 d/2 ;g ] J
= 1 roAT O B dz; . 1.
ATI;I|1—>O].1_‘[1 <27Tihtj> ,/Rd(fe [VAT,O]jl_[l Zj (1.3)

Our assumption for the potential V (¢, x) through this paper is the following.

Assumption 1 V(t,z) is a real-valued function of (t,z) € R x R%, and for any
multi-index o, OV (t,x) is continuous in R x R For any |a| > 2, there ewists a
positive constant A, such that

02V (t,2)| < Aq . (1.4)

We defined Fujiwara’s class F of functionals, using Assumption 5 in [4]. The
assumption of this type was first found by Fujiwara [3]. Furthermore, we proved the
following results. See Theorems 1,2 in [4]. For simplicity, when a functional F'[7]
belongs to Fujiwara’s class F, we write F[y] € F.

Proposition 1 If F[y] € F and G[y] € F, then the sum F[y] + G[y] € F and the
product F[Y|G[y] € F.

Proposition 2 Assume that T is sufficiently small. Then, for any F|vy] € F,
the right-hand side of (1.3) really converges uniformly on any compact set of the
configuration space (x,xo) € R??.

2 Results

Now we are ready to state the results of this paper. First we explain our definition

of the functional derivatives whose directions are restricted to broken line paths.
Let 7 : [0,7] — R? be any broken line path with v(0) = 29 and y(T) = z, and

let 7 : [0, 7] — R? be any broken line path with 1(0) = n(T) =0 € RY.

Then there exists a division

AT}OZT:TJ+1>TJ>"’>T1>T(]:0, (2.1)

such that A7 contains all of end points of the broken line paths v and 1. Further-
more, we have

Y ="YAr0> (2.2)
where ya., connects (T},7;) and (Tj-1,7;-1) with a line segment for any j =
1L,2,..., J,J + 1, ie., yap,(Ty) = x;. Set n(Tj) = y; for j =0,1,...,J,J + 1 and

F[’yAT,o] = FAT,O ($J+1a Ly 3T, "EO) . (23)



Theorem 1 For any F[y| € F, we define the functional derivatives of F[vy] whose
directions are restricted to broken line paths n by

J
(5F)[7H ] (5F ,‘YATO Z aQT]FATO $J+17va"'vx1>$0)'yj' (2'4>

Then, (6F)[v][n] is well-defined, i.e., (2.4) is independent of the choice of Ar.
Furthermore, we have

(6F)[]lnl € F. (2.5)

Theorem 2 F[y| € F can be differentiated as many times as we want.
Furthermore, if At contains all of end points of the broken line paths vy and n*
with n*(0) =n*(T) =0, k =1,2,..., K, then we have

G F)YNm m? - "]
J

- Z < Hy] :E]k FATO) (mJ+17xJ,"'7$17$0) ef, (26)

Ji,J2, ik =1
with n*(Ty) =¥, j=1,2,...,J, k=12,... . K.

Our result about the invariance of Feynman path integral with respect to trans-
lations is the following.

Theorem 3 Let 1 : [0,T] — R? be any broken line path with n(0) = n(T) = 0. Let
Flvy] € F. Then we have
Flv+nleF. (2.7)

Furthermore, assume that T is sufficiently small. Then we have

| FS IR D) = [ PP (23
Here we can choose T independent of F|v], of n and of 0 < h < 1.

Our result about the Taylor expansion formula with respect to the functional
derivatives in Feynman path integral is the following.

Theorem 4 Assume that T is sufficiently small. Then we have

[ FIE D Z L[S Bl Pl

~ fe (/ 407 <5K+1F>h+enunnm---[n}de>Dm, (2.9

for any F[y] € F, any broken line path n with n(0) =n(T) =0,
and any 0 < h < 1.

Our result about the characterization of the functional derivatives in Feynman
path integral is the following.



Theorem 5 Assume that T is sufficiently small. Then we have

e /Q%SMFH + s1]D[y)

ds = / er N GF) | InIDl] (2.10)

s=0

for any F[y] € F, any broken line path n with n(0) = n(T) =0,
and any 0 < h < 1.

Our result about the integration by parts with respect to the functional deriva-
tives in Feynman path integral is the following.

Theorem 6 If we define (65)[y][n] by (2.4), then we have
(05)y][n] € F. (2.11)

Furthermore, assume that T s sufficiently small. Then we have

[ St @R DD - -2 [eFSOes)mmFnPh, 212

for any F[y] € F, any broken line path n with n(0) =n(T) =0,
and any 0 < h < 1.

Corollary 1 Assume that T is sufficiently small. Then we have

[e

for any broken line path n with n(0) =n(T) =0 and any 0 < h < 1.

