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Theorem. For every power series
ap+ a1z + a2+ +agz"+ -

there exists a number R, 0 < R < 0o, called the radius of convergence, with the
- following properties: |

(i) The series converges absolutely for every z with |z| < R. If0 < p < R the
convergence is uniform for |z| < p. '

(ii) If |z| > R the terms of the series are unbounded, and the series is consequently
divergent. ’

(iii) In |2| < R the sum of the series is an analytic function. The derivative can be
obtained by termwise differentiation, and the derived series has the same radius
of convergence. '

The circle |z| = R is called the circle of convergence; nothing is claimed about the
convergence on the circle. We shall show that the assertions in the theorem are true if
R is chosen according to the formula

1/R = limsup {/|an|.

>0

This is known as Hadamard’s formula for the radius of convergence.

[Hi#4] Lars V. Ahlfors, “Complex analysis: An introduction to the theory of analytic functions
of one complex variable” third edition. McGraw-Hill, New York (1979), pp 38-39. (—¥#Re%)
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We mathematicians need to put far greater effort into communicating mathematical
ideas. To accomplish this, we need to pay much more attention to communicating not
just our definitions, theorems, and proofs, but also our ways of thinking. We need
to appreciate the value of different ways of thinking about the same mathematical
structure. o | '

We need to focus far more energy on understanding and explaining the basic men-
tal infrastructure of mathematics—with consequently less energy on the most recent
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results. This entails developing mathematical language that is effective for the radical
purpose of conveying ideas to people who don’t already know them..
Part of this communication is through proofs. '

When people are doing mathematics, the flow of ideas and the social standard of
validity is much more reliable than formal documents. People are usually not very
good in checking formal correctness of proofs, but they are quite good at detecting

potential weaknesses or flaws in proofs.

To avoid misinterpretation, I'd like to emphasize two things I am not saying. First,
1 am not advocating any weakening of our community standard of proof; I am trying
- to describe how the process really works. Careful proofs that will stand up to scrutiny
are Very important. I think the process ol proof on the whole works pretty well in the
mathematical community. The kind of change 1 would advocate is that mathematicians
take more care with their proofs, making them really clear and as simple as possible
so that if any weakness is present it will be easy to detect. Second, I am nol criticizing
the mathematical study of formal proofs, nor am I criticizing people who put energy
into making mathematical arguments more explicit and more formal. These are both

useful activities that shed new insights on mathematics.

1 think tl‘la.t/mathema.tics is one of the most intellectually gratifying of human
activities. Because we have a. high standard for clear and convincing thinking and
because we place a high value on listening to and trying to understand each other,
we don't engage in interminable arguments and endless redoing of our mathematics.

- We are prepared to be convinced by others. Intellectually, mathematics moves very
quickly. Entire mathematical landscapes change and change again in amamng ways

during a.single career.

[
gratifying = pleasing and giving satisfaction
interminable = lasting a very long time and therefore boring or annoying

[H4] William P. Thurston “On Proof and Progress in Mathematics” in “18 unconventional
essays on the nature of mathematics”. Reuben Hersh (ed.), New York, Springer, 2006, pp
45-47. (—#RENE) (#1H Bull. Amer. Math. Soc. 30 (1994), 161-177. )
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') —< &K : Riemann sphere.

C—RAEEMR : linear fractional transformation
A% 5 ¢ conjugate point



