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AMENABLE DISCRETE QUANTUM GROUPS

RELJI TOMATSU

ABSTRACT. Z.-J. Ruan has shown that several amenability conditions are all
equivalent in the case of discrete Kac algebras. In this paper we extend this
work to the case of discrete quantum groups with a quite different method.
That is, we show that a discrete quantum group, where we do not assume
its unimodularity, has an invariant mean if and only if it satisfies a certain
condition, which is called strong Voiculescu amenability in the case of Kac
algebras.

1. INTRODUCTION

For a long time, a great deal of mathematicians have been charmed in beautiful
duality theorems. One of them, Pontryagin’s duality theorem, has been a birth-
place of one approach to quantum groups. A great deal of efforts had been made
to obtain the category which contains all locally compact groups and their duals.
The appearance of Kac algebras is a major break-through in this attempt. After
the work by G. I. Kac [Ka] and M. Takesaki [T1], Kac algebras have been reigning
on a vast area of operator algebras. A new interesting example has been given
by S. L. Woronowicz [W1], which is the quantum SU(2)-group. This example is
out of the category of Kac algebras and suggested a possibility of appearance of
a new category wider than that. It was T. Masuda and Y. Nakagami who gave
axioms of the Woronowicz algebra ([M-N]). They introduced the new idea of a
scaling group and succeeded in including all the known quantum groups. Their
axioms were rather complicated and a further simplification of axioms had been
longed for. Recently J. Kustermans and S. Vaes have proposed a much easier
definition so as to include all the known examples of quantum groups ([K-V]). In
this paper, we adopt their definition of quantum groups.

Amenability of locally compact groups is one of the main themes for operator
algebraists and their actions on operator algebras have been studied well from
the era of A. Connes’ magnificent work [C2]. Let us consider the following basic
result for amenable discrete groups (see, for example, [P], [Ky]):

Theorem 1.1. Let G be a discrete group. Then the following statements are
equivalent.

(1) It is amenable.

(2) The reduced group algebra C}(G) is nuclear.
1
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(3) The group von Neumann algebra L(G) is injective.

Z.-J. Ruan showed the Kac algebra version of the above theorem by using the
operator space method [R]. We would like to generalize the above theorem in
the case of discrete quantum groups. As we pointed out, the category of discrete
quantum groups is much wider than that of Kac algebras. In an attempt of such a
generalization, several technical difficulties arise from the existence of the scaling
group. In fact we show the main Theorem 3.9 by a quite different way from Z.-J.
Ruan’s. It asserts that the existence of an invariant mean is equivalent to several
conditions. For example, it is equivalent to the nuclearity of the dual C*-algebra
having a character. As a corollary, we obtain the result that the dual discrete
quantum group of the quantum SU(2)-group has an invariant mean. Moreover we
get another equivalent condition, which was called strong Voiculescu amenability
in [R] in the case of discrete Kac algebras. If the discrete quantum group (M, A)
is a Kac algebra, we recover most of Z.-J. Ruan’s characterization theorem:

Corollary 1.2. If (M, A) is a discrete Kac algebra, the following statements are
equivalent.

(1) It has an invariant mean.

(2) It is strongly Voiculescu amenable.

(3) The C*-algebra A is nuclear and has a finite dimensional representation.
(4) The C*-algebra A is nuclear.

()

5) The von Neumann algebra M is injective.

Amenability of quantum groups are studied in [B-M-T1], [B-M-T2], [B-M-T3],
[B-C-T], [D-Q-V], for example. We emphasize that our main theorem is more
general than their versions of Z.-J. Ruan’s result, because we do not assume the
tracial property of the invariant state on a compact quantum group. After this
work was done, we learned from S. Vaes that E. Blanchard and S. Vaes also have
a proof of the implication 1 = 2 of Theorem 3.9. In Section 2, we prepare several
definitions and notations, and we summarize important equalities. In Section 3,
we prove our main Theorem 3.9.

Acknowledgements. The author is highly grateful to his supervisor Yasuyuki
Kawahigashi, Yoshiomi Nakagami and Stefaan Vaes for all the discussion and
encouragement.

2. DEFINITIONS AND NOTATIONS

Let A be a C*-algebra and w be a state on A. Its GNS-representation is
denoted by {H,,&,,m,}, where H, is the Hilbert space, £, is the cyclic vector
and m, is the nondegenerate representation of A on H,,, satisfying the equality:
w(z) = (mu(2)&u|€s). Let 6 be a functional in the dual space A* and a be in A. We
define the functionals fa and af by (6a)(x) = 0(ax) and (ah)(x) = O(xa). With
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these operations, the Banach space A* becomes an A-bimodule. The multiplier
C*-algebra of A is denoted by M(A). The C*-algebra generated by compact
operators on the Hilbert space H is denoted by K(H). We refer to [S] and [T2]
for the weight theory. For a weight ¢ on a von Neumann algebra M, the notations
n, and my, denote the subsets n, = {x € M;p(z"z) < oo} and my, = njn, =
span{z*y; x,y € n,}, respectively. The algebra,

M, ={x € M;zm, C my,, xm, C my, p(xy) = @(yx), for all y € my,}

is called the centralizer of the weight ¢. Let ¢ be a normal semifinite faithful,
abbreviated as n.s.f., weight. The corresponding modular automorphism group is
denoted by {0 }ier. Note that we have M, = {x € M;0/(x) = x forall ¢t €
R}. An operator x € M is called analytic if the continuous function t € R —
w(of (x)) is extended to an analytic function on the complex plane C for any
normal functional w € M,. The representation associated to the weight ¢ is
denoted by the triple {H,, A,, .} , where they denote the Hilbert space, the
canonical map n, — H, and the representation, respectively. The autopolar
P is defined to be the closure of the set {xJ,Ay(z);x € n, Nn3} and the
quadruple {H,,m,,J,, Pi} is called the standard representation of M (see [H]
for details). One of its remarkable property is that a normal state is a vector state
whose corresponding vector is in the autopolar 735) and such a vector is uniquely
determined. For a nonsingular positive selfadjoint operator h affiliated with M,

11
we define another n.s.f. weight ¢y, by ¢ () = lim. g @(h2xh2) for x in M, where
h. denotes h(1+ ch)™!. Let a be an action of a locally compact group G on M.
The fixed point algebra is denoted by M®. Of course, we have M, = M°".

