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Introduction

Before discussing the contents of this paper let us explain its motivation. We
have been working on explicit formulas on generalized spherical functions
on real semisimple Lie groups of low rank in these several years. Our in-
terest is to have effectively computable results in real harmonic analysis for
much deeper study of automorphic forms of many variables. To investigate
geometric automorphic forms, one sometimes needs results on irreducible
representations of a real semisimple group with non-trivial minimal K-types.
In this direction we already have some results for real semisimple groups of
split rank 2 ([6], [7], [5]).

To handle non-trivial K-types, it is necessary to describe the representa-
tion of the maximal compact subgroup K of a real semisimple Lie group G.
When the complexified Lie algebra tc = ¢ ®r C with ¢ = Lie(K) is a direct
sum of copies of sl3(C) and C, this is quite easy. And it was one of the main
reasons to have explicit results mentioned above successively.

But if €c has larger simple factors, the problem becomes quite difficult.
When K has only simple factors of type A and BD, and abelian factor, some
authors could go through the hard computation using the Gelfand-Tsetlin
basis (cf. Taniguchi [12], Tsuzuki [13]). In these computations the essential
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point is to describe explicitly the decomposition V' ® Ad, into irreducible
components for a given finite dimensional representation V' of K and the
adjoint representation Ad, of K on p, where p is the complement of £ in the
Cartan decomposition: Lie(G) = ¢ @ p. Even if the representation Ad, is
relatively small, this becomes a formidable problem for general K. However
when £c has only simple factors C,sly(C),sl3(C), we seem to have more
tractable situation. To show this is the purpose of this paper.

Around mid 80’s, Gelfand and Zelevinsky [4] defined the canonical basis
in the representation spaces of gl; in their sense, and found an explicit rela-
tion between the Gelfand-Tsetlin basis and their basis. We call it Gelfand-
Zelevinsky basis in this paper. According to the introduction of the paper
[1] by Fomin and Zelevinsky, this basis is dual to the limit ¢ — 1 of the
canonical basis in quantum groups, investigated by Kashiwara [8], [9] and
Lusztig [10], [11].

We utilize this result to formulate Theorem 1 in §2, which gives the
explicit formulas for the projectors from the tensor product V ® V(; ) of an
irreducible representation V' of gl; and the standard representation V{; ), to
its irreducible components. Though we suppressed it, to formulate Theorem
1 we used the relation between Gelfand-Tsetlin basis and Gelfand-Zelevinsky
basis. Once one can find the 'right formulas’, the proof is given by direct
computation.

In §3, we also give the explicit projectors from V®@V(s,0,0) to its (generically
6) irreducible components (Theorem 2 in §3), by applying Theorem 1 twice.

Our result in this paper is just simple computation, but it might have

application for investigation of spherical functions with non-trivial K-types,
and also it might contain some suggestion for general investigation of ’canon-
ical” Clebsch-Gordan coefficients.
Acknowledgments.  The authors thank to M. Kashiwara for introduction
to the literature on Clebsch-Gordan coefficients and related subjects, and to
A. Matsuo and Y. Saito for introduction to the literature of canonical basis
and crystal basis.

Notations. For a Gelfand-Tsetlin pattern (which simply we may call G-
pattern)

ms my3 a3 TM33
M = my = mi2 Mag
m; mi
of degree 3, we define
113 123 133 mi3 + 113 Mao3 + 23 M3z + 133
M 112 122 = Mg + 112 Mo + 122

111 my1 + 111



Integral switching engine for special Clebsch-Gordan coefficients for gl; 3

If the vector (i3 i23 i33) is zero, we omit the top row in the left hand side of
the above defining equality. So the left hand side is written as

112 192
M . .
111

A convenient symbol is M [k], which is defined by

M<k5k).

This means that it causes a 'twist’ of weight k£ at the second row my in M.

Recall first that the Gelfand-Zelevinsky basis {f(M)} (i.e. the canonical
basis in this paper) is parameterized by the same label set {M} as the Gelfand-
Tsetlin basis. If any of the above shifts M’ of M violates the conditions of
Gelfand-Tsetlin pattern, i.e. if either

! ! / ! /
My > Mg = Moy 2> Mgy > Mg
or
! > / > !
Mg Z My Z Moo

is not satisfied, then the corresponding vectors f(M’) in the canonical basis
should be zero.

Functions in M. We set
d(M) = myg + mag — myg — Mas.

