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Abstract

In this paper, we study the existence and the regularity of lo-
cal strong solutions for the Cauchy problem of nonlinear Schrodinger
equations with time-dependent potentials and magnetic fields. We
consider these equations when the nonlinear term is the power type
which is, for example, equal to AlulP~'u with some 1 < p < o0,
A € R. We prove local well-posedness of strong solutions under the
additional assumption 1 < p < 1+ 4/(n —4) for space dimension
n > 5, and local smoothing effects of it under the additional assump-
tion 1 < p <14 2/(n —4) for n > 5 without any restrictions on
n.
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1 Introduction

We study local well-posedness and smoothing effects of the following nonlin-
ear Schrodinger equation with magnetic fields:

oo 1y
i0pu =3 E_ (—i0; — Aj(t,x))*u
J= (NLS)
+V(t,x)u+ F(u), (t,x) € RxR",

u(0,z) = ¢(x), =€R",

where u is a complex valued unknown function on R x R", the initial data
¢ is a complex valued given function on R", the components of the vector
potential A; (j = 1,...,n) are real valued given functions on R x R", the
linear scalar potential V' is a real valued given function on R x R", and
the nonlinear function F' is a complex valued given function on C. We can
find this type equation, for example, in the Maxwell Schrodinger equations,
which are the classical approximation to the quantum field equations for an
electrodynamical nonrelativistic many body system (see, e.g., Tsutsumi [23]).

This paper is the sequel to the paper [13] by one of the authors. We will
construct the strong solutions by using the contraction methods. For (NLS),
the corresponding time-dependent linear Schrodinger equation is as follows:

i0u = H(t)u, (LS)

where
n

is time-dependent Schrodinger operator acting in L2(R™). In [27], Yajima
constructed the fundamental solution generated by this Hamiltonian as an
extension of Fujiwara’s results [3, 4]. We will solve the integral equation
corresponding to (NLS) by using some properties of the propagator to this
Hamiltonian.

The Cauchy problem for nonlinear Schrodinger equations with power non-
linearity and linear potentials or magnetic fields has been investigated by
many authors. Well-posedness of weak solutions to (NLS) is well known (see
also [5, 6, 8, 9, 21] for the case A =V =0, [9, 14] for the case A = 0 and
V # 0, [1, 13] for the case A # 0 and V # 0 and references therein). In
particular, we mention that well-posedness of strong solutions to (NLS) was



proved in [9, 22] when A =V =0, in [9] when A =0 and V # 0 (cf. [15] for
the the Zakharov equations). In this paper, we will study well-posedness of
strong solutions to (NLS) when A # 0 and V' # 0.

For the proof of well-posedness for nonlinear Schrodinger equations, we
usually employ the Strichartz estimate, which is an estimate on a space-time
integral of solutions to the linear problem. For the free Schrodinger group,
this was proved by Strichartz [20] (see also [6, 9, 25]). It is well-known that
this estimate also holds for A = 0 and V # 0 with some conditions (cf.
[7, 9, 10]). In this paper, we use an Strichartz estimate with A # 0 and
V' # 0 which is obtained by Yajima [27] (Lemma 2.6). We also use so-called
the endpoint Strichartz estimates obtained by Keel and Tao [11].

On the other hand, solutions of the Schrodinger type equations have
smoothing effects, that is, the solution is smoother than the initial data for
almost all time ¢. For the free Schrédinger group, Sjolin [17] has proved the
following inequality to exhibit this property

/ / 6(t,2)(1 — A" f2dudt < C||f|2, Vf € L2, 6 € C(R™)
s

(cf. [2, 24]). Yajima [26] has proved it for the equation (LS), which we will
quote as Lemma 4.1 below. Recently, Yajima and Zhang [28, 29, 30, 31] have
proved this property for (LS) and well-posedness for (NLS), when A = 0 and
V' is superquadratic at infinity. When 1 < n < 7, one of the authors [12]
and Sjolin [18] showed this property for the strong solutions to (NLS) with
A =V = 0. We will prove the smoothing effects of the strong solutions to
(NLS) with scalar potentials and magnetic fields for all space dimensions,
time-locally. This property for the weak solutions to (NLS) with potentials
and magnetic fields was studied in the previous paper [13] (cf. [19] for the
case A=V =0).

We assume the following assumptions on the vector potential and the
scalar potential, which are introduced by Yajima [26, 27].

Assumption (A). For j =1,...,n, A; is a continuous function of (¢, z) €
R x R" and a C*™ class function of x for each t. 9%A; is a C" class function
of (t,x) € R x R" for any multi-index «. A satisfies for |a| > 1,

|05 Bji(t, )] < Cala) ™77,
0 A(t, 2)| + 8,0 A(t, )| < Ci,

with some e > 0 where A(t,z) = (Ai(t, z),..., A (t, 2)), Bjr(t,x) = 0;Ai(t, x)—
8kAj(t, $)



Assumption (V). V is a continuous function of (¢,x2) € R x R™ and a C'*
class function of  for each t. 9%V is a continuous function of (t,z) € R xR"
for any multi-index «. V' satisfies

0;V (L, 2)| < Ca, (1.3)
for |a| > 2.

We also assume the following assumptions on the nonlinear function F.
(cf.[8, 9])

Assumption (F1). F' € C'(C,C) in the real sense with F'(0) = 0.

