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ABSTRACT. We study the scattering theory for the coupled Klein-
Gordon-Schrodinger equation with the Yukawa type interaction
in two space dimensions. The scattering problem for this equa-
tion belongs to the borderline between the short range case and
the long range one. We show the existence of the wave operators
to this equation without any size restriction on the Klein-Gordon
component of the final state.

1. INTRODUCTION

We study the scattering theory for the coupled Klein-Gordon-Schrodinger

equation with the Yukawa type interaction in two space dimensions:

. 1
10pu + §Au = uw, (KGS)

v — Av+v = —|ul”.

Here u and v are complex and real valued unknown functions of (¢, z) €
R x R2, respectively. In the present paper, we prove the existence of
the wave operators to the equation (KGS) without any size restriction

on the Klein-Gordon component of the final state.

A large amount of works has been devoted to the asymptotic be-

havior of solutions for the nonlinear Schrodinger equation and for the
nonlinear Klein-Gordon equation. We consider the scattering theory
for systems centering on the Schrodinger equation, in particular, Klein-
Gordon-Schrodinger, Wave-Schrodinger and Maxwell-Schrodinger equa-
tions. In the scattering theory for the linear Schrodinger equation,

(ordinary) wave operators are defined as follows. Assume that for a so-

lution of the free Schrodinger equation with given initial data ¢, there
exists a unique time global solution u for the perturbed Schrodinger
equation such that u behaves like the given free solution as t — oo.

(This case is called the short range case, and otherwise we call the long
range case). Then we define a wave operator W, by the mapping from

¢ 10 uli=o. In the long range case, ordinary wave operators do not exist
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and we have to construct modified wave operators including a suit-
able phase correction in their definition. For the nonlinear Schrodinger
equation, the nonlinear wave equation and systems centering on the
Schrodinger equation, we can define the wave operators and introduce
the modified wave operators in the same way. According to linear scat-
tering theory, it seems that the equation (KGS) in two space dimensions
belongs to the borderline between the short range case and the long
range one, because the equation (KGS) has quadratic nonlinearities,
and the solutions of the free Schrédinger equation and the free Klein-
Gordon equation decay as t~! in L™ as t — oo in two space dimensions.
The Maxwell-Schrodinger equation and the Wave-Schrodinger equation
in three space dimensions also belong to the same case.

There are some results of the long range scattering for nonlinear
equations and systems. Ozawa [14] and Ginibre and Ozawa [4] proved
the existence of modified wave operators in the borderline case for the
nonlinear Schrodinger equation in one space dimension and in two and
three space dimensions, respectively. Their methods applied to the
Klein-Gordon-Schrodinger equation in two space dimensions by Ozawa
and Tsutsumi [15] and to the Maxwell-Schrédinger equation under the
Coulomb gauge condition in three space dimensions by Tsutsumi [20].
In all results mentioned above, the restriction on the size of the fi-
nal state is assumed. Furthermore in [15], the support of the Fourier
transform of the Schrodinger data is restricted outside the unit disk
in order to use the difference between the propagation property of the
Schrodinger wave and the Klein-Gordon wave and to obtain additional
time decay estimates for the nonlinear term. (See (1.4) below). In [20],
the Fourier transform of the Schrodinger data vanishes in a neighbor-
hood of the unit sphere by the same reason.

Recently Ginibre and Velo [5, 6, 7] have proved the existence of
the modified wave operators for the Hartree equations with long range
potentials with no restriction on the size of the final state. They de-
composed the unknown function u into the complex amplitude w and
the real phase ¢, and solved the system for w and ¢. Constructing the
modified wave operators for those equations such that the domain and
the range of them are same space, Nakanishi [12, 13] extended their
results. Using the methods in [5, 6, 7], Ginibre and Velo showed the
existence of modified wave operators for the Wave-Schrodinger equa-
tion ([8]) and for the Maxwell-Schrédinger equation under the Coulomb
gauge condition ([9]) in three space dimensions with no restriction on
the size of the final state. (The restriction on the support of the Fourier
transform of the final state mentioned above is assumed in [8], and the
vanishing asymptotic magnetic field is considered in [9]).

On the other hand, recently, the author has proved the existence
of wave operators for the two dimensional Klein-Gordon-Schrodinger



equation in [17], and the modified wave operators to the three dimen-
sional Wave-Schrodinger equation in [16] and to the three dimensional
Maxwell-Schrédinger equations under the Coulomb and the Lorentz
gauge conditions in [18] for small scattered states without any restric-
tions on the support of the Fourier transform of them. Furthermore
combining idea of [8] with that of [16], Ginibre and Velo [10] have
proved the existence of modified wave operators for the three dimen-
sional Wave-Schrodinger equation with restrictions on neither size of
the scattered states nor the support of the Fourier transform of them.