Let x4+ (M) and x_ (M) be the characteristic functions of the sets { M|5(M) >
0} and {M|6(M) < 0}, respectively. More generally we introduce functions

X2 (M) by

; 1, (M) > i
xi)(M)Z{o, 5EM§;’ x()(M):{Q S > s

Then we have y (M) = XE?)(M) and x_(M) = X(_O)(J\/:f).
We introduce 'piecewise-linear’ functions Cy(M), C1(M) and Cy(M) by

. mi1 — Mag, lf (5(M) Z 0 = . Maos — MMo2, lf 5(M) Z 0
Cl(M) o { M9 — Mas, lf (5(M) S 0 ’ Cl(M) o { mig — My, lf 5(M) S 0 ’

Co(M) = Cl(M)él(M)-
Another expression of C;(M) and Cy(M) is

OI(M) = Miﬂ{mn—mm, m12—m23}, OI(M) = Miﬂ{m23—m22, m12—m11}.
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1  The result of Gelfand-Zelevinsky

Firstly we recall the definition of the canonical basis in the sense of Gelfand
and Zelevinsky. In the beginning let us consider the case of the Lie algebra
gl.,.
Definition. A weight is an integral vector v = (71, ,7,) € Z™ of length
n. A weight v is dominant if vy > v > -+ > 7,.

Let E;; (1 <i,j < n) be the matrix unit of size n with 1 at the (4, j)-entry
and 0 at other entries. As is well-known, any irreducible representation V' of
finite dimension of gl,, splits into weight subspaces:

V= @WV(V)‘

Here
V(vy) ={v € V|E;v = v for all i} # {0}.

And there is the (unique) dominant weight A s.t. A > ~ in the lexicographical
order. Therefore the representation V' is labelled by such dominant weight
A de V=V,

Now for another dominant weight v = (v, -+ ,1,), we set
Va(v,v) = {v e (9| B o =0, for 1 <i<n— 1}

Definition. A basis B in V) is called proper if each of subspaces V) (v, v)
(for all possible v, V) is spanned by its subset, i.e.

V)\(’%V) :<BﬂV)\(%y)>

Theorem. (Gelfand-Zelevinsky)

1. Each irreducible finite dimensional representation of gl,, has a proper
basis.

2. In each irreducible finite dimensional representation of gl;, there is
only one proper basis up to scalar multiple. And this basis is called
canonical.

Up to this point, the notion of the canonical basis has the ambiguity of
scalar multiple. Gelfand and Zelevinsky normalized this scalar factor some-
how to get the following formulas.

If 7 # j, the matrix Ej; is a generator of the root space of some root in
gl; with respect to the Cartan subalgebra consisting of diagonal matrices. If
li—j| =1, E;; is a root vector of a simple root. There are 4 such simple root
vectors Eis, Fao1, Eo3 and Ess.
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Proposition. (Gelfand-Zelevinsky) The action of simple root vectors on the
canonical basis {f(M)} of Vi, is given as follows.

)
(r () ),
(2

Enpf(M) = (mix—m) ( (%)
+(maos — maz)x+ (M) f
Enf(M) = (my —ma)f ( 5 ))
(s — mag) - (M) (M (23) 1)),
Epf(M) = (miz —miz) ( (00))
#{mas =i = S b (M) F (M () 1)),
Enf(M) = (ma —m33)f<M( o ))
o+ {mas — mgs + 6(M) b (M) F (M (50 ) [-1]).

Remark 1. In the formulas of Ei5 and FEy;, we have

Mag — Mo = My — M1 — 5(M), M1y — Maog = M1 — Mo + 5(M)

2 Tensor products with the standard repre-
sentation

Generically the tensor product Vi,, @V/(1 0,0y has three irreducible components:
Vm3+(1’070) Vm3+(0 1,0) and Vm3+ 0,0,1) . If either ms + (0, 1, 0) or ms + (0 0 1)
is not dominant, the correspondlng irreducible component does not occur.
Thus for the dimension of the intertwining spaces, we have

dimcHom(Vm3®V(1,0,0),Vm3+(1,0,0)) = 1
dimcHom(Ving, ® Vi1,00), Vins+0,1,0) < 1,

and
dimcHom(Vin, ® V(1,0,0), Vins+0,0,1)) < 1.

Let P1,0,0) be a non-zero generator of the first space, which is unique up to
scalar multiple. And let Pg 1) or Pp,1) also be the generator of the second
or the third space respectively, if either space is non-zero. Our purpose in
this section is to give explicit expression of these projectors 1,0y, F0,1,0)
and Pg,1) in terms of canonical basis.



Integral switching engine for special Clebsch-Gordan coefficients for gl; 6

2.1  The projectors for Vi,, @ V(1)

Let Vi, be the representation of gl, with canonical basis {f(M)}, and let
V(1,0,0) be the standard representation. To denote the canonical basis of the
standard representation V(j oy, we suppress the letter '’ before G-patterns.

Theorem 1 Let {f'(M)} be the canonical basis of the target representation.

Formula 1: The projector P00 : Vins ® Vi1.0.0) — Vins+(1.0.0)-
o (50016 () = ()
2 Poan (100 () = ( () s o))
s Poan (100 () = ()

Formula 2: The projector P,1,0) : Vins ® V(1,000 = Ving+(0,1,0)-

1. Po1,0) <f(M) ® ( o ))
(m13 — M2 f <M

(

2-P<m><f o (%)

<mm—mmf/<M< ) s (u ()
)

"))+ sy (a5 ).

