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THE MAPPING CLASS GROUP ACTION ON THE HOMOLOGY
OF THE CONFIGURATION SPACES OF SURFACES

TETSUHIRO MORIYAMA

Abstract. The mapping class group of a surface acts on the homology group

of the configuration space of n-points on that surface. The kernels of the ac-
tions give a structure of the filtration of the mapping class group parameterized

by the number of the points n. In this paper, we will prove that the filtration
coincides with the filtration defined by using the lower central series of the

fundamental group of the surface.

1. Introduction

Let Σ be a compact oriented surface of genus g with boundary ∂Σ ∼= S1 and let
p0 ∈ ∂Σ be a base point. Let Diff+(Σ, ∂Σ) be the orientation preserving diffeomor-
phism group on Σ relative to ∂Σ, and let Mg,1 = π0(Diff+(Σ, ∂Σ)) be the mapping
class group. Mg,1 has the well-known descending filtration {Mg,1(n)}n≥0 defined
by using the lower central series of the fundamental group π1(Σ, p0). Mg,1(n) is
defined to be the kernel of the natural action on the n-th lower central quotient
of π1(Σ, p0). See Section 2 for precise definitions (See Morita [6] [7] [8] for details, or
Johnson’s earlier results [4] [5]).

Let ∆n be the big-diagonal subset of the n-th Cartesian product Σn, and let
An be the subset of Σn such that (Σ, p0)n = (Σn, An). Then the diagonal action
of Diff+(Σ, ∂Σ) on Σn preserves ∆n∪An. We will consider the induced linear rep-
resentation of Mg,1 on Hn = Hn(Σn, ∆n∪An; Z). Let Fn(Σ) = Σn − ∆n be the
configuration space of ordered n-points on Σ. Then Hn is isomorphic to Hn(Fn(Σ)∪
An, An; Z) as an Mg,1-module. In this paper, we will consider (Σn, ∆n∪An) rather
than (Fn(Σ) ∪ An, An).

Our Main Theorem is that the kernel of the representation of Mg,1 on Hn coin-
cides with Mg,1(n) (Theorem 2.1). In section 5, we will define an Mg,1-equivariant
homomorphism φn : Zπ1(Σ, p0) → Hn. Roughly speaking, φn(γ) is the homology
class of the domain of integration for the Chen’s iterated integrals ([1]) along a path
γ. By comparing the action on Hn with π1(Σ, p0) via φn, we will prove the Main
Theorem. In Section 2, we will introduce notations and state the Main Theorem
more precisely.

Similar results are already shown by Beilinson (unpublished, see [3]) for any con-
nected topological manifolds X. Roughly speaking, he considered the n-dimensional
homology group of Xn relative to the subset consisting of all the elements (x1, x2,
. . . , xn) ∈ Xn such that xi = xi+1 for some 0 ≤ i ≤ n, where x0 = xn+1 is a base
point of X. He proved that there exists an isomorphism from J/Jn+1 to such a
homology group, where J is the augmentation ideal of the group ring Zπ1(X, x0).
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His idea is based on Chen’s iterated integrals. From his result, if X = Σ then the
kernels of the action of Mg,1 on these two groups are equal, which is Mg,1(n) (see
Lemma 7.1). Our case is a little complicated because we must consider all the com-
binations xi = p0 and xj = xk (1 ≤ i, j, k ≤ n, j 
= k).

In Section 3, we will study fundamental properties of Hn. We also introduce
an algebra structure of Ĥ =

∏∞
n=0 Hn, which has an Mg,1-action, filtration and

symmetric group action (Lemma 3.1). Often, Ĥ is easier than Hn.
In Section 4, we will construct a relative cell decomposition of (Σn, ∆n∪An) up

to homotopy. (Σn, ∆n∪An) is obtained by attaching n-cells to Dn∪An (Proposi-
tion 4.2). Therefore we will obtain a basis of Hn.

In Section 5, we will define the homomorphism φn, and the formal series ho-
momorphism Φ =

∑∞
n=0 φn : Zπ1(Σ, p0) → Ĥ . Then Φ is an algebra homomor-

phism (Proposition 5.2). Moreover, Φ is injective, and so Mg,1-action on Ĥ is faith-
ful (Remark 6.3).