Let F' € C'(C,C). For z € C, we define the linear operator F’(z) on C
by
F'(2)w = 0,F(2)w + 0:F(2), for w € C,
where 0. = 3(9; — i0,) and 9; = (¢ + i0,) and where & and 7 are real and
imaginary parts of z € C, respectively.

Assumption (F2). There exists M > 0 such that for |z| > 1,
|F'(2)] = max{|0.F(2)|, [0:F (2)[} < M|z["",
with some 1 < p < o0.
We introduce the following function spaces. We set for k =0,1,...,
S(k) = {f € L: || fllsg) < oo}
[ flls@w) = Z Hﬂ?aaﬁfH%
lo+B|<k

and let ¥(—k) be a dual space of 3(k). Then (k) is a Banach space with
the norm || - ||sx)-

Definition. We call the components (q,r) an admissible pair if they satisfy

) a

and2<¢<o0ifn=12<¢g<o0ifn=22<¢< 2 ifn>3.
Let
Xy = N L' (Ip, LY), (1.5)
(¢,r): admissible pair
and let
Xr = Xr N C(Ir, L?), (1.6)

where It = [0, 7.



Remark 1.1. For this definition, we take the results of Keel and Tao [11]
into consideration.

We claim the main results of this paper.

Theorem 1. Assume Assumptions (A), (V) and (F1). In addition, ifn > 5,
assume Assumption (F2) with 1 <p < 14+4/(n—4). Then for any ¢ € 3(2),
there exists T > 0 depending only on ||¢|/x) such that (NLS) has a unique
solution u with u(0) = ¢ in C'(Ir, X(2)). Furthermore Oyu € Xp, in particular
u < O(IT, 2(2)) N Cl(IT, L2)

Theorem 2. Let ¢ € 3(2) and let u € C(Ir,,3(2)) be a solution of (NLS)
with w(0) = ¢. If ¢p — ¢ in 3(2), then for k € N sufficiently large, there
exists a solution uy, € C(Ig,, X(2)) of (NLS) with ug(0) = ¢, and u — u in
O(ITov 2(2))

Theorem 3. Assume Assumptions (A), (V) and (F1). In addition, ifn > 5,
assume Assumption (F2) with 1 <p <14 2/(n —4). Let u be the solution
of (NLS) obtained in Theorem 1. Then for u > 1/2,

() =52(D,.)>2u(t)|[3 dt < oo,
It

where (D,) = (I — A)V/2.

Remark 1.2. When n > 5, we can prove Theorems 1 and 2, that is, local
well-posedness of (NLS) under the assumption 1 < p < 1+4/(n —4). On
the other hand, we can obtain local smoothing effects only in the case of
1 <p<1+42/(n—4), because we have to show that the nonlinear term,
the time derivative of it and so forth belong to L'(Ir; L?(R™)) by using the
Sobolev embedding theorem (see Lemma 4.2).

Remark 1.3. In Assumption (V), we assume continuity for the scalar po-
tentials. In fact the fundamental solution of (LS) can be constructed for the
scalar potentials with singularities under the suitable conditions (see The-
orem 7 in Yajima [27]). Thus using this property, we can show the local
well-posedness of (NLS) for these scalar potentials with singularities. But
since we do not have the local smoothing property of the propagator of (LS)
for singular potentials even when A = F' = (0, we nned to assume continuity
for the scalar potentials to prove the local smoothing effects of (NLS).

Remark 1.4. When A and V are independent of ¢, that is, H(t) = H, it is
rather easy to prove Theorems 1 and 2 because 0; is commutable with H.



If V' is bounded from below, H defined on C§° is essentially self-adjoint in
L*(R") (see, e.g., Theorem X.34 in [16]). Therefore by Stone’s theorem we
can prove theorems by using e # instead of U(t,0), where H is the self-
adjoint realization of H. We note that e~ satisfy the Strichartz estimate
if |t] is small enough (cf. [1]).

Notations. Let LI(R"™) = {w: 190l = (Jgn |¢(9€)|qu)1/(] < oo} for 1 <
q < oo, and let L¥(R") = {¢: ||¢]|cc = €8S.Supern|¥()| < 00}. Let the
Sobolev space H¥(R") = {w: ||| e = ngk |0%Y||2 < oo}, for positive
integer k. For simplicity, we denote the space LI(R") by L? and the space
HY(R™) by H*, respectively. For the Banach space X and the interval I,
let C(I,X) be a set of X-valued strong continuous functions on I, and let

Li(1,X) be a set of X-valued LI-functions on I. We put L%" = L"(I, L?)
with the norm

1/r
r|f||w=(/ ||f<t,->||;dt) C ifl<r<oo,
I

£ llg.00 = ess. supie [ f (2 ) llg-

We denote the set of rapidly decreasing functions on R™ by S(R™). We
denote various constants by C, M and so forth. They may differ from line to
line, when it does not cause any confusion.

We use the following symbols:

0 0
Oh=—, Op=—,fork=1,...,n,
! (925 F 8xk
oy =000, a¥=af---x0m,  for any multi-index o = (o, ..., qy),

V=(0...,0) A=0+-+0
(@) = (L+ |2,
aV b=max{a,b}.
Outline of this paper is as follows. In Section 2, we introduce some results
of (LS) obtained in Yajima [27]. In Section 3, we prove Theorems 1 and 2,
that is, the local well-posedness of the strong solutions to (NLS) by the
contraction method in the suitable function spaces. In Section 4, we prove

Theorem 3, that is, the local smoothing effects of the strong solutions to
(NLS) by using the smoothing property of (LS) obtained in Yajima [26].

