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Abstract

Let x» (cf (1.1)) be the unit spectral projection operator with respect
to the Laplace-Beltrami operator A on a closed Riemannian manifold M.
We generalize the (L2, L) estimate of x, by Hérmander [3] to those of
covariant derivatives of x, Moreover we extend the (L2, LP) estimates of
xx by Sogge [7] [8] to (L?, Sobolev LP) estimates of xy.

1 Introduction

At first let us set the notation for the results of Hormander and Sogge. Let
(M, g) be a smooth closed Riemannian manifold of dimension > 2 and A the
positive Laplace-Beltrami operator on M. Let L*(M) be the space of square
integrable functions on M with respect to the Riemannian density dv(M) :=
V/det (gij) drx. Recall that L*(M) admits a complete orthogonal direct sum
decomposition with respect to the eigenspaces of A. That is, one can write

(M) =) E;,
=0

where L is the jth eigenspace corresponding to the eigenvalues A?. The eigen-
values are counted with multiplicity and are arranged in increasing order, i.e.
0< /\(2) <A< A2 < -+ where Aj are nonnegative real numbers. Also, e; will be
denote the projection onto the jth eigenspace E;. Thus , an L? function f can

be written as -
F=>elf),
§=0
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where the partial sum converges in the L? norm.

Let e;(z), a real eigenfunction of A, be the base of the eigenspace E; with the
normalized L? norm. That is, {e;(x)}32, becomes a complete orthonormal basis
of L?(M). Let A be a postive real number > 1. We define the spectral function
e(z,y,A) and the unit spectral projection operator (USPO) x, as follows:

€(ZL‘,y, /\) = Z ej(x)ej(y) ,

<A
nfi= Y, elf). (1.1)
AGE[N, A+1]

As a consequence of the sharp form of the Weyl formula (cf Theorem 4.4 in [3]),
Hormander proved the uniform estimate of eigenfunctions for x € M

> @l soxt (12)

)\jE[}\,)\-Fl]
which implies
I fl]2 < CXPD2 1) (1.3)
and
X flloo < CAPD2[ £, (1.4)

where || f]], (1 < r < 0o) means the L" norm of the function f on M. Let 6(r)
be the critical exponent max(n - |1/r — 1/2| — 1/2, 0) for Bochner Riesz means
of the Laplacian on L"(R™). With the help of the oscillatory integral theorems
of Carleson-Sjolin [1] and Stein [9], Sogge showed in [7] and [8]

eafllz < X[ fllg, g = 2(n +1)/(n+3) (1.5)

by using the Hadamard parametrix for A—(\+i)? and the wave operator (9/0t)*+
A respectively. By the duality and the above inequality, the following estimate
holds:

Sl < CXD||fllo, p=2(n+1)/(n 1) (1.6)
Interpolating (1.6) with (1.4) and the inequality
e flle < 1 £1]2 (1.7)

from the orthogonal relation, Sogge proved the following
Proposition 1.1. (cf C. D. Sogge [7] and [8])

ISl < CA=DE=20A7 £l 2 < <20+ 1) /(n— 1)
<

afllr < CXO 2, 2(n+1)/(n—1) <r<oo.



Then we set the notation for our results. For k a nonnegative integer and
u € C%°(M), V*u denotes the kth covariant derivative of u (with the convention
V% = u). As an example, the components of Vu in local coordinates are given
by (Vu); = d;u, while the components of V?u in local coordinates are given by

where I" fj are the Christoffel symbols of the Levi-Civita connection of (M, g) and
the Einstein’s summation convention is adopted. We define the length |V*u| of
the (0, k) tensor VFu by

|Vku|2 = giljl o 'gikjk (vku)lllk (Vku)jl"'jk )
where (¢g*) denotes the inverse martrix of (g;;).

Definition 1.1. The Sobolev space H} (M) is the completion of C*°(M) with
respect to the norm

k
lullg = (> / Viulrdo(g)V7, 1< 7 < oo |
j=0M

k

|y =Y sup [Viu(z)], " =00.
=0 xeM

Sometime we also write C*, H}, instead of H°, H7.

Proposition 1.2. H (M) does not depend on the Riemannian metric. And
Hi(M) is a Hilbert space.

We generalize the results of Hormander and Sogge by considering the Sobolev
spaces in the following

Theorem 1.1. For k=0,1,---, the following inequalities hold:
X f [y < CAFODE=2R £l 2 < r < 2(n+1)/(n— 1),
[ fIlry < OO, 2(n+1)/(n—1)<r<oo.

Remark 1.1. Recently Xiangjin Xu [10] obtained by the maximum principle ar-
gument the same estimate to the C'* norm of the unit spectral projection operator
with respect to the Dirichlet Laplacian on a compact Riemannian manifold with
boundary. However our proof is different from his even in C? case.

