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THE MAPPING CLASS GROUP ACTION ON THE HOMOLOGY
OF THE CONFIGURATION SPACES OF SURFACES

TETSUHIRO MORIYAMA

ABSTRACT. The mapping class group of a surface acts on the homology group
of the configuration space of n-points on that surface. The kernels of the ac-
tions give a structure of the filtration of the mapping class group parameterized
by the number of the points n. In this paper, we will prove that the filtration
coincides with the filtration defined by using the lower central series of the
fundamental group of the surface.

1. INTRODUCTION

Let ¥ be a compact oriented surface of genus ¢ with boundary 0¥ = S' and let
po € 0¥ be a base point. Let Diff { (3, 93) be the orientation preserving diffeomor-
phism group on X relative to 9%, and let M, 1 = mo(Diff (X, 9X)) be the mapping
class group. M, 1 has the well-known descending filtration { Mg 1(n)},>0 defined
by using the lower central series of the fundamental group m1(X, pg). Mgy 1(n) is
defined to be the kernel of the natural action on the n-th lower central quotient
of (X, po). See Section 2 for precise definitions (See Morita [6] [7] [8] for details, or
Johnson’s earlier results [4] [5]).

Let A, be the big-diagonal subset of the n-th Cartesian product 3", and let
A, be the subset of X" such that (X, pg)"” = (X", A,,). Then the diagonal action
of Diff { (X, 0%) on X" preserves A,UA,,. We will consider the induced linear rep-
resentation of My, on H, = H,(¥", A,UA,;Z). Let F,(X) = ¥" — A,, be the
configuration space of ordered n-points on .. Then H,, is isomorphic to H"(F,(X)U
Ay, An; Z) as an Mg 1-module. In this paper, we will consider (X", A,UA,,) rather
than (F,(X) U A,, A,).

Our Main Theorem is that the kernel of the representation of Mg 1 on H,, coin-
cides with M, 1(n) (Theorem 2.1). In section 5, we will define an M, 1-equivariant
homomorphism ¢,, : Zm1 (X, pg) — H,. Roughly speaking, ¢, () is the homology
class of the domain of integration for the Chen’s iterated integrals ([1]) along a path
~. By comparing the action on H,, with 71(3, pg) via ¢,, we will prove the Main
Theorem. In Section 2, we will introduce notations and state the Main Theorem
more precisely.

Similar results are already shown by Beilinson (unpublished, see [3]) for any con-
nected topological manifolds X . Roughly speaking, he considered the n-dimensional
homology group of X" relative to the subset consisting of all the elements (x1, 2,
..., Ty) € X™ such that x; = 2,41 for some 0 < ¢ < n, where xg = x,+1 is a base
point of X. He proved that there exists an isomorphism from J/J"*! to such a
homology group, where J is the augmentation ideal of the group ring Zm (X, xg).
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His idea is based on Chen’s iterated integrals. From his result, if X = ¥ then the
kernels of the action of M, 1 on these two groups are equal, which is M, 1(n) (see
Lemma7.1). Our case is a little complicated because we must consider all the com-
binations x; = po and z; = x5 (1 < 4,5,k <mn, j # k).

In Section 3, we will study fundamental properties of H,. We also introduce
an algebra structure of H = [1,2 ¢ Hn, which has an M -action, filtration and
symmetric group action (Lemma 3.1). Often, H is easier than H,,.

In Section 4, we will construct a relative cell decomposition of (X", A,UA,) up
to homotopy. (X", A,UA,,) is obtained by attaching n-cells to D,,UA,, (Proposi-
tion4.2). Therefore we will obtain a basis of H,.

In Section 5, we will define the homomorphism ¢,,, and the formal series ho-
momorphism ® = > ¢y, : Zm1 (X, po) — H. Then ® is an algebra homomor-
phism (Proposition 5.2). Moreover, ® is injective, and so M 1-action on H is faith-
ful (Remark 6.3).

