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ABSTRACT. Let k be a function field of one variable over a finite field with the charac-
teristic not equal to two. In this paper, we consider the prehomogeneous representation
of the space of binary quadratic forms over k. We have two main results. The first
result is on the principal part of the global zeta function associated with the prehomo-
geneous vector space. The second result is on a mean value theorem for degree zero
divisor class groups of quadratic extensions over k, which is a consequence of the first
one.

0. INTRODUCTION

Let k be a function field of one variable over a finite field and hj be the order of degree
zero divisor class group. We assume that char(k) # 2. For a quadratic extension L of
k, we denote by N(® 1) the norm of its relative discriminant. In this paper, we will give
a mean value of hy with respect to N(Dyp).

Our main result is Theorem 6.7. We briefly state our results here. Let ¢ and (x(s) be
the order of the constant field and the Dedekind zeta function of k. We denote by I
the complete set of places of k, and by ¢, the absolute norm of v € 9. The following
theorem is a special case of Theorem 6.7.

Theorem 0.1.
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Theorems of this kind are called density theorems. Today, many density theorems
are known. Among them, theorems about the asymptotic behavior of the mean value of
the number of equivalence classes of quadratic forms are very classical and studied by
many mathematicians including Gauss, Siegel, and Shintani. The density theorem for
the case of binary quadratic forms is known as Gauss’ conjecture. This was firstly proved
by Lipschitz for imaginary case, and by Siegel for real case. Siegel [11] also proved the
density theorem for integral equivalence classes of quadratic forms in general.

M.Sato and T.Shintani formulated this kind of density problems using the notion of
prehomogeneous vector spaces. In [13], Shintani considered a zeta function associated
with the space of quadratic forms. There, he reproved the Gauss’ conjecture, and im-
proved the error estimate. Shintani [12] also considered the space of binary cubic forms,
and gave the density of the class number of integral binary cubic forms.
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Datskovsky and Wright [19], [1], [3], [4] treated the zeta function associated with the
space of binary cubic forms over an arbitrary global field using the adelic language. Then
they obtained the Davenport-Heilbronn [5], [6] density theorem of cubic fields from the
viewpoint of prehomogeneous vector spaces.

Also for the space of binary quadratic forms, Shintani’s global theory was extended to
an arbitrary number field by Yukie [15]. Then Datskovsky [1] carried out the local theory,
and gave an another proof of the Goldfeld-Hoffstein [7] mean value theorem of “class
number times regulator” of quadratic extensions over any fixed number field. However,
the problem for binary quadratic forms over a function field was left unanswered. In
this paper, we will study this case.

For the general process from a prehomogeneous vector space to its density theorem,
see [16] or [17].

This paper is organized as follows. In Section 1, we collect notation we use throughout
this paper. In Section 2, we review structures of the space of binary quadratic forms.
The rational orbit decomposition and the structure of the stabilizers are discussed. In
Sections 3 and 4, we treat the global theory. In Section 3, we define the global zeta
function Z(®,s). This is a function of a Schwartz-Bruhat function ®, and a complex
variable s. The main purpose of this section is to show that it converges if Re(s) is
sufficiently large. In Section 4, we study analytic properties of the global zeta function.
We show its rationality and determine the pole structure. Our main result is Theorem
4.20. The residues at the poles are described by means of some distributions. We later
need its rightmost pole, which is rather simple; it is a constant multiple of @(O) where
® is the Fourier transform of .

In Section 5, we define various invariant measures, and consider local zeta functions.
Then in Section 6, we define certain Dirichlet series and study their analytic properties
by putting together the results we have obtained before. And by using the filtering
process, we obtain a density theorem which is a generalized version of Theorem 0.1.

Our discussion is quite similar to [1], which is the case of number fields. However,
as A.Yukie pointed out at [16], p.12, there is an incomplete argument in his paper.
His choice of the measure on the stabilizer at [1], p.218 is wrong because it does not
satisfy the functorial property, which he implicitly used in [1], p.230. We will correct the
argument in Section 5 following [9]. Tt is easy to see that our choice can also be applied
to his paper, and the final results of [1] need no modification.

Acknowledgments. The author would like to express his sincere gratitude to his
advisor T.Terasoma for the support and encouragement. The author is also deeply
grateful to A.Yukie, who read the manuscript and gave many helpful suggestions.

1. NOTATION

Here, we will prepare basic notation. For a finite set X we denote by #X its cardinal-
ity. If f, g are functions on a set Z, and |f(2)| < Cg(z) for some constant C' independent
of z € Z, we denote f(z) < g(z). The standard symbols Q, R, C, and Z will denote the
set of rational, real, complex numbers and the rational integers, respectively. If R is any
ring then R* is the group of units of R, and if X is a variety defined over R then Xg
denotes its R-points.

Suppose that G is a locally compact group and I is a discrete subgroup of G contained
in the maximal unimodular subgroup of GG. For any left invariant measure dg on G, we
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choose a left invariant measure dg (we use the same notation, but the meaning will be
clear from the context) on X = G/T" so that

/Gf(g)dgz/XZf(gv)d,q.

~yel

Throughout this paper, we agree that k denotes any fixed function field of one variable
over a finite field of constants F,, ¢ # 2". Denote by 2 the complete set of places of k.
For v € M, k, denotes the completion of k at v and | - |, the normalized absolute value
on k,. We denote by O,,m, and ¢,, the ring of integers of k,, a fixed uniformizer in O,,
and the cardinality of O, /m,O,, respectively.

Returning to k, let g, by be the genus of k, the order of degree zero divisor class group
of k, respectively. It will be convenient to set

hy,
¢, = :
T
Let (x(s) denote the Dedekind zeta function [, on(1 — ¢, ") ~* of k. It is known that
(k(s) is a rational function of ¢* and

lim(1 — ¢"*)Ge(s) = 49

Later, we will consider quadratic extensions of k. For an extension L of k, the symbols
qr, hr, € and My, are defined in similar way. We will denote by N(® ) the ideal norm
of the relative discriminant of L over k.

Let A, A* be the ring of adeles and the group of ideles of k, respectively. The group
A* is endowed with the idele norm, denoted by [-[a, where |z|sn = [], con|®v|o,z =
(), € A*. The field k, identified with a subset of A via the diagonal embedding, forms
a lattice in A. Let A* D A™ be the set of elements with idele norm ¢". If V' is a vector
space over k, let S(V4), S(Vi,) be the space of Schwartz-Bruhat functions.

We choose a Haar measure dx on A, d*t on A*, dz, on O,, d*t, on O, so that

/ dr =1, / d*t =1, / dr, =1, / d*t, =1,
Alk A0 [k Oy o5

respectively. We later have to compare the global measure and the product of local
measures. It is well known that

(1.1) dr = q'® H dx, and dt = ¢! H d*t,.
veM veM

Finally, for the sake of convenience , we denote the element G = GL(1) x GL(2) in
the following manner:

n(u) = <1, < Lo )) Lt

We note that a(7)n(u) = n(ru)a(r).
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2. THE SPACE OF BINARY QUADRATIC FORMS

Let V' be the 3-dimensional affine space. We define V' with the space of binary
quadratic forms via the correspondence:

2 2
x = (2o, T1,x2) €V e Fy(21, 22) = To2] + T12122 + T225.
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The group G = GL(1) x GL(2) acts on V from the left, the GL(1)-part acts on V by
the usual scalar multiplication, and the GL(2)-part acts on V' by the linear change of
variables. Explicitly, the action of G on V' is given by

Fyp(21,20) = tFy(az + c20,b21 +dz), g= (t, ( CCL Z )) ceG,xeV.

For any field K the space Vi is a 3-dimensional vector space over K. The action of
G on V then gives a representation o : G — GL(V') defined over K. The kernel of g is
a one-dimensional torus 7T, in the center of G. Let

H =TIm(p).

H is a closed reductive subgroup of GL(V).
For z € V, let P(x) denote the discriminant of F:

P(z) = 1, — 4zgs.

For g = (t,(2%)) € G, set x(g9) = t(ad — be). Since x(T,) = 1, we can regard x as a
character on H. It is easy to see that

P(h-z) = (x(h))*P(z) and det(h) = x(h)®.