3. Pouo (M) @ ()
<m12_m23ff< (%)) +wsanciong (v (1)),

Here D(M) = —my3 + mq2 — 6(M).

Formula 3: The projector Po0,1) : Vins @ V(1,00) = Vims+(0,0,1)-

1. P(O,O,l) <f(M) &® ( 11(1)00 ))
—(maz — myz)(maz — ma3) f’ <M< 01?01 )) E(M )f’< ( 0?1 )) .

2. P, (f(M) ® ( 11200 ))
—(myg — maz2)(mag — ms3) f’ <M< 01201 )) F(M)f ( < Ozl ))

— (MG (M ().
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3. Poo,) (f(M) ® < 10200 ))
= (myg —ma3+1)(maoz—mg3) f’ <M< o0 >> —G(M)f <M ( b >> ‘

0 0

E(M) = él(M){mlg — M33 + 1-— Ol(M)},
= —C3(M)
—X—(M){(mlfs — maz) (a2 — ma3) — (Maz — ma3 + 1)5(M)}
Remark 3. As we can see in the next subsection, in order to prove Theo-
rem 1, it suffices to show that any of three projector given above is a gl;-
homomorphism. But the actual method to find these formula is to use the
relation between the canonical basis with the Gelfand-Tsetlin basis found by
Gelfand-Zelevinsky [4]. To write this computation seems to take more space
than the proof below.

2.2 Proof of Theorem 1

The proof is direct computation to check that either of three projectors is a
gls-modules. The action of the Cartan subgroup is diagonal. Therefore the
essential computation is those of simple root vectors E; ;1 1, Fjy1,. The most
complicated case is the formula 3, and other two cases are similar and much
simpler. So we discuss only the formula 3 here. We have to confirm that
Pooqy - Eij = Eij - P, for 4 simple root vectors Ej; (i — j = %1).
Let us check the action of Ej,, say.

Claim 1. Apply Ej; to the inside of Pp 1) in the left hand side of the
formula 3-1. Then by using Proposition in §1 and the formulas 3-2 and 3-3,

we have 3270 1if (M () [=i]) with

ly = —(mlz - mll)(ml3 - mlz)(m22 - m33),
li, = (mpg— mll)E<M( 00 ))

—(ma3 — mag) X+ (M) (13 — Mg + 1)(magg + 1 — mss),
b:mmwwwmdeﬂm)

Claim 2. Apply Ejs to the right hand side of the formula 3-1. Then we
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have S22 7 f’ (M( 01;)01 ) [—z]) with

o = _<m12 - m11)(m13 - m12)(m22 - m33),
001

rio= —(miz — miz)(ma — ma3)(Mas — maz) X+ (M < v >>
+E(M)(mig —my — 1),

ro = E(M)(mgg — maos — 1)x4 <M< Y ))

1

We have to confirm the equalities [; = r; (i = 0, 1,2). The only nontrivial
case is when ¢ = 1. The main ingredient to show this equality is the difference
relation:

00 _ E(M)_OI(M)a lf(S(M) > 0,
B(v () —{ E(M) — {(mus — mas + 1) — (mus — ma)}y, it 6(M) < 0.

The remaining formulas for the operator Ej, are the following.
Claim 3. We have

2
Ploo.r) - Brainside of Py in LHS of (3-2)) = S 1 (M (%9 ) [i])

1
1=0

and
2 001
P.1) - Era(inside of P, in LHS of (3-3)) =Y "1/ f’ <M ( ) [—i]) ,
1=0

with

I, = —(miz —may +1)(myz — maa)(mos — mss),
I = —x+(M)(mag — maz)(mig — mag + 1)(mag + 1 — mags)

(g — mll)F<M & )) + B(M),
Iy = —x_ <M( op ))(m12 —my1)Cy <M( op ))
+X+ (M) (mas — m22)F<M( ) [—1})>7

and
= x+(M)(maz — maz)(maz — mass)(maz — mss + 1)

_<m12 —m11)02<M( N ))7

ly = —X+(M)(mas —ma2)Cy <M( %) [—1]>'
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Claim 4. We have

E1o(RHS of (3-2)) = i:r; 7 (M ( ) [—z‘]) :

1=0

and

E1»(RHS of (3-3)) = 22: g <M ( ) [—z‘]) ,

i=0
with

ro = —(mia —my + 1)(mz — muz)(maea — mas),

7’3 = —(m13 - m12)(m22 - m33)(m23 - m22)X+ (M < 01201 ))
+F(M)(migs —mqy),

—X-(M)Cy(M)(m1z —my — 1)

001

+X4+ <M ( o1 )) (mas —magp — 1)F(M),
and

To = (mia—maz+1)(mia — may)(maz — mas),

= X4 (M)(mia — maz + 1)(maz — ma3)(maz — Ma2)
—(m12 —mi1 — 1)02(M)7

ry = —Cy(M)(mas — may — 1)x4(M).