2 Preliminaries

We introduce some results for the linear equation (LS) in Yajima [27].
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Lemma 2.1 (Yajima [27]). Assume Assumptions (A) and (V). Then there
exists a unique propagator {U(t, s)}iser for (LS) satisfying the following
properties:

1. For any t # s, U(t,s) maps S(R") into S(R"™) continuously and ex-
tends a unitary operator in L*(R™) which satisfies U(t,r)U(r,s) =
Ult,s).

2. For v € X(2), U(-, )y € C(R* X(2)) N CHR?, L?), and the following

equations hold:

i0,U(t, s) = H(t)U(t, s),
10U (t,s)y = —=U(t, s)H(s).

Lemma 2.2 (Yajima [27]). Assume Assumptions (A) and (V). Then there
exists T > 0 such that for 0 < |t —s| < T, U(t,s) can be represented as in
the form of oscillatory integral

(U(t, s)f)(z) = 2mi(t — s))~"? / STt 5,1, y) fy) dy.

n

Then {U(t,s): |t —s| < T, t,s € R} is strongly continuous in L*(R™).
Here S(t,s,x,y) and b(t,s,x,y) are uniquely determined functions satisfy
the following properties:

1. S(t,s,z,y) is Ctin (t,s,2,y), C® in (z,y), and satisfies
1
(Gts)(ta S,.T,y) + 5((8505)(ta s,x,y) - A(tax)) + V(t,ﬂ?) = 07
1
(885)(15, va7y) - 5((ays)(t7 vaay) - A(Say)) + V(S7y) = 0.

Furthermore, if 0 < [t — s| < T,

a 203 o |$—y|2
9,0, [S(t,s,x,y) 2(2&—3)]

< Ca,ﬁ>

Jor |a+ | < 2.

2. b(t,s,x,y) is C®in (z,y), and for any multi-indices «, 3, 8?(95()(75, S, 2,Y)
is C1in (t,s,2,y), and satisfies

|8§85[b<t,$71’,y) - 1” S Ca,ﬁ

for 0 < |t —s| < T and for any a, j.
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The following lemma is the LP-L? estimate for U(t, s).

Lemma 2.3 (Yajima [27]). Let 2 < g < oo and let ¢ satisfy % + i = 1.
Then there exist T > 0 sufficiently small and Cy, > 0 such that for 0 <
It —s| <T,

1Tt 9)fllg < Colt = 517" fllg-

We define linear operators L and G as follows:
(Lo)(t) = U(t,0)0,
@R = [ vt ds,
0

for t € R.
These operators have the following properties (see Yajima [26], [27]). Let
I be a compact subinterval of [0, 7.

Lemma 2.4. L is a bounded operator from L? into C(I, L*)NAC(I,%(—2))
satisfying

i0,Lo = H(t)Lo,
for ¢ € L? and a.e. t € I in X(—2), where AC is the class of absolutely
continuous functions.

Lemma 2.5. If f € L*(I,L?), then Gf € C(I,L*) N AC(I,%(—2)) and it
follows that

i0,Gf =H({t)Gf +if, (2.1)
for a.e. t € I in X(—2).

The following Strichartz estimates are obtained in Yajima [27]. Let Ip =
0,71 < [0,71.

Lemma 2.6. Assume that the components (q;,r;) are arbitrary admissible
pairs, wherei = 0, 1,2, and let (q.,r}) be dual of (g;, 1), namely 1/¢;4+1/q¢. = 1
and 1/r; +1/ri = 1. Then L is a bounded operator from L* into L*", and G
is a bounded operator from L%" into L9 the bounds are independent of
T. Namely, there exist C,C" > 0 independent of T such that

[Lollgr < Clloll2, (2.2)
G fllgrrs < Cllf gy (2.3)

Furthermore, Ly € C(Ip,L*) and Gf € C(Ip,L*) for any ¢ € L* and
feLemn,



Remark 2.1. We can obtain the endpoint estimate since U(t, s) satisfies
both the energy and the decay estimates introduced by Keel and Tao (see

p.955 in [11]).

Remark 2.2. Under Assumptions (A) and (V), it is easily seen that there

exists C' > 0, depending on 7', such that

for any t € I and x € R™.

(2.4)

(2.5)

Remark 2.3. Under Assumptions (F1) and (F2), it is easily seen that F'

can be decomposed in the form

F=F 4+ F,, Fl,FQGCl(C,C), F1(0>:F2(0>:O,
[Fi(2)] < Milz],  |Fi(2)] < M,
|Fo(2)] < MalzfP, | F3(2)] < Mo|2"™,

for z € C (see Kato [9]).

3 Proof of Theorem 1 and Theorem 2

First we consider n > 4. We assume that 1 <p < 1+4/(n —4). Note that

1 < p < oo when n=4.

We introduce the following function spaces and their norms. Let Iy =

[0,7] for 0 < T < T, where T is introduced in Lemma 2.3.

2 00 4p 2
Xp = L[> Lt

luller = llullo,co V lull sz, 2,
Xp = [P 4 Lwtre,
[Vl = inf{{Jvi |21 + HM\%,%i v =01 + vz}

XT - C(]T7 L2) N L%’%a

where [ = 2(1 — 2) so that 0 <[ < 1. Then X7 and X7 are Banach spaces.

1
p

Remark 3.1. The pairs (2,00) and (22, 2) are admissible. The pairs (2,1)

pF10 T

and (722, -2.) are dual of (2,00) and (=2, 2), respectively.