In Section 6, we study the kernels and images of φn and Φ, and then we will
describe the relation between the cell decomposition and the image of φn. Finally,
we will prove that the Sn-module Hn is generated by all elements of the form
φn1(γ1)φn2(γ2) · · ·φnk(γk) , where ni ≥ 0,

∑k
i=1 ni = n and γi ∈ π1(Σ, p0) (Propo-

sition 6.5). Namely, the action of Mg,1 on Hn is determined by the action on φni(γi).
In Section 7, we will prove the Main Theorem by using the results of the previous

sections.

2. Main Results

Let π1(Σ, p0) = Γ0 ⊃ Γ1 ⊃ Γ2 ⊃ · · · be the lower central series of π1(Σ, p0).
Namely, Γ0 = π1(Σ, p0) and Γn = [Γn−1, Γ0] (n ≥ 1). Let

ρn : Mg,1 → Aut (Γ0/Γn)

be the action induced from the natural action on π1(Σ, p0). We will write Mg,1(n) =
Ker ρn for the kernel. Mg,1(1) is nothing but the Torelli group, which is the sub-
group of Mg,1 consisting of all the elements which acts on H1(Σ; Z) trivially. For any
integer n ≥ 1 and any a pair of space (X, Y ), define the subspaces ∆n(X), An(X, Y )
of Xn to be

∆n(X) =
{

(x1, . . . , xn) ∈ Xn | xi = xj for some i 
= j
}

,

An(X, Y ) =
{

(x1, . . . , xn) ∈ Xn | xi ∈ Y for some i
}

,

and write (X, Y )n =
(
Xn, ∆n(X)∪An(X, Y )

)
. In the case n = 0, we will denote

both (X, Y )0 and (X, Y )0 by a set consisting of one point. Moreover, we will simply
write ∆n = ∆n(Σ) and An = An(Σ, p0).

The diagonal action on Σn of Diff+(Σ, ∂Σ) preserves ∆n∪An. The induced action
on the homology group H∗((Σ, p0)n; Z) does not depend on the choice of the isotopy
classes of a diffeomorphism. By Proposition 3.3, we have only to consider the n-
dimensional homology group Hn. Therefore, we have a linear representation

ρ′n : Mg,1 → GL(Hn),

and let Mg,1(n)′ = Ker ρ′n. It is easy to see that Mg,1(n) = Mg,1(n)′ for n = 0, 1
by definition. Our Main Theorem is the following.
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Theorem 2.1 (Main Theorem). For any integer n ≥ 0, we have

Mg,1(n)′ = Mg,1(n).

Since Mg,1(n) is not the unit group for any n ≥ 0, we have the following corollary.

Corollary 2.2. The representation ρ′n is not faithful for any n ≥ 0.

3. Homology group of (Σ, p0)
n

We introduce a formal series algebra Ĥ =
∏∞

n=0 Hn, whose elements are infinite
formal sums of the type

∑
n≥0 vn (vn ∈ Hn). We will construct some structures on

Ĥ as follows. The representation ρ′n induces the infinite dimensional linear repre-
sentation

ρ′ =
∏
n≥0

ρ′n : Mg,1 → GL(Ĥ).

The natural map (Σ, p0)m × (Σ, p0)n → (Σ, p0)m+n induces the product µm,n :
Hm ⊗ Hn → Hm+n. The unit of Ĥ is [(Σ, p0)0] ∈ H0. We will simply write vw =
µm,n(v, w) for any v ∈ Hm, w ∈ Hn. Let F be the descending filtration of Ĥ

such that FnĤ =
∏

i≥n Hi, and let Sn be the n-th permutation group. Here S0

is the unit group. There are natural actions of Sn on Hn, and the product group
S =

∏
n≥0 Sn on Ĥ . Therefore, we have the following Lemma.

Lemma 3.1. Hn is an (Sn × Mg,1)-module, and hence, Ĥ is an (S × Mg,1)-
module. Moreover, Ĥ has the structure of the non-commutative associative filtered
Mg,1-algebra with action ρ′, product µ and filtration F .