We call a form x non-singular if P(z) # 0 and singular otherwise. Let V' be the set
of all non-singular forms in V. It is easy to see that two forms in V}, are G'x-equivalent
if and only if their splitting fields over K are the same. Thus non-singular G g-orbits
in Vi are in one-to-one correspondence with the extensions of K of degree less or equal
to two. For o € Vi, K(z) denotes the splitting field of x over K. And for x € V, let
G, C G denote the stabilizer subgroup of z, and G}, the identity component.

Proposition 2.1. (i) |G,/GS| = 2.
(i) Go = GL(1) x GL(1) K(z) =K,
" | Gh = Beeyx(GL(L))  [K(z) : K] =2.

Proof. Here, we write the summary which will be needed in Section 5. For detail, see

[1].

First for the case K(z) = K. Let F.(z1,22) = (pz1 + q22)(rz1 + s22), then for g =
(t,(2%)) € G2, (¢%) acts on pz; + qza, 721 + S29 as scalar multiplications, hence it has
two eigenvectors and they are (§),(%). Set these eigenvalues a, 3, then ¢ = (a3)~! and

G° — GL(1) x GL(1) g~ (a,f)

gives an isomorphism of groups. Note that g — (3, @) also gives an isomorphism.
Next for the case [K(z) : K| = 2. Let

Fy(21,2) = 025 + 12120 + Toza = 2o(21 + 02) (21 + 0/ 29),

where ¢ is the Galois conjugate of § over K. Then for g = (¢,(2%)) € G2, (¢}) acts on
21 + 0z, as scalar multiplication by a + b and t = Ng(,)/x(a + b0)~!. Now, let

o : G, — GL(1) g— a-+bo.

Then ¢ is a morphism of linear algebraic groups, defined over K (x), and as an abstract
group, G2 (K) = GL(1) k(). Also note that g — a + b’ gives another isomorphism. [
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3. THE GLOBAL ZETA FUNCTION: DEFINITION AND CONVERGENCE

§ 3.1. Definition of the global zeta function. From now on, let k£ be a function
field of one variable over a finite field of constants F, such that char(k) # 2. Then Hj,
becomes a discrete subgroup of Hy and Vj, a Hy-invariant lattice of Vj.

Definition 3.1. Let V' = {x € V] | [k(z) : k] = 2}. For ® € §(Vi) and s € C, we
define the global zeta function Z(®,s) by

7.5 = [ XS @

zeV)!
where dh is a Haar measure on Hy that will be normalized in §3.2.

§3.2. A Haar measure on H,. Firstly, we describe a Haar measure on G,. Let
Ga = KBy be the Iwasawa decomposition, where K is the standard maximal compact
subgroup of G and By a Borel subgroup of Gx. More precisely, K = [],con Ko, Ky =

Go,, and B = {(t, (atZ))}.

Every element of B, can be written uniquely as b = d(¢,t1)a(7)n(u), where u €
At t;, 7 € A* and it is easy to check that db = |T|pd*td*t;d” Tdu is a right invariant
measure on By. We normalize the Haar measure dr on K by |, « Ak = 1. Then dg = drdb
gives a normalization of the Haar measure on G,.

Let A(0) = [T, con Ouv, A*(0) = [[,con Oo - Note that t,¢1,u, 7 of the Iwasawa decom-
position g = kd(t,t1)a(7)n(u) are not unique, but ¢, ¢, 7 are unique up to multiplication
by elements of A*(()) (hence |t(g)|a,|t1(g)|a, and |7(g)|a are well-defined), and w is
uniquely determined modulo 77*A(D).

Recall that H = G/T, where T, = {d(t?,t;') € G}. Define dh on H, by setting
dg = d*t;dh. More explicitly, if we write

h = o(kd(t, 1)a(T)n(u)),
then
dh = |T|adrd™ td* Tdu.
Let B = o(B) and 7 = o(T') where T' is the maximal torus in B. In Section 4, we

will compute integrals over Hy /By and Hy /7T, with respect to the measure Hy. Such
integrals are explicitly given as follows:

(3.1) /HA/Bk h)dh — /dn/AX/kX /ka /Adu U (o(sd(t, V)a(r)n(w))|7]a,
(3.2) /Hm h)dh /d/«;/AX/kX /ka /du U (o(kd(t, Da(r)n(w)))|7|a,

where U € L'(Hy/By,), L' (Ha/Ty), respectively.
Let 7, be the subgroup of Hj, generated by Tj, and ¢ = o(1, ((f §)). We will also

consider an integral over Hy/ Tk Note that 7 is a subgroup of ﬂ of index 2. In the
same way as [15], p362, we can prove the next lemma.

Lemma 3.2. For u = (u,),em € A, define

= H max(1, |uyly)

veM
Then for g = rd(t, Din(u)a(r) € G, 7(ge)|a = a(u)?|7(9)];".
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By this lemma, we can write down the integral over Hy/ ’]A7€ as follows:

(3.3)

1
/ \If(h)dh:/dm/ it / dXT+—/ 7 /du B (o(kd(t, Vn(u)a(r))),
Ha /Ty K AX [k AX [k 2 AX [EX A

|Tla<a(w) ITla=a(w)
where ¥ € Ll(HA/’j\}g).

§ 3.3. The convergence of the global zeta function. Firstly, we describe a funda-
mental domain of Hy/Hy. Set Oy = {g € GL(2)4||7(9)|a < ¢**} and © = A x O, C Ga.
Then by a reduction theorem of Harder [8], OGy = G4. The set © is invariant under
multiplication by elements of By on the right. Hence a fundamental domain of By in ©
contains a fundamental domain of GG;, in G. Then

2@, 5)| < / MO
9(@)/Bk erkN

Let us describe the fundamental domain of o(©)/Bg. [2] Lemma 2.2 immediately leads
to the following.

Lemma 3.3. Every element of 0(©) is right Bg-equivalent to an element of o(-), where
< = JUKn(w)d(t, 1)a(r) C Ga,
u tr

t, T run over a set of representative of A /k*, |T|a < ¢%, and u runs over a finite set
mn A.

Next, we will estimate erVk” ®(h-x).
Lemma 3.4. There exists an integer N > 0 such that ZmGVk” |®(d(t, 1)a(r) - )] =0
whenever |t|y > ¢V.
Proof. Let © = (x9,x1,22) € V). Suppose

o(d(t,1)a(r)) - & = (txo, tTa1, t7°22) € supp(®P).

Since supp(®) is compact, the first coordinate is bounded, that is, there exists an integer
N > 0 such that [txgla < ¢~. On the other hand, xy # 0 follows from z € V}/, and
hence |zg|p = 1. This completes the proof. O

We recall the following well known fact.

Lemma 3.5. (i) Let ¥ be a Schwartz-Bruhat function on A. Then,

D 1W(t)] < max(L[t;Y), D [W(t)] < [

z€k zekX

(ii) Let ¥ be a Schwartz-Bruhat function on Aft). Then there exist Schwartz-Bruhat
functions W+,... ,V,, >0 such that

’\Ij(xb s 7xn)’ < \Ijl(xl) e \IJTL('CETL)
forxy,...  x,.

We are now ready to prove
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Theorem 3.6. Z(®,s) converges absolutely and locally uniformly in the region of Re(s) >
3. In particular, Z(®,s) is a holomorphic function of s in the region.

Proof. Let 0 = Re(s). We have

Z(P,s <</ / T |7|altT|S Z |<I>(tx0,trx1,t7'2x2)| by Lemma 3.3
A% kX Ax/kx

|T|A<q l'evk//
/ / T |7|altT|% Z ’q)(txo,thl,trszH by Lemma 3.4.
AX /kX AX /k)( xev};/

‘t|A<qN |T|A<q

For © = (xo,z1,22) € V//, both xy # 0 and x5 # 0. Hence,

< / / 7 | 7laltT)7 1t 7 ) T max (1, [ty by Lemma 3.5
A% Jkx AX/kX

[tla<gM |7[a<q?

/ / e rlaltIg L e max(L, £
AX kX Ax/kx

[tla<gN+2 |7[a<q?