3p—17 2—1 101
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We define the function space Zr as follows:
Zr =A{u: [lul|z, < oo},
Zr={u¢€ Zp:ue C(Ip,%(2)), uc C(Ir, L*)}
where
lull ze = ullzoe V1 Aullzse V 2 Vullx, V lzPullx, V (|0l -
Then Zr is a Banach space.

Remark 3.2. Since n > 4 and 1 < p < 1+ 4/(n —4), it follows from the
Sobolev embedding theorem that

¥(2) — H? — H* — L. (3.1)
Lemma 3.1. Let ¢ € S(R"), f € S(R™™), and let v= Lo —iGf. Then
120 = L% ) — iG 224 (0) — iAp)v + v + 332 f], (3.2)

v =L(9}¢) — iG[{(i/2)(F(V - A)) + |0k A|> + A- 07 A+ 0V }v
+i0f A -V + 2i0, A - 0, Vv + 0 f].
Proof. We differentiate the equations v = L¢ — ¢G f. Then we have

i0w = H(t)v+ f,

(3.3)

and hence,

iOu(atv) —a2H (v + a2
=H (t)(xjv) — [H(t), 7¢]v + 2 f
=H (t)(z}v) + 224 (0 — iAR)v +v + 21 f.

Noting that (22v)(0) = z2¢, we have (3.2). In the exactly similar way, we
can prove (3.3) and (3.4). O

Lemma 3.2. If T > 0 s sufficiently small, L is a bounded operator from
Y(2) into Zr, the bound is independent of T. Namely, if T > 0 is sufficiently
small, there exists C' > 0 independent of T' such that

1L&ll 2, < Clidlls- (3.5)
Furthermore, Lo € Zy for any ¢ € ¥(2).
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Proof. We first assume ¢ € S(R"™). By (2.2), we have
IL@]2,00 < cll@]]2- (3.6)

By the application of Lemma 2.6 to the equalities in Lemma 3.1, we have
the following estimates

102 L x,
<|L(3¢) — iG[{(i/2)(02(V - A)) + | A + A - 0} A+ 0,V } Lo
1+ {i0,V - A+ 2(A- A+ 0,V)}0, Lo
+i0; A - VLo + 2i0, A - O,V L) x,
<cl|iollz + cl{(i/2)(Fi(V - A)) + [Al* + A- A+ VLG (3.7)
+ {i0,V - A+ 2(A- 0 A+ 0,V)}0, Lo
+i0f A - VLo + 2i0,A - 0V Lo|21
<cl|aFoll2 + T ([ Lpll2,00 + |21 LYll2,00
+ |21k LY ll2,00 + 07 L |2.00);

|20k L | x

<|| (x40 d) — iG[(i/2)21 (%Y - A)Lp + iz, A - VLo
+ (24 A - OpA + 240,V ) Lo + 0i Lo — i A0 L) || xp

<||xOkd|l2 + €||(i/2)x1(0pV - A) L + iz Op A - VL (3.8)
+ (1A - OpA + 140,V )L + 0f Lp — i ApOy Lb||2.1

<cllzxdidllz + T([ Lol 200 + 1ok L1200
+ [[240k L |2,00 + 105 LY|2,00)

242 L] x7
<||L(21¢) — iG (224 (), — iAx) L& + L[|,

. 3.9
<clle?ll + cl20u(dh — i44) L6 + Loy 39
<cllzxOkdllz + T(|Ll200 + 24" L2000 + |26k L |2,00)-
We have used Remark 2.2. By Lemmas 2.4 and 2.6, we obtain
Oy L <||[H(t)L
|0.L]xr <| LS x, 510

<c(ILellx, + el Lollxy + |z - VL x, + [ ALY x).
From (3.6), (3.7), (3.8), (3.9) and (3.10), it follows that
1Lo]lzr < clldlls@) + TlILe] 2

Therefore, if T > 0 is small enough, (3.5) holds for ¢ € S(R"™). By the
density argument, we see that if 7" > 0 is small enough, (3.5) holds for any

¢ € X(2).

11



Actually, Lo € Zr for any ¢ € 3(2). This follows from Lemmas 2.4 and
2.6 immediately. O

Remark 3.3. According to the proof of Lemma 3.2, we see that AL¢p € Xr
for any ¢ € 3(2).

Lemma 3.3. Let f € L** and O,f, |x|*f, ©-Vf € X}. Assume that T >0
is sufficiently small and that f(0) € L? exists. Then Gf € Zp. Furthermore
there exists C' > 0 independent of T' such that

G fllzr < CUIfllz00 + 2P Fllxg + 1z Vg + 10:fllxg). (3:11)
In particular, if f € C(Ir, L?), then Gf € Zr.
Proof. First we assume that f € S(R"™!). By Lemma 2.6, we see that

1G fll2,00 < | fll21, (3.12)
and that Gf € C(Ir, L?). By the application of Lemma 2.6 to the equalities

in Lemma 3.1, we have the following estimates
|2k OG f || 1
<|IG[(i/2)xk(0xV - A)Gf + ixxOrLA - VG f
+ (2p A - WA+ 1,0 V)Gf + 0RGf — i AOLG f + 210k f]| xr
<c||(i/2)xk(0kV - A)Gf + izpOp A - VG f
+ (2p A - A+ 2,0, V)Gf + 0RGf — i ApOpG fll 21
+ cl|zx0 f | xz,
<TG fllzo0 + 102G flloo + 120k G f 12,00 + [124° G fll2,00)
+ cl|lzx O f | x4

