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ABsTRACT. For a linearized Benjamin-Bona-Mahony equation:
Oru — agatu = p(l‘a t)@mu + Q(x7t)u7 T e (Ov 1)a 0<t<T,
we prove a unique continuation property by a Carleman estimate. The main result is:

if u(1,t) = Ozu(1,t) =0 for t € (0,7) and u(z,0) =0 for z € (0,1), then u(z,t) =0
for (z,t) € (0,1) x (0,T).

61. Introduction.

We consider a linearized Benjamin-Bona-Mahony equation:

opu(z,t) — 020wu(z, t) = p(z, t)0pu(z, t) + q(z, )u(z,t), 0<x<1,0<t<T.

(1.1)

Here we assume that
p € L>((0,1) x (0,T)), q€ L>*(0,T;L*(0,1)). (1.2)

Here and henceforth, we set

0 0 0?2 —82 0] 0
—_ — — t = —.
0Tt 0 ot
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We discuss a unique continuation property: for some open subset w C (0, 1), can

we conclude that

u(z,t) =0 for (x,t) € w x (0,T) or u(l,t) = d,u(l,t) =0 for t € (0,7T)

implies that u(z,t) = 0 for (x,t) € (0,1) x (0,7)? (1.3)

However, this is not necessarily true, as is pointed out in Zhang and Zuazua [11]:
let p = ¢ =0, and let us take u(x,t) = ug(x) # 0, a t-independent function such
that up € C§°(0,1) and suppug C (0,1) \ @. Then ug satisfies (1.1), but ug does
not vanish identically over (0, 1).

This counterexample demonstrates one difficulty in the unique continuation
property which is different from other cases such as the KdV equation. We are
suggested that other boundary condition may guarantee the unique continuation,
as long as we assume that u vanishes in a cylindrical subdomain w x (0,7") or that
the lateral Cauchy data (i.e. u(1,t) = d,u(1,t) =0 for ¢t € (0,7)) vanish. In fact,
Zhang and Zuazua [11] proves that (1.3) implies v = 0 in (0,1) x (0, 00) provided
that u(0,t) = u(1,t) = 0,0 <t < T and p, q are independent of ¢.

In this paper, assuming that u(x,0) = 0, 0 < x < 1, we prove that u(1,t) =

O,u(l,t) =0,0 <t < T, implies u(z,t) =0,0<zx <1, 0<t < T.

Theorem. Let 920%u € C(]0,1]x[0,T]) withj =0,1,2 and k = 0, 1, satisfy (1.1).
Assume (1.2). If

u(1,t) = 0,u(l,t) =0, 0<t<T (1.4)

and

u(z,0) =0, 0<z<l, (1.5)
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then u(z,t) =0,0<x<1,0<t<T.

Our proof is based on a Carleman estimate, so that we can prove conditional
stability in the continuation by a usual method (e.g., Isakov [Chapter 3, 5]) and
our argument is valid for a multidimensional analogue

ou

Ry + q(x, t)u

O — O Au = Zpi(x, t)
i=1

for x = (z1,...,2,) € R" and ¢t € (0,7). Furthermore we can prove the theorem
under a weaker regularity assumption on wu, but, for simplicity, we mainly consider
the classical solution wu.

For the Benjamin-Bona-Mahony equation, we can prove the unique continuation
not across the characteristics (e.g., Theorems 3.1 - 3.2 in Davila and Menzala [3]).
For the unique continuation for other dispersive equations such as the KdV equa-
tion, we refer to Isakov [6]. In [3] and [6], the main tool is a Carleman estimate. As
for applications of the Carleman estimate to the unique continuation, we further
refer to Hormander [4], Isakov [7], Saut and Scheurer [9], Tataru [10].

This paper is composed of three sections. Section 2 is preliminaries where we es-
tablish a simple Carleman estimate and an integral inequality. Section 3 is devoted

to the proof of our main theorem.

§2. Preliminaries.
Let Q C (0,1) x (=1, T) = {(z,t);0 <z <1, =T < t < T} be a subdomain such

that the boundary 0Q is of piecewise C?. Then we have

Lemma 1. Let ¢ € C(R?), and for any T € (-=T,T) let ¢ = (-, t) € C°(R)

satisfy

(02¢)(2,t) >0,  (x,t)€Q (2.1)
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and

(Gzp) (2, 8) >0, (z,1) € Q. (2.2)

Then there exist constants C = C(p,Q) > 0 and S = S(p, Q) > 0 such that
/ (5|0ul? + s*|ul?)e**Pdxdt < C/ |02u|?e?*¢ dxdt (2.3)
Q Q

for all s > S and u € C?(Q) such that u = d,u = 0 on 9Q.