Now we sketch the proof of Theorem 1.1. Recall that the wave kernel K (¢, z, y)
is the Schwarz kernel of the wave operator cos(t\/Z) associated with Laplace-
Beltrami operator A. For each x,y € M, in the sense of the distribution in ¢, the
following equality holds:

K(t,x,y) = Z cos(tA;j)ej(x)e;(y) -
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In Corollary 2.1 in Subsection 2.3, we prove that if € > 0 is a positive number suffi-
ciently small and depending on the geometry of M, then t2k+”V’;V’;K (t, 2,9)| 2=y
is a smooth (0,2k) tensor valued function with respect to (t,z) € [0, €) x M.
By Corollary 2.1 and the wave kernel method (cf D. Grieser [2]), in Subsection
2.4 we obtain the following estimates of the covariant derivatives of the spectral
function uniformly for x € M::

VE ST @< oNTR =01, (1.9)

AjE[N A+1]
which implies the following (L?, C*) estimates for the USPO y:
[ fllos < CXMFD2 ], (1.10)

By the L? a priori estimate of the elliptic operator A and the orthogonal
relation, in Lemma 3.1 of Subsection 3.1 we obtain

IXafllzz < CA[I £z, (1.11)

combining which with the LP a priori estimate and the interpolation method,
also in this subsection we in Lemma 3.2 reduce Theorem 1.1 to the following
estimates:

[Doafllap < C XY f[, [[AxAfllp < CAFFO|f]]2 . (1.12)

Then similarly to [8], we approximate the operators in Subection 3.2

V cos(tVA), Acos(tVA), j=0,1,---

by certain Fourier integral operators (cf Lemma 3.3) and then in Subsection 3.3
we argue as in [7] to prove (1.12) by virtue of the oscillatory integral theorems of
Carleson-Sjolin [1] and Stein [9].

As long as the organization of the rest of this paper is concerned, in Subection
2.1 we set the notations related to the covariant derivatives on M and prove the
spectral resolution of A as a self-adjoint operator. In Subsection 2.2 we give
a quick review the Hadamard parametrix of cos(t\/Z) approximating the wave
kernel K (t,z,y) as well as we desire, which will be the crucial tool to the proof
of Theorem 1.1.
Acknowledgement A lot of thanks go to Dr. Xiangjin Xu for his generosity
of showing me his preprint [10]. I also thank Prof. Sogge for informing me the
existence of [10]. Finally I would like to express my deep gratitude to my advisor
Prof. Hitoshi Arai for his patient guidance.



2 (% estimates

2.1 The spectral resolution of A and the wave kernel

Let X be an open set of M and z : X — R" a diffeomorphism of X into R",
that is, a chart on M. Then assocaited to the chart are n coordinates vector

fields, written as 0/0x; or as 0;, j = 1,--- ,n. For the given Riemannian metric
on M, define

gir = (0;,0), G = (gjx), g =det G, G = (¢°%),

where 7,k =1,--- ,n and det denotes the determinant. Let V be the Levi-Civita
connection determined by the Riemannian metric. On X Christoffel symbols Ffj

are defined by
Vaiaj == Ffjﬁk

and using a standard argument we deduces
1
Iy = 5 > 9™ (0igij + 9390 — Ougij) -
l

For k an nonnegative integer and u € C*°(M), by the similar computation to the
equalities (1.8), we can see that the component (V*u);,..;, of V*u is equal to the
main term 0;,..;,u := 0;, - - - 0;, u plus the lower-order partial derivatives of v with
smooth coefficients coming from the Riemannian metric. Therefore by Definition
1.1 we have the following

Lemma 2.1. For k a nonnegative integer and u € C*(M),

lullorcey < C Y 0%l o)

laf <k

where o = (ay, -+ , ), with a; nonpositive integers, is a multi-index of length
<k and
0% = (0/0x1)* -+ (0)Dxy)™ .

In the chart X the Laplace-Beltrami operator takes the form
A== "0(g )+ Vo,
where tV = — Z ¢"*0,(log 1/g). By the Green’s formula, A is symmetric with

k
respect to the Riemannian density ,/gdz :

(A, u) > 0, (Aw,v) = (u, Av); u,v € C%(M),



where

(u,v) = /Muﬁ\/gdx.

Let & be the operator defined by A in L?(M) with 95 = H?*(M). Again by the
Green’s formula, we have

lullz < CII(Z +1ullz, v e Py (2.1.1)

The estimate (2.1.1) implies that & has a discrete spectrum so that the
spectral resolution of A in the beginning of Section 1 holds. Let E, be the spectral

family of &2 and the wave operator cos(tv &) associated with & defined by
cos(tv P) = / cos(ty/p)dE, .
0

By direct computation (cf Section 17.5 of [5]), we obtain that the wave kernel
K(t,z,y) € Z'(R x M x M) of cos(tv &) is the Fourier transformation with
respect to 7 of the temperate measure dm(x,y, 1),

m(z,y,7) = \/g(y)(sgn 7)e(x,y,|7]) . (2.1.2)

—

We remark that K (t,z,y) = dm(t) is an even function with respect to t.

2.2 The Hadamard parametrix of the wave operator

In this subsection we shall quickly review a remarkably simple and precise
construction due to J. Hadamard, which gives the singularities of the wave kernel
K(t,z,y) with any desired precision.