(3.13)

and
l2x° G f |l xr <NG[224(Oh — iAR)Gf + G f + 22 ]| xr
<c|221(0h — iAR)G f + Gfllon + cllzi’ fll x;
<cT([Gfllaoo + 12k0kG fllz.00 + [[24°G fll2,00)
+ cllzn® £l xs-
We have used Remark 2.2. Since
OGf =Go,f+Lf(0)+iGH(-)f —iH(t)Gf

:G@f+Lﬂm+ﬂ;AGf—GAﬁ

(3.14)

. i 1 (3.15)
+G{(i(V-A) + §A -V + §|A|2 +V)f}

—qu@+§+v+%mﬁ+mcn

12



it follows from Lemma 2.6 that

10:G fllxr <c(0ef llxg + I fllox + 1FO) 2 + [Nl Fllxg, + llz - V fllx,
+12PGfllxr + [l2 - VG fllxg) + T AG |00
(3.16)

It follows from (2.1) that
AGf = =20,Gf +i(V-AGf+2iA-VGf +|APGf +2VGf+2if. (3.17)
By Lemma 2.6, we see

IAG 2,00
<||0,Gf —i(V-AGf —2iA-VGf — |APGf = 2VGf — fll2.0e
<c(llz- VG flzo + 2l*Gfllzeo + 10efllxy + [1f]121

+HIF Oz + 12 fllxg, + 2 Vi llxg) + TINAGf[l2.00,

and hence for 7" > 0 sufficiently small,

IAG f 200 <c(llz - VG oo + 12 G fll200 + 100flx,

3.18
1l + 1O+ el + - V). )

From the above estimates, we have

G fllze <c(lfllza + 1F Oz + N2 Fllxg, + llz - V fllxg, + 110:f l1x;)
+ TG zp-

Therefore, if T' > 0 is sufficiently small,

IGFllze < c(llfllza + IOz + N2l fllx + 2 - V fllxg + 10 fllxs.), (3.19)

for f € S(R™). By the density argument, (3.19) holds for any f satisfying
the assumptions of this lemma. Since ||fll21 < T'||fll2,00, [|£(0)]]2 < || f]]2,00
this implies (3.11) for 7" > 0 sufficiently small.

In view of Lemma 2.6 and (3.15), it is easy to see that 8,Gf € C(Ir, L?).
Therefore we see that Gf € Zp if in addition f € C(Ir, L?). O

Remark 3.4. Note that AGf does not always belong to the auxiliary space
Xp for f satisfying the assumptions of Lemma 3.3. On the other hand,
ALy € Xr for ¢ € 3(2) (see Remark 3.3). We will set f = F(u) for u € Zp
in the proof of Theorem 1. On the other hand, in the proof of existence of
Y (1)-solution, VG F'(u) belongs to the auxiliary space. (cf. [13]).
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To estimate the nonlinear term, we need the following two lemmas which
are immediate consequences of Lemma 4.1 and Proposition 7.5 in Kato [9],
respectively.

Lemma 3.4. F maps L? into L? continuously, and maps bounded sets of
L?P into bounded sets of L>.

Let m=1-—1.
Lemma 3.5. There exists C' > 0 independent of T' such that

[u(t) = u(s)lls < CJt = sll|ul 2,
[u(t) = u(s)ll2p < CJt = s["|[ull 2,

for any uw € Zr and t,s € Ip.

We prove Theorem 1 by the contraction method. We introduce the fol-
lowing integral equation

u(t) = (Lo)(t) — i(GF(u))(t). (3.20)
We define the linear operator
K(u) = L¢ — iGF(u),
and the ball in Z7
Brr={u€ Zr: |ullz; < R, u(0) = ¢},
for T, R > 0.

Remark 3.5. By p is a complete metric space in X7 metric. We can prove
this property following, e.g., the proof of Proposition 6.6 in Kato [9].

Proposition 3.1. Let ¢ € ¥(2). K maps Br.r into Brgr if R is sufficiently
large and T is sufficiently small, depending only on ||@| s(2)-

Proof. Let w € Brpg. Note that by the Holder inequality and (3.1), the
following inequalities hold.

17 o <T™I] s, (3:21)
170 e 2 < 1S o 2 gl (3.22)
901200 < cllgll g i) < clgllzr- (3.23)

14



Recall Remark 2.3. We have the following estimates:

172—1

<M [ ullz00 + MaT™ (|| uf?]| a0 2

= F ()l x;, <MlllzPullzs + Mol P lulll s

, I (3.24)
SMT|2Pullz00 + MT™ |||zl 5, 2H'u\|2poo

<M T|ullzy + M T™[|ullZ,.,

lz- VF()llx, <Ml Vulog+ Moz VululP 7 o o
<M T||z - Vul|2,00 + MT™ || - Vu]u\p 1H p 2
ST (3.95)
<M T||z - Vullz,c0 + MoT™ ||z - V| o QHUHQPOO