Now, we will study some fundamental properties of Ĥ . Set Yn = (∆n−1×Σ)∪An,
and then we have (Σ, p0)n−1 × (Σ, p0)1 = (Σn, Yn). For i = 1, 2, . . . , n − 1, let
fi : (Σ, p0)n−1 → (∆n∪An, Yn) be the map defined by fi(x1, x2, . . . , xn−1) =
(x1, x2, . . . , xn−1, xi), and set

f =
n−1∐
i=1

fi :
n−1∐

(Σ, p0)n−1 → (∆n∪An−1, Yn).

Lemma 3.2. The induced homology homomorphism

f∗ :
n−1⊕ H∗

(
(Σ, p0)n−1; Z

) → H∗(∆n∪An, Yn; Z)

is an isomorphism as Mg,1-module.

Proof. Let f ′ :
n−1∐

(∆n−1∪An−1) → Yn be the restriction of f to
n−1∐

(∆n−1∪An−1).

and let Yn ∪
f ′

(n−1∐
Σn−1

)
be the attaching space. Then we have an isomorphism

n−1⊕ H∗
(
(Σ, p0)n−1; Z

) ∼= H∗
(
Yn ∪

f ′

n−1∐
i=1

Σn−1, Yn; Z
)

by the excision theorem. Now f and the identity on Yn induce a homeomorphism

(Yn ∪
f ′

n−1∐
i=1

Σn−1, Yn) → (∆n∪An, Yn),
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and this induces an isomorphism
n−1⊕ H∗

(
(Σ, p0)n−1; Z

) ∼=−→ H∗(∆n∪An, Yn).

This isomorphism is f∗, and it is Mg,1-equivariant.

Let us write ∂∗ : H∗((Σ, p0)n; Z) → H∗−1(∆n∪An, Yn; Z) for the connecting
homomorphism of the homology exact sequence of the triple (Σn, ∆n∪An, Yn). Let

∂′
∗ : H∗((Σ, p0)n; Z) → n−1⊕ H∗−1((Σ, p0)n−1; Z)

be ∂′
∗ = f∗−1 ◦ ∂∗, which is Mg,1-equivariant.

Proposition 3.3. Let n ≥ 0 be an integer.
1. If k 
= n, then Hk((Σ, p0)

n; Z) = 0.
2. If n ≥ 1, then we have a short exact sequence

0 → Hn−1 ⊗ H1
µn−1,1→ Hn

∂′
∗→ n−1⊕ Hn−1 → 0

as an Mg,1-module. In particular, Hn is a free abelian group of rank

2g(2g + 1) · · · (2g + (n − 1)).

Proof. (1) is obvious if n ≤ 1, and (2) are obvious if n = 1, so we suppose n ≥ 2.
Let us consider the homology exact sequence of the triple (Σn, ∆n∪An, Yn):

· · · −→ Hk(Σn, Yn; Z)−→Hk((Σ, p0)n; Z) ∂∗−→ Hk−1(∆n∪An, Yn; Z) −→ · · · .

By Lemma 3.2, we can replace the right group with
n−1⊕ Hk−1

(
(Σ, p0)n−1; Z

)
,

and ∂∗ with ∂′∗. The left group is isomorphic to Hk−1((Σ, p0)n−1) ⊗ H1. By the
assumption of induction on n, the groups on both sides of the sequence are zero if
k 
= n, and hence we have Hk((Σ, p0)n; Z) = 0. So, we have proved (1). In the case
k = n, we have (2). We can compute the rank of Hn by induction on n.

Let gr Ĥ = ⊕∞
n=0 grn Ĥ , grn Ĥ = Hn be the associated graded algebra of Ĥ .

Let T [H1] = ⊕n≥0H
⊗n
1 be the free tensor algebra generated by H1 over Z, and let

T [[H1]] =
∏

n≥0 H⊗n
1 be its completed algebra. By Proposition 3.3, we obtain some

corollaries as follows.

Corollary 3.4. Let n ≥ 1 be an integer.
1. Mg,1(n − 1)′ ⊃ Mg,1(n)′.
2. The homomorphism H1

⊗n → Hn of the products of n-elements in H1 is injec-
tive. Moreover, it induces injective graded ring homomorphisms T [H1] → gr Ĥ

and T [[H1]] → Ĥ.