Let the open subset X (cf Subsection 2.1) of M be sufficiently small so that for
every point in it we can introduce the geodesic normal coordinates which vanish
there and satisfy the condition

Zgjk(x)ﬁk = Zgjk(o)xk : (2.2.1)

By Lemma 17.4.1 in [5], there exist unique smooth functions wug,--- ,u, with
up(0) = 1 satisfying

2vu,, — hu, + 2(x, 0u/0z) + 2Au, 1 , (2.2.2)

where u_; = 0 and

() = g0 (@)ze =Y _ gir(@)V () . (2.2.3)



It follows from Corollary C.5.2 of [5] that there is a neighborhood 7 of the zero
section {0} x M of the tangent bundle 7'M, a neighborhood # of the diagonal
in M x M, and a well-defined diffeomorphism

V2 (3,y) — (exp, T, y) €W,

where exp,, is the exponential map at y with exp,0 = y and (d exp,)|z—o equal
to the identity. The metric tensor in the ¥ coordinates

> 5 (#)€i¢k = plexp, &, (d exp,) () €)

satisfies (2.2.1), where p is the principal symbol of A. If (x,y) € # we have a
well-defined Riemannian distance s(z,y) which is realized by a unique geodesic
between z and y. We choose ¥ such that {Z : (Z,y) € ¥} is convex for every
y € M. Pulling the functions u, (%, y) defined by (2.2.2) back to # from ¥, we
obtain uniquely defined U, € C*(#). Since # is open, we further choose the
open set X so small that X x X C #'. We can choose ¢ > 0 such that

Xex X, (2.2.4)

where
X={yeM: in)f(s(x,y) <c}.
ze

As Lemma 17.4.2 of [5], with notation (3.2.17) of [4] In R; x R? we define the
homogeneous distributions E, (k € Z) of degree 2v + 1 — n with support in the
forward light cone {(¢,z) : t > |z|} by

E, =272 g(mm/2 b2z 2y s (2.2.5)
We have
(0%/0* =) " *)0a3)E, = vE,_y,v # 0; (0°/0* =) 0 /0x3)Eq = 6o (2.2.6)

—20E,/0x =zE, 1, vEZ. (2.2.7)

With some abuse of the notation we shall write E,(t, |z|) instead of E,(t,z) in
what follows; when ¢ = 0 this should be interpreted as the limit when t — +0.
Moreover it follows from the proof of Lemma 17.4.2 in [5] with the notation

(3.2.10)" of [4] that

at(Eu(tu O) - Ey(t7 0))

2~ p(I=m)/2¢2v=n )P(y 4 (1 —n)/2),  if nis even

221 p(I=m)/2 ||2v=n /D (y 4 (1 — ) /2), if n is odd and 2v > n
(—1)k 272k g(=n)/2 §CR) /(1 x 3 x -+ x (2k — 1)),

if nisoddandn—1—-2v=2k >0,

(2.2.8)
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where E, is the reflection of E, with respect to the origin of R;. It follows from
(2.2.1) and (2.2.6) (cf Proposition 17.4.3 in [5]) that we have in (—o0,¢) x X°x X

(0*/ot* + A)E(t,,y)

= (0%/0t* + A) Z Uy(z,y)E,(t,s(z,y))

= oy/V9(y) + (P(z, D)Un(z,y)) En(t, s(z,y)) . (2.2.9)

When s(z,y) < cthe coefficients U; are defined by integrating the equation (2.2.2)
in geodesic coordinates, and when s(z,y) > ¢ their definition is irrelevant.
By the proof of Theorem 17.5.5 in [5], in (—¢, ¢) x X¢ x X, we have

K(t,z,y) = 8,(&(t,x,y) — E(t,2,y))/Vgly) € C¥ "7 (2.2.10)

and

0y (K(W,y) — (&t 3, y) — <§’(t,x,y))/\/g(y))' < CJePNrlel s (2.2.11)

where the multi-index « has length || < N —n — 3. By the definition of E, we
know that &(t,z,y) has support in the forward light cone {t > s(x,y)} and its
reflection & (t, z,y)) with respect to the origin of Ry has support in the backward
light cone {t < —s(z,y)}. Here all terms are continuous functions of (x,y) with
values in Z'(R) by Lemma 17.4.2 in [5]. Multiplying with ¢", by (2.2.9) we can
get rid of the singularity of the wave kernel K(t¢,x,z) on the diagonal. More
precisely, the product
t" 0y (Ep(t,0) — Eo(t,0))

of the principal term 9;(Fy(t,0) — Ey(t,0)) of K(t,z,z) with ¢" is smooth on
[0, ¢) x X, from which we can in fact immediately reach the estimate (1.2) by
the wave kernel method in Subsection 2.4. We shall further apply (2.2.10) to

investigating the singularities of the derivatives 030y K(t,,y)|.=, of the wave
kernel on the diagonal in the following subsection.

