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On the determination of wave speed and potential in a hyperbolic
equation by two measurements

V. G. ROMANOV! and M. YAMAMOTO *2

Abstract. We discuss a problem of finding a speed of sound ¢(z) and a potential g(z) in a second-order
hyperbolic equation from two boundary observations. The coefficients are assumed to be unknown inside a
disc in R2. On a suitable bounded part of the cylindrical surface, we are given Cauchy data for solutions to a
hyperbolic equation with zero initial data and sources located on the lines {(z,t) € R®*|z-v = 0, = 0} for two
distinct unit vectors v = (¥, k = 1,2. We obtain a conditional stability estimate under a priori assumptions

on smallness of ¢(x) — 1 and ¢(z).

81. Statement of the inverse problem and main results

In the papers [2], [6] - [9], a new method for obtaining conditional stability estimates for prob-
lems related to determination of coefficients for linear hyperbolic equations has been proposed.
This method uses a single observation for finding one unknown coefficient.

By our method, we can prove the stability in determining coefficients by means of a finite
number of measurements where initial data are zero and impulsive inputs are added. As other
methodology for inverse problems with a finite number of measurements, we refer to [1], [4],
[5] and the references therein. However in those papers, we have to assume some positivity
or non-degeneracy of initial values, which is not practical. For our method, we need not such
restrictions on initial data, which is very practical. On the other hand, we have to assume that
unknown coefficients should be close to fixed reference coefficients which are constant.

An analysis shows that the problem with several unknown coefficients under the derivatives
of the first order can also be successfully studied by this method (see [7], [8]). However its

application to determination of coefficients under derivatives of different orders meets some
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difficulties. Recently the problems of finding a damping coefficient and a potential from two
measurements, and the speed of sound and damping, were considered in papers [3] and [10],
respectively. In this paper, by two measurements, we consider the inverse problem where
coefficients of the leading term and the lowest term are unknown. The technique of this paper
differs from [3] and [10], but keeps some common features with them.

Let u = u(z,t), v € R?, satisfy the equation
Uy — A(Au+qu) =20(t) d(x - v), (v,t) € R (1.1)
and the zero initial condition
U0 = 0. (1.2)

Here v is a unit vector and the symbol x - ¥ means the scalar product of the vectors x and v.
The solution to problem (1.1) - (1.2) depends on the parameter v, i.e., u = u(z,t,v).

Assume that supports of the coefficients g(z) and ¢(x) — 1 are located strictly inside the
disc B := {z € R?||z — 2°| < r} and B belongs to the half-plane = - v > 0. Suppose also that
q(x) and c¢(x) > 0 are smooth functions in R? (see below).

Introduce the function 7(z,v) as the solution to the following problem for the eikonal

equation:
V7?2 =c%(2), T|ow=o=0. (1.3)

Let G(v) be the cylindrical domain G(v) := {(z,t)|x € B,7(x,v) <t < T + 7(x,v)} where T
is a positive number. Denote by S(v) the lateral boundary of this domain and by ¥q(v) and
Yr(v) the lower and upper basements, respectively. That is, S(v) := {(z,t)|z € 0B, 7(x,v) <
t<T+7(x,v)}, Lo(v) :={(z,t)|x € B,t =7(z,v)}, ¥r(v) :={(z,t)|z € Bt =T +7(x,v)},
OB :={zx € R?| |z — 2°| = r}.

Consider the problem of determination of ¢(x) and c(z). Let the following information
be known. We take distinct unit vectors ™) and v® such that B belongs to the half plane

x-v%® >0 for k = 1,2. Then we are given the traces of the functions 7(x,»*)) on 0B, and
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the traces on S(v®)) := Sy of solutions and its normal derivatives to problem (1.1) - (1.2) with

v =v® that is,

u(z,t, o ) f(’c (x,1), %u(m,t, V(k)) = g(k)(x,t), (x,t) € Sk;

m(z,v®) =7rW(2), z€dB; k=12 (1.4)

The problem is: find ¢(x) and ¢(x) from given data, i.e., from f*) g*) 7+ k=1 2,

For fixed constants gy > 0 and d > 0, let A(qo, d) be the set of functions (g, ¢) satisfying the
following two conditions:

1) supp q(z), supp (c(z) — 1) C Q C B, dist(9B, Q) > d,

2) llqllcrr®ny < o e = Llcro@n) < qo-

In particular, we note that v and v are linearly independent.