In this paper, we use the minimal tensor product for C*-algebras and von
Neumann algebraic tensor product, and the both tensor products are simply
denoted by ®.

We refer to [K-V] for the definition of locally compact quantum group in the
following way.

Definition 2.1. A pair (M, A) is called a (von Neumann algebraic) locally com-
pact quantum group when it satisfies the following conditions:

(1) M is a von Neumann algebra and A : M — M ® M is a normal and unital
«-homomorphism satisfying the coassociativity relation : (A ® ¢)A =
(t®A)A.

(2) There exist an n.s.f. left invariant weight ¢ and an n.s.f. right invariant
weight ¢ on M. That is, we have p((w ® t)A(z)) = w(l)p(z) for all
v € mf, we M and ¢((t ® w)A(z)) = w(l)y(x) for all x € my,
we M.

We denote the representation associated to ¢ by {H, A, 7} and regard M as a
subalgebra of B(H) via w. The symbols J, A, of are the modular conjugation,
the modular operator and the modular automorphism group of ¢, respectively.
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1

The Radon-Nikodym derivative [Dv : Dyl; can be written as v2 , where v
is a positive constant called the scaling constant and 0 is a positive nonsingular
selfadjoint operator called the modular element on H affiliated with M.

it2 it
)

We define a unitary operator W on H ® H by
W (A(z) © Aly)) = (A® A)(A(y)(x @ 1)) for 2,y € ny,.

Here, A® A denotes the canonical GNS-map for the tensor product weight ¢ & .
The operator W satisfies a so-called pentagonal equation, i.e., WioWi3Wos =
Wa3Wia, where we use the well-known leg-notation. The operator W is called a
multiplicative unitary.

There exists an antipode S on M, which is a densely defined, o-strongly
closed, linear map from M to M satisfying (t@w)(W) € D(S) for all w € B(H).,

SL@w) (W) =(®w) (W)

and having a property that the elements (: ® w)(W) form a o-strong * core for
S. This antipode S has a polar decomposition S = R7_: where R is an anti-

[VES

automorphism of M and {7}, is a strongly continuous one-parameter group
of automorphisms of M. We call R the unitary antipode and {7 }icr the scal-
ing group of M. We define the nonsingular positive selfadjoint operator P by
PiA(z) = veA(r(z)).

The dual Banach space M* has a convolution product %, i.e., for w, § € M*
and x € M, we define w * 0(x) = (w ® 0)(A(z)). With this product, M* is a
Banach algebra. It may not have a x-structure. In fact, its involution is defined by
wf = woS, therefore, # is a densely defined operation. If the scaling automorphism
7 is trivial, M* becomes a Banach*-algebra.

The dual locally compact quantum group (]\7[ , A) is defined as follows. Denote
(w® 1) (W) by Mw) for w € B(H)*. We set the von Neumann algebra M to be
the o-weak closure of {\(w);w € B(H),}. Its coproduct is defined as A(z) =
W*(l ® x)W, where W is a unitary operator SW*Y and ¥ denotes the flip map
on H ® H. To construct the invariant weights on (M, A), we define

7T = {w € M,; there exists £ € H such that w(z*) = ({, A(z)) for all z € n,}.

Such a vector ¢ is uniquely determined by w and denoted by &(w). Then there
exists a unique n.s.f. weight ¢ on M with the GNS-triple (H,A, t) such that
AMZI) C nyp, M(Z) is a g-strong * - norm core for A and A(A(w)) = &(w) for all w €
7. The right invariant weight is defined as ¢ = @R, where R(x) = Jz*J. We
obtain the dual objects such as j, Ag, Uf, S = Rﬁ%, corresponding to (M, A)
in a similar way to the case of (M, A).

We often refer to the important results in [K-V], [V] and [VV]. For convenience,
we summarize them.
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1. ¢ = pR, o =Ro%R, R(z)=Jz*J, R(z)=Jz*J.
2. The automorphism groups o¥, ¢¥, T commute pairwise.

3. We have the following commutation relations, for all t € R :

Ao = (@ 0l)A, Aol = (o) @7-)A, An=(rn®nm)A=(0f ®c%)A

4. There exists a scaling constant v > 0 satisfying the following identities for
allt e R :

poil =vle, ol =v, on=vly, Yn=v .

5. P=P, A,=J6"'JP, A,=J5'JP.

6. WeMoM, (Jo))W(JeJ)=W" (RoR)(W)=W.
(P*"@ PYW(P @ P =W, (AL ALW(A" A" =W,

7. 7(x) = Ang;it, T(y) = AgyA;“.

8. Agt _ S—ité—itJé—itJjSitj’ Aé@t _ V2it2S—it(s—itjéitJjg—itj,
p2it — §-itg—it J5—it J J5—it .
9. JT =vilJlJ.

10. §is5it = Vistgit(;is’ R(8) = JoJ = 51 O.;P((Sis) = pistgis,
of (0%) = vt 1 (8%) = 6, A(6) =6® 6.

From the last equalities: R(6) = JoJ = 671, A(0) = 6 ® §, we sce the
spectrum of § is a closed subgroup of Ry = [0,00). Therefore, § is a bounded
operator if and only if 6 = 1. If the scaling constant v does not equal to 1, we
have the spectrum Sp(d) = R,. For a locally compact quantum group (M, A),
we set A to be the norm closure of the linear space {(t ® w)(W);w € B(H).}.
Then A is a C*-algebra and has a C*-algebraic locally compact quantum group
structure (see [K-V, Definition 4.1, p. 37] for its definition) by restricting A, ¢
and ¥ on A. We regard A as a subalgebra of B(H).