In Section 6, we study the kernels and images of ¢, and ®, and then we will
describe the relation between the cell decomposition and the image of ¢,. Finally,
we will prove that the &,-module H,, is generated by all elements of the form
qbnl (71)¢ﬂ2 (72) o 'quc(ryk) ) where n; > 0, Zf:l n; = n and Vi € 7T1(E,p0) (PI‘OpO—
sition 6.5). Namely, the action of M, 1 on H,, is determined by the action on ¢, (v;).

In Section 7, we will prove the Main Theorem by using the results of the previous
sections.

2. MAIN RESULTS

Let m(X,po) = To D T1 D Te D --- be the lower central series of (X, po).
Namely, I'g = 71 (%, po) and ', = [[',—1,T0] (n > 1). Let

pn: Mg1 — Aut (To/T,)

be the action induced from the natural action on 71 (3, po). We will write M, 1(n) =
Ker p,, for the kernel. M, ;(1) is nothing but the Torelli group, which is the sub-
group of M ; consisting of all the elements which acts on H; (X; Z) trivially. For any
integer n > 1 and any a pair of space (X,Y"), define the subspaces A,,(X), A,(X,Y)
of X™ to be

An(X) ={(21,...,2,) € X" | 7; = x; for some i # j },
An(X,Y) ={(z1,...,2,) € X" |2; €Y for some i },

and write (X,Y)" = (X", A,(X)UA,(X,Y)). In the case n = 0, we will denote
both (X, Y)° and (X,Y)? by a set consisting of one point. Moreover, we will simply
write A, = A, (X) and A, = A, (2, po).

The diagonal action on X" of Diff (X, 9X) preserves A,,UA,,. The induced action
on the homology group H. ((3, po)™; Z) does not depend on the choice of the isotopy
classes of a diffeomorphism. By Proposition 3.3, we have only to consider the n-
dimensional homology group H,,. Therefore, we have a linear representation

P - Mg — GL(H,,),

and let My 1(n) = Kerpl,. It is easy to see that M, 1(n) = Mg 1(n) for n =0,1
by definition. Our Main Theorem is the following.
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Theorem 2.1 (Main Theorem). For any integer n > 0, we have
Mgi(n) = Mga(n).
Since M 1(n) is not the unit group for any n > 0, we have the following corollary.
Corollary 2.2. The representation pl, is not faithful for any n > 0.

n

3. HOMOLOGY GROUP OF (X, pg)

We introduce a formal series algebra H= H,Olo:O H,,, whose elements are infinite
formal sums of the type >, <o vn (vp € Hy). We will construct some structures on

H as follows. The representation o, induces the infinite dimensional linear repre-
sentation

o =11 o : Mg1 — GL(H).
n>0
The natural map (X, p0)™ x (X,po)" — (E,po)m—M induces the product fim, n :
H,, ® H, — Hpn. The unit of His [(E,po)a] € Hy. We will simply write vw =
tim.n(v,w) for any v € H,,, w € H,. Let F be the descending filtration of H
such that fnﬁ = Hi>n H;, and let &,, be the n-th permutation group. Here &g
is the unit group. There are natural actions of &,, on H,, and the product group
S = [1,,50 &» on H. Therefore, we have the following Lemma.

Lemma 3.1. H, is an (&, x Mg1)-module, and hence, H is an (& x My,)-
module. Moreover, H has the structure of the non-commutative associative filtered
M 1-algebra with action p', product p and filtration F.

Now, we will study some fundamental properties of H. Set Y, = (An—1 X X)UA,,
and then we have (Z,po)m X (Z,pg)T = (¥"Y,). Fori = 1,2,....,n— 1, let
fi s (Z,po)m — (A,UA,,Y,) be the map defined by fi(xz1,22,...,2n-1) =
(z1,22,...,Tn_1,2;), and set

n—1

n—1 _
f = H fl : H(EapO)n_l - (AnUAn—hYn)-
=1

Lemma 3.2. The induced homology homomorphism

n—1 —
for ® Ho((Z,p0)" 5 Z) = Ho(ALUA,, Yo Z)
is an isomorphism as Mgy 1-module.