Proof. We will apply the argument in Bukhgeim [1]. By a usual density argu-
ment, it suffices to prove the lemma for u € C§°(Q). We set v = e*?u and
Lv = —e*?9;(e”*#v). Then [the right-hand side of (2.3)] = C [, |Lv|*dzdt, and

for the proof, it is sufficient to prove that
/ (5|020)% + 83|v]?)dzdt < C/ | Lv|*dzdt.
Q Q

We directly calculate:

L = =020+ 25(0,0)(D,0) + ((92p) — 8%(Daip)?v.
Formally we calculate the adjoint operator L* of L to obtain

L*v = —07v — 25(0:)(0,v) — (s(929) + 5° (D) )v.
Setting Ly = (L + L*) and L_ = (L — L*), we have L = L, + L_, so that

HLUH%Q(Q) = HL+U||%2(Q) + HL,UH%Q(Q) + (Lyv, L_v)r2(q) + (L—v, Lyv)2(q)

2(L+1}, L_U)Lz(Q) + (L_U, L+U)L2(Q) = ((L+L_ - L_L+)U, ’U)Lz(Q)

by integration by parts and v = d,v = 0 on 0. Here and henceforth we set

(w,v)2(q) = Jq uvdedt and [lullL2(@) = (4, w)Es )
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Direct calculations yield

(LyL- = L-Li)v = —s(95p)v — 45(95¢) (9,0)

_48(89390) (aagsv) + 233 (ax¢)8x(|ax90|2)v

Henceforth C' > 0 denotes a generic constant which is dependent on ¢, @, but

independent of s. By integration by parts and the Schwarz inequality, we have

HLUH%Q(Q) > 433/62(8m90)2(832:g0)v2dxdt— Cs/Qv2d:1;dt

+4s/(8§gp)\8xv]2dxdt—0/ |0, v|2dxdt.

Q Q

Therefore under assumptions (2.1) and (2.2), if we take S > 0 sufficiently large,
then the proof of Lemma 1 is complete.

We arbitrarily choose € (0,1) and 6 > 0, and set

() =1~ (z—(1+4)° - (T)u’ (2.4)

o(z,t) = e (@t) 1

If we fix A > 0 sufficiently large, then ¢ satisfies (2.1) and (2.2) in @ C (0,1) x

(—=T,T). We further set

Qe) = {(z,1) € (0,1) x R; p(,t) > e} (2.5)

for e > 0.

We set

1 t HN 2
hg(t)—l—i—é—(1—Xlog(1—|—e)—(f) ) , t>0.
Then, for sufficiently large A > 0 and small € > 0, we have

Q) = {(z,1) € (0,1) x R; ho([t]) < = < 1}. (2.6)
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We can directly verify that (x,t) € Q(¢) implies

]t]<T(1—52—%log(1+5))u <T. (2.7)

Moreover we can prove the following integral inequality:

Lemma 2. There exists a constant C' = C(p,e,T) > 0 such that

t
/ / (e, n)|dn
Q(e) IJ0

for all s > 0 and u € L*(Q(¢)).

2
e*Pdxdt < C lu(z, t)|*e**?dxdt
Q(e)

Since for any = € (0, 1), the function ¢(z,t) is decreasing in ¢ > 0 and increasing
in ¢t < 0, the proof is directly done (e.g., Isakov [p.153, 5], Klibanov [8]). This lemma
was used originally by Bukhgeim and Klibanov [2] for proving the uniqueness in
some inverse problems by Carleman estimates. The lemma is simple but essential

for applications of Carleman estimates to inverse problems. Also see Bukhgeim [1].