< / 52 d*t / |7|a d*T.
A% Jkx AX [k

[t]a<qN+2 ITla<q?

Hence, we obtain the desired result. ]

§ 3.4. The definition of Z, (®,s) and Z_(®,s). For t € A*, set

0, [tla <1, 1, |tla <1,
M) =4 5 lta=1  A(@®) =13 3 lth=1
L, |t|A > 1, 0, |t|A > 1,

and for h € Hy, the same symbol A, A\_ denotes
Ae(h) = A(x(h))  A-(h) = A_(x(R)).
Using these symbols, define

zu(@5)= [ XA 3 @ )i

zeVy/
Z@s)= [ WA 3 Bl a)dn
Ha/Hy, zeVy/

Then we have
Z(®,8)=Z.(D,s5)+ Z_(D,s).

Moreover, the following proposition holds. We can obtain this just as in [1] Proposition
2.1, and we omit the proof.

Proposition 3.7. Z,.(®,s) is a polynomial in q¢°.
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4. THE GLOBAL ZETA FUNCTION: ANALYTIC CONTINUATION AND THE PRINCIPAL
PART FORMULA

§4.1. The principal part I(®,s). Let () : A — C* be a fixed non-trivial additive
character on A trivial on k. Let [, | be a nondegenerate symmetric bilinear form on Vj
given by

1
[z, y] = xoys — 5%91 + T2Yo,

and we identify V,* with Vj via the pairing (z,y) = ([z,y]). Then, the lattice V, C Vi
becomes self-dual. For g = (¢,(2})) € G, set ¢’ = (t7', 4 (2Y)). Then the above
form satisfies

[z, 9] = [o(g) -, 0(g") - .
Set dy = dyody1dys, for y = (yo,y1,y2) € Va. For & € §(V,), we define the Fourier
transform ® of ® by

B(z) = / B(y) (. y)dy.

Then & € S§(V4), and ®(x) = ®(—z). For h = o(g) € H, set ®p(z) = ®(h - z) and I =
0(¢'). Then it is easy to see that the Fourier transform of ®(h- ) is |x(h)[3°® (K- ).

Set Sp = Vi \ V{, and HY ={h € Hy | |x(h)|]a = 1}. For n € Z and ® € §(V4), we
define ®,,(x) = ®(n"z). Let

(4.1) 1°(®) = /HO/H (Z JURFIESY @(h~x)) dh,

€S TESK

(4.2) 1(®,5) = (@) + g 1)

n>1
Then by applying the Poisson summation formula to Z_(®, s), we obtain the following.
Proposition 4.1.
Z(®,5) = Z.(D,s) + Z4(3—s,D) + I(D, s).

From now on, we will study the integral 1°(®) in §4.2-§4.8 and then compute (@, s)
in §4.9.

§4.2. The smoothed Eisenstein series. To compute I°(®), it seems natural to di-
vide the index set S; of the summation into its Hyi-orbits and perform integration sep-
arately. However, we cannot put this into practice because the corresponding integrals
diverge. This is the main difficulty when one calculates the global zeta functions of
the prehomogeneous vector spaces. To surmount this problem Shintani [12] introduced
the smoothed Eisenstein series of GL(2). Then he determined the principal part in the
case of the space of binary cubic forms and the space of binary quadratic forms over Q.
Later A.Yukie [17] generalized the theory of Eisenstein series to the groups of products
of GL(n)’s, and determined the principal part in some more cases. In this subsection,
we essentially repeat their argument in our settings.
For g € G4 and z € C, we define the Eisenstein series F(z,g) by
z+1
E(z,9)= Y Irlgnls *

v€G /By
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This is left KZ(G)a-invariant and right Z(G)aGg-invariant. Since the kernel of p is
contained in the center of G, we can regard E(z,g) as a function of h € H,. That is to
say, we can write

z+1
(4.3) E(zh) = > |r(h)ly .
YEH /By,
This series converges for Re(z) > 1 and is, in fact, a rational function of ¢*/2,

Write h = o(kd(t,1)a(7)n(u)). Then E(z,h) depends only on 7,u, and does not
on k,t. Moreover, F(z,h) is right Hj-invariant, hence its value remains unchanged if
we replace u by u + a for a € k. Hence F(z,h) = E.(z,u) has the following Fourier
expansion.

(4.4) E.(z,u) = Co(z,7) + Y _ Culz,7){aw),

where
CQ(Z,T):/ E.(z,u)(—au)du.
Ak

We define

_ 1-g Cr(2)
P(2) =¢q ARSI

Note that ¢(z) is a rational function of ¢* and is holomorphic in the region Re(z) > 1—4¢
for some § > 0 except for a simple pole at z € C satisfying ¢~ = 1. The following
lemma about the Fourier coefficients C,(z, 7) is well known and we omit the proof.

Lemma 4.2. (i) The constant term Co(z,7) has the following explicit formula.

ozl =1
Co(z,7) = |T|A *+ |T|A2 P(2).

(ii) Let [1] = Y, con(0rdy (7)) denote the divisor of T, and ¢ a canonical divisor, as-
sociated with the character (-). Then, Cy(z,7) = 0 for all a ¢ L(c — [7]). If
a€ L(c—Ir]),a#0, then

=1 P (z,7)
Colz,T) = |72 ———=,

where P,(z,7) is a polynomial in q~*. In particular, Cy(z,T) is a holomorphic
function of z in the half-plane Re(z) > 0.

Note that the number of @ € k* such that a € L(c — [7]) is finite. From this, we
immediately obtain the following.

Corollary 4.3. The function E(z,T) is holomorphic in the region Re(z) > 0 with an
exception of a simple pole at z € C satisfying ¢*~* = 1, and
q2f2g¢k

Ck(2)

We denote the value in the formula of Corollary 4.3 by py. Let ¢ be an entire function
such that for any ¢;,co € R and N > 0,

sup (1 + [w|V) [¥(w)| < co.
c1<Re(w)<ca

lim(1 - ¢' %) E(z,7) = lim(1 — ¢ 7)¢(2) =
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Let Re(w) > 1. Following [12], we define the smoothed Eisenstein series & (w, h) by

(4.5) Ew, h) = — /R . EGER

2mi W — 2

for some 1 < r < Re(w). Note that this integral does not depend on the choice of r.
Similarly as E(z,h), &(w, h) has the Fourier expansion

= Gu(w, 7){au),

ack

1 Culz,7) Ndo
Co(w, ) = ./Re() Y(z)dz.

271

where

This &(w, h) satisfies the following property.

Lemma 4.4. (i) As a function of w, &(w, h) is holomorphic in the region Re(w) > 1.
(ii) For any w such that Re(w) > 1, &(w, h) < |7(h ) Re(w)=1)/2,

(iif) limy—140(1 — ¢ 7*)&(w, h) = Pow( ).

(iv) For any M > 1,

sup  |(1—¢"™™)&(w,h)| < .
1<Re(w)<M
hEHy

Since the proof is similar to that of Lemma 3.2 of [2], we omit it. (Note that the
convergence of (iii) is not uniform.) As a result of this, we have the following.

Corollary 4.5. For f € L'(HY/Hy),

Jm - [ o, TS 1) = 1) [ s

HY/Hy,

§ 4.3. Decomposition of I°(® w) Set
(4.6) 0(,w) / B x)—cp(h-a;)) &(w, h)dh.
A/Hk CCESk

By Corollary 4.5, we have
lim (1—¢'™")I%(®,w) = potp(1)I°(®).

w—140

We have the following lemma on the structure of Sj. This can be easily proved and we
simply state the result here.

Lemma 4.6. Let Si,i=0,1,2, be the subsets of Vj, given by
Sy =10}, Si={reVi|z#0,Px)=0}, S;={rcVil|k(x)=k P(x)#0}.
Then Sy, = Sp L SLITLSE and moreover,
St = Hy, xp, {(0,0,a)|a € k*}, Si = Hi xz {(0,a,0)|a € k*}.
Definition 4.7. Fori=0,1,2, we define

Ji(CD,w):// > @(h-x)&(w, h)dh.
Hy IES;’;
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The next lemma shows that each J;(®,w) converges and is holomorphic in the right

half-plane Re(w) > 1.
Lemma 4.8. The integral
/ > |@(h - x)||& (w, b)|dh
A/Hk zeVy,
converges absolutely and locally uniformly in the region Re(w) > 1.