n—1 n—1

Proof. Let f': J] (An—1UA,,_1) — Y, be the restriction of f to [] (Ap_1UA,_1).
n—1
and let Y}, }J, (II ="~') be the attaching space. Then we have an isomorphism

n—1 e n—1
H (S, po)" 2)=2H (Y, u ] =Y,z
& H(=n ) = H Y [T )

by the excision theorem. Now f and the identity on Y,, induce a homeomorphism

n—1
Y,ull="1tY,) — (ALUA,,Y,),
v p I )= ( )
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and this induces an isomorphism

n—1 e ~
© H.((Z,p0)" 5 Z) = Ho(AUA,, Yy).
This isomorphism is f., and it is M, i-equivariant. O

Let us write 0, : H.((X,p0)";Z) — H._1(A,UA,,Y,;Z) for the connecting
homomorphism of the homology exact sequence of the triple (X", A,UA,,,Y,). Let

— n—1
8/ : H*((Evp())naz) - @ H*—l((zvp())n_l;z)

be &, = f.~' 0 0., which is M, ;-equivariant.

Proposition 3.3. Let n > 0 be an integer.
1. Ifk #n, then Hy((X,po)"; Z) = 0.
2. Ifn > 1, then we have a short exact sequence

e o' n—1
0—H, ©H ""="H,S @& H, 1 —0

as an Mgy 1-module. In particular, Hy, is a free abelian group of rank
2929 +1)--- (29 + (n —1)).

Proof. (1) is obvious if n < 1, and (2) are obvious if n = 1, so we suppose n > 2.
Let us consider the homology exact sequence of the triple (X", A,UA,,,Y,,):

M Hk(E",Yn;Z)—J{k((E,pO)H; Z) i) Hk—l(AnUAn;Yn;Z) — .

n—1 —_—

By Lemma3.2, we can replace the right group with & Hy_1((3,po)" 1 Z),
and 0, with .. The left group is isomorphic to Hy_1((2,po)" ') ® Hy. By the
assumption of induction on n, the groups on both sides of the sequence are zero if
k # n, and hence we have Hy((X, po)™;Z) = 0. So, we have proved (1). In the case
k = n, we have (2). We can compute the rank of H,, by induction on n. O

Let grH = Do, er, H, grnﬁ = H, be the associated graded algebra of H.
Let T[H1] = ®n>0H{"™ be the free tensor algebra generated by H; over Z, and let
T[[H:]] = [1,,50 HY™ be its completed algebra. By Proposition 3.3, we obtain some
corollaries as follows.

Corollary 3.4. Let n > 1 be an integer.
1. ./\/lg71(n — 1)/ D ./\/lg71(n)’.
2. The homomorphism H,®™ — H,, of the products of n-elements in H is injec-
tive. Moreover, it induces injective graded ring homomorphisms T[H,] — gr H
and T[[H,]] — H.

Proof. (1) is immediate because H,, has the M, 1-submodule H,,_1 ® H;. We will
prove (2). The product HP™ — H,, is represented as the composition of the homo-
morphisms as follows:

Hi@n #1,1®—ui>n—2 H2 ® Hi@n—Q #2,1®—ui>n—3 o #n_i?idl Hn_l ® H1 #E},l Hn
Here, id; is the identity on H{@ (1 <1i < n—2). Each homomorphism is injective
by Proposition 3.3, and therefore, so is the composition.

The maps T[H1] — gr H and T[[H1]] — H preserve the product because these
maps are induced by the natural map [])7 (2, p0)" — [1,— (2, po)™ O
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4. CELL DECOMPOSITION OF (X, pg)"

Let a1, aq, ..., a4 be free generators for w1 (X, pg), and fix an embedded circle
(S}, po) C (%,po) such that S} represents o (1 < i < 2g). Let C = \/7%, S}
We can assume that each S} intersects each other only on py and that the in-
clusion C' — ¥ is a homotopy equivalence relative to pg. Then the induced map
(C,po)™ — (3, po)" is also a homotopy equivalence, and hence, we have an iso-
morphism H,,((C, po)™;Z) = H,,. From now on we will simply denote A, (C) and
A, (C,po) by Al and Al respectively.