Let {X;}ier be a family of normed spaces. We define three normed spaces as
follows.

The normed space co-) ,.; X; is defined to be the set of elements (z;);c; of
[L;c; Xi satisfying the condition that for any ¢ > 0 there exists a finite subset [
of I such that sup;¢ [|7;|| < &. The norm is defined to be [|(z;)ies|| = sup;e; [|lz:]-

The normed space lOO_ZieI X; is defined to be the set of elements (z;);c; of
[L,c; Xi satisfying the condition that sup,c; [|z;|| is finite. The norm is defined

by [[(zs)ier|l = supser [l:]]-
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The normed space [1-) . ; X; is defined by the set of elements (x;);er of [ [,c; X;
satisfying the condition that ) . _; ||«;|| is finite. The norm is defined by ||(2;)icr|| =

Zie] ||x1||

They are complete normed space if and only if all normed spaces X; are com-
plete.

Note that the dual space of co-)_,.; X; is identified with /;-) . ; X7 and the
dual space of I;-) .., X; is identified with [-) ., X/

il
3. AMENABILITY OF DISCRETE QUANTUM GROUPS

This section is devoted to a proof of our main result Theorem 3.9. We define
an invariant mean on locally compact quantum groups in a similar way to the
case of locally compact groups.

Definition 3.1. Let (M, A) be a locally compact quantum group.

(1) A state m of M is called a left invariant mean if w %« m = w(1)m for any
w € M,.

(2) A state m of M is called a right invariant mean if m * w = w(1)m for any
w e M,.

(3) A state m of M is called an invariant mean if m is left and right invariant.

Remark 3.2. If (M, A) has a left invariant mean, it also has an invariant mean.
In fact, let m be a left invariant mean, then m x mR is an invariant mean.

Definition 3.3. Let (M, A) be a locally compact quantum group.

(1) We say that it satisfies the condition (Wy), if there exists a net of unit
vectors {&;};es in H such that for any vector n in H, |[W*(n®¢&;) —n®
&ll — 0.

(2) We say that it satisfies the condition (Ws), if there exists a net of unit
vectors {€;};es in H such that for any representation {7, H,} of A, and
for any vector n in Hy, |[(1® ) (W)*(n® &) —n @&l — 0.

Lemma 3.4. Let (M, A) be a locally compact quantum group. Then the following
conditions are equivalent.

(1) It satisfies the condition (Wy).

(2) There exists a net of unit vectors {&;}jes in H such that for any functional
we M, Nw)& —w(1)&; — 0 in the norm topology.

(3) There exists a net of normal states {w;};cs on M such that {(1@w;)(W)};c s
18 a o-weakly approrimate unit of A.

(4) There exists a net of normal states {w;};e; on M such thatid : A — A
18 pointwise-weakly approximated by the net of unital completely positive
map {(id ®@w;) o Al;cs and also by {(w; ®id) o A},c 7.
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(5) There exists a net of normal states {w;}jes on M such thatid : A — A is
pointwise-norm approrimated by the net of unital completely positive map

{(id ®w;) 0 A}jes and also by {(w; ®id) o A};cs.

Proof. 1 = 2. Tt suffices to prove the statement in the case that w is a normal state
on M by considering linear combinations. Since M is standardly represented, w
is written as w = w, with a unit vector n € H. For any vector ¢ € H,

[(Alwn)&; = wn (VGO < ICIInllIW(n © &) —n @ &ll,

so we get [[A(wy)&;—wn(1)&; | < [[nllIW (n©&;) —n@&; . Hence [[A(wy)&;—wy (1)&]]
converges to 0.

2 = 3. Put wj = wg, for any j in J. Then for any operator a € A and any
normal functional 8 € M., we have

[0(a(e ©w;)(W) = a)| = [{MOa)§; — 0(a)g;1E5)]
<[[A(Ba)§; = (6a)(1)&]

Therefore, a(t ® w;)(W) — a converges to 0 o-weakly. Similarly we see (¢ ®
w;)(W)a — a converges to 0 o-weakly.

3 = 4. Take a net of normal states {w;};cs of M, which satisfies the third

condition. Let w be a normal functional on M. By applying Cohen’s factorization
theorem ([B-D, Theorem 10, p. 61]) to the A-bimodule M,, there exist a in A
and ' in M, such that w = aw’. Then for any functional § € A*, we have

0((w; ®id) 0 AA(W))) =w((t ® O)(W)(2 ® w;)(W))
= (W (@)W ®@w;)(W))a),
which converges to §(A(w)). Since the linear subspace {A(w);w € M.} is norm
dense in A and {00 (w; ®id)oA};e7 is a norm bounded family, 0((w; ®id) o A(z))
converges to #(x) for any operator x € A. Similarly we can see that 6((id ®w;) o

A(z)) converges to f(z) for = € A.

4 = 5. Take a net of normal states {w;};c7 on M which satisfies the fourth
condition. Let F be the set of finite subsets of A. Take F' = {aj,as,...,a;} in
F and n in N. Consider the product Banach space Ap = loo-> . A X A and its
dual Banach space A% = ll—zacef(/l x A)*. Let p(w) denote

(w®id) o Alay) — ay, (id®@w) 0 Alay) — ay,
(w®id) 0 A(ay) — as, (id @w) o A(ag) — as,

(w®id) o A(ay) — ay, (id @w) o A(ax) — ay).
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Then zp(w;) converges to 0 weakly. Hence the norm closure of the convex hull
of {xp(w;);j € J} contains 0. So there exists a normal state w(g,) on M such
that ||(wrm) ®id) o A(a) — a|| < £, and || (id ®w(pn)) © A(a) — a|| < & for any
element a € F. This new net {w(gy) }(rn)crxy is a desired one.