<M T|ullzy + M T™[|ullZ,.,
10 ()l ey, <Mi[|Opullzn + Ma[Jul” Orul] se 2

-1’21

<SMT | Opul|2,00 + MT™[[[ul” ™ Opul] sz

(3.26)
<M T|Oullz.00 + MT™ [ Opu]| o 2 Hqupoo
SMTullz, + MT™ |[ull,
By Remark 2.3, we have for 21, z5 € C,
|Fi(21) — Fi(22)| <Mz — 2o,
- - (3.27)
[Fo(21) — Fa(2)| <Malz1 — 2of(|2 |7 + |22]" 7).
From Lemma 3.5, (3.1) and the Hélder inequality, we have
I3 (u(t)) = B s)) e SMf) — )] 29

<cMylt = sl ull 2y
[Fa(u(t)) — Fa(u(s))ll2 <Mel[Ju(t) — u(s)|(Ju(t)]"~ + |u(s) ")
<Mou(t) = u(s)|lop(llu(®) |, + lluls)l5,") (3.29)
<cMplt — s|™(JullZ,,
for any t,s € Ip. Therefore from Lemma 3.4, we obtain

1E(u)l[2,00 SIF(D)l2,00 + 1 (1) = F(8) 2,00

N 3.30)
<clléllse + cMiTlullzy + MT™ ],

where u(0) = ¢. From these estimates, if 7' > 0 is small enough, we can
apply Lemma 3.3 with f = F(u). Then we have

IGE W)l ze < clldlln@) + eMT|ullz, + MT™ |[ully,,
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for T sufficiently small. By (2.2), we see that if T > 0 is small enough,
1K (W)llzr < cll@llz@) + eMT |ullz, + eMT™|JullZ,. (3.31)
The fact u € By r implies
K ()] 2, < cl|lls@) + cMiTR+ cMyT™RP.

Hence we can choose R > 0 sufficiently large and 7" > 0 sufficiently small so
that

Pl + cMiTR + cM;T"RP < R.
It follows from (3.31) that
1K ()l zr < R.
U

Proposition 3.2. K is a contraction mapping on Br g in X metric if R is
sufficiently large and T is sufficiently small, depending only on ||¢||s ().

Proof. Let u,v € Br . By the definition of K, we see
K(u) — K(v) = —i(GF(u) — GF(v)).
Then we have

1K (1) = K(0) ] x;
=[GF(u) = GF ()] xs
<c[Fi(u) = F1(v) ]2 + e Fa(u) = Fa(0)]| 22 =

3p—1°2—1
<CT|IF (W) = FA(0) oo + T Fa(t) = (o) sy 4 (332
<M = vllaoo + MT™ | Ju = vl(ful ™ + o) s, 3
<M T u = vl + M (i + ol o) u = ol g 2
P11

<(eMT + eMT™ R Ju = ]| x-

As in Proposition 3.1, we can choose R sufficiently large and T sufficiently
small, depending only on ||¢||s(2), so that

m -1 1

cMiT 4 cM,TMRP < 3

The proof of this proposition completes. O
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Now we prove Theorem 1 and Theorem 2.

Proof of Theorem 1. First we assume that n > 4 and that 1 <p < 1+4/(n—
4). We show the existence argument. By Remark 3.5, Propositions 3.1 and
3.2, if R is sufficiently large and T is sufficiently small, K has a unique fixed
point u in Br g. Namely, u is a unique solution of (3.20) in Br g. By (3.28)
and (3.29), we see that F(u) € C(Ip,L?). Therefore u € Zg follows from
Lemmas 3.2 and 3.3. Since F(u) € C(Ir, L?), u is a solution of (NLS) by
Lemmas 2.4 and 2.5.

We next prove the uniqueness argument. Let u,v € C(Ir, X(2)) be solu-
tions of (NLS) with «(0) = v(0) = ¢. Then u, v satisfy the integral equation
(3.20). Therefore, as in the proof of Proposition 3.2,

o~ vlx,
=[G~ G x,
<@Mﬁwfvmw+waﬂwmmm+wmmmm ol s

<{cM1T—|—cM2Tm(||UH ITz )+||U||LOO(ITZ )}Hu vl|xz-

We can choose T' > 0 sufficiently small, depending only on ||¢||s;2), so that

1
< =

M T + M T ([ull 1y mmy + 01T s) < 5

Hence, if T' > 0 sufficiently small, we have
Ju = vllx, = 0.
Finally we show that dyu € X . From (3.15), we note that
=H()LO GO ~ z’LF(¢) + 1(AGF(U) _ GAF(u))
) (3.33)
+ G{(i(V - A)+ A V+ - \A! +V)F(u)}
— (V- A) + 5A -V + §|A|2 + V)G (u).

Since terms in RHS of (3.33) except the 1st and the last terms are images of
L or G, they are in Xp. For the 4th term, we have also used (3.4). For the
first and the last terms, by Lemma 2.6, for any (g, r) satisfying (1.4), we can
see that

[H(t)Lo|lgr < cll@llse)
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and that

IGE@)llgr V N12PGE (W)lgr V [l VGF ().
VIGGE ()llgr V [[AGE (u)]],00
<CIF) 200 + llz*F (W)l + 1z - VE(u)lxy, + 0.5 (w)x),

in the exactly same way as the proof of (3.5), (3.11), respectively. Thus we
obtain d,u € Xp. Since u € Zp, we have dyu € Xp. The proof of Theorem 1
is complete for n > 4.

When n < 3, the proof is similar but much simpler. In this case, we
set [1 = F, F, = 0 and Xy = L?»* in the proof above. Using the fact
Zp — L>(Ir x R"), we can show this theorem in the same way as above.
We omit the details.