We prove here the following stability and uniqueness theorems.

Theorem 1.1. Let (gj,c;) € A(qo,d), and let {f ,g] T } be the data corresponding
to the solution to (1.1) - (1.2) with ¢ = q;(x), ¢ = ¢;(z) and v = v ¥k, j = 1,2. Moreover let
the condition 4r /T < 1 be satisfied. Then there exist positive numbers ¢* and C' depending on

T,r,dand |[v®" —v®)| such that for all o < ¢* the following inequality holds:

g1 — QQH%,Q(B) + fler — CQH%—IQ(B)
2
<cy (17 = BPWesomxion + 1Y = B2 om0 (1.5)
+||<A““ — 38l oxory + 17 = 8 s o) )
where ") (x,t) = £ (x,t — 71" (2)) and G (2, 1) = ¢\ (z,t — 7P (2)).

Theorem 1.2. Let the conditions the Theorem 1.1 be fulfilled. Then one can find a
number ¢* > 0 such that if (gj,c;) € A(¢*,d), j = 1,2, and the corresponding data partly

coincide, namely,

B2, t) = f(a,0), (@,t) € ey () =1 (2), € 0B; k=1,2, (1.6)



then qi(z) = g2(x) and c1(x) = cz(z).

Theorem 1.1 is proven in §2. To prove Theorem 1.2 we use the following assertion proven in
[10] (see §4). If uy(x,t,v) = ug(z, t,v) on S(v) and 7 (z,v) = T(x,v) on IB, then (Vu; -n) =
(Vuy -n) on S(v), where n is the outward unit normal to S(v). Then Theorem 1.2 is a simple
corollary of Theorem 1.1.

In §2 we also use the following lemma, whose proof is similar to Lemma 1.1 in [10] and we

omit it here.

Lemma 1.1. For each fixed Ty > 0 there exists positive number ¢* = ¢*(Tp) such that for
(q,¢) € Aqo,d) and qo < ¢* the solution to problem (1.1) - (1.2) in the domain K (Ty,v) =

{(z,t)|t < Ty —7(x,v)} can be represented in the form
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u(z, t,v) = Z ap(z,v) Op(t — 7(z,v)) + us(z, t,v), (1.7)
k=0

where 0y(t) is the Heaviside function: 0y(t) = 1 for t > 0 and 0y(t) = 0 for t < 0, O, (t) = tk@,{%,

the coefficients ay(z,v) are given in the form

culev) = explp(a, ), wlor) = =5 [ FOATE v s
I'(z,v)
an(,v) = 040(9257 V) / c (f)(Aak—l(i:()éj‘ygl(f)@k—l(faV)) ds, (1.8)
I'(z,v)
k=1,...,m,

where T'(x,v) is the geodesic line joining the line {¢ € R?|¢ - v = 0} and x with respect
to ds, and ds is the element of the Riemannian length: ds = ¢ '(x)(3s_, dz})'/?. Then
7(z,v) € CY¥(QTy,v)), ar(z,v) € CTT=2K(Q(Ty,v)) for Q(Ty,v) = {z € R*| r(z,v) < Tpy/2},
and the function us(x,t,v) vanishes for t < 7(x,v) and belongs to H(K (Ty,v)) for fixed v.
Moreover there exists a positive number C' depending on T, r and qy such that C' does not

increase as qq decreases and that the following inequalities hold

Hu - 1HH6(G(,,)) < qu, HT(.I', V) — X - VHClS(B) < qu. (19)
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Corollary. If (q,c¢) € A(qo,d) and qo is sufficiently small, then the function u(x,t,v) is

continuous on the closure of domain G(v) together with all derivatives up to the fourth-order.