5 = 4. It is trivial.
4 = 3. Easy to prove by reversing the proof of 3 = 4.

3 = 1. Take such a net of normal states {w;};cs on M. Since M is standardly
represented, there exists a net of unit vectors {{;};es in H with w; = we;. Take
a vector n in H. Now by Cohen’s factorization theorem, there exist an operator
a € A and a vector ¢ € H with n = a(. Then we have

W (n®&) —n®&l* =2llac|® — 2Re((W(a¢ @ &)la¢ ® &;))
=2/ja¢]|* — 2Re({(t ® w;)(W)aclac)).

This converges to 0.
O

Lemma 3.5. Let (M,A) be a locally compact quantum group. The following
conditions are equivalent.

(1) It satisfies the condition (Wy).

(2) There exists a net of unit vectors {;};es in H such that for any cyclic
representation {m, H} of A, ||(m @ )(W)*(n®&;) — (n®¢&;)|| converges
to 0, for any vector n € H,.

(3) There exists a net of unit vectors {&;} ey in H such that for any functional
w e A", Mw)&; —w(1)€; — 0 in the norm topology.

(4) There exists a net of normal states {w;};cz in M, such that {(1&w;)(W)};er
18 a weakly approximate unit of A.

(5) There exists a net of normal states {w;};cs in M, such that {(1@w;)(W)};er
18 a norm approrimate unit of A.

(6) There exists a net of normal states {w;}jcs in M, such that id : A —
A is approzimated in the pointwise norm topology by the net of unital
completely positive maps {(id @w;) o A} ;e 7 and also by {(w;®id)oA}je .

(7) There exists a character o on A such that (1 ® o)(W) = 1.

(8) The C*-algebra A has a character.

(9) There exists a state o on M such that 0 1S an A-linear map and satisfies
(t®o)(W)=1.

Proof. 1 = 2. 1t is trivial.

2 = 3. Take such a net of unit vectors {{;};c7 in H. Let w be a state on A
and {H,,m,,&,} be its GNS representation. Then for any ¢ in H, we have

[(Aw)E; = wMGION < [ICI[(m0 @ )W) (Lo @ &) = Lo @ &
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So we get [A(w)g; —w ()& < [[(me @ ) (W)(€w @ ;) — & @ &j|. Hence for any
w e A" | AMw)& — w(1)E;]| converges to 0.

3 = 4. Put w; = wg; for any j in J. Then for any operator a € A and any
functional 0 € A*,

[6(a(t @ wp)(W) = a)] = [(ABa)§; = 0(a)§;[€;)] < [[A(Ba)é; — (Ba)(1)&]]-

And therefore, a(t @ w;)(W) — a converges to 0 weakly. Similarly, we can see
(t ® w;)(W)a — a converges to 0 weakly.

4 = 5. Take such a net of normal states {w;};cs of M,. Let F be the set of
finite subsets of A. Take F' = {aj,a4,...,a;} in F and n in N. Consider the
product Banach space Ap = I~ . A and its dual Banach space A} = [;-
Y wer A% Let xp(w) denote

(t@w)(W)a; —ay, L @w)(W)ag —ag, ..., (t@w)(W)ay — ax).

Now the net of the elements in Ap, xp(w;) converges to 0 weakly. Hence the
norm closure of the convex hull of {xp(w;);j € J} contains 0. So there exists a

normal state of M., w(g) such that ||(¢ ® W) (W)a —al| < 1 L for any a in F.

Then we get a new net of normal states of M*, {w(Em) }(F,n)efo and it is easy to
see this net is a desired one.

5 = 6. This is shown in a similar way to the proof of 3 = 4 = 5 in Lemma
3.4.

6 = 7. Take such a net of normal states {w;};cs of M,. Let g be a weaks-
accumulating state in A* of the net. Then for any normal functional w on M, we

have
(w; @ i) (ANW))) = (w; @ 1 @ w) (W)
= (LR@w)(W*(w; @ 1) (W)).
This equality converges to AM(w) = (1 ® w)(W*(0 ® )(W*)) Therefore we obtain
(1® o) (W) = 1 and we easily see o is a character of A.
7 = 8. It is trivial.
8 = 7. Take a character o on A. Let u be a unitary (: ® o)(W) in M. Then

we have

Au) =(®:® 0)(A®)(W))
=1 ®1® 0)(W13Wa3)

=u U.
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Therefore, for any normal functional w € M, we get

AMu'w) =(we)(W(u 1))
=we)(1eu) W1 u))
=u"Aw)u.

Then we obtain
w(@)] = [(ww)(u)|
= lo(A(u'w))]
< [[A(uw)]]
= [l Mw)ul|
= [A)]]

Hence we can define the character y on A with y(A(w)) = w(1) for w € M,.

7 = 9. Take such a character oon A and extend it to the state on M. Denote
the extended state by 0. The A-linearity of o easily follows from Stinespring’s
theorem.

9 = 3. Take such a state o on M and let {w;};jes be a net of normal states
on M which converges to ¢ weakly*. Then for any functional § on A and for
any normal functional w on M, we have 6((t ® w;)(W)) = w;((0 ® ¢)(W)). This
converges to o((0 @ ¢)(W)) = 6(1).

3 = 2. Take a state w of A and let {H,,7,,&,} be the GNS representation
of w. Take a vector n in H,. By Cohen’s factorization theorem, there exists an
operator a € A and a vector ( € H with n = m,(a)(. Then, we have

(7o @ )W) ® & —n @ &I =2||mu(a)C]f?
— Re({(m ® t)(W)ms,(a)C @ §|mu(a) © &;))
=2 m(a)¢[* = Re((mu(a™(¢ ® wy) (W)a)([C)).
This converges to 0.