Proof. Set ©° = {g € @||det( (9))|a = 1}. For [t7]p = 1 and |7]|s < ¢*8, by Lemma 3.5,

Z |P(o x)| = Z |®(txo, tTay, t7°75)|

eV z€Vj
< max{1, ]t|&1} max{1, \tﬂ&l} max{1, ]tTQ\fgl} < |T‘&1.

Then, by Lemma 4.4(ii), the integral is bounded by a constant multiple of

Re(w) 1 Re(w)—1
/d/i/ / /du 17|y 2 :/ 7|, > d*7 < 0.
A< Jkx Jax kx Jay AX JEX

[tr|a=1,|T|a<q? |T]a<gq?

Note that if h € HY, h = h’. Then, by Lemma 4.6, we have the following.
Proposition 4.9.
(4.7) 1D, w) = Jo(®, w) — Jo(®, w) + J1 (P, w) — Ji (P, w) + Jo(P, w) — Jo(P, w).

From now on, we will compute Jy, Jy, Jo in §4.4,4.5,4.7, respectively. For this purpose,
we will introduce some notation. For meromorphic functions f;(w), fo(w), we will use
the notation f; ~ f5 if fi — fo can be continued meromorphically to a right half plane
Re(w) > 1 — o for some o > 0 and becomes holomorphic in the region.

§4.4. Computation of Jy(P,w).

Proposition 4.10.
Jo(®, w) ~ (0) ——=

Proof. By the formula of §3.2,(3.1), we have

Jo(P,w) = &(0) 2 Y(z)dz | dh

w—z

241
L/ nyer/Bk 17(h)a
Re(z)

HAQ‘/Hk 27TZ

_ztl
1 B, 2

:@(0)/ —/ ww(z)dz dh
HY /By, 2m1 Re(z)=r W — %

+1

A
I
AX Jkx JAX kX Ak i Re(z)=r w—z

‘tT‘A 1
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By replacing 7 by 7/t,

@(0)/ e [ / 1,7 W(2)d
= — A (2)dz
AX [% 211 Re(z)=r w—z
z—1
X |t|A2
0) d*t+ —=—(2)dz |,
Atrx Ja- /kX 27” Re(z)=r W — 2

where, AT = {t € A ||t|]a > 1},A~ = {t € A¥||t|]a < 1}. Let 1, < 1. The former
integral is equal to

1 t
/ d*t —/ ||A 2)dz _Z / (z)dz
AT JEX 2m Re(z)=r; W — 2mi Re(z)=r1

1—2

1 — 1)t
== 4((] - ) U(z)dz
270 JRe(2)=r, w—z
and is holomorphic for Re(w) > r;. Hence,
2—1
Jo(®, w) ~ B(0) / e / " ya
7 A= /KX 271 Re(z)=r w—z
1 (1—g¢=)""
—0(0) — L9822
O 55 | e
1 1—gz)™!
- @(O)M}_w +®(0) —/ Gl DRSS
1—q 270 JRe(z)=rs>Re(w) W = Z
1—¢= ¢z
We have thus proved the proposition. O
§4.5. Computation of J;(®,w). For & € §(V,), we define MP € S(V,) by
(4.8) Mo(z) = / (o) - ) dr.
K

Since Z(®,s) = Z(M®, s), we assume that & = M for the rest of this section.
For ¥ € S(A) and s € C, Tate’s zeta function X(V, s) is defined by

(4.9) Y(U,s) = / [t|a W (t)d .
AX
It is well known (see [14],[18]) that (¥, s) can be written as follows:
U v
(4.10) (U, s) = P(¥,s) + ©__ %0 ;

1— ql—s 1— q—s

where P(V,s) is a polynomial in ¢°, ¢~*.
For @ € S(V4), define R1® € S(A) as R ®(t) = ©(0,0,¢).

Proposition 4.11.

B0 ~ owpiw)s (mo, "5,
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Proof. By Lemma 4.6 and the formula §3.2,(3.2), we have

J1(<I>,w):/ S S 0y (0,0,0)E w, h)dh

0
Hy/Hy e Hy /By, ack*

/ h-(0,0,a))& (w, h)dh

HY/Br qepx
/d/@/ / /du Z (0,0, att))& (w, a(T)n(u))|7|a
ax e Jax e Jam o
[tr|a=1
/ d*t / d*1r Ri®(t7*)Co(w, 7)|7|a.
AX AX/k-X
‘tT‘A 1

Here, in the last expression, we replaced & (w,h) by %o(w,7) by the orthogonality of
characters. By replacing 7 by 7/t and afterwards ¢ by 72/t, we have

t\ ¢
(P, w) / d*t / d*r R ® (w,—) = la
AX AX kX T T

[7]a=1

e 241
1 tl, 2 t],2
:/ 1 R1<I>(t)—,/ ta * 1" 6) g
A% 211 Re(z)=r

w—z

We now break the above integral into two parts. Let r; < —1. The first part is equal to

= 2(31 , z_l) v .
Re(z)=r1 2

271 wW— Z

By the theory of Tate’s zeta function, X (qu), _z;21) is a holomorphic function in the

region Re(z) < —1. Therefore this part is an entire function of w. Hence,

1 2+ 1Y ¢(2)
J1 (D, w) ~ - /RG(Z)TZ (qu), i ) Y(z)dz

w—z

~owppws (e 5).

§4.6. Unstable distributions. Here, we introduce some distributions and consider
its analytic properties, which will be needed later. The results in this subsection are
essentially due to [15] Section 2.
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Definition 4.12. For s,w € C and ¥ € S(Aff), we define
(W, s,w) /AX/“'AO‘ W)U t)dud ™,
TV, s,w) :/AX /A+(t)|t|2a(u)_wW(t,tu)dudxt,
(U, s, w) /AX / t)[t|ac(u) " W(t, tu)dud™t,

(W, w) / / )W (t, tu)dud™t,
AO

where a(u) is introduced in §3.2.

Lemma 4.13. (i) TT (¥, s,w) converges absolutely and locally uniformly for all s,w €
C, and T~ (¥, s,w) converges absolutely and locally uniformly for all Re(s)+Re(w) >
2,Re(s) > 2. In particular, T°(¥,w) converges absolutely and locally uniformly for
allw e C.

(ii) As a function of s, TT(®,s,w) is a polynomial in ¢°.

Proof. Let 0 = Re(s), 01 = Re( ). Let f,g > 0 be Schwartz-Bruhat functions on A
such that |U(xy, z9)| < f(x1)g(x2) for x1, 25 € A. By changing u to ut™!, we have

\I’sw<</ /du)\ A thx Ya(t ™t u) "o
A% [kx

ek

Also, the same argument as the proof of Lemma 3.4 shows that there exists an integer
N > 0 such that

(W, s,w <</ /du A (O)|t|e thx at tetu) ",
AX [

xekX
tla<gM

Let C; = supp f,Co = suppg. We will give an estimate a(t 'z ~1u)™ for t € A* z €
k*,u € A such that tx € Cj,u € Cy. Since a(-) < 1, we have a(t™ 'z u)™" < 1 if
o1 > 0. Let 0y < 0. By the definition of «(-), we have

ot 'z u) Hsup1|tacu\)

veEM
= [T e 2 o sup(ltalo, fulo) = 1tlz" T] sup(ftxly, [ul).
veEM veM

Since C1, Cy are compact, [, cgp sup(|tz|,, |ul,) is bounded by a constant. Hence,
at 'z u) " < R
Therefore (i) follows from Lemma 3.5.

Let W, () = ¥(7"). Then we have

N
1
THW, 5,w) = STO(W,w) + > T (U, w).

n=1

This establishes (ii). O
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From now on, we will give the explicit formula of (¥, s, w). Since a(u) is a product
of local factors a,(u), we can also define local distributions T, for ¥, € S(k?):

Ty( Ty, 5, w) — / / ol o (1) T (b £ytty) duind*ty.
kX J ke

Then by (1.1),
T(V,s,w) =q' 8¢, H T,(V,,s,w)
veEM
for ¥ =[], con ¥u. We recall Proposition 2.8 and 2.9 of [15].