2.3 The derivatives of the wave kernel on the diagonal

Let a = (o, -+, ) be a multi-index of length |a] = k& > 0. In the coor-
dinate chart (X x X, (z,y)) of M x M, we shall consider the singularities of
g0y K(t, 2,y)|a=y (v € X). From now on, we let the N in (2.2.10) be as large as
necessary. By (2.2.10), we know

BTK (L, w,y)|aey = 0005(0(E(t,m,y) — E,2,9))/VIW) )amy
+ OV term | (2.3.1)



By the above equality we know that 0,0, K (t,7,y)|.,=, is the sum of a contin-
uous function of (¢,z) € (—¢, ¢) x X and finite homogeneous distributions of ¢
with coefficients smooth functions of x € X. We call the distribution summand
of 070, K(t,7,y)|s=, with the lowest homogeneous degree the principal singu-
lar term of 0,0, K(t,,y)|.=y- We observe that the principal singular term of
070, K(t,7,y)|z=y is equal to a smooth function of = depending on the metric of
X times

070, 0 (Eo(t, s(w,y)) — Eo(t, s(7,9))) o=y - (2.3.2)

Firstly we need the following

Lemma 2.2. In the open set X with the geodesic coordinates, we have the fol-
lowing Taylor expansion of the square distance function s(z,y)*:

s(z,y)? = |v — y|* + higher — order terms.

Proof. By [6] we know the square distance function s(z,y)? is a smooth
on X x X. Let n(z,y) = s(x,y)?. Under the geodesic coordinates, the square
distance function 7 satisfies the following properties:

(i) 77(070) = 77(51?>33) =0,

(iil) n(z,y) = n(y, z).
From (ii), we obtain
8,1(0,0) = 8,,n(0,0) = 0, 82 n(0,0) = 8; n(0,0) =2, (2.3.3)

where j = 1,--- ,n. Let z = (0,---,0,2;,0,---,0) have the j-th coordinate x;
and others 0. The restriction on (0,0) of the second derivative of n(z, z) gives

97 (0,0) + 203, n(0,0) +d;.1(0,0) =0,

which combined with (2.3.3) implies Qijyjn(o, 0) = —2. qed.

We denote ) )
E;,(t, l‘) = athlz(tu l‘)7 E;,(t, l‘) = atEV(tu l‘)

and then ) )
20E! /0x = xE.,_,, 20F, /0x = xFE,,_, (2.34)

hold. We compute the principal singular term of (2.3.2) as follows.
With n = s(x,y)?, s = s(z,y), then

. 1 .
0uy (Ey(t,5) = Ey(t,5) = =7 00,0(E) (8, 8) — B, (1, 5))
By Lemma 2.2, (2.3.4) and above equality, we have
) .
aac]-yj (E;(t7 S) - E;(t7 S))

1

. 1 .
= 4a§jyj77(E1/j71(t> s)— E,_(t,s)) + Eaxﬂayjn(E:jﬁ(ta s) — E,_5(t,s))
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In particualr,

O, 0y, (Ey(t, 5) — Eg(t, s))[s =0

1 / nll 1 / nl
= _Zazjyj/r](E—l(t7 3) - E—l(t7 S))|S:0 + Eaxﬂ]ayﬂ](E_Q(t, S) - E—Q(tv 8))|S:0
Lo !
= S(BL(£,0) = ELy(t,0)) ; (2.3.5)

02 02 (Ey(t, s) — Ey(t,s))|s=o

:EJ Yj
= R N(EL (4 8) — (1)l

1 1
+ <1—6(3§jyj77)2 + g(agj 0y, 1y, + 3§jaxj773xﬂ7>
b0 (0un0y)) (BLalt, ) — BLat,) |

+ (——azgygnaxmaym—ggai (O 1) — 5100 )?) (Lt ) — BLolt, ) |imo

+ o5 6(3%7” (D) (ELa(t, 8) = EL4(t,)) |s=o

_ Z(E'Q(t, 0) — B4 (£,0)) + (", (£,0) — E',(£,0)) times

a constant depending on the geometry of M near x. (2.3.6)
The equalities (2.3.5) and (2.3.6) tell us that the principal singular term of
a,,0,,(Ey(t, s) — Ey(t,s)s=0, 1 = 1,2
are certain constants times
E',(t,0) — E",(t,0), I =1,2.
In general we can prove the following

Lemma 2.3. Let a € Z" be a multi-index of length |a| = k > 0 and X a geodesic
coordinate chart of M satisfying (2.2.4). Let (t, x) be in (—c, ¢) x X. Then the
principal singular term of

aga;(E(l)(tv S(I7 y)) - E(l)(t7 S(:L', y))|$:y
18 a smooth function of x times

where the smooth function depends on o and the geometry of M on X.
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Proof. By Lemma 2.2 and the induction argument, we can show that

0305 (Ey(t, s(x,y)) — Ey(t, s(x,y)) ZP w(t,s(z,y)) — EL,,(,s(2,1))) ,

where P, (0 < m < 2k) is a polynomials in partial derivatives of s(z,y)? In
particular, if m = k41 (1 < < k), every summand of P, has a divisor which is
a polynomial of order 2/ in the first partial derivatives 9, s(x,y)?, 0,,s(x,y)? of
s(x,y)?. Since

O, s(, Y)[e=y = 0 82, Y)la=y =0,

020 (Ey(t, s(x,y)) — Ey(t, s(2,y))|omy = ZP z,z)(E,,(t,0) = E (t,0)) .

q.e.d.