2 = 1. Let {m, H;} be a representation of A. We may assume that this
representation is nondegenerate. We decompose this representation to the direct
sum of cyclic representation. As easily seen, it derives the statement of 1.

O

Therefore, we obtain the following result by the previous two Lemmas.

Corollary 3.6. Let (M,A) be a locally compact quantum group. Then the fol-
lowing statements are equivalent.

(1) It satisfies the condition (Wy).
(2) It satisfies the condition (Wa).
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Proof. 2 = 1. It is trivial.

1 = 2. The condition (W) is equivalent to the condition 6 in Lemma 3.5
and it is the same as the condition 5 in Lemma 3.4 which is equivalent to the
condition (Wy). O

We begin to study the amenability of discrete quantum groups from now. Let
us adopt well-established definition of compactness and discreteness as follows

(see [M-V]).
Definition 3.7. Let (M, A) be a locally compact quantum group.

(1) We call it unimodular if its modular element ¢ equals to 1.
(2) We call it compact if the associated C*-algebra A is unital.

(3) We call it discrete if the dual locally compact quantum group (M, A) is
compact.

We recall some special properties of compact or discrete quantum groups (cf.

[W2]).

Remark 3.8. (1) Alocally compact quantum group (M, A) is compact if and
only if its invariant weight ¢ is finite. So, when we consider a compact
quantum group, we assume the invariant weight is normalized. Note that
compact quantum groups are unimodular, so ¢ = 1. Of course its scaling
constant equals to 1.

(2) If (M, A) is discrete, z = A($) is a one dimensional central projection of
M and Mz = Cz. Let ¢ be the normal *-homomorphism from M to C
such that zz = £(z)z. Then one can see easily (¢ ® 1)A = (1 ® €)A = id.
This € is called the counit of (M, A).

(3) If (M,A) is a discrete quantum group, then the C*-algebra A is a C*-
subalgebra of IC(H).

(4) If (M, A) is a discrete quantum group, then there exist central projections
{2a }aer of M which satisfy the following conditions.

(a) 1= Zael Ra-

(b) For any o € I, Mz, is isomorphic to a matrix algebra M,,_(C) for
some positive integer n,.

(c) For any a € I, the multiplicity of the inclusion Mz, C z,B(H )z,
equals to n,.

(d) The associated C*-algebra A is naturally isomorphic to the C*-algebra
CO_ZO&EI Mz,.

(5) If (M, A) has a normal invariant mean, then it is compact. In fact, let m
be a normal invariant mean and e be the support projection of m. Then
for any normal state w, (w ® m)(A(et)) = (w*m)(et) = m(et) = 0. So
we get (w®1)(A(et))e = 0 and this implies 1 ® e < A(e), then e = 1 by
[V, Lemma 1.7.2, p. 68].

We will show the following main theorem of this paper.
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Theorem 3.9. If (M, A) is a discrete quantum group, the following statements
are equivalent.

(1) It has an invariant mean.

(2) It satisfies the condition (Wy).

(3) It satisfies the condition (Wa).

(4) The C*-algebra A has a character o with (1 ® o) (W) = 1.

(5) The C*-algebra A has a character-

(6) The C*-algebra A is nuclear and has a character.

(7) The von Neumann algebra M s injective and has an A-linear state.

Let (M, A) be a discrete quantum group and {M z, }4e; be a matrix decompo-
sition as above remark. For a finite subset F in I, let us denote zp = >
Note that zp H = A(MzF) is finite dimensional subspace.

acF Zo-

Lemma 3.10. If F is a finite subset of I, then the linear subspace Kr = {\(wzFp);
w € M.} C A is finite dimensional.

Proof. Take a normal functional w in Z as introduced in Section 2 and an operator
x in n,. Then we have

w(zpz®) =w((zrz)")
= (A(w)]zrA(z))
= (zrA(w)&p|A(2)).
So wzp is in 7 and we obtain AMwzp)ls = zpA(w)és € zpH. Since ; is a

separating vector for M and 7 is norm dense in M,, the statement follows. O

We give a proof of Theorem 3.9 partly first.
Proof of Theorem 3.9 (2=3=4=5=6=7=1).

Equivalence of conditions 2, 3, 4 and 5 has been already proved in Lemma 3.5.
Fix a complete orthonormal system {e,},ep of H.

3 = 6. We show that A has completely positive approximation property. Set
T, =(t®w)o A for w € M,. By assumption, there exists a net of normal states
{w;}jes on M satisfying the third condition, that is, T,,; converges to the identity
map of A in the pointwise norm topology. Since M is standardly represented,
each w; is a vector state defined by a unit vector §; € H. Take a finite subset F’
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of I. Then for any operator x € fl, we have
Ty, () = (1 © Wiy, ) (A(2))
= Z (L ® wZFﬁj:‘%))(W) (L & wZFEjaep)((]‘ ® ZE)W)

peP

= M(Wepg))20) M (Warey,)2r)"
peP
Since A((We,,¢;)2F)A((Were,,¢;)2F)" is in the finite dimensional linear subspace
KpK: = span{ab*;a,b € Kp} C A, so is T e, (x). Hence the completely
positive map TwZng is finite rank. For a natural number n and j € J take an
finite subset F(n, j) of I with ||T,, s

of completely positive maps {TwZF " }nj)enxg of finite rank. This net gives a

L, | < L. Then we get a new net

completely positive approximation of the identity map of A, hence A is a nuclear
C*-algebra.

6 = 7. The nuclearity A implies the injectivity M. Extend the character on A
to the state on M. We can easily see the A- linearity of this state by Stinespring’s
theorem.