82. Proof of Theorem 1.1

Introduce the function u(z,t,v) := u(x,t + 7(x,v),v). Then, by (1.1) and (1.7), the function

u(x,t,v) for (z,t) € B x (0,T), satisfies
2Vu, - V17— Au—qu+ (At)uy =0, (z,t) € Bx (0,T);
u(z,+0,v) = ap(z,v), Uz, +0,v) = ay(x,v), (2.1)
where V = (0/0x1,0/0x2).
Substituting (1.7) into (1.1) and equating the terms of §(t — 7(z,v)), Oo(t — 7(z,v)), we see

that the functions ¢(x,v) = In ag(x, v) and «;(x, v) satisfy the first-order differential equations:

2V - V7 + AT =0,
(2.2)
2Vay - VT + a1 AT — Aag — qag = 0.

The latter of these equations and equation (2.1) can be rewritten respectively in the forms
2(Vay - VT —a Vo - V7)) — ag(Ap + [Vl +¢) =0 (2.3)
and
2Vu, - V1 — Au—2(Ve - V1)uy —qu=0, (z,t) € Bx(0,T);
u(z,+0,v) = ag(z,v), ux,40,v) = aq(x,v). (2.4)

Introduce v(x,t,v) = Inu(z,t,v) and assume that gy is small enough in order that the

function u(x,t,v) is positive in B x (0,7"). The function v(z,t, ) satisfies the relations

2V, - V71 — Av — |Vo?
+2(Vu-V7 =V -V7)uy —q¢ =0, (z,t)€ Bx(0,T); (2.5)
v(x,—i—O,u):ga(x,u), ’Ut(xa_'_()?l/):ﬂ(xay)a
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where ((z,v) = a1(x,v)/ag(x, V) solves the equation
2VB - VT — Ap — [V —q=0. (2.6)

Let (¢j,¢j) € A(qo,d) for j = 1,2. Denote the functions u, u, v, ¢, ap, 3, T corresponding

to the coefficients (g;, ¢;) by u;, u;, vj, ¢;, aj, B;, 7; and introduce the differences

U=1Up — U2, V="V — V2, = P1— P2, g = Qo1 — Qp2,

B =G — B, ?:7'1—72, 5201—02, a:(h—(h-
Then we can obtain the relations

2V5t : VTl —A@/—l- ai - V@/‘i‘ a25t+a3 : V7~'
+a,-Vo—q=0, (z,t)e Bx(0,T); (2.7)

5($,—|—O,V):§5(.T,V), ’17t(:1:,+0,y):ﬁ(x,1/),

where a; = —V<U1 +U2)+2(Ug)tv7'2, Ao = Q(V'Ul 'VTl —Vgpl 'VTl), as = QV(Ug)t—FQ(Ug)t(vvl —
V1), ag = —2(v2);Va. From equations (2.2) and (2.6), it follows that the functions ay(z, v),
B(x, v), ¢(x,v) satisfy the relations

a():bl(z, V@bg—f-va\:bg‘i‘A?:O,

N (2.8)
Ap+Vo-hi+VG-hy+ VT -hy+q=0,
where
1
by = /exp[wz(l —n)+emldn, by=V(rn+7), by=V(p+e),
0
hi =V (p1 +¢2), ho=-V(n+m), hy=-=V(3+ /).
Introduce the function w(x,t,v) := vy(x,t,v). Then
QV'LUt : VTl — Aw +ap - Vw “+ ag w; + (ag)tw + (&1)75 : V%F
+(as)e - VT + (as); - Vo =0, (z,t) € Bx(0,T); (2.9)

w(z,4+0,v) = B(x,v).



Note that the function v can be represented in the form

t

o(x,t,v) = @(z,v)+ /w(x,n, v)dn, (x,t)€ B x(0,7T). (2.10)

JFrom Lemma 1.1 and the embedding theorems, by the definition we have

max |laxllc2(zx 0.y < Cto,

max ||by/lormx ) < €, bsllersxom) < Coo. (2.11)

| h2llcBxom) < C, max 1Pxllcsxor) < Cqo

Here and henceforth C' > 0 denotes a generic constant which depends on 7', r, ¢y and does not

increase as gy decreases. Therefore relations (2.8) — (2.11) lead to the following inequalities