Lemma 4.14. (i) T,(V,, s,w) converges absolutely and locally uniformly in the region
Re(s) + Re(w) > 1,Re(s) > 0, and is holomorphic in the region.
(ii) If W, is the characteristic function of O2,

1 — q;(erw)

(1—gro)(1— g, "r Yy

T,(¥,, s,w) =

(iii) For any ¥, (1—¢q,*)(1— g TN (D, s, w) becomes a polynomial in q°, g,
This lemma implies

Lemma 4.15. T(¥, s, w) is holomorphic in the region Re(s) + Re(w) > 2,Re(s) > 1,
and moreover, is a rational function of ¢=%,q~". More precisely, suppose that ¥V = QW,,
and that S a finite set of places such that W, are the characteristic functions of O? for
v &S, then

Ch,s(8)Crs(s +w —1)

Cr,s (s + w)

T,(¥,, s, w) and

T(V,s,w) =Ts(V,s,w)

Y

where Ts(¥, s,w) = ¢*79¢, ' []

veS
Grsls) =1 -
vgS

18 the truncated Dedekind zeta function.

Let us define the distribution T(¥, s) by

. 1 d
TW,s) = ——T(¥ w=0-
( 73) loquw ( ’va)| 0
Also we define T (W, s), T~ (¥, s) in similar way. These are rational functions of ¢*. For
later purposes, we will state the pole structure of T'(\V, s). Since

T(V,s) = Ck,s(s—l)%Ts(‘l’a $,W)|w=0+Ts(¥, s,0) (C}Q,S(S —1) = Grsls — 1)22&3)

and hence,

Lemma 4.16. T(V, s) is a rational function of ¢°, and holomorphic in the region Re(s) >
2. It has at most double pole at s = 2, and (1 — ¢*>=*)*T (¥, s) is holomorphic in the
region Re(s) > 1.
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§4.7. Computation of J5(®, w). For ® € S(V4), we define R,® € S(Aff3) by Ry®(t,u) =
O(0,t,u).
Proposition 4.17.
1 1 1—w
B, 0) ~ 0)0w) (g - 5 ) 7 (R0 25 )
1—q 2 2
Proof. By the formula of §3.2,(3.3),
(@, w) / ™ ®(hy - (0,0,0))& (w, h)dh
HO

’YEH /Tk ackX

/ h-(0,a,0))& (w, h)dh
HY/%. S

:/dl{/du/dXT/ d*t Z (0, att, autt))& (w, n(u)a(T))
ko Ja A% Ik T
|t7"A 1

:/Adu/dXT/AO d*t Rgcb(t,tu)éa(w,a(ﬂn(g)),

where the last transformation can be obtained by changing ¢ to t/7, and including the
sum ... into the integration of ¢. Here, we used the notation

/dXT_/ d T+ = / d*r
AX JEX AX JEX

[T|a<a(u) |T|a=c(u)
for simplicity. Now, we show the following claim.

Claim . Set
h) =Y %u(w,7){au) = &(w, h) — Go(w,T).

ackX

P = /Adu/dXT/AO d*t qu><t,tu>g’(w,a(¢)n(§))

is a holomorphic function of w in the half-plane Re(w) > 0.

Then

Proof of Claim. By the Fourier expansion of the Eisenstein series,

P=Y /du/dx / d*t Ro®(t, )€, (w, T)<““>
ackx A

We can see that there are finitely many a’s such that %, (w,7) # 0 for some 7 with
|7|a < a(u) for the following reason.

(i) For each 7, the number of a’s such that %, (w,7) # 0 is finite. Moreover, for the

same k*A*(0)-coset in A* the Fourier coefficients €, (w, 7) are equal.

(ii) By Lemma 4.2, €,(w,7) = 0 for all a € k* when |7]y < ¢*~.

(iii) The set {T € AX/E*A*(0) | ¢>* < |7|a < a(u)} is a finite set.
Therefore, it is enough to prove that each integral in the sum ), . is holomorphic in
the region Re(w) > 0. On the other hand, (ii) implies that the region of integration
with respect to 7 is compact. Since %, (w, T) is holomorphic in the region Re(w) > 0,
we obtain the claim. d
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Now by the claim above, we have

1 2
2(P, w) /du/ d*t /dXT Ry® ttu) / ‘T’A a ’T‘A oz )¢(Z)dz
A0 2m Re(z)=r w—=z

We break the above integral into two parts. Note that

X z 1 1 z
Jarmi= (== - 5) o

for Re(z) > 0. Let 1 < —1. Then the first one is equal to

1 _zfl
/du/ d*t Ry® ttu)/dXT — N 5 Mdz
AO 270 JRe(2)=r w—z
1 1 1 1
== (7”1 - —) T° (Rz@, °r ) Vi) dz
270 JRe(z)=r1 \1 — g2 2 2 w—z
and hence, is holomorphic in the region Re(w) > r;. Therefore,
1 =
To(®, w) N/du/ dXt/dXT qu><t,tu)—,/ ITla” 9) 4 yae
A AO 2mi Re(z)=r w—==z
w—1
w)/du/ d*t RQCID(zf,tu)/alXT|7'|A2
AO
/du/ d*t /dXT Ry® ttu) / |T|A 9(2) W(z)dz
A0 2mi Re(z)=ra>Re(w) W — %

= p(w)(w) (ﬁ N %) (RQ@ 1T>

z—1
1 2
+/du/ dxt/dXT qu)(t,tu)—,/ M@b(z)dz
A AO 211 Re(z)=ro>Re(w) W — 7%

Now, Similarly to P, we can show that the second part of the last expression is an entire
function of w. Hence we have the proposition. O

§ 4.8. Explicit evaluation of I°(®). Now, we turn to I°(®). Recall that
(111) lim (1 ") 1°(®, w) = pot(1)I°(@)

w—140

by Corollary 4.5. We will compute I°(®) by using Proposition 4.9 and 4.10, 4.11, 4.17.
Recall that (¥, w) has a simple pole at w = 1, and T°(¥y, w) is holomorphic at
w = 0. We will write their Laurent expansion in ¢'~%,q~%, respectively, at the values

¢ =1,q¢"=1bhy

S(0y,w Zz (U, (1 =¢"™),  TO(Wp,w ZTQ U,,0)(1— g )"

i=—1

Obviously, T(j (¥2,0) = T°(®2,0), T}, (V2,0) = 1oéqdi,TO(‘I’2, W)|w=o-
Since the limit (4.11) exists, the double poles of the right-hand side of (4.7) at w =1
cancel out on the whole. Hence we get the following lemma. Note that some straight-

forward calculation also shows the following equality. (See [1].)
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Lemma 4.18.
T0)(Ra®,0) — T (R2®,0) = Sy (Ri®@, 1) — S_p) (R D, 1),

Hence, we have

1(®,w) ~ %@(m 2(0))

+ o(w)(w) {w + (R, 1) — w — S (R1®, 1)}

— o) (w) { TS (Ra,0) — T4, (R:,0) .
Then, together with (4.11), we obtain the following.

Proposition 4.19.

(@) = %(@(0) — (0))
+ {w + 2(0)(31@, 1) — w — X (B ®, 1)}

(R2<I> 0) —|—T )(Ra®,0).
§4.9. The pr1nc1pal part formula.

Theorem 4.20. Suppose that ® = M®. Then Z(P,s) is a rational function of ¢°.
More precisely,

Z(®,5) = Zo(®,5) + Z4 (9,3 — 5) + I(D, s),

where Z, (P, s) and Z+(<i>, 3 —s) are polynomials in ¢° and q~*, respectively, and I(P, s)
15 given by

(4.12)
9 1 q3—s . 1 q—S
w50 75) 20 (G ) o)
2 R1<I> 1) . 1 ¢ - ¢
+ { ( + E(O)(qu)a 1)> (5 + 1— q2s> - E(*l)(qu)7 1) (1 _ q2fs)2

S R1<I> 1) 1 g q'”*
- { Zeyfud 1) + S0 (R ®, 1)) (5 + 1_7611_5) T2 (B D

— (T*(Ry®,3 — s) — T~ (R,®, s)).