7= 1. Let p be an A-linear state on M. There exists a conditional expectation
E from B(H) onto M. We set a state m on M by m = po E|jy. Then for any
vector £ € H and for any operator x € M, we have

we + m(x) =m((we @ 1)(A(2)))
—m( Y (wee, ® D) 2(we,e, @ (W)

= ;”GP ((wWe.ep, ® )W) 2 (we, e, © 1) (W))

= ZZP ((we,e, @ )W) E(x)(we,e, @ 1)(W))

= ZZP (we.e, @ )W) )e(E(z))o((we,e, ® ) (W)
= ZZP ((we,e, @ )W) )o((we,e, @ 1) (W))o(E(z))
= pZ (we,e, ® ) (W) (we,e, @ 1) (W) o(E(x))

= §<€;<1>>@<E<x>>

= we(1)m(x),

where we use the norm convergence of Y _p(we, e, ® 1) (W) 2(wg, e, ® ¢)(W) in
the third equality. Therefore, m is a left invariant mean on M. 0
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Now we are going to prove the implication 1 = 2 of Theorem 3.9. We have
to prove several lemmas. We assume that (M, A) is discrete throughout the
following. Let us denote L*°(R) for the von Neumann algebra which consists of
essentially bounded measurable functions with respect to Lebesgue measure.

Lemma 3.11. Let mg be an invariant mean of L>®°(R). For any w in M, define
the T-invariant functional W' by W'(x) = mr({t — w(n(z))}) for x in M. Then
W' is a normal functional with ||w'|| < [|w]].

Proof. For w in M, set f, .(t) = {t — w(r(x))} in C*(R). For any finite subset
F it 1, [foalt) = furpa(t)] < o — w2l 2], hence [l = @zp)]| < o — w2,
By the normality of w, limp(wzpr)" = w’. Notice that Mz is finite dimensional,
50 (wzp)' = (wzp)'zp is a normal functional. O

Since of = 7 —Adé~ 3t and -3¢ is in M, we fix a matrix unit {e()w }1<k, 1<n,
of Mz, for each «v in I, such that they are diagonalizing 6z, as 6 2z, = Yoe v(a)
e(a)gk , where v(a); denotes a positive real number.

Lemma 3.12. If (M, A) has an invariant mean m, there exists a net of normal
states {w;j}jeq on M, which satisfies the following two conditions:

(1) ||lw*w; — w(l)wj|| converges to 0 for any w in M,.
(2) wjomn =w; for any t in R.

Proof. Firstly we show the existence of a net satisfying the first condition. Since
the convex hull of the vector states is weak+*-dense in the state space of M, there
exists a net of normal states {x;};es in M, such that m = w*-1lim; x;. Let F be
the set of finite subsets of M,. For F' = {wy,ws, ..., wi} € F, consider the Banach
space (M,)p = li-) . M, and its dual Banach space Mp = lo-> . M. Set

rr(x) = (w1 * x —wi(1)x, wr * X —wi(1)x, ..., wk * x — wi(1)x),

for x in M,. Then xp(y;) converges to 0 weakly. So the norm closure of the
convex hull of {xp(x,);j € J} contains 0. Hence for any n in N, there exists
X(Fn) such that |lw % x(rn — w(1)x(Ew| < + for an w in F. The new net
{X(F,n) } (7, n)eFxn is a desired one.

Next we show existence of a net satisfying the both conditions. Let {w;};eczs
be a net satisfying the first condition. Take an invariant mean mg of L>*(R) as
usual abelian group. For w in M,, define the functional o’ by '(z) = mg({t —
w(m¢(x))}) for z in M. By the previous Lemma, w’ is also normal. We show
that the net {w};cs satisfies the first condition. For the normal functional
W = WA(e(a)r), Ale(a)mn)> WE have w o 7y = () vy (o) v () "y (o) w. Then
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we obtain

jw o wj(e) — w(1)wj(e)|
=[me({t — (W@ w; o) (A2)) — w(l)w;((2))})]
me({t = (wo . @w;)(A(1(2))) — w(T-1(1))w;(7:())})]
) = )

sup{|(w o 7-1) #w; (7:(2)) — w(r-e(1))w (m ()1}

sup{ (w0 7-1) ¥, —w o (D
S

stlelﬂg{\!vk(a)“w(a)

IN

IN

—it —it

V()" v (@) (w x wj — w(L)wy) | H|]

<l * wj = w(D)ws[f|]]-

So for this w, we have [|w * wj — w(1)w}|| < [lw * w; — w(1)w)|| and therefore
[|w* W) — w(1)w)|| converges to 0. By taking the linear combination for w, we see
that [|w * Wi — w(1)w}|| converges to 0 for any normal functional with w = wz,.
Take a normal functional w and a positive e. Then there exists a finite subset F'
of I and jo in J such that [|wzr — w|| < € and ||wzp * W) — wzp(1)wj|| < e for

J
7 > Jo. Then we have
Jlow s W — w (L)l
<Hw —wzp) * Wil + lwzp * ) — wzp(Dwjl + [(wzp(1) — w(l))wl]
<e+e+e=3,

for j > jo. Therefore, [|w * w; — w(1)w}|| converges to 0. O

Lemma 3.13. If (M, A) has an invariant mean, there ezists a net of unit vectors
{&}ieq in H which satisfies the following four conditions:

(1) |lw*we; — w(l)we, || converges to 0 for any w in M,.

(2) P =¢&; for any t in R.

(3) For any j in J, there exists a finite subset Fy of I such that zp,&; = &;.
(4) For any j in J, the vector &; is in the convex cone 'PFP.

Proof. There exists a net of normal state {w; };c7 which satisfies the two condi-
tions of the previous lemma. If necessary, by cutting and normalizing, we may
assume that there exists a finite subset Fj of I such that w;zp, = w; for any j
in J. The von Neumann algebra M is standardly represented, so there exists
a unique net of unit vectors {¢;};es in PL such that w; = we, and zp&; = &;.
Because of the commutativity of J and P, we have P*P% = PL. From the
assumption: w; = w; 0 7y = wpitg;, the uniqueness of §; implies P, =¢. O

Let {&;}jes be anet of unit vectors in H in the previous Lemma. Since zp, H =
A(Mzp,), there exists z; in M such that {; = A(x;). The operator z; = x;2p, is
in M™ = M, and satisfies p(z}z;) = 1 and z; = zj. We prepare some notations.
For an operator X in M ® M, X («) denotes the operator X (z,®1) in Mz, ® M.
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For an operator Y in Mz, ® M, we obtain the equality Y = ZZ“lzl e @ Y,
where {Y};}r are operators in M.