St

T
Sl /O (Z_Z : ‘é_’z - (&EV)(t,fy(t))n(t)) dtD[y] =0, (2.13)

3 Examples

First we give the functional derivatives of the examples of Theorem 3 in [4].

Assumption 2 Let m be non-negative integer. B(t,x) is a function of (t,x) €
R x RY. For any multi-index o, 98 B(t,x) is continuous on [0,T] x RY, and there
exists a positive constant C,, such that

0z B(t, x)| < Ca(l + |2z|)™. (3.1)

Theorem 7 Under Assumption 2, let 0 <T' <T" < T. Let p(1) be a function of
bounded variation on [T',T"]. Then we have the following.

(1) If Fy) = [ B(7,7(7))dp(r), then

TH

(OF)[[nl :/T’ (0:B)(,7(7)) - n(7)dp(7) - (3.2)
(2) If Fly] = B(1,7v(7)) with 0 <7 < T, then
(OF)[Y[n] = (9= B)(7,~(7)) - n(7) . (3-3)

Next we give the functional derivative of the example of Theorem 1 in [5].
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Assumption 3 Let m be non-negative integer. Z(t,x) is a vector-valued function
of (t,z) € R x R® into R. For any multi-index o, 00 Z(t,x) and 080;Z(t,x) are
continuous on [0, T] x RY, and there exists a positive constant C,, such that

|07 Z(t, )| +1070:2(t, )| < Ca(l +[z)™. (3-4)
Furthermore, 0,Z(t,x) is a symmetric matriz, i.e., *(0,2) = 0, Z.

Theorem 8 U7/z/der Assumption 3, let 0 <T' <T" <T.
IfFiy) = [}, Z(r,7(7)) - dy(7), then

OF)M = Z(T"AT") - n(T") = Z(T",1(T")) - n(T")

-
- |, @2) ) - nryar. (35

4 Proofs

We use the following notation in [4].

z; €RY, j=0,1,...,J,J+1, (4.1)
ti>0, j=1,2,...,J,J+1,
Tj=t;+tj1+ -+t (4.3)

For simplicity, for any 0 <1 < L < J + 1, we set
rpy = (TL, 21, -, 1) (4.4)
Only when the character is T7,; for any 1 <1 < L < J + 1, we set
Try=tr+tr—1+---+1t. (4.5)

Proof of Theorem 1.
(1) For any 1 <n < N < J, we define 3, = 2§, (zN+1, Tn—1) by

a Tin Inyin —Tjn

Tpn-1, j=n,n+1,...,N. 4.6
Tnyin TNiin et (4.6)

Let (Arry.,, AT, ,,0) be the division defined by
T=Tj1>T5> - >ITny1>Th1>--->T1 >Ty=0. (47)

First, for simplicity, we consider the case when (A7 1y, ,, A7, ,,0) contains all of
end points of the broken line paths ~ and 7, and

V= VNArry A,y 0) T TAro - (4.8)
By Lemma 3.1 in [4], we have

Fary, (T+1,N+1, »”U?v,m Tp—-1,0)
= Flvar,] = F gy, o0, 1.0

= F(ATJ«N_H,ATn_l,O)(l‘J—&-l,N—H, Tp_1,0) - (4.9)
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By (2.4), we have

(0F) W(AT,TN+17ATn7170)Hn}
n—1

= (%F (AT,TN+1,ATn_1,o)) (TJ41,N41, Tn—1,0) * Y

.

(-

+
J

(amJFATvTNJrl’ATnflvO)) (wJ+17N+17xn_170) ’ y] ° (410)

N+1

By (4.9), we have

i
L

M

<
(%FATO) (TJ41,N+1, TN Tn—1,0) * Yj
1

<.
I

M=

+ <8:EJ FAT,O) (':UJ+1,N+17 :L?]V,nv xnfl,O) : yjq
j=n
J
+ Z (aijATp) (xJ+1,N+17 $7\/'7n7 In—l,O) : y] . (411)
j=N+1

Since the broken line path 7 is a straight line path on [T,,—1,Tn+1], we have
n(Tj) =y =yj for j=n,n+1,..., N. Therefore we have

J
<
Z (aﬂ,’]FATo) x]+l,N+17xN7n7xn—l,O) : y]
J=1

= (6F)[var,]M]- (4.12)

Next we consider the case when A7 contains all of end points of the broken line
paths v and 7, A/T,o is any refinement of Ay, and

V= VAre = Vay, - (4.13)
By a similar calculation, we get
() raolln] = 6F)hay, Jinl. (4.14)

Therefore (2.4) is well-defined.
(2) Since F[y] € F, Fapo(Ts11,271,%0) satisfies Assumption 5 in [4]. We fix the
broken line path 7. Then, there exists a positive constant C' such that

ly;l = In(T)] < C, (4.15)

for j =1,2,...,J. Furthermore, the number of end points of the broken line path
7 is also fixed. Hence, for j =1,2,...,J,