@125y < € (1813qs) + 17 MR e + 1Bl cs )
187 s sy < C (181 + BIF ey ) (2.12)

12V, - 911 — AwlEs oy < € (Il + Iz + 180w ) -

We will use the obvious inequality:

7 1) < C | AT lFn s + D 1D IEegom | - (2.13)

[vI<3

where

ol
) _ ,
al"ln 3x;” ) v (717 72)7 |7| 71 + Y2

Since supp(c(x) — 1) € Q C B and dist(0B,Q) > d, the function 7(z,v) vanishes together
with all its derivatives on OB anywhere except the set OB, (v) := {z € dB|v - (z — 2°) >
V12— (r—d)?}. Moreover, since outside of B, the function 7 satisfies the equation V7T -

V(m1 + 1) = 0, all its derivatives of 7 on 0B, (v) can be expressed via the derivatives along

OB (v). Therefore we have

D DT o < ClIF on)- (2.14)

[vI<3



Using the second inequality in (2.12), from (2.13) and (2.14) we find
17 B < € (180 + @17 s + 17 Boon) - (215)
Consequently, for small gy, we obtain the inequality
172y < € (180 + I o) - (2.16)

The following lemma is one key, which can be proved by the multiplier method similarly to

Lemma 4.3.6 from [8] (see also [6]).

Lemma 2.1. Let ¢ € A(qo,d), 4r/T < 1 and z(z,t) € H*(B x (0,T)). Then for sufficiently

small qq, there exists a positive constant C' such that the following inequality holds:

HZH%-P(BX(O,T)) + HZH%-P(BX{O})

< C(112Va- V1 = A2laaniory + 1210 @axoay + 1V2 0lsomxory) - (217)

Applying (2.17) with 7 = 7 to the function w(x,¢,v) and its first derivatives and using the

third inequality in (2.12), we obtain

HwH%I?(BX(O,T)) + HwH%-IQ(BX{O})

< C[Q(Q)(HwH%-IQ(BX(O,T)) + H?H%-IQ(B) + H@H%ﬁ(m) +e°(v)), (2.18)
where
52(1/) = |(f1 — f2)tH%{2(an(0,T)) + (g1 — §2)tH%{1(an(o,T))- (2.19)

and ]?j(ﬂfat) = fi(z,t —7(x,v)), gj(z,t) = gj(z,t —75(x,v)), 5 =1,2.

From relation (2.18) for sufficiently small ¢, we derive the inequality
1811 (5) = lwlfzBx g0 < Clao () + 18lIE2s) + @) (2.20)
Then from the first inequality in (2.12), we see that

1812257 < € (1B U3qe) + 17l +202)) - (2.21)
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Consider inequalities (2.16), (2.20), (2.21), the second and third relations in (2.8) for v =

l/(k): k= 172 We set EV/O(xay(k)) = &Ok(x)a @(x’y(k)) = (Zk(x)a B('xal/(k)> = Bk(x)a T(xal/(k)) =

Tk(l‘)7 b](x’]/(k)) = ]k(x)a j - 1)37 bQ(xaV(k)) = pk(‘r)7 62(V(k)) = 5%‘

Inequalities (2.16), (2.20) and (2.21) lead to the relations:

7 sy < C (1Bl + 17 m ) . =1,2

N

=1,2

»

Hﬁk”%ﬁ(lg) <C qg(H;kH%IQ(B) + H@H%ﬁ(zg)) + €z>,

181222 < € (18ul3ew) + Fildem + 1), k=12

By (2.8), we have

Vor pr+ VT bap + AT, =0, k=12,

A@k“_v@k'hlk‘Fka'h2k+v;k‘h3k+21v:(), k=1,2.

Moreover the eikonal equation implies
VT pp+c(ci+ )i’ =0, k=1,2.