To show I = r/ for i = 1,2, it is convenient to compute both side case by
case, either when (M) > 0 or when §(M) < 0. To show I} =7 (i = 2,3), it
would be better to divide the computation into 3 cases: 6(M) > 0,= 0, and
< 0.

We can discuss similarly for Fy;, Es3 and FEjs.

2.3  The projectors for Vi,, ® V(g -1

Let Vin, be the representation of gl; with canonical basis {f(M)}, and let
Vi0,0,—1) be the dual standard representation.

Theorem 1’ Let { f'(M)} be the canonical basis of the target representation.
Formula 1: The projector Poo.—1) : Vs @ Vi0,0-1) = Ving+(0,0,-1)-

B (1000 (57)) = (41 (7).
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00-1 00-1
s (5 onsanr ()
Fe(n)):
0
Formula 2: The projector P _1,0) : Vs @ V(0,0-1) = Vins+(0,-1,0)-

1. Po,-1,0) <f(M) ® < 002*11 ))
= —(may — mas3) [’ <M ( 00310 )) +Xx-(M)D(M)f <M ( O:ioo )> '

2 Fony (1005 25)
3. Poo,-1 <f(M) ® < 00(;(;1 ))

2. Po,-1,0 <f(M> ® < 0000:11 >>
= —(maz — ma3) f’ <M ( 00*0110 )) + NS (M < 0:{00 )> ‘
3. Po,-1,0) <f(M) ® < 0800_1 >>
= (man =) (31 (30" ) )+ x-ncong (v ().
Here D(M) = —mas + mas + 6(M).
Formula 3: The projector A—1,0,0) : Vims ® V(0,0-1) = Viny+(-1,00)-
1. P10 <f(M) ® < 00(};ll >>
= —(mia—mya)(maa—ma) (31 (35 V) By (3 ().
2. P10 <f(M) ® < 0005711 ))
= —(muz —maa)(mag —ma3) ' <M ( 730810 )) +F(M)f, <M < 7%000 )>
—onaong (v (50)).
3. P10, <f(M) ® < 08051 ))
= (miz—maa+1)(maz—maz) f’ <M< o )>_CQ(M)]N <M< kS )) '

Here
E(M) = Ci(M){m3 —mas +1—Ci(M)},
F(M) = —Cy(M)

— X+ (M){(maz — maa)(mas — ma3) + (maz — maz + 1)6(M)}.
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Remark 4. We may write the 3-rd coefficient x_(M)C;(M) of the formula
2-3 as x_(M)(my2 — mq1). Similarly the 3-rd coefficient —x (M)C2(M) of
3-2 as —x4 (M) (my1 — maz)(maz — ma2).

2.4 Proof of Theorem 1’

We can deduce it from Theorem 1 by symmetry. For given G-pattern M, we
define its dual pattern M by

R —Mg3z — M3z — M3
M = —TMNgo2 — M2
—mn

Obviously we have

~

S(M) = =6(M), x4(M)=x_(M), x_(M)=x(M),
Cy(M) = Cy(M),  Cy(M) = Cy(M), Cy(M) = Co(M),
and M[—k] = M[—k].
We can check that Proposition 1 is self-dual with respect to this involutive
mapping M — M. Apply the same mapping to the whole process to deduce
Theorem 1 from Proposition 1. Then we have Theorem 1°. O

Remark 5. We have an isomorphism of representations V(1 10y = Vigo,-1) ®

Vi1,1,1) with one-dimensional representation corresponding to the trace map
tr : gl; — C. Fix a non-zero element ( 11111 ) of V(1,1,1), then we have the

natural identification between canonical basis of V(g0 1) and V{1 1,9) by

s () s (u ()

Because all the coefficients of the formulas in Theorem 1’ are written in terms
of differences m;; — my; of M, we have a similar formulas of the projectors

on Ving ® V(1,1,0) with completely the same coefficients as those in Theorem
1.

2.5 The symmetric tensor product V(5 of the stan-
dard representation V()

If we apply Theorem 1 for the special case Vin; = V(1,0,0), We have only two
irreducible constituents V(,0y and V{1 1,0y which occur with multiplicities one:

V1,000 @ Vi1,00) = Vie,0) ® Via,1,0)-
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The first factor Vig,0) is the symmetric tensor product of V{;0), and the
second the anti-symmetric tensor product. Here we write the correspondence
between canonical basis of V{1 0,0) and V{20, explicitly.

Lemma 1 Via identification V{500) with Sym2(‘/(1,070)) which is unique up to
a scalar multiple, we have identifications :

I
Ol o~
°gs
N—
®
/
® -
Ogg
N—

100
Je (V).
0
100 100 100 100
{C8) e () + ()2 ()}
0 1 1 0
100 100
10 ) X < 10 ) ,
1 1

Remark 6. Similarly to the case of the standard representation, to denote the
canonical basis of V(20,0) we do not write the letter ’f’ before its G-pattern.