It is easy to see that C™ — (A/UA!) consists of 2g(2g + 1) --- (29 + (n — 1))
domains. We will construct a cell decomposition of C™ relative to Al UA! such that
each cell corresponds to some domain of C™ — (Al UA!). Let = (z1,22,...,2y) €
C™ — (A,UA}). Suppose that the k; points 24, (1), To,(2); - - -, T, (k;) are contained

FIGURE 1. A point 2 on C™ — (A}, UA})

in S} so that the ordering corresponds with the orientation of «; (Figure 1), where
i,7,kj,0;(i) satisfies that

29
S ki=n, {o;() i} ={1,2,....n}
j=1

ki >0, 1<i<k; 1<j<2g.

Then we have data {(kj, Uj)}Qg

J=1s and we define an element ¢ € G,, by 0 = 01 X
02 X -+ X 024, namely,

- ( 1 2 ... n >
(1) o(l) o(2) ... on)

a(k;1—|—---—|—kj_1—|—i)=aj(i), 1<i§l€j.
If we write k = (k1, ko, .. ., kag), then we have new data (k, o). K,, will denote the
set consisting of all 2g-tuple of non-negative integers such that the total sum is

equal to n, then k € K,,. Since (k, o) does not depend on the choice of the point
on a domain, we obtain a map

h:mo(C™ — (AL UAL)) — K, x &,,.
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The map h is bijective because we can define the inverse h~! by tracing the above
process in the reverse direction. Therefore we have the following Lemma.

Lemma 4.1. The map h defined as above is a bijection.
Now let A™ be the n-simplex with coordinates
A" = {(t1,stn) [0 <ty <o <--- <ty <1}

Proposition 4.2. Let e, o) be the n-cell corresponding to the domain of C™ —
(AL UAL) by the map h, a more explicit definition is given in the proof. Then we
have a cell decomposition

C™ > (ALUA! U ( U e(,w))

(k,0)EK,XG,

of C™ relative to A7, UA;,. If we write [e(; o] € Hy for the homology class of (x4,
then the set {[e,»)] | (k,0) € K\ x &,} is a basis of Hy, over Z. Therefore, H,, is
isomorphic to ZK, ® 7.6,,.

Proof. Fix a data (k,0) € K, x 6, and let {(k;, Uj)}?il be the associated data
which is determined from (k, o) by using the formula (1). For i =1,2,...,2¢, fix a
path &; : [0, 1] — Sjl- which represents a;. We express the coordinates of points on
AR ARz oo AR29as follows:
(t1, ta, ..., tag) € AP x AF2 5. AR,
t; = (tj,la tio, ..., tj,kj) S Ak (] =1,2,.. .,29).

Then we define a map e(y,») by
€(k,0) AR s AR2 o AR O

e(k,a)(tl,tQ, .. '7t2g) = (xl,xQ, .. .7$n)
Toyy) = Qy(tye) (1< <29, 1<d<ky).

(AL UAD) U (Uk,0)€(k.0)) denotes the attaching space obtained by attaching A*t x
AF2x. . A*20 by using the restricted map e, o) |o(AF1 .- x Ak2q ), then the attaching
space is homeomorphic to C™. Therefore, we can consider e ,) as an n-cell of
C™ relative to A7 UA;,. Each domain Integ, ,y C C™ — (A},UA]) corresponds to
h=(k, o). Then since all cells have dimension n, it follows that H,, is a free abelian
group, and [e(,0)] (k € Ky, 0 € &,,) is a basis. O

Let 1,, € &, be the unit. The following Corollary is immediately from Proposi-
tion 4.2.

Corollary 4.3. H, is a free &,-module with a basis {[e(;1,)] | k € Kn}, and so
H,, has rank 29(2g+1)--- (29 +n —1)/nl.