In the present paper, we prove the existence of the wave operators for
the equation (KGS) without any size restriction on the Klein-Gordon
component of the final state. The proof is mainly based on choice
of a suitable asymptotic profile and construction a solution for the
equation (KGS) which approaches the asymptotic profile under no size
restriction on the Klein-Gordon component of the final state. By using
the energy method, for a given asymptotic profile satisfying suitable
conditions, we solve the final value problem to the equation (KGS) such
that the difference between the exact solution for that equation and the
asymptotic profile decay more rapidly than the derivatives of it as in
[19] (see Proposition 2.1). That difference decays as O(t=%) (1 < k < 2)
as t — oo in L2, though the decay rate of that difference is order ¢! in
[15, 17]. Because of this difficulty, the support of the Fourier transform
of the Schrédinger data is restricted outside the unit disk as in [15] (see
(1.4) below). To find a suitable asymptotic profile, we choose a second
correction term and for the Schrodinger component and the third one
for the Klein-Gordon component. Furthermore for the Schrodinger
component, the method of phase correction is applied to handle slowly
decaying terms caused by the second correction terms.

Before stating our main result, we introduce some notations.
Notations. We use the following symbols:

00:@:%, a]:£ fOI‘j:LQ,
J

0% =0y = 0"05*  for a multi-index a = (aq, ag),

V= (81762)a A:a%_‘_a%?

for t € R and o = (21, 2) € R2.
Let

1/q
L' = L/(R?) = {w: ol = ( [ 1otoirae) < oo} for 1 < g < o0,

L® = L®(R?) = {¢: ||¢]|z~ = ess. Sup,epe2 [ ()| < oo} .
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We use the L2-scalar product

(o, ) = /R2 o(x)(x) de.

S denotes the set of rapidly decreasing functions on R%. Let &' be
the set of tempered distributions on R?. For w € &', we denote the
Fourier transform of w by . For w € L'(R"), 1 is represented as

W(E) = (2m)? / w(z)e =t da.

n

For s, m € R, we introduce the weighted Sobolev spaces H*™ corre-
sponding to the Lebesgue space L? as follows:

H™ = {6 € 8 [llem = (1 + |o)™2(1 = A)72] 12 < o0},

H? denotes H*Y. For 1 < p < oo and a positive integer k, we define
the Sobolev space Wlf corresponding to the Lebesgue space LP by

Wy=3velr: [lwe =) [0l < 0o

lo| <k
Note that for a positive integer k, H* = W' and the norms || - || z» and
|- lwg are equivalent.

For s > 0, we define the homogeneous Sobolev spaces Hs by the
completion of § with respect to the norm

e = (=8)"2w]| 2. (1.1)

]

H? is a Banach space with the norm (1.1) for s > 0.
Let Y and Z be two Banach spaces with the norms || - ||y and || - ||z,
respectively. We define

[wllynz = [[wlly + [[wlz,

forwe YNZ. Then Y N Z is a Banach space with the norm || - ||ynz.
We use the following notation:

[ Y, EJ(1) = Sglg(TkHZ(T)Hﬂ,
for a Y-valued function z of ¢t € R.
We set for t € R,
Ult)=e?®, Q=(1-A)2 w=(=A)"?
K(t)=Q 'sinQt, K(t) = cos O,
1
£5i8t+§A, K=0?-A+1, O0=0?-A.

C denotes various constants, and they may differ from line to line,

when it does not cause any confusion.
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Let (uy,vy,01) be a final state. uy and (v, 04 ) are the Schrédinger
and the Klein-Gordon components, respectively. We introduce the fol-
lowing asymptotic profiles:

Uq = Up + Uy,
Vg = Vo + V1 + Vo,
where
uo(t, $) :(U(t)e_”‘\Q/Qte_is(t’_iv)u+)(x)
1 . )
— il /2-isttalt g (f)
1t t
—il-[2/2t ,—iS (t,~iV) il -
n(t,x) = (Ue ) @)
1 T
_ _ z|:(;\ /2t—iS(t,x/t) A < )
it 2t~ \%
S(t.x) = —|ay (),

+(z
vo(t,z) = (K (t)vs)(2) + (K ()04 ) (@),

sl (DI
— (U
T\t

Ul(th) t2

volt, ) = —tlg Im (@AM (%)) |

The functions uy and vy are principal terms of the asymptotic profiles
u, and v,, respectively. Note that ug is an approximate solution for
the free Schrodinger equation and vy is the solution for the free Klein-

Gordon-equation.
Throughout this paper, we assume that the space dimension is two.

c~o~|>—t

Y

The main result is as follows.