N N7 N N NN
[ \v)
o
[=]
e N N N N
A~ Nl= e~ NI
=
OOg

3 Tensor product with V|,

In this section, we want to have the irreducible decomposition of the ten-
sor product Vi, ® V(g200) and an explicit formula of the projectors to its
irreducible components. Generically this tensor product has six irreducible
components Vi ye,1e; (1 < 4,5 < 3). Here e; is the unit vector with unity
at the i-th entry and zero at the remaining entries. Each component occurs
with multiplicity one, if the weight vector ms + e; + e; is dominant.

To have the projector from the total space Vin, ®V(2,0,0) to each irreducible
component, which is unique up to scalar multiple, we firstly embed V(30
into the tensor product V{; 9,0y ® V{1,0,0) of the two copies of the standard rep-
resentation, discussed in §2.5. Roughly speaking, using the projectors of ir-
reducible decomposition of a general simple gl;-modules V' with the standard
representation twice, we have the projectors to the irreducible component of
the tensor product V' ® V(20,0

More precisely we consider as follows. Put

Wi = Vins @ Vi1,0,0), and Wo = W1 @ V(1,0,0) = Ving ® Vi1,0,0) ® V(1,0,0)
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In the total space W5, the irreducible component Ving e, 1e, 0Occurs with mul-
tiplicity one if ¢ = j. If ¢ # j, it occurs with multiplicity two, or zero.
If + > j, we define a projector Q1 : Wo — Vinste,4e; Dy extending

Q1(v @ uy ®up) = Po; (Pe, (v ® u1) ® us)
linearly. Similarly Q2 : Wa — Vingie,1e; by extending
Qa(v ® g @ ) = Poy (Po, (v © 1) @ 1)

linearly.
When ¢ = j, these two intertwining operators coincide on Wy itself. If
i # j, they gives linearly independent generators of the intertwining space

dimc HOHI(WQ s Vm3+ei +e; )

of dimension 2. The restrictions of @); and @), to the subspace Vin, ® V(20,0
in the total space Wy are scalar multiple of each other, because of the mul-
tiplicity one.

3.1 The projectors for Vi, ® V(2)-

In this subsection, we give an explicit formula for the projectors from the
tensor product Vin, ® V(20,0 to its six irreducible components in terms of
canonical basis. The proof of this is given in the next subsection. Let {f(M)}
be the canonical basis of the representation Vi,,. Similarly for the standard
representation, we suppress the letter 'f’ before G-patterns to denote the
canonical basis of Vi)

Theorem 2. Let { f(M)} be the canonical basis of the target representation.
Formula 1: The projector F20,0) : Vins @ V(2,000 = Vims+(2,0,0)-

L Paog (f0n e (50 ) = (a (%)),
2. Poooy (FO0 2 (50 )) = ¢ (M (4)) +xcany (m ()
3. Pogo (FOM) @ (50 ) = (M (%)),
b P (1000 () =1 (31 )

e ) =P} (v (0)) e xPons (v (),
5. Paooy (fD) @ (57 )) = (M (50)) +x-ang (v ()
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6. P20, (f(M) ® ( 22;)00 )) =r (M < 22(2)00 ))

Formula 2: The projector P10y : Viny @ V(2,0,0) = Ving+(1,1,0)-

1. Puq) (f(M) ® ( 00 )) (mu mag) f’ <M< 10(1)00 ))
+x+(M)C1 (M) f ( <

1 (M
2 Pan (70 & (8 )) = 3mas —mas =) (31 ()
waons ()

3. Pmo)( ( )) 3 (2miz — g — m23)f/<M<11100>>

i (D{Cy (M) + DD} (M ()

1 Pluso (f1 ( ) = (s —mur (31 (%))

+{cl <M><m13 m) ) (M (7))
g (v (5)):
5. Pu) ( )® ( )) —(mz —mi)f (M ( = >>

{01 — (myz —maa) — x+ (M }f/ <M< o ))

6. Paro (f(M) ® ( 22200 )) = —(miz —maa)f’ (M( 12200 ))
(D (M (),

Formula 3: The projector P01 : Viny @ V2,0,0) = Ving+(1,0,1)-

1. Paon (f(M) ® ( 20200 )) = (mya—mgz+1)(mag —mg3) f’ <M< 10201 >>
caonr ()
2. Paoy (f(M) ® ( o )) =37 af <M< To ) [—z‘])

with
co = 3(ma— msz)(2miz — mys —mgz + 1),
a1 = {F(M) — Co(M) + x—(M)(maz — maz)(maz — maz + 1)},
o = —x_(M)Cy(M).
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3. P1,0,) (f(M) ® ( 21(1)0(J ))

= %(mm - m33)(2m12 —myg —mgz+ 1) f <M ( 10

+{EO) - G}y (M (9),

4. Paon (f(M) ® ( 22200 )) =Ygl <M< 12201 ) [_Z])

with
o = (m13 — m12)(m22 — Mag),
G = {F (M)(m13 — myg)(mag — m33)}7
¢ = {—x_ <M> +x(M)F (M)},
= —x9><M>02<M>.
5. Paon (FO® (5)) = Shyef (M (%) [-0)
with
co = —(mag —ma2)(mos —ms3),
c = %{E(M) + F(M) — x—(M)(my3 — mqa)(mag — m33)}7

e = W (M){EQ) - Cy(M))}.