Proof. We have o.([e(r,r)]) = [e(r,0r)] for any k € K, and 0,7 € &,,, where o, is
the action of o on H,,. Hence, [e(4,1,)]’s form a basis of the &,-module H,. O

Remark 4.4. H,(X"/6,, (AUA,)/S,;Z) is isomorphic to the n-th symmetric
tensor power S™H; of Hj. The rank is 2¢g(2g +1)---(2g + (n — 1))/n!, and the
kernel of the representation Mgy 1 — GL(S™ H;) is the Torelli group for any n > 1.
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5. DEFINITION OF THE MAP &

Let v € m1 (X2, po) be an element, and fix a path 4 such that the homotopy class

is 7. For an integer n > 1, we define an n-chain cf : A" — X" by

Cz(tla ta, . otn) = (Y(t1), A(t2)s - -, A(tn)),

for (t1,t2,...,t,) € A™.Then the homology class [c%] € Hy,, does not depend on the
choice of 7.

Definition 5.1. Define the additive homomorphism ¢,, : Zm1 (3, po) — H, such
that

[c2], ifn>1

Pn(y) = {1’ ifn=0

for any v € w1 (2, po), and define the map @ : Zmi(X,pg) — H to be the formal
series @ =37 by,

Clearly, ® is M, 1-equivariant. We will write I = Ker¢g to denote the aug-
mentation ideal of Zw (3, po). Then Zm (X, po) is a filtered M, 1-algebra with the
filtration {I"},>o0.

Proposition 5.2. ® is a filtered Mg 1-algebra homomorphism.
Namely, ® satisfies ®(I") C F,, H and preserves the product structure.

Proof. We have only to prove that ® preserves the product and the filtration.
® preserves the product if and only if

n

(2) G (¥0) = r(Y) 1 (0)

k=0

for any v, € m1(3,po) and n > 0. To prove this, we consider the partition of A™
as follows:

A™ = DyUDyU---UD,,,
Dk:{(xl,...,xn) |xk§%§xk+1}, (lgkgn)

Here 29 =0, @541 = 1. Let 7,4 : ([0,1],{0,1}) — (3, po) be paths which represent
v, 0. Let 46 be the path such that
s 3(2t) 0<t<i,
75(t) =93z 1 2
o2t —1) l<i<i1.
which represents vd. Then, the homology class [ng| p.] € H, of the restriction
ng| D, to Dy is well-defined, and hence, we have

¢n(70) = [¢5]po] + [¢5]p,] + - - + [5]p, |-

The equation [cgg| D) = [cf] [cg_k] is shown by the natural direct product decom-

position Dy =2 AF x A"~F. Therefore, we obtain equation (2) as required.
By the Lemma 5.3 (1) which follows this proof, the restriction (¢o + ¢1 +--- +
®n—1)|1n 18 zero. Hence ® preserves the filtration. O
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Lemma 5.3. Let n > 1 be an integer. For any element of the form (y1 — 1)(y2 —
1) (v —1) € I", (v € T1(X,po)), we have

(D=1 (n—1) = d1(m)p1(2) - ¢1(yn)  (mod Fyr H).
In particular, we have

1. Kerp_1 O I7,
2. pn((m =D =1 (n—1)) = d1(m)o1(72) - - - D1(7m).

Proof. Tt is immediately because of the facts ®(y; —1) = ¢1(v;) (mod F3) and that
® is a ring-homomorphism. (]
6. PROPERTIES OF &

Let g, : Zm1(3,po) — Zm1(X, po)/I™T! be the quotient map. Since Ker ¢,, D
I"*! (Proposition 5.3 (1)), ¢,, induces the homomorphism

@+ L1 (2, po) /T — Hy
which satisfies ¢],0 g, = ¢,. The associated graded homomorphism
grd : gr Zm (X, po) — gr H

is given by gr, Zmy (X, po) = I" /"1, gr, H = H,, and gr, ® = Gl njn+1 on each
n.