Theorem. Let u, € H*®, v, € H*® and v, € H*3. Assume that

suppiiy C {€ € R% || > 1+ a} (1.4)
for some a > 0, and that ||uy||g2s is sufficiently small. Let 1 < k < 2.
Then the equation (KGS) has a unique solution (u,v) satisfying

ue CR; H?), veCR;H)NCHR; HY),
sp(t (1) = wa(6) 2+ ) = a8 ) < oo,
sup[t*(|lv(t) — va() [ + 100 (t) — Opva(t)]12)

t>2
+ t([[o(t) = va(D)ll g1z + [10:0(E) = Opva(t)]] 1)) < o0.
In particular,
[u(t) = U()usl[ 2 + [[v(t) — vo(t)] 2
+ ”ath(t) — at'l)o(t)”Hl — O,
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ast — +o0.
Furthermore for the equation (KGS), the wave operator

Wt (uy, vy, 04) = (u(0),0(0), 6v(0))

s well-defined.

A similar result holds for negative time.

Remark 1.1. In Theorem, no size restriction on the Klein-Gordon
component (vy,0,) of the final state is assumed. On the other hand,
we restrict the size of the Schrodinger component u, of the final state
and the support of the Fourier transform . of it.

Remark 1.2. It is well-known that the equation (KGS) is globally
well-posed in C(R; H?) & [C(R; H*) N CY(R; H')] (see Bachelot [1],
Baillon and Chadam [2], Fukuda and Tsutsumi [3] and Hayashi and
von Wahl [11]).

Remark 1.3. The restriction on the size of ||u |25 is independent of
a > 0 introduced in (1.4), because we construct a solution (u,v) for the
equation (KGS) on the time interval [T, 0o) for sufficiently large 7" > 0,
which depends on a > 0 and suitable norms of the final state, and ex-
tend it to R by the global well-posedness for the equation (KGS). (Note
that the size of the final state depends on a in Ozawa and Tsutsumi
13]).

Outline of this paper is as follows. In Section 2, we solve the fi-
nal value problem for the equation (KGS) for the asymptotic profile
satisfying suitable conditions (see Proposition 2.1). In Section 3, we
determine an asymptotic profile satisfying the assumptions of above
final value problem.

2. THE FINAL VALUE PROBLEM

In this section, we solve the final value problem, that is, the Cauchy
problem at infinity, for the equation (KGS) of general form. Namely,
for an asymptotic profile (A, B) satisfying suitable assumptions, we
construct a unique solution (u,v) which approaches (A, B) as t — oc.

For a given asymptotic functions (A, B), we introduce the following
functions.

Ri[A,B] = LA — AB, (2.1)
Ry[A, B] = KB + | A% (2.2)
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Proposition 2.1. Assume that there exist positive constants &, Lg, Ly
and Lo such that fort > 1,

IA@) lwe, < ot
IB(®)llwz, < Lot™,
[R:[A, BI(t) |2 < Lat™,
| R2[A, B](t) [l < Lot ™,
and assume that 6 > 0 is sufficiently small. Let 1 < k < 2. Then there

exists a constant T > 1, depending only on 6, Ly, L1 and Lo, such that
the equation (KGS) has a unique solution (u,v) satisfying

u € C([T,0); H?), v € C([T,); H*)NCY([T,00); H'),  (2.3)
gng(t’“Hu(t) — A®)][r2 + tlu(t) — A®)]g2) < oo, (2.4)
§gg[t’“<||v(t> — B(t)|[ur + [|0:0(t) — 0:B(t)]| =)

T t(lo(t) = Bl inges + 180(8) = BB®)]| )] < oc.

(2.5)

Remark 2.1. In Proposition 2.1, the asymptotic profile (A, B) is not
determined explicitly. In Section 3, we construct the asymptotic profile
satisfying the assumptions of Proposition 2.1.

Remark 2.2. In Proposition 2.1, we do not restrict the size of the
positive constants Ly, L, and Ly, though the smallness on the size of
the constant 6 > 0 is assumed.

Remark 2.3. By the global well-posedness of the equation (KGS),
the solution (u,v) on the time interval [T, 00) for the equation (KGS)
obtained in Proposition 2.1 can be extended all times.