O

Proof of Theorem 2. First we assume that n > 4 and that 1 < p < 1+
4/(n —4). Assume that ¢ € 3(2) and that v € C(Ig,, X(2)) is a solution of
(NLS) with u(0) = ¢. We also assume that ¢,, € ¥(2) for n =1,2,..., and
that ¢, — ¢ as n — oo in X(2). By standard continuation argument, it is
sufficient to prove that w, — u in Z7 for T' > 0 sufficiently small depending
only on [|¢||x). Let
K, (v) = L¢, —iGF (v),

forn=1,2,.... According to the proof of Theorem 1, if T" > 0 is sufficiently
small and R > 0 is sufficiently large, depending only on ||¢||s(2), v is a unique
fixed point of K in Bp g, and K, has a unique fixed point w, in Br g for n
sufficiently large. Then wu, is a unique solution of (NLS) in C(Ir,3(2)) with
un(0) = .

As in the proof of Proposition 3.2, we see

[un — ullxp = | Kn(un) — K(u)||x,
< |[Lpn — Lol xp + |GF (un) — GF(u)]| xyp
< c||n — @2 + (M T + cMngRp_l)Hun — ul| xp-

This implies that if 7" > 0 is small enough,
[un = ullxy < cllén — Ol

We obtain that u, — w in Xp. Since ||u,(t)|l g2 < |lunllzy < R, it follows
that u, — u in L®(Ip, H?) for any [ < 1.

18



By Lemmas 3.2 and 3.3, we see that

[un — ull 2

=K (un) — K ()| 27

<[|L¢n — Loz, + [GF (un) = GF ()] 2,

<cllgn = @llne) + (| F(un) — F()]l2,00 + [l (F(un) = F(u))|lx;,
+ [z - V(F(un) = F(w)llxg + 10:(F (un) — F(u))]lx;)

<cllgn = @llse) + (| F(un) = F()]l2,00 + [l (F(un) = F(u))|lx;,
+ 1 ()2 - V(un — u)lxy + [(F(ua) — F'(u)z - Vul x;,
+ 1 () (Opun — Opu) [ xy, + [ (F" (un) — F'(w))Opul| .

As in the proof of Proposition 3.1, we have

[E (un) = F(w)]l2,00 M T ||tp — ] 2,00
+ MoT™ RP~ |y, — | ay

<(M,T + MyT™RP~ 1>||un — ullxy,

24 (F (un) = F(u))llxq, MT|Jx®(un — u)|2.00
T o )
S(MT + MoT™ R |y (i — w)
On the other hand, by Assumption (F2), it is easily seen
| F (un )z - V(g —u)|x7, < (MiT + MoT™RP Y|z - V(uy — )] xp,

IF" (un) (Opuiny, — Opu) || x1, < (MLT + MoT™RP™) || Oyt — Opu]| .-
From (3.34)-(3.38), we have

[ — ullz, <cllgn — Slls@) + cll(F'(un) = F'(u))x - Vul|x;,
+ e[ (F'(un) — F'(u))Opul| xs,.,

for T' > 0 sufficiently small.
Therefore it remains to prove

(F'(un) — F'(u))0u — 0,
(F'(up) — F'(u))z - Vu — 0,

as n — oo in X7.
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By Lemma 2.6 and Holder’s inequality, it is easily seen
I(F" (un) — F'(w))
<[(FL(un) = Fi(w)Opul|2n + [[(F3(un) — Fy(u))Opull
<T|[(F{(un) — F{(w))Opull2,00 + T™[|(F5(un) — F3(u))Opul]
<T(|(F{(un) = F1(u))Orul2,00
F Ty un) = P 20 00wl o
<TN(Fi(un) = Fi(u))Oput]|2,00
+ T (Fy(un) = Fy(@))l] 22, oollBrul -

u))Opul| x,

4p 2
3p—1'2—1

=

4p 2
3p—1°1

L

Then noting Remark 2.3, we see that
I(F (un) = Fi()Ogtt]|2,00 — 0,

as n — 0o, by Remark 4.3 in Kato [9], the dominated convergence theorem
and the fact O,u € Xy C L*»*, and that

I F3(un) = Fy(w)] 2 oo — 0,

as n — 00, by Lemma 4.2 in Kato [9]. We note that u, — u in L>®(Ip, H*)
for any [ < 1 and Remark 4.2. These imply (3.39). Similarly, we can prove
(3.40) since z - Vu € Xp C L**.

When n < 3, the proof is similar but much simpler as in the proof of
Theorem 1. Hence we omit the proof in that case.

O

4 Proof of Theorem 3

Before the proof of Theorem 3, We introduce the following results of Yajima
[26].

Lemma 4.1 (Yajima [26]). Assume Assumptions (A) and (V). Let T' >0
be sufficiently small, v > 1/2 and p > 0. There exists a constant C' > 0,
depending on i and p, such that for s € R

s+T
/ [{z) =#{Da)?U (L, ) f 13 dt < CI(DL)* "2 f]3.

-T
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Using Lemma 4.1, we prove Theorem 3.

Proof of Theorem 3. By (3.20), (3.15) and (3.17), we have

() *2(D,)*Pu
(@) 2(D,)*? L — i) >*(D,)**GF (u)
=(a) " 52(D,)*? Loy + 2(x) ™ **(D,)*LF (¢)
+2(x) H (DY) PGOF (u)
+ 2i(x) DI AGF (u) — GAF (u)) (4.1)

+ i{z) D N)VAG(V - A)F(u) + %A - VF(u)

+ %\APF(u) + VF(u) — F(u)]
+ 2(x) 2D F (u).