Setting k = 1,2 in (2.26) and subtracting, we find that

2

Ap = Z(—l)k(V@k hag + ng “hor + VT, - hay),
k=1

where @ = @1 — @2. Using inequalities (2.22) and (2.23), we obtain
2
1881 ) < CS (15w + 8+ 17 o ) -
k=1

Similarly to 7(z,v), we can prove

181335 < C | 1AB Eunim) + D 1D7@ 320
Iv|<3

(2.22)
(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

The function ¢ = $; — P and each function Py (x) vanish together with its derivatives on 0B

anywhere except the set 0B, (v). Since outside of B, the function ¢y satisfies the equation



Vi pr + VT - by + AT, = 0 and 7 satisfies the relation V7 - pr = 0, all their derivatives on
OB, (v) can be expressed via the derivatives along 0B, (). Therefore we have

Z HD'Y?kHi?(aB) < C||7~7<: H%ﬁ(aB)a k=12

<5
2 o (2.31)
5 108 o < € 3 (18 oo * 7o)

Here (Ek = a()k/blk,
aor = Vg(x,4+0) = Inwy (z, +0, l/(k)) — Inuy(z, +0, l/(k)) = u(x, 40, l/(k)) By (z)

and the function By(z) is defined by the formula

1
9= [ T
nty(x, +0,v®) + (1 — n)ts(x, +0, v #)
0
and bounded in B together with all the derivatives up to the third-order. On the other
hand, @(z, +0,v®) = £ ¥ (z,40) — ¥ (z,40) on 8B. Therefore HSOIcHHS(aB < C|f,®

F® ||%{3(an{0})' Taking into account this estimate and (2.31), we find that

> ID"GlEeom < CE2, (2.32)

[vI<3
where

2
~ RO ~
=3 (17 = B somxion + Fillien ) -
k=1
Taking into account inequalities (2.29), (2.30) and (2.32), we find
2
18lfs5) < € <CJ§Z 1Bl £z ) +?2> , (2.33)
k=1

where 22 = 2 4+ 2. Therefore, for sufficiently small ¢y, noting that @, = &; — 9, we can absorb

0||@|l72(y into the left hand side, so that we have
1Bl < C (aB1Z1lngs +22) - (2.34)

Then from (2.22), (2.24) and (2.27), it follows that
max |7l ) < € (1610 +2°) (2.35)
@2 < € (1B les) ?) 1y < € (1811 +22) - (2.36)
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Hence, for completing the proof, it is sufficient to estimate ||@1H%{2( p) through the data of the

inverse problem. For this, use relations (2.25) and (2.27) again. By equations (2.27) we have
V?l cP1 — V?Q c P2 = 0. (237)

We can reqrite equations (2.25) in the form

Voi-p1 + V1 by + AT =0,

V&l P2 — V(ﬁ P2 + V?g : 532 + A7~'2 = 0. (2'38)

Applying the operator p; - V to the first equation in (2.38) and the operator ps - V to the second

one and subtracting, we find the equation for ¢, in the form
Ly == p1 - V(V@1 - p1) = pa - V(V@1 - p2) = h(x), (2.39)
where
hz) = pe-V(=V@:ps+ VT - bz + ATy) — p1 - V(VT - by + ATy). (2.40)
Recall that py, := by, = V(71 + 72) (2, v®). By Lemma 1.1, we obtain
|97 (2,) = vl < Can.
One can easily prove a similar estimate for the function py, namely,
lpx — 20 P crr(p) < Cao, ke =1,2. (2.41)

1

Since v and v® are linearly independent, it follows that p; and p, are also linearly indepen-

dent in B if ¢y > 0 is small. Using relations (2.37) and (2.41), one can prove that

410 e < € (191 + & oo o ) (2.49)
~ 0*p, 0*p, ~
Lo = (IS5~ 1P )| < Caoll @il (2.43)
H opt Ip3 H!(B) )

Here -2, k = 1,2, denotes the derivative along the direction p,. The linear independence
Opy

implies that the principal part of L is a second-order hyperbolic operator in R%. Therefore

1Bl < € (166w + 151kes ) - (2.44)
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Taking into account estimates (2.42) and (2.43), we obtain
1511t < C(H@H%S(am + 111 f2 0
43 (131 ) + mas 17l ) ) (2.45)
Using relations (2.32), (2.34), (2.35) and the smallness of ¢y, we obtain the final estimate
1812 (s < CE2 (2.46)

Then relations (2.36) lead to estimate (1.5). O
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