(81‘jFAT’0)(xJ+17 TJ1, .TQ) “Yis (416)

also satisfies Assumption 5 in [4]. Therefore, (6F)[yar,][1] satisfies Assumption 5
in [4]. Hence (0F)[v][n] € F. O



Proof of Theorem 2. By Theorem 1, if (6% F)[y][n'][n?]-- - [n*] € F, then
G 01| U R U U KSR

Proof of Theorem 3. We fix the broken line path 7. Let
T:TK+1>TK>"'>7'1>T():0, (4.17)

be all of end points of the broken line path 7.
(1) Set G[y] = F[y +n]. Let ya,, be any broken line path with the division

Arog:T=Tj 1 >T;>--->T1 >Tp=0. (4.18)

Let Aiﬂo be the division which consists of all points of A7 and all of end points
of the broken line path 7. Then the path ya,, + 7 is also a broken line path with
the division A7 Since F[y] € F, Flyar, .| satisfies Assumption 5 in [4]. Since 7 is
fixed, there exists a positive constant C such that

In(r)| < C, (4.19)

for any 0 < 7 <T'. Furthermore, for any j =1,2,---,J + 1, the number of end
points of the broken line path n between T and Tj_1, is less than K + 3. Hence,
Gvarol = Flyar, +n) satisfies Assumption 5 in [4].

Therefore we have

Fly+n =G e F. (4.20)
(2) We fix 0 < b < 1 and consider er S tm=S0) - We note that
T dn T dn d’y
sh+nl-shl = [ 5|5 d+ [ G5

_/0 /0 (0.V)(7,7 4 On(7))dd - n(r)dr.  (4.21)

(2 —1) It is clear that
i T 2
erlo sl@ld ¢ . (4.22)
(2 —2) In a similar way to the proof of Theorem 5 in [4], we have

6_% foT fol(82V)(T"Y"'en(q—))de'n(q—)dT cF. (4'23)

(2 — 3) Since 7 is fixed, there exists a positive constant C’ such that

‘ dt2 % o<, (4.24)
on (7g_1,7) for any k =1,2,..., K. In a similar way to the proofs of Theorem 5
in [4] and Theorem 1 in [5]
ol R (4.25)
By Proposition 1, we have
et o B [ﬁleh L #ad g g (4.26)



(3) Therefore, by (1), (2) and Proposition 1, we have
erShHnl=SOD Py 4 ] € F. (4.27)

By Proposition 2, if T is sufficiently small,

/B%S”*"}Fh +n]DJ]

J+1 1 /2 S o1 |
_ 1 % 'YAT,O
\ATI;?—A) jl_ll <2m'htj > /Rcu ‘

4 J
Xeﬁ(shAT’o+n]_ShAT’O])F[7AT,O + 1) H dzj (4.28)
j=1

converges uniquely. Here we can choose T' independent of F[y], of  and of
0<h<1.

(4) Now we can assume that Az contains all of end points of the broken line
path 1. Set ya, o (Tj) = zj, n(T;) = y; for j =0,1,...,J,J + 1, and

S[VAT,O] = SAT,o(xJJrly-TJ,laxO) . (4.29)

The path ya,, + 7 is the broken line path which connects (7}, z; + y;) and
(Tj—1,zj—1 + yj—1) with a line segment for j =1,2,...,J,J + 1. Hence we have

/ e St Fy + D]

J+1 1 /2 .
—  lim H : / eﬁSAT70(-'EJ+17$J,1+Z/J,171'0)
|ATppaoj:1 2mihit; RAJ

J

X Fago (@1, 21 + ysi,20) [ ] day . (4.30)
j=1

By the change of variables: z; +y; — xj, 7 =1,2,...,J, we have

J+1 1 d/2 .
= lim H § / o7 5870 (@I+1,25,1,%0)
|AT,0|—>0 j=1 27T'thj RdaJ

XFarg, (741,771, 20) H dx;
j=1

= [ e#SPIPRIDp) . (4.31)

O

S

Proof of Theorem 4. We fix the broken line path 7. Let ~ is any broken line path.
We assume that A7 contains all of end points of the broken line paths v and 7.
Set v(T;) = xj and n(Tj) =y, for j =0,1,...,J,J + 1.