Proof. (1) is immediate because Hn has the Mg,1-submodule Hn−1 ⊗ H1. We will
prove (2). The product H⊗n

1 → Hn is represented as the composition of the homo-
morphisms as follows:

H⊗n
1

µ1,1⊗idn−2−→ H2 ⊗ H⊗n−2
1

µ2,1⊗idn−3−→ · · · µn−2,1⊗id1−→ Hn−1 ⊗ H1
µn−1,1−→ Hn.

Here, idi is the identity on H⊗i
1 (1 ≤ i ≤ n − 2). Each homomorphism is injective

by Proposition 3.3, and therefore, so is the composition.
The maps T [H1] → gr Ĥ and T [[H1]] → Ĥ preserve the product because these

maps are induced by the natural map
∐∞

n=0(Σ, p0)n → ∐∞
n=0(Σ, p0)n
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4. Cell decomposition of (Σ, p0)
n

Let α1, α2, . . . , α2g be free generators for π1(Σ, p0), and fix an embedded circle
(S1

i , p0) ⊂ (Σ, p0) such that S1
i represents αi (1 ≤ i ≤ 2g). Let C =

∨2g
i=1 S1

i .
We can assume that each S1

i intersects each other only on p0 and that the in-
clusion C ↪→ Σ is a homotopy equivalence relative to p0. Then the induced map
(C, p0)n → (Σ, p0)n is also a homotopy equivalence, and hence, we have an iso-
morphism Hn((C, p0)n; Z) ∼= Hn. From now on we will simply denote ∆n(C) and
An(C, p0) by ∆′

n and A′
n respectively.

It is easy to see that Cn − (∆′
n∪A′

n) consists of 2g(2g + 1) · · · (2g + (n − 1))
domains. We will construct a cell decomposition of Cn relative to ∆′

n∪A′
n such that

each cell corresponds to some domain of Cn − (∆′
n∪A′

n). Let x = (x1, x2, . . . , xn) ∈
Cn − (∆′

n∪A′
n). Suppose that the ki points xσj(1), xσj(2), . . . , xσj(kj) are contained

���
�
�
�����

��
��
��
��
��
�� ����

��
�
�
�
�

xσ2g(k2g)

S1
1

xσ2(1) xσ2g(1)

xσ2g(2)

p0

S1
2

S1
2g

xσ1(1)

xσ2(2)

xσ1(k1)

xσ2(k2)

xσ1(2)

Figure 1. A point x on Cn − (∆′
n∪A′

n)

in S1
i so that the ordering corresponds with the orientation of αi (Figure 1), where

i, j, kj, σj(i) satisfies that

2g∑
j=1

kj = n,
{

σj(i)
∣∣ i, j

}
=

{
1, 2, . . ., n

}
ki ≥ 0, 1 ≤ i ≤ kj, 1 ≤ j ≤ 2g.

Then we have data {(kj, σj)}2g
j=1, and we define an element σ ∈ Sn by σ = σ1 ×

σ2 × · · · × σ2g, namely,

σ =
(

1 2 . . . n
σ(1) σ(2) . . . σ(n)

)
σ(k1 + · · ·+ kj−1 + i) = σj(i), 1 < i ≤ kj.

(1)

If we write k = (k1, k2, . . . , k2g), then we have new data (k, σ). Kn will denote the
set consisting of all 2g-tuple of non-negative integers such that the total sum is
equal to n, then k ∈ Kn. Since (k, σ) does not depend on the choice of the point
on a domain, we obtain a map

h : π0(Cn − (∆′
n∪A′

n)) → Kn × Sn.
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The map h is bijective because we can define the inverse h−1 by tracing the above
process in the reverse direction. Therefore we have the following Lemma.

Lemma 4.1. The map h defined as above is a bijection.

Now let ∆n be the n-simplex with coordinates

∆n =
{

(t1, . . . , tn)
∣∣ 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ 1

}
.