We consider the following final value problem:

1
10w + iAw =wz+wB + Az — Ry[A, B,

) (2.6)
02z — Az + 2 = —|w|* — 2Re(wA) — Ry[A, B]
with the condition
|w(t)||g2 — 0, ast— oo,
{ (27)
|z g2 + |0cz(t) || — 0, ast — oo.

Remark 2.4. If we put w = v — A and z = v — B, then the system
(KGS) is equivalent to the system (2.6). Hence we solve the equation

(2.6) instead of the equation (KGS)
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Let T' > 0. We introduce the following function space:

Xr={(w,2); we O(T,o00); H?), z € C([T, 0); H?),
O,z € C([T, 00); HY),
[w; L2, K)(T) + [Aw; L, 1)(T)
+ [z H' K)(T) + [042; L*, K|(T)
+ [Vz HY1(T) + [VOy2; L2 1)(T) < o0}

We solve the equation (2.6) in the space Xr. The proof of the ex-
istence argument in Theorem is based on the energy estimates for the
equation (2.6) and the compactness argument. The proof of the unique-
ness argument is rather easy.

Proof of Proposition 2.1. To solve the final value problem (2.6)—(2.7),
we consider the final value problem of the following regularized equa-
tion:

( 1
10 Wap + QAwaﬁb =(1+bt) " pg * [(pa * Wap)(Pa * Zap)
+ (pa * wa,b) (pa * B) + (pa * A)(pa * Za,b)

= pax a[A, B, (2.8)
afza,b - AZa,b + Za,b
=—(1+ bt)_5pa * Hpa * wa,b‘2
\ — 2Re((pq * w)(foa * A)) — pa * R2[A> BH
with the condition
|wap(E)| 2 — 0, ast — oo,

(2.9)

20622 + [|Oszap ()| n — 0, ast — oo

for 0 <a <1and 0<b< 1. Here p,(x) = a3p(z/a) for p € C°(R?)
such that ||p||zr = 1 and p(z) = p(—2x).
Using the contraction mapping principle, we easily see that for any

0 < a,b < 1, there exists a constant 7,; > 0 such that the equation
8



(2.8) has a unique solution (wqp, 24) satisfying

Wa,b S ﬂ 02([Ta,ba 00)7 Hj)a (210)
j=1
Zab S ﬂOQ([Ta,b> OO),H]), (211)
j=1
Oizap € C([Top, 00); HY), (2.12)
sup | (L+b)" > (050 wap(t)ll 12| < oo, (2.13)
> la|<2

sup | (L+08) | D 1000 zan(®)llze + 10rzap Dl 1 | | < 0.
t2Tap ol +5<2

(2.14)

Since the initial value problem of the equation (2.8) is time globally
solvable, we can extend the above solution (wgp, 24p) to the time in-
terval [0, 00). We note that we do not assume the smallness of 0, Lo,
Ly and L, here.

We set

Fa,b(t) E[wa’b; L2, k] (t) + [Awmb; LQ, 1](t)

+ [zaps H' K](t) + [Orza; LP, K](2) (2.15)

+ [Vzap; H 1] (t) 4 [VOizap; L, 1](2)
In order to estimate [} ; independent of a and b, we have to derive the
various a priori estimates of w,; and z,; independent of @ and b. Since
the detailed proof for the equation (2.8) is rather complicated and the
regularizing factors p,x and (1 + bt)™® cause no trouble, we describe
only the formal calculations for the equation (2.6) as in [19].

Let T > 1 be a constant determined later, and let (w,z) be the
solution for the equation (2.6) on [T, 00), which are smooth and decay
rapidly enough as t — oo. For ¢t > T', we put

F(t) =[w; L K)(t) + [Aw; L2, 1(t) + [ H' K(t)
+ [0pz; L2 K] (t) + [Vz; HY 1](t) + [VO,2; L, 1) (1)
To estimate F(T'), we derive the various a priori estimates for w and
z. Throughout the proof of this proposition, we set

L= maX{Lo, Ll, LQ}
We first evaluate w and Aw. Let t > T'. From the equality
—5 7wz = —Im(A(t)2(t) + R[4, B](t), w(t)),
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we obtain
——w®)llzz <[[A@) |z [lz(O)l] 2 + [ Ba [A, BI@)]l 2

<6t F Mz L2 k)(T) + Lt 3.

Integrating over the interval [¢, c0), we see
lw(t)|| < 6t [z L2, k)(T) + Lt 2,
and hence we have
[w; L2, k)(T) <6[z; L k|(T) + LT~ CF)
<OF(T)+ LT~ 7F).