For any 0 < 6 < 1, the path v + 07 is also a broken line path and

F[’y -+ 97’]] = FAT,O (.%'J+1.£CJ71 + 03/]71, x()) . (432)



By the usual Taylor expansion formula and Theorem 2, we have

K

Fly+) Z;,w’f Yl -+ [

- / S ~ L)y + o] - Il (4.33)

By Theorems 2, 3 and Proposition 1, we have

! (1 — 9)K K+1
/0 TRy + Onl[nl[n] - -~ [n)d6 € F . (4.34)

Since (4.33) holds for any broken line path ~, we have (2.9). O

Proof of Theorem 5.

% /Q%SMF[V + 51D

s=0
— fim (/e%SMF[wstM _ /e%SMF['y]DM) L (4.35)

s—0 8

We assume that |s| < 1. By Theorem 4 with K = 1, we have

= lim [ enSM(F)Y DR

S—>

+lim s x / e 5D / F)ly + 0snl[][n]déDl] . (4.36)

By the results of Chapter 3 in [4], there exists a positive constant C' such that

[ it / F)ly + 0sn)lnin)denh)| < €, (4.37)
for any |s| < 1. Therefore we get (2.10). O

Proof of Theorem 6.

(1) Set G[y] = T 1 d7|2dt We define (6G)[y][n] by (2.4). We fix the broken line
path 7. Let AT,O be any division which contains all of end points of the broken
line paths v and 7. Set v(Tj) = x; and n(Tj) =y, for any j =0,1,...,J,J + 1.
Then we have

(6G)hlln) = Z(””ﬂ o )y

=L\t
J+1 Y1 T q
- L = [ 3
0 t

Now, let {jk}K+1 be the subsequence of j =0,1,...,J,J + 1 such that

T=Tje,,>Tj > -->T; >Tj=0. (4.39)



are all of end points of the broken line path 7. Since 7 is fixed, K is also fixed.
Furthermore, there exists a positive constant C’ such that

dn

dn|  |d*n
dt N

e +0< (4.40)

+

on (T}

Jk—l’jjjk
1, we have

) for any k =1,2,..., K, K + 1. By Theorem 1 in [5] and Proposition

/Td” dfy—Z/ d” dyeF. (4.41)

By Proposition 1, we have (65)[v][n] € F.
(2) By Theorem 3, we have

0= [e#S0tIpy 1 yDly) — [ eFSDIFRIDL). (4.42)

We assume that A7 contain all of end points of the broken line path 7.
Set ’YAT,O(TJ') =gz forany j=0,1,...,J,J + 1.
Then we have

J+1 1 d/2
= lim

£9[ +n] S|
8 /RdJ <6h Tare 77F['}/ATO +77] —eh VATO VATO ) dej

J+1
. . LS o 07
= lim R T,0
\ATIOHO H <27mhtj> /RdJ/ €

< (£68) e + OnllnFlvaco + 0] + ((F) g, + 0nlln])

J
xdf [ [ da;
j=1

1 J+1 1 d/2 ‘gt 8]
= lim / § / er? VA T
|A1,0|—0J0 ]1_[1 (27'&'thj> RdJ

(509 ) g+ Ol F 1+ 0]+ GF)bisg , + 0]

J
x [ d;df. (4.43)
j=1

The path ya,, + 607 is the broken line path which connects (7}, z; + 6n(7})) and
(Tj—1,xj—1 + 6n(T;—1)) with a line segment for any j =1,2,...,J,J + 1.
By the change of variables: z; + 0n(7T}) — z;, j =1,2,...,J, we have

1J+1 1 d/2 )
= lim / H / erSarl
|AT,0]—0J0 i 27Tihtj R4/

. J
< (5 08) a1 Flvag) + GF)ag Jinl) T dejao

10



= AR i Shiag,)
- hm / eﬁ IYAT,O
|Aro|—0 ]1;[1 <2m'htj ) R4/

] J
X (%(65) arolmFlvar,] + (5F)[7AT’O][77]) U dz;

= L eGSR + [ HIGHRMDR. O (@)

Proof of Theorem 7. We only prove (2). The proof of (1) is similar.
Let A7 be any division which contains all of end points of the broken line paths
~ and n. There exists a number k£ such that T;_; < 7 < Tj. Then we have

T—Tr 1 T — 7 )
F =B _ 4.45
Mragl (T’ Ty — Tk—lwk * Ty — Tk—lxk ! (4.45)
By (2.4), we have
(OF) [yarol 1]
T—"Tr_1 T, —T1 ) T—"TL_1
— (6.8 R P e
(9:B) (T’ Ty — Tk—1xk * Ty — Tk—1xk V)T — Tk—1yk
T— T Ty — > Ty —T
0, B 1) _
+(%:B) (T’ Ty — Tk—lxk * Ty — Tk—lxk ') T, - Tk—lyk !
= (0:B)(1,7(7)) - n(7). O (4.46)

Proof of Theorem 8. In a similar way to the proof of Theorem 1 in [5], we can get

(3.5). O
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