Proposition 2.1. Under the assumptions of Lemma 2.3, the principal singular
term of 9707 K (t,x,y)|.=, is a smooth function of x times

El—k(ta O) - El—k(ta 0)

fort € (—c, ¢), where the smooth function depends on o and the geometry of M
on X. Moreover,

(Fopntn -0 ¥ (B -Esto)Ule Vi) )

0<2v<2k+n

is in C*°((—¢, ¢) x X) if n is even, and in C*((—c, ¢) x X) after division by |t|
if n is odd. All derivatives are bounded in (—c, ¢) x X.

Proof. The first statement directly follows from the equalities (2.2.9), (2.3.1)

and Lemma 2.3. Write the function in the second statement briefly in R(¢, ).
Then

it ) =(G205 K (ta,0) - QL0 DUE 1) ~ Elt,0.0)/ Vo) )
vy 3 (B s(ey) — Byt sl ) n)/ Vo)) _(23.7)

2k+n<2v<2N

The first term in the right hand side (RHS) of (2.3.7) is in CV~"=2673((—¢, ¢) x X)
by (2.3.1). Since it is even in ¢, its quotient by [¢] is in CV~""2~4((—¢, ¢) x X). As
a similar result of the first statement, the principal singular term of the summand

9,0y (EL(IZ s(z,y)) — E,(t, s(x, y)))Uy(xyy)/\/g(y))H, 2k +mn < 2v < 2N,
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of the second term in the RHS of (2.3.7) is a smooth function times
Ey_i(t,0) = E,_,(t,0), 2v > n + 2k

which by (2.2.8) is in C*°((—¢, ¢) x X)) if n is even, and in C*°((—c¢, ¢) x X) after
division by [t| if n is odd. The same result holds for the second term of the LHS
of (2.3.7). Letting N — oo, we complete the proof. q.e.d.

Corollary 2.1. Let (t, x) be in (—c, ¢) X X and a a multi-index of length |a| =
k> 0. If nis even, 030, K(t,7,y)|s=y is equal to

t~%" x a smooth function + a smooth function;

if n is odd, 9707 K (t,x,y)|.=y is equal to

5512 (1) x a smooth function + [t| x a smooth function .
In particular, t2k+”8§8;K(t,x, Y)|amy is in C([0, ¢) x X).

Proof. Firstly let n be even. By the equality (2.2.8) and the proof of Lemma
2.3 and Proposition 2.1,

(2k+n—2)/2

RLK(ta,y)lomy = S (ELL,0) — EL(£,0)Qu(x) € C%((~c, ) x X .
—k

where @, (z) are smooth functions of x. The statement follows from that for
—k<v<(2k+n-—2)/2

E'(t,0) — E'(t,0) = const 2" = const £~ 2" x 2+k)

Then let n be odd. By the equality (2.2.8) and the proof of Lemma 2.3 and
Proposition 2.1, the following holds:

(n—1)/2
Dy Oy K (t, 2,y)|a=y = Z (E!(t,0) — E/(t,0))Q,(x) = |t| x a smooth function ,
—k
where (), are smooth function of . The statement follows from the equality

E'(t,0) — E!(t,0) = const 6" 172 (t) = const §" 120 (1) x (2 +)

for —k <v<(n—-1)/2. qed.
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2.4 The wave kernel method and L* estimates

By Corollary 2.1 and the wave kernel method (cf D. Grieser [2]), in this subsec-
tion we shall prove the following pointwise estimates of the covariant derivatives
of the spectral function uniformly for x € M:

Y Vi@ <oxT* k=01, (2.4.1)
)\jE[}\,)\-Fl]

which implies the following (L2, C*) estimates for the USPO yy:
|af|lor < CARFO=D2) £, (2.4.2)

In fact, by Lemma 2.1 in order to prove the above inequality, we have only to
show
10%x0 |10 (x) < CAFE=D2) ]

Withoud loss of generality, we assume that the smooth function f takes real
values on M in what follows. Since

Sz /M (z)e; () f)Vg(y)dy

AGE[N, A+1]

for any x € X, by the Cauchy-Schwarz inequality and (2.4.1) we have

Enf@P < Y e@P Y ( / ej(y)f(y)\/g(y)dy)

)\jG[)\, )\+1] )\jE[/\, )\+l]

< ONTEEIA]

PROOF OF (2.4.1) Since M is compact, by the proof of Lemma 2.1 and the
known result (1.2), we have only to show that for any multi-index a € Z7 with
length |a| = k£ > 0 the following inequality holds:

05 Y @ <o g e M, (2.4.3)

)\jE[/\, )\4’1}
where A is positive number > 1. Let p be a Schwarz function in . (R) satisfying
p >0, plo,1 =1, suppp C (—c,c) . (2.4.4)