By operating A both side of the first equation in the system (2.6), we
have

L Aw(®)2 = — Re(@Aw(t), Aw(t))

2 dt
= — Im(2Vaw(t) - V(2(t) + B(t)) + w(t) A(2(t) + B(t))
+ A(A()2(t)) — AR[A, B](1), Aw(?)).

(2.16)

(
)

By above equality, Holder’s inequality and the Sobolev embedding the-
orem, we see

L Aw(t)]e
<C(IVw(@)|lzal V2@l s + [[w(t) | (| Az(F)
+ Vo) 2| VB() || e + [[w(t)|| 22| AB(
+ 1A lwz 12O g2 + [[AR[A, B](¢)||z2)
<O(|w*w ()| 2 llw®?2(E) |2 + 1w (E)]] oz | Az (E) | 2
+ Vo) 22 VB L + [[w(@)| 2| AB(t) | 2
+ 1A lwz 12O 52 + [[AR[A, B](¢)||22)
<C([w; L, K)(T) [ Aw; L? 1)(T)*
% [Z; Hl,k’](T)l/z[VZ; Hl, 1](T)1/2t—3k/4—5/4
+ ([w; L2, K)(T) + [w; L2, k)(T)*[Aw; L?, 1)(T)**)
X [Vz; HY 1)(T)t /494
+ L([w; L%, K|(T) + [w; L?, k](T)?[Aw; L?, 1)(T)Y?)t*/2=3/2
+8([z; HY KT + [V, HY 1(T)t 2 + Lt™3).

2
t)| oo

Integrating over the interval [¢,00), we have
| Aw(t)|| 2 <C(F(T)?(t3k/A-1/4 4 ¢=k/4=5/4)

+ F(T) (Lt 2712 5t + Lt™2).
10



Noting 1 < k < 2, we obtain
[Aw; L2, 1)(T) <C(F(T)*T~ -1/ 217
+ F(T)(LT~*D/2 4 5) 4+ LT7Y). ’

We next estimate z and Vz. Let t > T. By the energy estimate,
Holder’s inequality and the Sobolev embedding theorem, we see

12 e+ 1102(8) ] 2

<c / ()2 + 2 Re(w(s)A()) + Rol A, B)(s) 12 ds
<[ ()12 + ()2 [AE) 2= + [ Rol A, B)(3)]]12) ds
<[ 20 2 + ()22 AG) e + [ Ral A, B)(s) [22) ds

SC/ ([w; [/27 /{;](T)3/2[Aw; L2, 1](T)1/2S—3k/2_1/2
t

+ 6[w; L2 k)(T)s™* ! + Ls™3) ds
SC([U); L27 k] (T)3/2[Aw; L2, 1](T>1/2t_(3k/2_1/2)
+0w; L2 K)(T)t ™" + Lt™?)

Therefore
[z H' K)(T) + (0023 L, K)(T)
SC([U}; LQ, k] (T)B/Q[Aw; L2, 1](T>1/2T_(k_1)/2

+ 0w; L2, k|(T) + LT~37%) (2.18)
<C(F(T)*T~-* Y72 4 §F(T) + LT~@7H).
In the same way as above, we have
IVl + [VO=(1)] 2
<C([w; L, K)(T)[Aw; L2, 1(T)t " + 6([w; L?, k)(T)
+ [w; L2, K)(T)M?[Aw; L2 1)(T)Y/?)e= (/2 4 [472),
Therefore
[Vz; H' 1)(T) + [VO,2; L, 1)(T)
<C(F(T)*T~%*Y 4+ §F(T) + LT™). (2.19)
From the estimates (2.16)—(2.19), we see
F(T) <C((1 + L)T~® =Y/ 4 p7=@=0 4 §) (220

x (F(T)*+ F(T)+1).
11



The above proof of (2.20) is rather formal. But exactly in the same
way as above, we can show that there exists a constant C' > 0 inde-
pendent of a and b such that

Fou(T) <C((1 + L)T~*k=V/4 4 p7=C=h) 4 g)

X (Fap(T)? + Fop(T) +1).
where F,; is defined by (2.15). Note the behavior of the positive func-
tion f(p) = p/(p?> + p+ 1) for p > 0. In particular, f has the maxi-
mum 1/3 at p = 1. We also remark that according to (2.10)—(2.14),
F,p(t) — 0 as t — oo. Therefore recalling 1 < k < 2, we see that if

0 > 0 is sufficiently small and 7" > 1, depending only on ¢ and L, is
sufficiently large satisfying

(2.21)

1
C((1+ D)7~ * =D/ 4 p7=C=h 1 §) < 3

where the constant C' appears in the estimate (2.21), then
F.(T) < 1. (2.22)

Here we note that the estimate (2.22) is independent of a and b. If a —
0 and b — 0, then the estimate (2.22) and the standard compactness
argument show that there exists a solution (w, z) € X7 for the equation
(2.6) for sufficiently small § > 0 and sufficiently large T' > 1.