§3. Proof of Theorem.
We extend u, p,q to odd functions in ¢ € (=7, T'), which are denoted by the same

notations. Then by (1.5), we see

02 (0yu)(x,t) = Opu(x, t) — p(z, ) Opu(z, t) — qlz, thu(z,t), 0<z<1l, —T<t<T,
(3.1)
and

u(1,t) = 0,u(1,t) =0, -T<t<T. (3.2)

The proof is done along the argument towards the unique continuation by means
of a Carleman estimate (e.g., Hormander [4], Isakov [5]) except for the application

of Lemma 2.
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Let € > 0 be sufficiently small and let x = x(x,t) such that

x € CP(R?), 0<y <1,
(L (z,t) € Q2e) o
x(z,t) = { 0, (z,t)€Q(0)\Qe)

We set y = ux. Then 920Fy € C([0,1] x [-T,T)) for j =0,1,2 and k = 0, 1, and
y=0,y=0 on 9Q(0) (3.4)
by (1.4), (2.6) and (2.7). Moreover we directly see

02(0y)(x,t) = (Ory) — p(Dry) — ay + 1, (3.5)

where

I = ((020px) — O x + p(0uX))u + 2(0:0: X) Oz u

(05 (0eu) + (Bpx)Dgu + 2(00x) (020u),  (2,) € Q(0). (3.6)

Moreover by (2.6) and (2.7), we see that Q(0) C (0,1) x (—=7,T), and (2.1) and
(2.2) are true in Q(0). Consequently, in terms of (3.4), applying Lemma 1 to 0y

in (3.5), we have

/ (5105002 + 5%y [2) > dudt
Q(0)

<C (10ey|* + p?|02y)* + ¢*y?)e**Pdadt + / |I(x,t)|?e**?dxdt.
Q(0) Q(0) (3.7)

Here and henceforth C' > 0 denotes a generic constant which is independent of
s > 0 and m € N. By defintion (3.6) of I, we have I # 0 only in Q(¢) \ Q(2¢), so

that

!/ (2, 8)?2 P dwdt < et (@) <O (3.8)
Q(0)

max
(x,t)€[0,1] x[—-T,T]
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On the other hand, by (1.5), we have

(Be) (2, 1) = / (0u0u) (. ), y(a,t) = / (Bry) (&, m)dn.

Therefore, by Lemma 2, we obtain

¢ 2
/ lamyIQegwda:dt:/ /(8x8ty)(:z:,n)d77 e**? dxdt
Q(0) Q(0) IJo
SC’/ |(0:0:)(z, t)|e*Pdadt (3.9)
Q(0)
and
/ ly(x, 8)|% P dadt < C / (D) ()22 dvdl. (3.10)
Q(0) Q(0)

Noting (2.6), (2.7), the Sobolev embedding and the Schwarz inequality, we have

T(1-6%)1/+» 1
/ qzyzezs‘pdxdt:/ / q2(a:,t)y2(a:,t)e23“"(m’t)d:1: dt
Q(0) —T(1-52)1/n ho([t])

T(1-62)1/»
< / 122G Dl 0.0 ) (s )12 ey
—T(1-82)1/n

T(1=6%)Y/# 1
=T — | oty e ) at

—T(1-62)1/n o([t)

SC/ (s%y? + |0,y|?)e** P dxdt. (3.11)
Q(0)
Applying (3.8) - (3.11) in (3.7), we obtain

/ (5|0:0sy|? + 5°|0sy|*)e*5 dadt
Q(0)

<C / (1+ 52002 + 9.0,]2)e2 P dudt + Ceto=.
Q(0)

Taking s > 0 sufficiently large, we can absorb the first term at the right-hand side

into the left-hand side, so that

/ (5|00py|* + 53|0py|?)e?*Pdadt < Ce**e.
Q(0)
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Since Q(3e) = {(x,t) € (0,1) x R; p(z,t) > 3e} C Q(0), we have
6638/ s3|0sy|* dadt < / (510.01y|? + s°|0sy|?)e* Pdxdt < Ce*s®
Q(3e) Q(3¢)
for all large s > 0. That is,
/ 0wy |Pdxdt < Cs™3e2¢
Q(3e)

for all large s > 0. Taking s — oo, we obtain O;y(z,t) = 0 for (z,t) € Q(3¢).
Again, by y(z,0) =0, 0 < z < 1, we have y(z,t) = 0 for (x,t) € Q(3¢). Sincee >0

is arbitrary, we see that y(z,t) = 0 if

N 1
(1+5)—(1—(%)) <r<l, 0<t<T(l1-6%)2.

1

Since § > 0 is arbitrary, we have y(z,t) = 0 if 1 — (1 — (%)”)5 <z <1 and
0 <t <T. Next, because p € (0,1) is arbitrary, we can let u tend to 0, so that

y(z,t) =01if 0 <t < T and 0 < x < 1. Thus the proof of the theorem is complete.
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