Theorem 17.5.3 of [5] says that |05 e(x, y, A)| < CpA™1*l, which implies that the
sum

Z PN = A;) 0 e;(x)0ye;(y)
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convergences absolutely. By Fourier inversion formular,

p(A = Aj) = 2(p(t) cos(tA;)) () — p(A+ X;) -

Multiplying 9;'e; ()0, e;(y) with above equality and taking sum, from the equality
Dy Oy K(t,x,y) = Z cos(tA;)d7e;()0, e;(y) ,
=0
we obtain the following estimates

D PN = XN)es(@)d5ei(y) = 20 0FK (L2, y)lamy)” (V)

Jj=0

+ O(A™™). (2.4.5)
Letting x = y in above inequality, we have
Do 107 (@)P < 2005 K (8,2, y)|a=y) (A + O(A™) . (2.4.6)
I\j—A[<1

By Corollary 2.1, in order to estimate (p(t)d5 0y K (t,,y)|a=y)" (X), instead of
Og0y K (t,7,y)|2=y we may only consider

t—2kn if n is even ;

and
SR, if nis odd .

By Example 7.1.17 of [4], the Fourier transformation of £~'* is const x (sgn &)¢&’
if I > 0 and const x ¢ ‘71 if [ < 0. For n=even, as follows:

GO = 1o+ ) O]
< Clpx ()W)
< C/ (14 [¢])~ 2R\ — g t2h=1ge
n+2k—1

C 1 jf(n+2k+1))\jd
> /R 1+ 1¢) ¢

< C«)\n-‘er—l

IN

For n=o0dd, we have also the above estimate. q.e.d.
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3 Sobolev L? estimate

3.1 L? a priori estimates and Sobolev L” norms of USPO

In this subsection we shall reduce Theorem 1.1 to the estimates of certain
Sobolev norms of USPO x,. Firstly we show some elliptic estimates related to
Sobolev LP norms.

Proposition 3.1. Let u be a smooth function on M, 1 < r < oo and k a positive
integer. Then the followings hold:

k k
|ul|#g, < CZ A |, [|ullag,,, < CZ [ A ul| ary. (3.1.1)
=0 =0

Proof. Let [ be a positive integer > 2. By the well known elliptic a priori
estimate
[l iy < C ([full, + | Aull,) | (3.12)

and that the commutator operator [A, 0°] has order < 2 + |a|, the following
inequality holds:

lullgy < C Y [10%ullmy < C Y ([[0%ull, + [|20%ull,)

laf<i—2 o <1—2
< C(lullm,+ > N oTull+ 0 19°Adll,)
o <12 lor|<l—2
< Clfullg, + 1Aulln,) (3.13)

Letting [ = 3 in above inequality gives, by (3.1.2) we have
ullay < C (Jully + [[Aullap) < C([[ullay + [|Aul|ay) - (3.1.4)

In the following we show the inequalities (3.1.1) by induction argument. Firstly
let (3.1.1) hold for < 2k. Then by (3.1.3) we have

k k
lullig,., < € (lullig, + 1Al ) < € (3 1A%, + 3 1A%u]l; )
j=0 j=1

k
< O Al
j=0

That is, (3.1.1) holds for 2k + 1.
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Finally letting (3.1.1) hold for < 2k +1. Then by this assumption and (3.1.2),
we show (3.1.1) holds for 2k + 2 as following;:

[l

k k
fe < Cllullig,,, +18ullm,) < € (3 1A%l + 3 1A%, )
j=0 j=1

k+1

< O A,
j=0

By above two inequalities and the inequalities (3.1.2) and (3.1.4), we complete
the induction argument. q.e.d.

Let u be a real valued smooth function on the Riemannian manifold M. The
gradient gradu of u is defined to be the dual vector field of one form du = Vu
by

g(gradu, V) = du(V)

for arbitrary smooth vector field V on M. We shall identity Vu with grad u and
only consider the latter in what follows. Since in the coordinate chart (X, z)

lgrad u| = |Vu| = Zgjkajuﬁku , (3.1.5)

by the Green’s formula we have
lulle = [hel+ [ lgraduldo3n) = full3+ [ wdudo(an).  (3.06)
M M

Adding up to (3.1.6) the equality Ax,f = Z )\? ej(f) and the orthogonal
|A=A;|<1
relation, we obtain
Ixafllar < CAlIfl2 (3.1.7)
combining which with (3.1.1) and the equalities
X3 =xa on L2(M), Axy = xx A on C®(M),

we have

k k
Il < CY A X fllar = C Y 1A xa )|
=0 =0

k
< CAY (I XA fll2 < CAHIf] 2 (3.1.8)

j=0

It follows also from (3.1.1) that

k
ol < CO A Sl < CA*|If]]2 - (3.1.9)

J=0

Summing up the inequalities (3.1.6), (3.1.8) and (3.1.9), we obtain the following
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Lemma 3.1. Let k be a nonnegative integer. The following (L*, H*) estimates
for the USPO x, hold:

Xaf s < CA|Ifll2  k=0,1,---. (3.1.10)