Proof. We will compute I(®,s) by (4.2) and Proposition 4.19. Note that Cf)Z(t) =
q 3" ®_,(t). Then we have

(4.13) P,,(0) = @(0), ®,,(0) = ¢ *"d(0).

Also since
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we have
( ) = q_”E 1)(R1<I) 1)
E(O)(qu)na 1) = q E (qu) 1) - nq "y _1)(R1(I), 1),
(4.14)
( )=
) = 2(0)(}21@, 1) - nq—%z(_l)(Rl(i, 1).

Hence, By (4.13) and (4.14), we obtain the first three terms of (4.12). To get the last

term of (4.12), note that simple calculation shows

1
5TO(RQ@, w)+ > g T (Ry®_y,w) = T~ (Ry®, 5,w),

n>1

1 .
5TO(R )+ Y T (Ry®,w) = TH(Ry®, 3 — 5,w).

n>1

(4.15)

On the other hand, by Lemma 4.13, 4.15, T+ (Ry®, 3 — ) and T~ (Ry®, s) are rational
functions of ¢*, and hence Z(®, s) is a rational function of ¢°. This finishes the proof. [
We define
121 2G(2)
loggpy logqq> €,
Together with Theorem 4.20 and Lemma 4.16, we obtain the following.

(4.16) R, =

Corollary 4.21. Z(®,s) is a rational function of ¢¢, and (1 —¢3~%)Z(®, s) is holomor-
phic in the region Re(s) > 2. Moreover,

R_e3sZ(<I>, s) = R, D(0).
We have the following functional equation for the global zeta function Z(®, s).

Corollary 4.22. Let Zyy(®,s) = Z(®,s) — T(Ry®, s), then Zoq(®, s) satisfies the func-
tional equation

Zai(®,5) = Zog(®,3 — ).

5. LOCAL THEORY

§5.1. The canonical measure on the stabilizer. For an algebraic group G, Let G°
denote its identity component. In this subsection, we normalize invariant measures on
Hy,, Hy,/Hy, ,Hy, forx €V  and Hy/H A,H;’A for x € V| followmg the method of
[9]. We also deﬁne a constant b, ,, and compute the volume of H7,/H?, with respect
to this measure (Proposition 5.3).

We define the invariant measure dh, on Hy, similarly as in §3.2. Let K, = G, be the
standard maximal compact subgroup of Gy, . For h, € Hy,, let h, = o(k,d(t,, 1)a(T,)n (uv))
be its Iwasawa decomposition. Define an invariant measure dh, on Hy, by dh,
|7|,dkyd*t,d” T,du,. This normalization is equivalent to fg(,cv) dh, =1

If we write dyh = [],con dho, then by (1.1) we can see

(5.1) dh = ¢' 8¢, %d,,h,
where dh is defined in §3.2.
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Next, we choose a left invariant measure dh,, on Hy, /HZ, for x € V| . Let dy,
dyv

Pyl

is a left Hj, -invariant measure on V| and Hy, /H;, is a double cover of Hy,x C V. .

Therefore there exists a unique left Hy,-invariant measure dh,,, on Hy, /Hy, such that

dyy
for € L} (Hy, v, o),

dy,
(5.2) / W(y)— M / W, - o)dl, .
Hk'ux |P<y'v) %/2 Hkv/Hgkv

If hyy € Hy, satisfies y = hgyw and 4y, is the inner automorphism A — h;yl hhg, of Hy, ,
then ip,, (Hy, ) = Hyy and hence iy, induces the map ip,, : Hy,/H,, — Hy,/Hy,, .
Since the integral on the right hand side of (5.2) depends only on the orbit of x, it follows
that i;xy(dh;w) =dh,, .

We divide V} into three subsets for conveniences. Let

be the Haar measure on Vj, such that the volume of Vi, is one. Note that

Vi, =VPavermvm,

where each subset consists of orbits corresponding to k,, quadratic unramified extension
of k,, and quadratic ramified extension of k,, respectively. Only V;"™ has two orbits and
VP, V" has a single orbit.

If we define
R xRS e VPP,
T k(@) e Vv,
then by Proposition 2.1, G, = K, ,. Let O, (x) denote the ring of integers of k, ().

We will normalize the measure dk,, on K, so that

/ dhpy = 1, / dhyy = 1
OFXx0F or

ko (z)

I

for each case. This induces a Haar measure dg;, on G5, via the isomorphism G,

K, ,. Though there are two isomorphisms zpﬁi,wé?v for each case (see the proof of

Proposition 2.1), since
)

UETHOY x OF) =710 x OF) z eV,
wgv_l(oljv(x)) = ¢Z?U_1(O:v(x)) HAS Vklira krjn’

we can define dg; , without ambiguity. Then, define dh} , by setting dh} ,d*t,, = dg,,
via the isomorphism Hy, =G5, /T},.

The next proposition shows that dh); , satisfies the functorial property. In this sense,
our choice dh, , is canonical.

Proposition 5.1. Suppose that x,y € V| and that y = o(gey)x for some g,y € Gy, .
Let ig,, : Gy, — G5y, be the isomorphism given by ig, (9) = gu) 99ay- Then,

(5.3) dg’y’m = i;xy(dg;'m) and dh;’m =" (dh’x”v) }

o(gzy)

Proof. We only consider the case [k,(z) : k,] = 2. We can prove the case k,(z) = k,
similarly. One can easily show that for any g,,, there exist 1y ,,,, such that the
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following diagram is commutative.

o Yy.v
Gykv L) kj’l}(y)><

G2~ k()

This establishes the first claim and the second claim follows from the observation that
ig,, |, 1S the identity map. O

Define a constant b, , > 0 such that dh, = b, ,dh}, ,dh} . Then, the following propo-
sition shows that b, , depends only on the orbit of z.

Proposition 5.2. Ifz,y € Vk’v are in the same Hy, -orbit, then by, = by ,.
Proof. Since the group Hy, is unimodular, @, dh, = dh,. Hence,
o / "
dh, = bydh,, ,dh, ,
_ ok Ik "
= by vy, dhy i, dhy = by Wbt wihy Al

= byby ydh, .
Therefore by, = by . O
For z € V|, Let
dnl, = [ beodttl,,, — anl =] dni,
veM veEM

be measures on Hy/H,, H?,, respectively. Then,
d.dh! = dy.h.

We will conclude this subsection by computing the volume of H¢,/H?, with respect
to the measure dh! defined above.

Proposition 5.3. Forz € V/,

/ dn! =22 Chia)
(H)a/(HZ)x ¢

Proof. Recall that (H2)a/(H)k = (G5)a/Ta(G2)x. One can easily see that the inclusion
(GO TR(G)E—(G2)a/Ta(G2)x
has index two, and the sequence
1 —— TY/Te — (G (G2 —— (GA/TR(GDr —— 1

is exact. Since
/ d*t =¢; and / dgy = Cp),
Ty /Ty, (G2 (G

i
/ dhgzz/ dn! = 22
(HZ)a/(HS) (G2)3 /TG ¢

we can get
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§5.2. Local zeta function. Here, we will define the local zeta function, and compute
the local zeta function and the constant b, , for some orbital representatives.

Definition 5.4. Letx € V|, ®, € S(V4,), and s € C. We define

Zual@us8) b [ LR ),
Hkv /Hg kv

_dy
Py

The function Q,,(®,,s) is called the local zeta function. By the definition of dh!

T,

Qm@mﬁ=/‘|mwm%xw
Hy,x

P(n, )3
Zus@urs) =t [ PO sy,

oz, |P@))?
= by P(2)]5 %%y 0 (D, 5).

v

Since (P, s) depends only on the orbit of z, for x, € V| in the same orbit,
_ [P
[P)l*

Now, we will express Z,, and b,, explicitly for some representative .