It remains to prove the uniqueness. Let § > 0 be sufficiently small
and let T" > 1 be sufficiently large as above. Let (wq, z1) and (ws, 22)
be solutions for the equation (2.6) in X7 obtained above. They satisfy
the equation

(iﬁt(wl — wy) + %A(wl — wy) =(wy — we)z1 + (w1 — we)B
+ wa(z1 — 22) + A(z1 — 22), (2.23)
O (z1—2) — A1 — 22) + (21 — 22)
= — (Jwn| + [wa])(Jwi| — wa]) — 2 Re((wi — wy)A).

\

Lett > 1T.
In the same way as in the estimate (2.16), we have
d
— () = wa(t)] 2
<[l (wa(t) + A(#)) (21(F) — 22(8))]] 2
S(lwa ()] oo + |A@) | o) l[22(2) = za(B)]] 2

SC(lwa ()l zsr2 + JAE | ) 121 () — 22(8) [ 2
<C([wy; L2 K)(T) + [wo; L2, K(T)Y4[Awy; L2, 1](T)**)

X [z — 2oy HY K)(T)t /473 4512y — 2oy HY K)(T)t 41
<Otk L 5tR N [ — 25 HY K)(T)).
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Here we have noted [wo; L?, k|(T) < 1 and [Awsy; L?, 1](T) < 1 (see the
estimate (2.22)). Integrating above inequality over the interval [¢, c0),
we obtain

[wi(t) — wa(t)][ 2 < CE YD 4 5t7%) 2y — 29; HY K|(T).
This implies
[wi — wa; L2, K)(T) < C(T~ %D 4 6) [z — 20 HLK|(T).  (2.24)
In the same way as in the estimate (2.18), we see
[21(2) = 22() [ 11
<C/ (w1 ()]l oo + [[wa(s)l[ e + [|A(s) ]| <)
X [Jwi(s) — wa(s)| > ds
<C [ (sl + oo + 14(5) 1)
X [lwi(s) — wa(s)l| 2 ds
<C / —ORMA=S/ | sk [y — wy; L2, K)(T) ds
—Ok/A=1/4) 5t M wy — wy; L2, K|(T).

Here we have used the facts [w;; L2, k|(T) < 1 and [Aw;; L2 1)(T) < 1
for j = 1,2. This implies

[21 = 20 HY K)(T) < C(T~ %D/ 4 ) [wy — wo; L2, K)(T). (2.25)
The estimates (2.24) and (2.25) yields

[wi—ws; L? K)(T) + [21 — 205 H, K)(T)
<C(T~% D/ 4 §)([wy — wo; L2, K|(T) + [21 — 29; H', K(T)).

Since 1 < k < 2, if § > 0 is sufficiently small and T" > 1 is sufficiently
large, then

[wy — wa; L K)(T) + [21 — 2zo; H', K)(T) < 0.

From this, we see that (wy,21) = (we, 22). Therefore if 6 > 0 is suffi-
ciently small and 7" > 1 is sufficiently large, then the solution for the
equation (2.6) is unique in Xrp.

Recalling Remark 2.4, we see that if § > 0 is sufficiently small and
T > 1, which depends only on § and L, is sufficiently large, then there
exists a unique solution (u,v) for the equation (KGS) satisfying the
conditions (2.3)—(2.5). This completes the proof of this proposition. [
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3. ASYMPTOTICS AND PROOF OF THEOREM

In this section, by constructing an asymptotic profile (u,,v,) satis-
fying the assumptions of Proposition 2.1 under suitable conditions on
the final state, we prove Theorem. Let (uy,v,, vy ) be a final state.