Now we can do reduction of Theorem 1.1 in the following
Lemma 3.2. Suppose that the following estimates hold for p=2(n+1)/(n—1)
lgrad x fll, < C X[ f]l2, (3.1.11)
1A fllp < C NP £y . (3.1.12)
In (3.1.11) the L? norm ||grad ul|, = (/ lgrad u|? dv(M))l/p for a smooth func-
tion w on M. Then Theorem 1.1 holds.M

Proof. By the interpolation method and the estimates (2.4.2), (3.1.10), we
have only to prove () : [ f|[ar < C Ne+0®)| | £||4, for any nonnegative integer
k. Firstly let k be even. By (3.1.12) and Proposition 1.1, for any nonnegative
integer 7, the following inequality holds by induction:

AT XAfI]p < CAZTHD £

Then (%) follows from Proposition 1.1, Proposition 3.1 and above inequality.
Then let £ be odd. It follows from Proposition 1.1, (3.1.5) and (3.1.11) that

e fllay < € (Iafllp + llgrad xiflly) < O £l
In particular, the following holds for any nonnegative integer j:
||Aszf||Hf — ||X1(Aszf)||Hf < C/\1+5(p)||Alef||2 < C)\1+2j+5(p)||f||2 )

The (x) follows from Proposition 3.1 and above inequality. q.e.d.

3.2 Fourier Integral operators

In this subsection, we shall approximate operators A cos(tv/'2), grad cos(tv/ 2)
by Fourier integral operators (FIOs) and reduce the estimates (3.1.11) and (3.1.12)
to the corresponding estimates of the FIOs. In subsection 2.2, in order to write the
covariant derivatives of the wave kernel explicitly, we constructed the Hadamard
parametrix in the coordinate chart X. Here we consider the parametrix on M.
Using the same argument in Subsection 2.2 , there exists a positive number c
depending on M such that in (—¢, ¢) x M x M, we have

K(t,z,y) = 8,(E(t,x,y) = E(t,x,y))/Vg(y) € CN "7 (3:2.1)
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where
N

Et,x,y) =Y Uz, y)E,(t, s(z,y)) | (3.2.2)

U, (z,y) are C* function and can be assumed to be supported in a neighbourhood
€ ={(r,y) € M x M : s(x,y) < c}

of the diagonal, and Uy(z,z) = 1. By Lemma 17.4.2 of [5], we have

EY(t,2) — Eb(t,a) = (20)" / cos(tle])e' g

n

Therefore, the followings holds:

n

OEyt.) ~ Eifta)) /00 = (2" [ cosltleh )0, (323)

n

Z(a/axj)Q(Eé(t,l’)—Eé(t,flf))=(27T)"/ cos(t[é])(—€*)e e . (3.2.4)

n

J=1

Firstly we consider the L? gradient estimate (3.1.11) and do some preparations
for it. The Riemannian metric on M induces naturally the the inner products on
the space of smooth vector fields of M, and on A'M, the space of smooth one
forms of M. Also the spaces L*(T'M), L*(A' M) consisting of square integrable
vector fields, square integrable one forms can be defined respectively. We denote
the inner products in L*(T'M), L*(A* M) simutaneously by ( , ) if there is no con-
fusion. Then (gradu,grad u) = (du, du) holds for v € C*°(M). In particular,
by Green’s formula, we know

(dej, dey) = (grade;, gradey) = (Ae;, ex) = djpA7 . (3.2.5)

That is, {grad e;}, {de;} are orthogonal basis of L?(T'M), L*(A* M) respectively.
Let p be the Schwarz function in .(R) satisfying (2.4.4). To prove (3.1.11),
by the dual argument and (3.2.5), it is enough for us to show

[Xgaflla < CN@D £, (3.2.6)

where Y 2 f = Zp()\ — \;)grade;(f) and ¢ = 2(n+1)/(n + 3). Without loss
of generality, we assume f to be in C*°(M) in what follows. And Z will mean

[o¢]
E . We can write x4 f as
0

Xorf = (2%)_1/ p(r)e” ™ Z '™ grad e;(f)dr .

R
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We define )%g’ )\ as

Xon = (2m)7" /Rﬁ(r)e_m ZCOS(T)\]') grad e;(f)dr , (3.2.7)

so that )
2Xgaf = Xgaf + > _p(A+ ;) grade; f .
By the L™ gradient estimate |grad Z ej| < CATI/2 (¢f (2.4.1)) and the

A —AlI<1
Young’s inequality, we have

1>~ p(\+ ) grad el i an, 2oy = O(A™)
interpolating which with
| ZP(A + ;) grad e;||(r2(ar), 2(rar) = O(1)
followed from (3.2.5), we obtain
1> p(A+ X)) grad e[ o, z2ran) = O(A™) -
Thus it suffices to show that the operator X,  satisfies (3.2.6).

To do this, we use the Hadamard parametric (3.2.1) and (3.2.3), which for
t € (—c, c¢) allows us to write the gradient of cos(tvZ)f as follows

grad, cos(tV ?)f(z) = /M / ) grad, ") cos(¢|¢]) Uy, y) f(y)dEdy+Rf(z) .