Proposition 4.2. Let e(k,σ) be the n-cell corresponding to the domain of Cn −
(∆′

n∪A′
n) by the map h, a more explicit definition is given in the proof. Then we

have a cell decomposition

Cn ∼= (∆′
n∪A′

n)∪
(

∪
(k,σ)∈Kn×Sn

e(k,σ)

)

of Cn relative to ∆′
n∪A′

n. If we write [e(k,σ)] ∈ Hn for the homology class of e(k,σ),
then the set {[e(k,σ)] | (k, σ) ∈ Kn × Sn} is a basis of Hn over Z. Therefore, Hn is
isomorphic to ZKn ⊗ ZSn.

Proof. Fix a data (k, σ) ∈ Kn × Sn, and let {(kj, σj)}2g
j=1 be the associated data

which is determined from (k, σ) by using the formula (1). For i = 1, 2, . . . , 2g, fix a
path α̃j : [0, 1] → S1

j which represents αj. We express the coordinates of points on
∆k1 × ∆k2 × · · · × ∆k2g as follows:

(t1, t2, . . . , t2g) ∈ ∆k1 × ∆k2 × · · ·∆k2g,

tj = (tj,1, tj,2, . . . , tj,kj ) ∈ ∆kj (j = 1, 2, . . . , 2g).

Then we define a map e(k,σ) by

e(k,σ) : ∆k1 × ∆k2 × · · · × ∆k2g → C

e(k,σ)(t1, t2, . . . , t2g) = (x1, x2, . . . , xn)

xσj(i) = α̃j(tj,i) (1 ≤ j ≤ 2g, 1 ≤ i ≤ kj).

(∆′
n∪A′

n)∪ (∪(k,σ)e(k,σ)) denotes the attaching space obtained by attaching ∆k1 ×
∆k2×· · ·×∆k2g by using the restricted map e(k,σ)|∂(∆k1×···×∆k2g ), then the attaching
space is homeomorphic to Cn. Therefore, we can consider e(k,σ) as an n-cell of
Cn relative to ∆′

n∪A′
n. Each domain Int e(k,σ) ⊂ Cn − (∆′

n∪A′
n) corresponds to

h−1(k, σ). Then since all cells have dimension n, it follows that Hn is a free abelian
group, and [e(k,σ)] (k ∈ Kn, σ ∈ Sn) is a basis.

Let 1n ∈ Sn be the unit. The following Corollary is immediately from Proposi-
tion 4.2.

Corollary 4.3. Hn is a free Sn-module with a basis {[e(k,1n)] | k ∈ Kn}, and so
Hn has rank 2g(2g + 1) · · · (2g + n − 1)/n!.

Proof. We have σ∗([e(k,τ)]) = [e(k,στ)] for any k ∈ Kn and σ, τ ∈ Sn, where σ∗ is
the action of σ on Hn. Hence, [e(k,1n)]’s form a basis of the Sn-module Hn.

Remark 4.4. Hn(Σn/Sn, (∆n∪An)/Sn; Z) is isomorphic to the n-th symmetric
tensor power SnH1 of H1. The rank is 2g(2g + 1) · · · (2g + (n − 1))/n!, and the
kernel of the representation Mg,1 → GL(SnH1) is the Torelli group for any n ≥ 1.
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5. Definition of the map Φ

Let γ ∈ π1(Σ, p0) be an element, and fix a path γ̃ such that the homotopy class
is γ. For an integer n ≥ 1, we define an n-chain cn

γ̃ : ∆n → Σn by

cn
γ̃ (t1, t2, . . . , tn) = (γ̃(t1), γ̃(t2), . . . , γ̃(tn)),

for (t1, t2, . . . , tn) ∈ ∆n.Then the homology class [cn
γ̃ ] ∈ Hn does not depend on the

choice of γ̃.

Definition 5.1. Define the additive homomorphism φn : Zπ1(Σ, p0) → Hn such
that

φn(γ) =

{
[cn

γ̃ ], if n ≥ 1
1, if n = 0

for any γ ∈ π1(Σ, p0), and define the map Φ : Zπ1(Σ, p0) → Ĥ to be the formal
series Φ =

∑∞
n=0 φn.

Clearly, Φ is Mg,1-equivariant. We will write I = Ker φ0 to denote the aug-
mentation ideal of Zπ(Σ, p0). Then Zπ1(Σ, p0) is a filtered Mg,1-algebra with the
filtration {In}n≥0.