(5:4) Zz(Py; 8) o( Py, 5)-

Definition 5.5. We call w, € V| a standard orbital representative if

Z1%9 Wy € Vksvp,
(21 +02) (21 +0'20) w, € VI, V™, where Oy, (w,) = Oy[0].

Fy,(21,22) = {

For each orbit in V) , we take one of the standard orbital representatives and denote the
fixed set of representatives by SR,,.

Note that for a standard orbital representative w,, P(w,) is the discriminant of k,(x)
over k,. Hence,

1 W, € VSP, Vo
(55) |P(wv)|v = { 1 krvm b
g, Wy € Vkv .

Let @, o be the characteristic function of V. Firstly, we will give the explicit formula
of Zy, +(®y0,s). Although our choice of the measure on the stabilizers is different from
that of [1] in general, they coincide for standard orbital representatives. Hence we can use
his result directly. Note that our local zeta functions are b, , times that of Datskovsky’s.

Proposition 5.6 ([1]Proposition 4.1). For a standard orbital representative w,,

/ 1 sp

1 _ ql*S wv E ‘/Yk'u )
14+q7°

Zw v (Dv ) = v € Vur,

v, ( 0 3) (1 — q_s)(l — ql_s) w ky

1

w, € V™.

L (1 _ qfs)<1 _ qlfs) ky

Secondly, we will give the values of b, ,. To use Datskovsky’s result, we need some
discussion.
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Lemma 5.7. For a standard orbital representative w,,

/ dn’ = 1.
o(Ky)NH? ’

W gy

Proof. Here, we only consider the case [k,(w,) : k,] = 2. The case k,(w,) = k, can be
proved similarly. Let N = Ny, (w,)/k, : ko(wy)* — k) be the norm map.

Let F,, (21,22) = (21 + 022)(21 + #'22). Recall that for ¢ = (¢,(2%)) € G, the
condition g € Gy, , is equivalent to

tN(a+b0) =1, c+df=0(a—+bo)

and that the isomorphism ¢, ., : G}, ,  — ky(w,)* is defined by g — a + b0 for this g.

This map also gives the isomorphism T, = k. One can easily see that vy, (T, NKC,) =
O). We claim that

Yy w(Gryy . NIC0) = Oy w) ™

Wy kyy
Let g = (t,(24)) € G5, NK,. Then N(a+bf) = t~' € O} and hence we have

a+ b0 € Op,w,)”- On the other hand, any element of Oy, () can be written as
v =a+ bf with a,b € O,. For this v, take t,c,d € k, such that

tN(a+b0) =1, c+df=0(a+bb),
and let g = (¢,(2Y)) € Gg,. Then, clearly t € O),¢,d € O,, g € G and vy =

Wy ky,?
Yu,,0(9). Also, P(w,) = P(g- wy) = x(9)°P(w,) shows x(g) = t(ad — bc) € O;. Hence,
we have g € K. This establishes the claim and now by the definition of dhy, ,, we have

/ ar, , = M) 1y
o(KuNG2, . ) v VOI(OQT) 1

W kqy

Proposition 5.8. For a standard orbital representative w,,

y Pl
v, fg(’cv)w dz,

Proof. Recall that dh, is the measure on Hy, such that vol(o(XC,)) = 1. Hence,

1= / dhy = by, / dn, , / dhiy, .
o(Kv) o(Kv)Hg,, /Hy,, o(GS,,NKCy)

b / ar,
o(KCv)Hy,, /HS,

wy

dzx,
— bwvﬂ) 73/2.
o(Ky)we ‘P(Iv) v

On the other hand, for z, € o(K,)w,, |P(zy)], = |P(w,)|,. This finishes the proof. O

Under the above preparation, we can describe b,,, ,. For our purpose, |P(w,) |3/ 2 [bs,

(which is equal to fQ(KU)wU dxz, by Proposition 5.8) is more important than b, , itself,

and the following proposition gives the desired description.
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Proposition 5.9. For a standard orbital representative w,,

|P(w,) |3 H(L-a) wy € Vi
Dl i — gy w, € V™
b 2 qU v )

" 50, ' 1=, — ¢, w, € V™

This proposition is essentially proved in [1] Proposition 4.2, but he did not give a
detailed account of the argument for determining the volume of each of o(C,)w, from
the sum for two orbits in V;/™. We can directly determine each volume by following the
argument in [10] Section 4. For the convenience of the reader, we briefly sketch their
argument by indicating the main steps of the proof. Note that the action of K, = Go,
on Vp, induces the action of Go,/p2 on Vo, jp2. Let x be one of the standard orbital
representatives in V" and denote by T € Vo, /p2 its reduction modulo p2.

1. Set D={y € Vo, | y = z(p?)}.

2. lfy €D, ky(y) = ky(z). Moreover, D C K,x.
3. VOl(’CUZL‘) = VOl(D)#(G@v/pg/G@v/p%@).

4. vol(D) = q;%, #Go,/m = aS(qw — 1)*(¢2 = 1),
5. #Go, 2z = 2(q — 1)q;-

From this proposition, we can obtain b, , easily using (5.5).

6. THE MEAN VALUE THEOREM

In this section, we will deduce our mean value theorem by putting together the results
we have obtained before. In §6.1, we will see that the global zeta function is approxi-
mately the Dirichlet generating series for the sequence vol(H¢,/HS, ). If it were exactly
this generating series, the theory of partial fraction would allow us to extract the mean
value of the coefficients from the analytic behavior of this series. However, our global
zeta function contains an additional factor in each term. In §6.2 we will surmount this
difficulty by using the technique called the filtering process, which was formulated by
Datskovsky-Wright [3].

§6.1. The adelic synthesis. We will introduce some notation. For the rest of this
paper, we suppose & € §(V4) is of the form ¢ = @®,,, where &, € S(V4, ). For x € V//,
define Z,(®,s) = [[,con Zz,0(Po, s). For each v € M, take w,, € SR, which lies in the
orbit of x. We write 2, (P, 5) = Zu, ,0(Po, 5) and Z4(P, 5) = [[,con S (Po, 5).

Then, as is well known, our global zeta function has the following expansion. (See [9]
Section 6, for example. Note that |H,/H| =2 for all z € V]".)

w00t %

zeH\V)

% / (K 3B (1, - ),
o)a/(HR)k Hp/(HY)

= ql_gQ:]; Z Q:k(x)Zx((I), 8).

IEH}C\VICH

We will consider Z,(®,s). By (5.4), we have

|P Wy )| S /2
=[] Zeo(@0.9) = ] . /2 Tl = (D, s).

veEM veEM
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Observe that since P(z) € k™, [[,con |P(2)]s = |[P(2)|a = 1. Also since P(w,) is the
local discriminant of k,(z) over ky, [T, con |[P(Woz)|v = N(Dp(r)) "' Hence, we obtain
the following:

)
6.1 Z(®,s) =q'7%¢? kW)= (@
( ) ( ) k GHZ: , (@k( ))5/2 ( )
r€HE\V),
Let T be a finite set of places of k, and we denote by SRy the Cartesian product

[I,cr SRy. We consider T-tuples wp = (wy)yer of an element of SRy. We say that
x € V" is equivalent to wr if x lies in the Hy, -orbit of w, for each v € T and denoted

by x ~ wy. Let ®|p = [, Pu, and
(62) ZwTT ®|T7 HZva
veT
Then,
(63)  Z(2,9) =q" > > Zup (1, s) <Z NG 8/2 :M(@U,s)).
wpE€SR T~wT

For v ¢ T, we take ®, as the characteristic function &, of V@v. Then, for v &€ T,
E2.0(Pu0, 8) is given in Proposition 5.6 and hence we have

_ 2
(6.4 [1=e0(@0.5) = =)

T Cr(a) 7 (5)

where (,7(s) and (g, r(s) are the truncated Dedekind zeta function

Crr(s) = H(1 —¢,°) " Guwyr(s) = H (1-— qus)_l.

vgT HEM ()
plo,vgT

We will denote the function (6.4) by 1) r(s). Note that ng) r(s) is a Dirichlet series.
Set the Dirichlet series &,,.(s) by

(o
(65) SwT Z N He) 3/277 )T(S).

k(z):k]=2
Towp

Then (6.3) becomes
(6.6) Z(®,5) = ¢" €7 D Zuy(Rlr, 8)6us (5).
wrE€SRp
In order to determine the analytic properties of &,..(s), we require the following lemma.