6 P (500 (5 )) =~ =~ (31 )

ey (o ().

Formula 4: The projector Pi20) : Vins @ V(2,0,0) = Vins+(0,2,0)-

L. P20 <f(M) ® ( 20200 )) =Y ol <M ( 00200 ) [_Z]>

with
Co = (m12 - m23)(m12 — Mao3 — 1)7
¢ = {X(I)(M)(mu — ma3) + X+ (M)(miz — mos —2)},
cy = (1)( Ci(M){C(M) —1}.
2. P(O,Qyo) < < ) Z,_ Cif/ <M< 01200 ) [_Z])
with

C = _<m12 - m23)(m13 - m12)7
1 = CI(M){(mH — Moz — 1) - X+(M)(m13 - le)},
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3. Po,2,0) <f(M) ® ( 21(1)00 )) = Z?:o aif <M ( 01?00 ) [_Z]>

with
co = —(maz —maz)(miz — mi),
e = x4 (M)(maz — mas — 1)D(M) — X (M)(myz — mip) {Cy(M) + 1},
e = XM (nCy(M)D(M).
L Poso (P00 @ (7)) = Sie s (M (%) 1-0)

with

C = (m13 - m12)(m13 — M2 — 1);
e = —2(miz —mi2)Ci(M),
Co = Ol(M>{Ol(M>—]_}

5. P20 <f(M) ® ( 22(1)00 )) =Ygl <M ( 0{00 ) [_Z]>
with
co = (miz—miz)(mz —mip — 1),
e = —(mg = miz) [ (M{D(M) + 1} + Co (M),
o = x+(M)Ci(M)D(M).

200 020 .
6. P20 (f(M) ®< 20 )) =Yl <M< 20 ) [—Z])
with
co = (miz—m)(miz —mp — 1),
er = —(myy —mu) s (M)D(M) + 3 (M){D(M) + 2} |,
e = X\ (M)D(M){D(M) +1}.
Formula 5: The projector P 1,1) : Viny @ V(2,000 = Vims+0,1,1)-
]_. P(O,l,l) (f(M) ® < 2020(J )) = Z?:O Cif// <M < 00(1)01 ) [—l])
with

co = (miz —mas)(mia — mas + 1)(mog — ms3),

e = X+(M)(mig —mss + 1)(magy — ms3)Ci(M)
—(miz — maz — 1)C2(M),

cy = —X+(M)02(M){OI(M) — 1}.
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2. Poa (f(M) ® ( 21200 )) = Z?:o cif” (M < 01(1,01 ) [_ZD

with
o = —35(2miz — mas — mas + 2)(mas — M) (May — mas),
G = %(mu — m23)F(M)
_%{1 - X—(M)}(mB - m12)(m22 - m33)01(M)
+3(mas — ma + 1)Co(M)
+%(m12 — mag + 1)(mag — ms3)C1 (M),
e = ~C(M{Ci(M) ~1},

3. Poay (FOM) @ (%)) = Xiyef (M () [-i])

with
co = —3(2miz — mag — maz + 2)(maz — maz)(maz — my3),
T = %(m12 — mgg)E(M) + %(mlg — Mg + 1)02(M)
53X+ (M) (maz — m3)
- [—(m13 — m){CL(M) + 1} + (myz — mags + 1)D(M)],
Cy = %X.,_(M)OQ(M){mlg — M3s + 2— Cl(M) — D(M)}

4. Po1,1) (f(M) ® ( 22200 )) = Z?:o cif” (M < 02(1)01 [_ ZD)

with
co = (miz—muz)(miz —miz — 1)(ma — mas),
T = —(m13 — mlg) [F(M) -+ (m22 — 77133){01(M) + X_(M)}],
Cy = {Ol(M) -1+ X_(M)}F(M) + X_(M)(m13 — My + 1)OQ(M),
5. Poan (FON® (59)) = S2gef (M (%) [-0)
with
co = (miz —maz)(mig — mig — 1)(Mmay — ms3),
T = —%(mlg — mlg) [F(M) + E(M) + (m22 - mgg){ol(M) + 1}i|
—%{1 - } mi3 — m12)(m22 - m33)D(M),

¢ = 3Ci(M)E < +302(M){1 — D(M) — x—(M)3(M)}.
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6. Po,1,) <f(M) ® ( 22;)00 )) = Z?:o aif <M< 02;01 ) [_Z]>

with
co = (maz —maz)(maiz — maz — 1)(maz — mas),
¢ = —(miz —mu) [E(M) + X4 (M) (1mg — mas){ D(M) + 1}]

¢ = x+(M)D(M)E(M).