Proposition 5.2. Φ is a filtered Mg,1-algebra homomorphism.

Namely, Φ satisfies Φ(In) ⊂ FnĤ and preserves the product structure.

Proof. We have only to prove that Φ preserves the product and the filtration.
Φ preserves the product if and only if

φn(γδ) =
n∑

k=0

φk(γ) φn−k(δ)(2)

for any γ, δ ∈ π1(Σ, p0) and n ≥ 0. To prove this, we consider the partition of ∆n

as follows:

∆n = D0∪D1∪ · · · ∪Dn,

Dk =
{

(x1, . . . , xn)
∣∣ xk ≤ 1

2 ≤ xk+1

}
, (1 ≤ k ≤ n).

Here x0 = 0, xn+1 = 1. Let γ̃, δ̃ : ([0, 1], {0, 1}) → (Σ, p0) be paths which represent
γ, δ. Let γ̃δ̃ be the path such that

γ̃δ̃(t) =

{
γ̃(2t) 0 ≤ t ≤ 1

2
,

δ̃(2t − 1) 1
2 ≤ t ≤ 1.

which represents γδ. Then, the homology class [cn
γ̃δ̃
|Dk ] ∈ Hn of the restriction

cn
γ̃δ̃
|Dk to Dk is well-defined, and hence, we have

φn(γδ) = [cn
γ̃ |D0 ] + [cn

γ̃ |D1 ] + · · · + [cn
γ̃ |Dn ].

The equation [cn
γ̃δ̃
|Dk ] = [ck

γ̃][cn−k

δ̃
] is shown by the natural direct product decom-

position Dk
∼= ∆k × ∆n−k. Therefore, we obtain equation (2) as required.

By the Lemma 5.3 (1) which follows this proof, the restriction (φ0 + φ1 + · · · +
φn−1)|In is zero. Hence Φ preserves the filtration.
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Lemma 5.3. Let n ≥ 1 be an integer. For any element of the form (γ1 − 1)(γ2 −
1) · · · (γn − 1) ∈ In, (γi ∈ π1(Σ, p0)), we have

Φ
(
(γ1 − 1)(γ2 − 1) · · · (γn − 1)

) ≡ φ1(γ1)φ1(γ2) · · ·φ1(γn) (mod Fn+1Ĥ).

In particular, we have
1. Ker φn−1 ⊃ In,
2. φn

(
(γ1 − 1)(γ2 − 1) · · · (γn − 1)

)
= φ1(γ1)φ1(γ2) · · ·φ1(γn).

Proof. It is immediately because of the facts Φ(γi−1) ≡ φ1(γi) (mod F2) and that
Φ is a ring-homomorphism.

6. Properties of Φ

Let qn : Zπ1(Σ, p0) → Zπ1(Σ, p0)/In+1 be the quotient map. Since Ker φn ⊃
In+1 (Proposition 5.3 (1)), φn induces the homomorphism

φ′
n : Zπ1(Σ, p0)/In+1 → Hn

which satisfies φ′
n◦ qn = φn. The associated graded homomorphism

gr Φ : gr Zπ1(Σ, p0) → gr Ĥ

is given by grn Zπ1(Σ, p0) = In/In+1, grn Ĥ = Hn and grn Φ = φ′
n|In/In+1 on each

n.

Lemma 6.1. gr Φ is an isomorphism onto the subalgebra T [H1] ⊂ gr Ĥ.

Proof. Clearly, gr0 Φ is an isomorphism, and suppose n ≥ 1. By Lemma 5.3,

grn Φ ((γ1 − 1)(γ2 − 1) · · · (γn − 1)) = φ1(γ1)φ1(γ2) · · ·φ1(γn)

for γi ∈ Zπ1(Σ, p0) (i = 1, 2, . . . , n). Therefore Im(grn Φ) = H⊗n
1 ⊂ Hn, and it is

easy to see that grn Φ is injective.

Let Φn : Zπ1(Σ, p0) /In+1 → Ĥ/Fn+1Ĥ be the homomorphism induced by Φ
which can be written Φn = φ′

0 + φ′
1 + · · ·+ φ′

n.