We find an asymptotic profile of the form (u,,v,) = (ug + u1,vo +
v1 + ). ug and vy are the principal terms of u, and v,, respectively.
(ug > uy, vo > vy > vy). It is natural to expect that (ug,vg) is the
free profile or the modified free profile. Let R; and Ry be defined by
(2.1) and (2.2), respectively. Then

Ry [ug, va) =Ly — ugv,
(3.1)

= — ugUo + (Lug — UgV1) — UgVs.
Ra g, va] =Kvg + |ug|
=Kvo + (Kvy + |uol?) (3.2)
+ (Kvy + 2 Re(touy)) + |uq|*.
We set

vo(t, x) = (K (v )(2) + (K(E)04) ().
vy is a solution of the free Klein-Gordon equation with initial data
(vy,v4). Namely, the first term Kvg in the right hand side of the
equation (3.2) vanishes. The time decay estimates of vy (Lemmas 3.1
and 3.2 below) are well-known. (See, e.g., Lemmas 2.2 and 2.3 in Ozawa
and Tsutsumi [15]).

Lemma 3.1. There exists a constant C' > 0 such that fort > 1,
lvo) |2 < Mo llmz + [[04 ] a1,
lvo()lwz, < Cllvgllase + 04 flgs2)t™"

Lemma 3.2. Let a > 0. There exists a constant M depending on a
such that fort > 1,

S 1000 ()l eis ey < Myl s + [l o).
o] <2

Remark 3.1. According to Lemma 3.2, we see that vy decays more
rapidly with respect to t outside the light cone.

We consider the second term Kv; + |uo|? in the right hand side of
the equation (3.2). Because ug is the modified free profile for the
Schrodinger equation, we may consider that |ug|? behaves like t 2| (z/t)]?,
and |||ug(t)|?||z2 decays as O(t~1). This is not sufficient to satisfy the
assumption on Ry of Proposition 2.1. In order to obtain improved time
decay estimates of Ry, we choose the second correction term vy of v,
such that vy +t 72|t (x/t)|* decays faster than ¢ ~2|a (z/t)|>. We put

1A<x)2
u —
T\t

Ul(ta .CE) - _t_2
14
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Then
1

L) =0 ().

By a direct calculation, we have the following lemma.

Koy (t,z) + =

Lemma 3.3. Let k =0,1,2. There exists a constant C' > 0 such that
fort>1,

lwfvr(@®)llze < CllwllFrot ™,

S o (Ol < Cllus ot

la|=k
1. 7\
Hlel(t) + = [y <¥)’

We next consider the second term Lu, — uq,v; in the right hand side
of (3.1). Because ug is the modified free profile for the Schrédinger
equation, |lug(t)vi(t)||z2 decays as O(t™%). This is not sufficient to
satisfy the assumption on R; of Proposition 2.1. In order to obtain
improved time decay estimates of R;, we choose the Schrodinger part
u, = ug + uy of the asymptotic profile such that Lu, — u,v; decays
faster than u,v;. We use the method of phase correction. We write

= MDe W, = MDe (W, + W),

where W, = Wy + W is a complex amplitude, S is a real phase and M
and D are the following operators:

< Cllulfat™
H1

X

(M) (t,2) = B (), (Dg)(ta) =g (7).

It is well-known that
U(t) = M(t)D(t)FM(t). (3.3)
By a direct calculation,
L, — ugvy
: 1
=MDe™ [z’@tWO + (zatwl + @AWO)
1 1 (3.4)
+ (atS — (DO Ul))Wa + —AWl

- ﬁ(ws VW, + W,AS) — ﬁ\va Wa},

where Dy and DO_ are the following operators:

x _
(Dog)(t.2) =g (t.5) . (D5'9)(t.2) = gt ta).
In view of the relation (3.3), we put

Wo(t,z) = iy ().
15



Since Wy is independent of ¢, the first term in [...] of the right hand
side in the equality (3.4) vanishes.
Next we set

so that
0,S(t,x) = (Dy'vy)(t, x) = — iy (2)]°.

Therefore the third term in [...] of the right hand side in the equality
(3.4) vanishes.

We consider the second in [...] of the right hand side in the equality
(3.4). Since the L?-norms of (2t)"2AW, decays as O(¢t2), this term
does not satisfy the assumptions on R; in Proposition 2.1. We deter-
mine

T,
Wi(t,z) = —%Aqu(x)
so that
) 1
z@th + ﬁAWO =0.

Namely the second in [...] of the right hand side in the equality (3.4)
vanishes.
Finally we determine

o = MDe W, = %ei|x2/2t—i5(t,x/t)a+ (f) 7
]

w = MDe ST, = _iei|z\2/2t—is(t,z/t)iAa+ (f) 7
it 2t

Ug = Uy + Uq.

Then we have

Lug, — uyv;
1 i
=MDe ¥ | —AW, — —(2VS - VW, + W,AS
‘ {2# 1= op (VS Vit + ) 35
1 2
— @WS\ Wa}.