Lemma 6.1. gr® is an isomorphism onto the subalgebra T[H;] C gr H.
Proof. Clearly, gr, ® is an isomorphism, and suppose n > 1. By Lemma 5.3,

g, ®((n =Dz =1 (= 1)) = d1(1)P1(72) - - - d1( M)
for v; € Zm1 (3, po) (i = 1,2,...,n). Therefore Im(gr, ®) = HP™ C H,, and it is
easy to see that gr,, @ is injective. O
Let ®, : Zm (%, po) /I"" — H/ Fni1H be the homomorphism induced by @
which can be written ®,, = ¢( + ¢} + -+ + ¢,.

Proposition 6.2. ®,, is injective.

Proof. By Lemma6.1, gr,, @ is injective for any n > 0. Since ® preserves the filtra-
tions, there exists a commutative diagram as follows.

0 —— /1"t —— Zm (8, po) /I ——— Zmi(Z,po) /I* —— 0

grﬁpl ‘I’"l ‘D"‘ll
0—— H, —— H/F,,\yH —— H/F,H ——0

Now we can prove Proposition by induction on n. O

Remark 6.3. By Proposition 6.2, we have Ker ® C N,>0I™. Since m1 (%, po) is a free
group, we have Nyp>ol™ = 0 (Fox [2]). Therefore, ® is injective. The action of M 1
on (X, po) is faithful due originally to Nielsen. Consequently, the representation
P Mgy — GL(H) is faithful.

Lemma 6.4. If (k,0) € K, X G, k = (ku1,. .., kag), then we have
[e(k.0)] = Tu (D1 (1) Bry(@2) -+ Py, () -
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Proof. Since [e(x,)] = 0«[€(k,1,,)], we have only to prove Lemma in case 0 = 1.
Let I; = (0,---,0,%;,0,...,0) € K, be the 2g-tuple of integers such that the i-
th component is k; and the other components are equal to zero. Referring to the
construction of the cells in the proof of Proposition 4.2, we can then verify that

lek,1)] = lequiplles )] - [edzg 10,,))s
[e(lhlki)] = Ok, (al)
O

Let R be the subalgebra of gr H generated by all the elements in Un>oIm ¢y,
over Z, and let R, = RNH,.

Proposition 6.5. R, generates H,, as an &, -module.

Proof. By Corollary 4.3, {[e(,1,)] | k € Ky} generates H,, as an &,,-module. [e(41,,)]
is contained in R,, by Lemma 6.4. Therefore, R,, generates H,, as an &,-module. [

7. PROOF OF THE MAIN THEOREM

Lemma 7.1. For any integer n > 0, the kernel of the representation of My 1 on
Z7T1(E,p0)/[n+1 18 Mg@(?’l).

This Lemma is proved easily by using the fact that v € 71(3, pg) is contained in
[y if and only if v — 1 € 1" ([2]).
We now have everything ready to prove the Main Theorem.

Proof of Main Theorem. First we will prove that Mgy 1(n) C My 1(n). Let K be
the kernel of the representation of M, on H / .7-'”+1ﬁ . By Proposition 6.2, we
can consider Zm1 (%, po)/I"*" as an M, 1-submodule of H/ F, 41 H, and therefore
K C Mg(n) by Lemma7.1. Since the representation on H/ F, 1 H is &7, p},
we have that K = N_; M, 1(n)’ = Mg 1(n)" by Corollary 3.4 (1). Hence, we have
Mg1(n) C Mgi(n).

Next we will prove the converse M, 1(n)’ O Mg 1(n). H, is generated by R,
as an &,-module (Proposition 6.5), so we have only to prove that Mg 1(n) acts

on Im ¢, trivially for m = 1,2,...,n. Since ¢}, is Mg 1-equivariant, we have
@i (Pm (7)) = &1 (s (an(7))) for any ¢ € My 1(n) and v € w1 (X, po). By Lemma 7.1,
©+(qn (7)) = gn(7). Hence, we have @, 0 ¢, = ooy if ¢ € Mg 1(n). O

This completes the prove of the Main Theorem.
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