Proposition 6.2. Φn is injective.

Proof. By Lemma 6.1, grn Φ is injective for any n ≥ 0. Since Φ preserves the filtra-
tions, there exists a commutative diagram as follows.

0 −−−−→ In/In+1 −−−−→ Zπ1(Σ, p0) /In+1 −−−−→ Zπ1(Σ, p0) /In −−−−→ 0

grn Φ

� Φn

� Φn−1

�
0 −−−−→ Hn −−−−→ Ĥ/Fn+1Ĥ −−−−→ Ĥ/FnĤ −−−−→ 0

Now we can prove Proposition by induction on n.

Remark 6.3. By Proposition 6.2, we have Ker Φ ⊂ ∩n≥0I
n. Since π1(Σ, p0) is a free

group, we have ∩n≥0I
n = 0 (Fox [2]). Therefore, Φ is injective. The action of Mg,1

on π1(Σ, p0) is faithful due originally to Nielsen. Consequently, the representation
ρ′ : Mg,1 → GL(Ĥ) is faithful.

Lemma 6.4. If (k, σ) ∈ Kn × Sn, k = (k1, . . . , k2g), then we have

[e(k,σ)] = σ∗
(
φk1(α1) φk2(α2) · · · φk2g(αg)

)
.
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Proof. Since [e(k,σ)] = σ∗[e(k,1n)], we have only to prove Lemma in case σ = 1n.
Let li = (0, · · · , 0, ki, 0, . . . , 0) ∈ Kki be the 2g-tuple of integers such that the i-
th component is ki and the other components are equal to zero. Referring to the
construction of the cells in the proof of Proposition 4.2, we can then verify that

[e(k,1n)] = [e(l1,1k1)
][e(l2,1k2)

] · · · [e(l2g ,1k2g)
],

[e(li,1ki
)] = φki(αi).

Let R be the subalgebra of gr Ĥ generated by all the elements in ∪n≥0 Im φn

over Z, and let Rn = R∩Hn.

Proposition 6.5. Rn generates Hn as an Sn-module.

Proof. By Corollary 4.3, {[e(k,1n)] | k ∈ Kn} generates Hn as an Sn-module. [e(k,1n)]
is contained in Rn by Lemma 6.4. Therefore, Rn generates Hn as an Sn-module.

7. Proof of The Main Theorem

Lemma 7.1. For any integer n ≥ 0, the kernel of the representation of Mg,1 on
Zπ1(Σ, p0)/In+1 is Mg,1(n).

This Lemma is proved easily by using the fact that γ ∈ π1(Σ, p0) is contained in
Γn+1 if and only if γ − 1 ∈ In+1 ([2]).

We now have everything ready to prove the Main Theorem.

Proof of Main Theorem. First we will prove that Mg,1(n)′ ⊂ Mg,1(n). Let K be
the kernel of the representation of Mg,1 on Ĥ/Fn+1Ĥ . By Proposition 6.2, we
can consider Zπ1(Σ, p0)/In+1 as an Mg,1-submodule of Ĥ/Fn+1Ĥ , and therefore
K ⊂ Mg,1(n) by Lemma 7.1. Since the representation on Ĥ/Fn+1Ĥ is ⊕n

i=1 ρ′i,
we have that K = ∩n

i=1Mg,1(n)′ = Mg,1(n)′ by Corollary 3.4 (1). Hence, we have
Mg,1(n)′ ⊂ Mg,1(n).

Next we will prove the converse Mg,1(n)′ ⊃ Mg,1(n). Hn is generated by Rn

as an Sn-module (Proposition 6.5), so we have only to prove that Mg,1(n) acts
on Im φm trivially for m = 1, 2, . . . , n. Since φ′

m is Mg,1-equivariant, we have
ϕ∗(φm(γ)) = φ′

m(ϕ∗(qn(γ))) for any ϕ ∈ Mg,1(n) and γ ∈ π1(Σ, p0). By Lemma 7.1,
ϕ∗(qn(γ)) = qn(γ). Hence, we have ϕ∗ ◦ φm = φm if ϕ ∈ Mg,1(n).

This completes the prove of the Main Theorem.
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