By the definitions of the functions Wy, W; and S, the equality (3.5)
and Holder’s inequality and the Sobolev embedding theorem, we have
the following.

16



Lemma 3.4. Assume that ||uy| gzs < 1. There exists a constant C' >
0 such that fort > 1,

(Ol < Cllus]l e,
[uo(®)lwz, < Cllu | m2st™,
[ur ()| 2 < Cllug || 2ot~
lus(D)llwz < Cllus||m2st™,
[ Lua(t) — ua(t)v1(t) || 2 < Cllus || gast™

We consider the third term vy + 2 Re(dpuy) in the right hand side
of the equation (3.2). By the definitions of uy and uy, ||uguy| 2 decays
as O(t72). This is not sufficient to satisfy the assumption on Ry of
Proposition 2.1. In order to obtain improved time decay estimates
of Ry, we choose the third correction term v, of v, such that Kvy +
2 Re(uguy) decays faster than 2 Re(ugui). We put

va(t, ) = —2 Re(tiou;) = —%3 Im <@Aa+ <5)> .

t
Then

1
Kus(t, ) + 2 Re(upuy) = —O [t_3 Im <€L+ (%)Af@ <%>)} :
By a direct calculation, we have the following lemma.

Lemma 3.5. Let k = 0,1,2. There exists a constant C' > 0 such that
fort>1,

lwbva()l|ze < ClluellFo.at™ 2,

Y o vs(t)llz < Cllug|Foat ™

la|=k

IKCva (t) + 2 Re(uo(t)us ()|l i < Clluwe [t ™.

Finally we consider the first term u,vy in the right hand side of the
equality (3.1). From Lemmas 3.1 and 3.4, ||us(t)vo(t)|| 2 decays as
O(t™1) generally. Since this is not sufficient to satisfy the assumptions
on R; of Proposition 2.1, we have to obtain additional time decay esti-
mate for u,vg. Under the assumption (1.4) on the support of the Fourier
transform @, of the Schrédinger data . as in [15], the improved time
decay estimate follows from Lemma 3.2.

Lemma 3.6. Let a > 0. Assume that the condition (1.4) is satisfied.
Then there exists a constant M, > 0 depending on a such that for
t>1,

lua(®)vo ()]l a2 < Mallwellzzo ([l | mas + 04 [ 22)t ™.

From Lemmas 3.1, 3.3, 3.4, 3.5 and 3.6, we have time decay estimates
for the functions (ug, v,), Ri|tua, ve] and Rolug, vg].
17



Lemma 3.7. Let a > 0 and let M, be the constant introduced in
Lemma 3.6. Assume that the condition (1.4) is satisfied and that
|us||g2s < 1. Then there exists a constant C' > 0 such that fort > 1,

lua(®)llwz, < Cllus|lmzst™,
lva()llwz, < Cllutllmzs + fvsllzoe + 04| oa)t ™,
1R [t va] ()| 2 < O+ Ma) ([l a2 + (vl as + [ [[rsa)t ™,
1 R2 [, va] ()| < Cllu || st ™.
Proof of Theorem. We assume that all the assumptions of Theorem are
satisfied. If we put
(A, B) = (um Ua)a
0 = Clluy || s,
Lo = Cllugllmzs + llvallmse + 04| m32),
Ly = C(1 + Ma)(lutll2s + vl ges + [[04][m3),
L2 = C||u+||H2,s,
where C' > 0 and M, are the constants introduced in Lemma 3.7, then
the assumptions in Proposition 2.1 are satisfied. By Proposition 2.1,
if ||u| g2 is sufficiently small and if 7" > 1, which depends on a > 0
and ||uy| g2s, is sufficiently large, then there exists a unique solution
(u,v) satisfying
we C([T,00); H2), v € C(IT,00); H?) N CY(T, 00); HY),
fgg(tkIIU(t) — ua(t)l| L2 + tflult) — ua(t)]|g2) < oo,

ngp[t""(Hv(t) = Va(O)[lr + (|00 (t) = Orva(t)]|22)

+U([[o(t) = vl gz + [10r0(t) = Brva(t)]] )] < 00,

Since the equation (KGS) is globally well-posed in C'(R; H?)®[C(R; H*)N
C'(R; H')] (see Bachelot [1], Baillon and Chadam [2], Fukuda and
Tsutsumi [3] and Hayashi and von Wahl [11]), the unique solution
(u,v) on the time interval [T, 00), which is obtained above, can be
extended to all times. This completes the proof of Theorem. O
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