First we estimate the 1st and 2nd term in the RHS of (4.1). By Lemma 4.1,
it is easily seen that

i [{z) =22 D) (L) ()3 dt < | {Dz)|I3 < o0, (4.2)

and

(@)™ (Dy) (LF (0)) ()13 dt <c|[ F()I13

I
I

<c(lloll3 + ll¢l152) (4.3)
<c(lll3 + lll32.)

<.

We have used Remark 2.3 and (3.1) in the second estimate.

To estimate the 3rd, the 4th and the 5th terms in the RHS of (4.1), we
need the following lemma.

Lemma 4.2. For > 1/2, there exists C > 0, depending on p such that

1/2
(1 H<x>"““1/2<Dx>1/2(Gf)(t)H%dt) < O fllan.
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Proof. Let g € C3°(I7 x R™). By Lemma 4.1 and the Schwarz inequality, we
obtain

[ (@206 ,00) dt'

1

< / () D) U 1 91 (9), o0 s

S/I @)D U8 ) f () allg (D)2 dt ds
1/2
< </1 ( i 1(z)™*12(D)V2U (4, s)f(s)ugdt) ds) g]l2.2

gc( I ||f(s>\|2ds) l9llee.

where (-, -) is the L*(R™) scalar product. By the duality argument, we have
this lemma. O

For the 4th term in the RHS of (4.1), we have

1/2
( [y AR W) - <GAF<u>><t>>||§dt)

<c(|GF(u)ll2n V |zPGF ()20 V |2 - VGF (u)]|2,1
V[ AGF (u)]l2,1)
<cT(|GF (w200 V I[P GF () [l2,00 V |2 - VGF ()| 200
VI[[AGF (u)]l2,00)
<I|GF(u)l 2,
<cT(|F (u)llz00 + |2 F(w) [l xg, + |2 - VE(u)llxg + [0:F () x.)-
Since u € Zr, it follows from (3.24), (3.25), (3.26) and (3.30) that the RHS
of above inequality is finite.

According to Lemma 4.2, to estimate the L?2-norm of the 3rd term in
the RHS of (4.1), it is sufficient to show

OF (u) = F'(u)ou € L**, (4.5)

and to estimate the L*%-norm of the 5th term in the RHS of (4.1), it is
enough to prove

(4.4)

F(u) € L*, (4.6)
|[*F (u) € L™, (4.7)
- VF(u) = F(u)(z-Vu) € L. (4.8)
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On the other hand, to estimate the L?2-norm of the 6th term in the RHS of
(4.1), it is sufficient to prove

F(u) € L*?, (4.9)
VF(u) = F'(u)Vu € L*?. (4.10)

(4.6) and (4.9) follow from (3.30).

We show (4.5). When n < 3, we have already proved in the end of the
proof of Theorem 1. Actually, d;u € L>* implies 0;F(u) € L*»! when n < 3.
When n > 4, since u € L®(Ip, H?), we see that u € L9 for 2 < ¢ < oo
when n =4 and for 2 < ¢ < 2n/(n —4) when n > 5. For proving in the case
of n = 4, we note that there exist the real constants a', b’ satisfying

p—1 1 1

a +E:_’
0<1<1 1<1<1
a — 2 4~V 2

On the other hand, when n > 5, the assumption 1 < p < 14 2/(n — 4)
implies that there exist the real numbers a, b satisfying

2 1 1
S < — o<1 <
n a n

Therefore we obtain that when n = 4, by Holder’s inequality and the fact
0tu € XT;
| F'(u)Opul|an <cMLT||0su|a,.00 + cMoTY 2| [ulP~ 0|20
<M T ||0rull.00 + Mo T2l 1Ol 2
<M T|0pu] 3,00 + T 771 Orel o
<00,
where 7’ is a constant such that (¥, 7’) is an admissible pair, and that when
n > 5, by Holder’s inequality and the fact du € X,
||F'(u)8tu||2,1 §0M1T||8tu||2,oo + CM2T1/2|| |u|p_1(9tu||2,2
<M T |10;ulla00 + MaT 2l 2 |0pul]12
<M T |1;ulla00 + eMaT Y7 [ful|5 5Dyl

<00,
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where r is a constant such that (b, r) is an admissible pair. These imply (4.5).

By (3.20), (3.2) and (3.3), we see that |z|*u and x - Vu are represented
as the sum of the images of L or G. Thus |z[*u,z - Vu € Xr. In the exactly
same way as the proof of (4.5), we can show (4.7) and (4.8).

It remains to show (4.10). When n < 3, the proof of (4.10) is easy.
In fact, noting H*(R™) — L*(R") for n < 3, we see that Vu € L**
implies VF(u) € L**. When n > 4, since Vu € L>®(Ir, H'), we see that
Vu € L*®(Iy, L?) for 2 < ¢ < 2n/(n—2), by the Sobolev embedding theorem.
Therefore by Holder’s inequality, we have when n = 4,

| F' (u) V|22 SCMlTl/ZHVuHZOO + cM2T1/2H ]u\p_1Vu\|2,oo
<M TV ||V ul|a,00 + M2l [Vl oo

<00,
and when n > 5,
| F'(u)Vul|as <cMTY?(|Vul|g00 + cMoT?|||ufP~ V2,00

<eMTY2 | Vullp0 + M T2 ullt 3l Vullooo

<.
These imply (4.10).
0
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