Lemma 3.14. Let v = z* be in M, N M,,., where F' is a finite subset of I, and

a be in I. Then the following mequalzty holds:
”wj/\(e(a)kl),jA(e(oz)“) *WAZ) — Win(e(a)r), jA(e(a)ll)(l)wA(r) I

> y(a),;%y(oz)l%@(e(a)n)@qX(a)klDv
where X = A(2?) — (1 ® 2?).

Proof. We simply write ey, v, and X (a)y, for e(a)g, (), and Xy, respectively.
Since X(a) = Z1§k,zgna<€kl ® Xp) is in (M ®@ M)pe, = (M @ M)™" and
Uf(ekl) = I/]itl/l_itekl, we have UZD(X]CZ) = Vk Vlthl Let Xkllz ’le‘Xkl’ be the
polar decomposition of Xy;. Put ay, = v};. Then of (ay) = I/]itVl_Ztakl. Then we
have

(ij(ek1)7jA(e“) *WA() — WjA(ekl),jA(e”)(l)WA(x))(@kl)
= (A(am) (JA(er) @ M) JA(ex1) © Ax)) — (Alen)|Aler)) (an (@) Az))
=((1® a)W(J ® J)(Alers) @ M) [W(J @ J)(Aler) ® A)))
— (Aen)[A(er))(amA(z)|A(z))
=((1 ® Jag, J)W*(Alen) ® Az))|W*Aler) @ A(z))
[Aer)) (Jag JA(x )|A( )

— (Aen)
= (A ® A)(A@)(en ® (1 ® (74 *aw)|(A © A)(A() (e 1))
— (A en) A (ex)) (Ao v Fag) [ A))

)

((e1e ® DA(2?)(en © 1)(1 © ap))
® @)((enr @ (1 @ 2%)(en ® 1)(1 ® aw))}

1

= l/l (go ® p)(e11 @ Xpa)
11

:VkQVl 2 (611) (Xk;lak:l)

1 _1
=Viy 2’/1; v o(enn)planXy)

_1 1
=, *v plen) (| Xul)-
Therefore, we obtain

ijA(ekl),jA(e“) *WA) — Win(en), jA(e“)(l)wA(x) |

-

> v, 2vPo(en)e(| Xul).

N[

O

Lemma 3.15. Let N be a von Neumann algebra and 6 be an n.s.f. weight on
N. Let M, (C) be a matriz algebra with the matriz unit {e;;}1<; j<n and x = Try,
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be an n.s.f. weight on M, (C) with h = Y"1 Niew, A > 0. If {A;}jes is a net
in (M,,(C) ® Ng)ygo such that 0(|(A;)k|) < oo and lim; 0(|(A;)k|) = 0 for any
k,l=1,2,....,n, then lim; 0(|A;|) =0 for any k,l=1,2,...,n

Proof. Let A; = V;|A;| be the polar decomposition in (M,(C) ® Ny),ge. Then
for each k, 1, we obtain o?((V;)r) = A\, "N(V;)w and o?((Aj)w) = AN (A
Since [Ajlr = >0 1 (Vi) km(Aj)m and each (V) g, is analytic, [A;]4 is an element
of mg. Let (A;)m = vj, ml|( ;)mi| be the polar decomposition. Then we have

00 A 1)l < D 180V} Yam (Ag)t)|

m=1

= 3 A1l o Al 5 1)

= ZKAH(’ i)mi]? )’Jea V3t (Vi)m k)*JeAG(’(AJ)m”%M

(V5m, 1 (Vi) mi) |9 (1 (A )]

n

= XA D e((Ag)mil)-

m=1

Hence lim; §(|A, ) = 0. O

Lemma 3.16. Let x = o* be in M, N M., where F is a finite subset of I such
that p(x*) = 1 and A(z) is in PE. Let a be in I. Then the following inequality
holds:

where X = A(2?) — 1 ® 2%



18 RELJI TOMATSU
Proof. We use the notations in Lemma 3.14. We have

HW*(A(ekl)®A(93)) Alerr) ® Az H

=20p(e11) — 2Re (W* (A(er1) ® A(z))|Aler) @ A(z))

=2p(e1) — 2Re(p ® p)((enr @ 1)A(z)(em @ 7))

=2p(e11) = 2Rev; (0 @ ¢) (e @ (1 @ 2)A(x))

=2v; v Re{p(em) — (v @ @) (e @ 1)(1 @ 2)A())}

=2v ' Re{(p @ @) ((emr @ 1)(1 @ 2*) (1 ®@ 2 — A(x))) }

<2 max {1} Z Re{(¢ @ ¢) (e @ (1@ 2")(1 @z — A(z)))}

=2 max {1/,c R Re{(go ® go)((za (lez")(1®x - A<I)>)}

1<k<

<2 max {r;'n} - (P @ @) (2 @ DA @)1z~ Ax))]

1<k<n

<2 max {yk '} (gp@gp)(za@x*x)%

1<k<n

'(90®<P)(( ®1er—A@) (ler—A)))
=2 max {Vk 1} p(za) H (AR A)(za @) — (A® A)((20 @ DA(2))]]-

1<k<n

From the assumption: A(z) = zpA(z) € 735,, there exists a sequence {yn nen €
M zp with lim,, y, JA(y,) = A(x). Then we obtain