This is quite similar to [9] Lemma 6.17, and we omit the proof.

Lemma 6.1. Let v € M,z € V| and s9 € C. Then there exists ®, € S(V4,) such
that the support of ®, is contained in Hy,x, Z;,(Py, s) is a polynomial in ¢, q,* and
Zx,v(q)vy 80) 7é O

Let

2Gk(2) €5

:RQ =
log q
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Also for w, € SR, and wr = (wy)yer € SRy, we define

w 3/2
eo(wy) = %, er(wr) = [ eo(wy).

Now we can prove the following theorem.

Theorem 6.2. For wr = (w,)yer, the series &,,.(s) is a rational function of ¢°, and is
holomorphic in the region Re(s) > 3. Also (1 — ¢**)&u,(s) is holomorphic in the region
Re(s) > 2. Moreover,

Res €uy (5) = Roer(wr)
Proof. For each v € T, we choose @, € S(V},) such that supp(®,) C Hy,w,. Then,

Zypyw(Py, s) = 0 unless  ~ w,. Hence (6.6) becomes

(6.7) Z(®.5) = ¢ Zuy (Plr, 8)€ur (5)-

Then the first two statements follows from Corollary 4.21 and Lemma 6.1. We will
compute Ress—3 &, (). By Corollary 4.21, Ress—3 Z (P, s) = Ry P(0). We consider

®(0) = / O(z)dr = ¢* 79 H/ o(xy)dx,.
vem ? Ve

Forv¢g T, fv o(xy)dz, = 1 since @, = @, is the characteristic function of Vjp,. For
veTl,

p 3/2
/ By () = / Dy (m)dy = O o(By,3) = L 7, ).
Vie Hywy bwu
Hence we have
b(0) = ¢* 2, (@], 3)er(wr).
Together with (6.6), this yields the residue of &, (s). O

§6.2. The filtering process. We fix a finite set Ty of places of k and wr, = (w,)ver, -
Definition 6.3. For each finite subset T D Ty of M, we define

Chto
un,1(5) = D S g (o)

T~wTYy,

For v € 9, let
E,= > afw)=1-¢"-q¢"+q¢"
wy ESRy
and also for any subset T" of 91, define
Er =[] E.
veT’

Note that this product always converges to a positive number.

Proposition 6.4. The Dirichlet series fwTO,T(S) becomes a rational function of ¢° and
holomorphic in the region Re(s) > 3. Also (1 — ¢°~°)&u,, 1(s) is holomorphic in the
region Re(s) > 2. The residue of §u, 1(s) at s =3 is given by

Roe, (wr,) B\ -
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Proof. For yr = (yy)ver € SRy, we denote yr|n, = (Yy)ver, € SRz,. Then
ngoyT(S) = Z £yT<S)
yr|TH =WT,

Now the proposition immediately follows from Theorem 6.2. O

To deduce our mean value theorem, we have to show some properties of 77 (s).
For two Dirichlet series 9;(s) = >~ rin/q™, i = 1,2, we will indicate ¥;(s) < ¥a(s) or
Va(s) = V1(s) if r1,, < ry, for all n. Especially, write J(s) = > 7 7,/¢"* = 0if r, > 0
for all n. The following proposition is easy to prove.

Proposition 6.5. The Dirichlet series Ny r(s) satisfies Ny r(s) = 0, and its first
coefficient is 1. Also, for all k(x),

Cer(s — 1)Cip(s)
Cer(29) '

Moreover, nr(s) converges in the region Re(s) > 2 and

lim (r(1) — 1) = 0.

Nk (), T 7(s) 2 nr(s) =

Let us define a,, > 0 by

_ZN xs/?

n>0 TwTy
Now, we are ready to prove the following theorem.

Theorem 6.6.

. a,
lim — = log qR2e1, (Wry) Eom\ 1 -

Proof. Since nyy)r(s) = 0, we have

ngO Z N@k( s/2 _Z;Zs'

z~wTy n>0

Hence, if one write &y, 7(s) = > rra/q", then rr, > a,. By the theory of partial
fraction, lim, oo 77,,,/¢*" = log qRoer, (wr, ) Erv1, - Hence,

— Qp,

hmn—m)oqﬁ < log qRaem, (wr, ) Erv1yy-
By letting T" approach to 9T, we obtain

_— an

hmn_,oo qﬁ S IOg QRQ&‘TO (’UJTO )Egm\TO .

This allows us to take R’ > 0 such that a,, < ¢**R' for alln. Let nr(s) = >, lrn/q"
Then lT,O =1 and -

(9% 3 )= 3 Dt
wry, T nsnTo - .

ns
n>0 n>0 q
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Since
Z U7y = ap + Z U7 1y O
ni4na=n na=1
<t "R Y <ok R (1) - 1),
na=1
we have

. an
h_mnﬁooqm > log qRoe, (wr ) Ervry, — R/ (nr(1) — 1).

Again by letting T" approach to 991, we obtain

. Qn,
h_mnaooqﬁ > log qRoer, (wr,) Eamy1y -

Together with the estimate for the superior limit, we obtain the result. 0

§6.3. Main results. Let us rewrite Theorem 6.6 to a mean value theorem for the
degree zero divisor class groups of quadratic extensions. Let %, be the index set of
extensions of k, of degree not greater than two. By assumption that char(k) # 2, the
cardinality of this set is four for all v. We denote by k, 5, an extension corresponding
to B, € A,. From now on, the letter L always denotes a quadratic extension of k. For
By € B,, we write L ~ (3, when the extension of L/k at v is k, g,/k,. We fix a finite set
T of places of k and Br = (By)ver € [[per Bv. If L ~ 3, for all v € T then we write
L ~ fBr.
Define bg, and bg, as follows.

%(1 - qv_2) kvﬂv = k“
bg, = ¢ 3(1—q;")? k, 5, is quadratic unramified over k,,

v

10, (1=, )(1—q,?)  kyp, is quadratic ramified over k,,
bﬂT = H bﬁv
veT

For all quadratic extensions L except k®g, Fy2, g = ¢q. Then, we can rewrite Theorem
6.6 as follows.

Theorem 6.7.
.1 _ _ _
Tim —= > b =28 G ()b [[(1 - 0,7 — 0% + 0,
q L~Bs vgS
N(@®L)=¢*"

If we take S = (), we will obtain Theorem 0.1 in the introduction.

We conclude this paper with some modification of this formula. The next proposition
about the density of quadratic extensions is well known. We can evaluate this formula
by means of class field theory or an analysis of a slight variation of Tate’s zeta function.
We simply state the result here.

Proposition 6.8. Set

1 —1 . -
=(1— k 1s unramified over k
Ces = | | C3, CB, = {2< & ) o v

s s, (1 —q,) kg, is quadratic ramified over k.
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Then )
Jm o D 1=20e [J0 -0,
L~fg vgS
N@®@L)=¢*"

Therefore, together with Theorem 6.7, we can obtain the following formula:

Corollary 6.9.

lim 1 ZLNBS’N(QL):(J% I = " hiCi(2)dg H Lt d, j1qv 3>
n—oo " ZLNﬁs,N(QL)=q2” 1 vgS l+q
where, dgg 1s given by
L+g,t kug, = ko,
dg, = Hdﬁv’ dg, =41 —q," kyp, is quadratic unramified over k,,,
ves 1—q,? kyp, is quadratic ramified over k.

Let gz be the genus of L. To avoid the notational confusion, here we denote the genus
of k by gp. EN(DL) = ¢*", g1 — 1 = 2gx — 2+ n. Hence the preceding formula can also
be expressed as follows:

Corollary 6.10.

1Y fseaenhr  haGe(2 14+ qt — g3
hm i ZL ﬂs,gL— L — k‘(k( )dﬁs H _'_ qu 71q’u .
n—00 qn ZLNﬁ&ngn 1 qgk ves 1+ q,
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