(3.2.8)
Here R; is also a Fourier integral operator, but it is of one order lower. Also,
(z,y,§) = (-7, &), (3.2.9)

where, for a given z, y denotes the geodesic normal coordinates of y. This phase
function is always well defined in €. It follows from (3.2.7) and (3.2.8) that,
modulo an operator which has an (L7, L?) norm that is O(A™!) better by the
argument in Subsection 3.3, ):(g7 A has kernel

Kz, y) = Up(z,y) / / grad, ¢ cos(Al¢]) p(r) e drdg

However, it is easy to check that the kernel

Uo(z,y) / / grad, "V ~TEl 5(7) TN drdg = Uy(z,y) / grad, e"®" V8 p(\+[¢])d¢
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give rise to a operator with rapidly decreasing (L?, L?) norm, which, in turn,
implies that we need only show that the operator with kernel

Hiey) = Us(ry) [ [ grad, d¥er9 oo e arag
= Up(e.y) / grad, @9 (1 - |¢])de (3.2.10)

satisfies (3.2.6)
Using (3.2.4) and the parallel argument as above, we can prove the similar
reduction of the (L?, L?) estimate (3.1.12). Therefore we have the following

Lemma 3.3. Let the two operators Yy 5 : LY(M) —>~L2(TM) and Ta : LI(M) —
L*(M) have kernels of #\(x,y) in (3.2.10) and #\(x,y) defined by

Hilwy) = Un(ay) [ T g @660 ehds (3:211)

respectively. Suppose that the following estimates hold for ¢ =2(n+1)/(n+3) :
T grfllr2eran < C AT £, (3.2.12)

T apnfIlzeon < CAP@Y £, (3.2.13)
Then the estimates in (3.1.11) and (3.1.12) hold.

This Lemma will be proved in the following subsection.

3.3 Oescillatory integrals

In this subsection we shall apply the Carleson-Sjolin method and oscillatory
integral theorems of Carleson-Sjélin [1] and Stein [9] to proving Lemma 3.3, com-
bining which with Lemma 3.2, we immediately obtain the proof of Theorem 1.1.
We firstly take computations involving stationary phase in the following lemma
to find the essential parts in kernels %), Ay as N — 400, which determine the
(L%, , L?) norms of T, Ta .

Lemma 3.4. Let (x,y) be in the neighbourhood € of the diagonal in M x M and
x #y. Then every component of J#5\(x,y) is essentially a C™ function times

/\(n+1)/2€i)\s(m,y) S(I7 y)—(n—l)/Q

and Ji%\(x, y) is essentially a C* function times

)\(n+3)/26i>\s(z,y) S( )—(n—l)/2 )

T,y
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Proof. Firstly we prove the following

Claim 1 The integral / e Ep(\ — €)dE is essentially a C™ function times

)\(n—l)/?ei)\|z||Z|—(n—1)/2
for 0 # z and A — +o0.

We prove Claim 1 by stationary phase argument. Let J,,(r), m > 0 an integer
or a half-integral, be the Bessel function defined by

r’m Ly
Jm — X it 1— t2 m—1/2 dt
") = T m + 1/2) /16 -2 ’

whose asympototic form as » — 400 can be written by
Ve x a smooth function + v/re”™ x a smooth function .

Without loss of generality, we shall only consider the first term of above when
using the Bessel function in what follows. By [9], the Fourier transform do () of
the Lebesgue measure on the unit sphere S*~! C R" satisfies

do(€) = /S S g (6) = 2|2y o2l

By the above equalities, we have

rlz]

/ e Ep(\ = €)dé = const x / p(A—r)r"” ldo (2 )dr
" 0 m
= |z /2/ e lrm=D/2 (X — r)dr x a smooth function
0
A=D/2EAE 5| =(=1/2 5 5 smooth function

Since grad, ¢'*(*¥:¢) has the components

(grad O (z,y, 5 Zgﬂf )ei®@ve)

by the similar computation as above the proof for £} is completed. By (3.2.11)
we can use the similar argument in the proof for 7. q.e.d.

ProOF oF LEMMA 3.3 By Lemma 3.4, to prove Lemma 3.3, we have only to
show the operator T : LI(M) — L?(M) with kernel

/\(n_l)/Qei)\ s(z,y) S(I, y)_(n_l)/2 UO(‘%‘7 y)
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satisfies the estimate

Y £l Laany < C NN fllz2ary -

By using the compactness of M and the local coordinates, it is clear from the dual
argument that above estimate would be a consequence of the following estimate:

(3.3.1)
where p = 2(n+1)/(n—1) and n € C§°(R™ x R™) has support C {(z,y)|s(z,y) <
c}. On the other hand, Sogge (cf (4.6) of [7]) proved (3.3.1) by using the Carleson-
Sjolin method and oscillatory integral theorems of Carleson-Sjélin [1] and Stein
9]. q.e.d.

< C NP\ f]|2mey
Le(R™)

/ D, ) A2 @D ()~ DI2 () dy
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