(A @A) ((za @ DA(z)) =W (A @ A) (20 © )
= lim W*(A ® A) (20 ®@ Yot (yn)")
n 2
~ tim(A © A)(A@)(0F © 09)(A(w))" (20 © 1))
= lim Ay, )(za © 1)(J @ J)(A @ A)(A(Yn) (20 @ 1)).
Therefore, we see (A ®@ A)((zo ® 1)A(z)) € Ph@p By using the Powers-Stgrmer
inequality (see, for example, [H|, [P-S]) we obtain
(A @A) (ze @) = (A®A)((2a @ 1)A(2))]
< v zaes) = Waen)(Gaenae)ll?
=(p®9)(1% ®1° ~ (20 ® DA()))?
= (@ e)(|X(0)])>.
0
Proof of 1 = 2 of Theorem 3.9 . By the assumption, we can pick up a net

{z;}jcq in M7 = M, which satisfy the conditions of Lemma 3.14. Now we apply
the Lemma to this net for fixed o € I, then ¢(|(X;())w|) converges to 0 for any
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k,l=1,2,...,nq, where X; = A(z?) — 1 ® z7. By Lemma 3.15, it implies that
©((|X;(a)|)rt) converges to 0 for any k,l =1,2,...,n,. Since we have

(po )X @)= > ele(@m)e(1X;(@)hu),

we see (p®¢)(]X;(a)|) converges to 0. By Lemma 3.16, we see ||W*(A(e(a)g1) ®
A(z;)) — Ale(@)k1) ® A(z;)|| converges to 0 for any k = 1,2,...,n,. Then we
have

[W*(Ale(a)m) @ Az;)) — Ae(@)r) ® A(zy)|]
1) @ (W (Ale(a)i) ® Az;)) — Ale(a)ir) @ Azy))]|
1) @ D[ (Ale(e)rn) @ Alz;) — Ale(e)r) @ Alz;)]].

This implies that [[W*(A(e(a)w) @ A(z;)) — Ale(a)w) ® A(z;)|| converges to 0 for
any k,l =1,2,...,n,. By taking a linear combination, |[W*(z,n®@A(z;)) —2.n®
A(z;)|| converges to 0 for any vector n € H. Take a vector n € H. For any € > 0,
there exists a finite subset F' of I such that || > .z 2zan — 7|l < €. By the above
arguments, we can take jo in J such that > . [[W*(2an®A(x;)) —2an@A(x;)|| <
¢ for j > jo. Then we have

W (n @ Az;)) —n @ Az)|

= HW*((n - Z ZaM) @ A(:@)) - <77 - Z Zoﬂ?) ® A(z;)

acl aclF
+ W < Z 2ol & A(xj)> - Z 2o @ A(z;)
a€l a€cF
S ose
acl
£ 30 I (zan @ () = 2am @ Al
ack
<2e4¢e =3¢,

for j > jo. Therefore, |[W*n @ A(x;) —n ® A(z;)|| converges to 0 for any vector
n € H. This completes the proof of Theorem 4.4. O

We give one example of a discrete quantum group which satisfies the conditions
in Theorem 3.9. In [W1], S. L. Woronowicz gave an example of a compact
quantum group, so called, SU,(2)-group. It is defined as follows. Let ¢ be a
positive number belonging to the set (0,1), and Aq be the unital universal C™*-
algebra which is generated by two operators a and v, which satisfies the following
commutation relations:

ata+yy =1, ad"+ @y =1,

Yy =97, ay=qya, oyt =gy
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It has a coproduct defined by A(a) = a@a—gy* @7 and A(y) = y@a+a* ®7.
The universality implies the existence of a surjective x-homomorphism 7 from flq
to the C*-algebra C'(S') of continuous functions on the circle S* in the complex
plane. In fact if we put o = z, ¥ = 0, where z denotes the identity map of S*,
they satisfy the above relations. Therefore, Aq has a character. It has also been
proved in [W1] that A is of type I, in particular, a nuclear C*-algebra. So we can
get the following result by Theorem 3.9.

—

Corollary 3.17. The discrete quantum group SU,(2) (q € (0,1)) has an invari-
ant mean.

In the end of this paper, we state Theorem 3.9 in the case that the von Neumann
algebra M is a Kac algebra. Recall that the modular operator of ¢ equals to
§72J872J. So the discrete quantum group (M, A) is unimodular if and only if
the invariant weight ¢ of (M , A) is a normal tracial state. It is also equivalent to
the condition that the discrete quantum group (M, A) becomes a Kac algebra.

Note that the condition (W) is called strong Voiculescu amenability in the case
of Kac algebras (see [R]).

Corollary 3.18. Let (M, A) be a discrete Kac algebra. Then the following state-
ments are equivalent.

(1) It has an invariant mean.

(2) It is strongly Voiculescu amenable.

(3) The C*-algebra A is nuclear and has a finite dimensional representation.
(4) The C*-algebra A is nuclear.

()

5) The von Neumann algebra M is injective.

Proof. 1 = 2 = 3. This has been already proved in Theorem 3.9.
3= 4= 5. It is trivial.

5= 1. Let E be a conditional expectation from B(H) onto M. Note that ¢
is a normal trace on M. Take a complete orthonormal system {e,},ep. Then for
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any operator x € M and for any vector £ € H, we have

wexm(z) =3 (B( Y (wee, ® )W) 2w, @ ) (1))

peP

— Z @ ((we,e, @ )W) E(z)(we,e, @ 1)(W))

peP

= 3 (e, ® VW) (wee, @ (W) E()

pEP

= 3" oW go, ® VW) (Wie g0, ® )(W)E(2))

=wje(Dg(E(r))
=we(1)m(x).

Therefore, m is a left invariant mean on M. 0

As we have seen, the nuclearity of a compact Kac algebra leads the amenability
of the dual discrete Kac algebra, however, it is now open whether it holds in the
case of a compact quantum group or not.
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