Formula 6: The projector Po2) : Viny @ V(2,000 = Vims+(0,0,2)-

1. P(0,0yg) (f(M) ® ( 2020(J >> = Z?:O Cif/ <M ( 00202 ) [-Z])
with
co = (miz —mag+ 1)(mig — ma3)(maea — mag3)(maea — mgz — 1),
c1 = —2(mig — mg3)(maea — mg3)Ca(M),

2. P2 (f(M) ® ( 21200 )) = Z?:o aif” (M < 01202 ) [_ZD

with
co = —(mig —miz)(mig — mgs + 1)(maa — msz)(Ma2 — msg — 1),
= (ma —mas) {(mu —ma3) F (M) + (my3 — myg)Cy <M ( 01201 )) } 7

001

o = —F(M)C; (M ( 0 ))
—X—(M)(m12 — mas — 1)(m227— mas + 1)Co (M),
iz = x-(M)Co(M){C1(M) —1}{Ci(M) —1}.

3. P(0,0yg) (f(M) ® ( 21(1)0(J >> = Z?:O Cif/ <M ( 01(;02 ) [-Z])
with
co = —(mig —mgs+ 1)(miz — maa)(maa — ma3) (Mo — mgz — 1),
¢ = (m22 - m33)

.[(m12 — maz) E(M) + (mys — map) {Cy (M) + 1}61(M)} ,
o = —EM)Ci(M){Ci(M)—1}.
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4. P02 (f(M) ® ( 22200 )) = Z?:o cif” (M < 02202 ) [_ZD

with

co = (myz—miz)(miz — maa — 1)(maa — mg3)(mag — msz — 1),

e = (g — ) (ma —mag) {FO) + F (M (%))},

¢ = X—(M)(maz — miz + 1)(maz — mas + 1)Co(M)
+x(_1)(M)(m13 — ma2)(maz — ma3) {CL (M) + 1}{C1(M) + 1}
+F(M)F <M ( o )) ,

e = ~GON) {(ODFON +x-ONF (M (1))}

o = VO (M){Cy(M) = 1}{Ca(M) —1}.

5. Pooay (100 @ (%)) = Sy (v () 1-1])

with
C = (m13 - m12)(m13 — Mig — 1)(m22 - m33)(m22 — m33 — 1>7
cT = —(m13 — mlg)(mgg — m33) {F (M < 01(1)01 )) + E(M)} s

o = >F< (%))
(

X—(M)(mas — m12)(m22 - m33 {C1 (M) +1}Ci (M
g = —x_(M)EM)C\(M){C\ (M) —1}.

6. Po,,2) (f(M) ® ( 22(2)00 )) = Z?:o cif’ <M ( 02202 ) [_ZD

3.2

with
co = (mag —mya)(miz — maz — 1)(mag — maz) (Mo — mag — 1),
¢ = —2(mus — maa)(may — mas) { E(M) — C1 (M)},

Cy = E(M){él(M) — 1}{m13 — mM33 — Cl(M)}

Proof of Formulas

In this subsection, we give a proof of the formulas 3 and 4 in the previous
subsection. The rest can be proved by the similar computation.

First, we prove the formula 3. To do this, we may compute only the
projector Q2 defined in the top of this section. Let us denote by {f”(M)}
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the canonical basis of the representation Vin,1(0,0,1). Using the formula for
the projectors Py 1) in Theorem 1, we have

Q- (f(M) ® < 20200 )) = P (P(O,O,l) <f(M) ® < 10200 )) ® < IOZOO ))
= (miz —maz + 1)(ma2 — m33)P(1,0,0) <f” <M < 00201 )) ® < 10200 )>
—Co(M) P00 (f" <M< 331 )) ® < 10200 )) '

Then the first formula is deduced from this equation with the formula for
P1,0,0) in Theorem 1. Similarly, using the formulas in Theorem 1 twice, we
have the equations

@ (rane (%))
= —(miz — maa)(maz — mys) [’ (M < K ))

0
001

o (3 (5 ) ot —man (3 ()
cle () ran—canein) r (n (%)

001

- ( () eatany (ar ().

and
@ (fane (%))
= —(my3 — mi2)(mag — ms3)f’ (M ( 12(2)01 >> +E(M)f (M < ks >> )

2

Thus we have the formulas 3-4 and 3-6, because

() = (35 )) = xein (o (7)) =0

Two images of ()5 in the right hand side of the equation

o (s ()
1
2

(@ (rone (5 ) e () re(sone () o (1))}
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have the following expressions which are derived from Theorem 1:
@(rone (%) e (V)
= (Mg — mag + 1)(maz — ma3) f' <M < 11201 ))
+ {X— <M ( 00201 )) (mig — mg3 + 1)(ma2 — msg) — 02(M)}
£u() - (5o (r ()
and
@ (rone (W )e (%))
= —(mug —my)(may — mss) f’ <M ( 11201 >>
+F(M)f (M( )) A (M)Co (M) f' <M< St )) .
Because x_(M) depends only on 6(M), the formula 3-2 holds. Similarly,

the following four formulas with the identification in Lemma 1 lead to the
formulas 3-3 and 3-5:

(1o (o (1)
= (may —mag + 1) (maz — ma3) f' <M< o )) — Co(M) [’ <M< o )) ,
Q: (fone (W) e (W)
= —(maz —maz)(maz —mss) f’ <M< 11(1)01 )) + E(M)f' (M( 10(1)11 )) ,
Q: (rane (5 ) e (1))
= —(mz — maz)(maz — ma3) f’ <M< 20 )) + F(M)f' <M< i ))
—x-(ONCOn7 (M ().
NENEINES)
= —(muz — maz)(maz — ma3) f’ (M < 12(1)01 ))
+{=x= (M) (maz — maz)(maz — mas) + E(M)} f' (M ( 11?11 ))

+x- () B (M ().
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Next we prove the formula 4. We use again the projectors in Theorem 1
twice. Similarly to the proof of the formula 3, we have the equation

Pozo (F00 @ () = Pose (Poro (000 (5 )) @ (%))

= (maz — mag) Plo.10) < <M< o )) © < o >>
+x 4 (M )Cl(M)P(mo)( <M< 222 )) ® < 10200 ))

020

— (m12—mz3)(m12—m23—1)f <M< 00 ))

0

e (U () tme = maes (1 (1))

+X+(M)(maz — mas —2)01(M)}f’ (M( iy >>

e (u () exone (v () £ (v (5))

Here {f"”(M)} means the canonical basis of the representation Vig+(0,1,0)-
This equation means the formula 4-1, because of the relations

(e () =xonaon
v (M) (M () o (M (50)) =X - 1),
Similarly, we can get the formulas 4-4 and 4-6 from the equations
Po,2,0) (f(M) ® < 22200 ))
= (mig —maa)(mis —mig — 1) f’ <M ( 0 ))

0

{rtma e (3 (1)) - o -} (31 ()
raane (v (5 ) (ar (5)),
Poan (7000 (%))
= (maz — ma2)(maz — miz — 1) f' <M< 20 )
ore 0 () om0 ()

—X 1 (M)(my3 —m12)D(M)}f/ M( w )

e (r () 2o (o (3 )) (e (1))
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which are derived from Theorem 1 and the relations

e (M( ) — O/(M), C) <M< ) — Oy (M) — 1,
010 010
D(M( o ) — D(M) +2, D(M( 2 ):D(M)+1,
010 010 (1)
X+ <M< 10 )) = X+ (M)x+ <M< o1 )) =X+ (M).
Before giving a proof of the remainder formulas 4-2, 4-3 and 4-5, we use
the following lemma.

Lemma 2. For any vectors uy, us € V(1 00) and 1 <7 < 3, we have

Pre, (f(M) @ H{u1 @ us +us @ ur}) = Pae,(f(M) ® u1 @ uy)
= Pgei(f(M)(X)UQ@'LLl).

Proof of Lemma. Let A(V(10,0)) be the anti-symmetric tensor product of
Vi1,0,0) and put W = Vi, ® A(V(10,0)). Then we have the irreducible decom-
position

W = Vingterve: @ Vimgrer+es @ Vingtestes-

In particular, the restriction of the projector P, to the subspace W in
Wy = Vi, @ Vi1,0,0) ® V(1,0,0) is zero for each 1 < ¢ < 3, that is

Poe, (f(M) @ {u1 @ ug —us ®uy}) =0

for any up,uUs € ‘/(170’0). (Il

According to the above lemma and the identification in Lemma 1, we
have

Po,2,0) <f(M) ® ( 21200 )) = Po,2,0) <f(M) ® < 11200 ) X < 10200 )) .

Theorem 1 shows that the right hand side of the above is equal to

—(maz — maz)(maz — mas) f' <M ( o ))
+{—X+ (M) (maz — ma2)Cy <M< o ))
i) (e (5 )
xs (M) CL(M)CYy <M< )) f <M< )) .
Together with the relations

010

e (M( )) = (M), C) <M< )) = Oy (M) — 1,
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we get the formula 4-2. Similarly the equations

200 100

P20 (f(M)®< 10 )) Po2.0) <f(M)®< 10 )@( 00 ))
== (1 ()
e (0 () - s (4 ()
X4 (M) (mz = mag = DO b (M (5 )
e (M (50)) poney (a (90)) 1 (m (52)),
P (100 5 (3 )) = (500 () (')

= (mig —miz)(mig —mia — 1) <M ( ES ))

0

f 20
—{mis = mi)C (M ("5 ) 4 X (M) (s — maa) D(M) §
20 () xewnpines (e (5)) (%),
lead to the formulas 4-3 and 4-5 with the relations
e (M (59 )) e (v () =P an e + 1),
X+ (M)x+ <M 00110 >> Gy <M ( 0011 )) )(M)CI(M
Oy (M (%)) = CudD) + xa (M), o (M)Cy (M ( ")) =

Y

)
(M)C
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