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Large Time Asymptotics of Solutions for the
Third-Order Nonlinear Schrodinger Equation

By Nakao HAYAsHI and Pavel I. NAUMKIN

Abstract. We study the large time asymptotics of small ampli-
tude solutions to the Cauchy problem for the third-order nonlinear
Schrédinger equation with zero mass condition which is considered as
a complex version of the modified Korteweg-de Vries equation. We
apply the factorization of the free evolution group to improve the time
decay estimate of solutions obtained in the previous work.

1. Introduction

We consider the Cauchy problem for the third-order nonlinear
Schrodinger equation

(1.1) 10w 4+ ad?v + B30 = p|v|* v +ird, [v]Pv, t >0, z € R,
‘ v(0,2) =v (x), x € R,

where a, 8, A, u € R. This equation arises in the context of high-speed soli-
ton transmission in long-haul optical communication system [14]. Also it can
be considered as a particular form of the higher order nonlinear Schrédinger
equation introduced by [36] to describe the nonlinear propagation of pulses
through optical fibers. This equation also represents the propagation of
pulses by taking higher dispersion effects into account than those given by
the Schrédinger equation (see [17], [32], [37], [45]). The higher order nonlin-
ear Schrodinger equations have been widely studied recently. For the local
and global well-posedness of the Cauchy problem we refer to [5], [6], [35]
and references therein. The dispersive blow-up was obtained in [3].

We exclude the term with the second derivative changing v = Uleg_ém

- 2 3
iXe} 2« a\ 9 9
— 0,1 — —v] = + — ) |v1|v1 + A0 (v v).
35 =" T g7 Y M 38 lv1|” 01 e ( v1]” v
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After that we exclude the third and fourth terms on the left—hagnd side of

_ 2ita
the above equation by changing vy (t,z) = vy (t,x - %t) e 2767 then we
get

A
10409 + iﬁ@gz@ = (,u + §—5> ’vg\Z Vg + 1A0, <|v2|2v2) .
Without loss of generality we take 5 = —%

1 )
Orvs = 50302 = =i (= o) [0a vz + A0s ([oa v2)

Note that the symbol A (&) = %53 degenerates at £ = 0, hence the free

evolution group performs more slow time decay like O (t_%), in general.
Therefore the first term of the right hand side is a difficult term with respect
to small data global existence. To avoid this difficulty we choose u = a,
so we consider

o 2
12) { Lo =\, <|v\ v), t>0, z €R,

v(0,2) =wvo (z), z€R,

where £ = 0, — %83 Then the solution of (1.1) is represented by

2 —M—aiax
v(t,z+a’t)e 3
through the solution v of (1.2). Next we assume that the initial data are
such that 79 (0) = 0. By changing v = 0,u, we get the equation in the
potential form

(1.3) Eu:)\]uxl2um, t>0, reR,
' u(0,z) =up (x), v € R.

This is our target equation in the present paper. Note that equation (1.3)
or (1.2) can be considered as a complex version of the modified Korteweg-
de Vries (KdV) equation. KdV equation was introduced in [33] to describe
unidirectional propagation of nonlinear dispersive long waves. In [25], it
was also pointed out that the Alfvén waves are also described by the mod-
ified KAV equation Lu = d,u>. Concerning the solitary wave solutions of
higher order dispersive equations, there are a lot of works (see, e.g., [24],
[30]). However the large time asymptotic behavior of small solutions was
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not studied well. As far as we know the large time asymptotics of solu-
tions to Lu = J,u? is still an open problem. For the modified KdV equa-
tion Lu = O,u® we studied the large time asymptotics of small solutions
and showed that the small amplitude real-valued solutions are stable in the
neighborhood of the self-similar solutions (see [22]). Cauchy problem (1.3)
was intensively studied by many authors. The existence and uniqueness of
solutions to (1.3) were proved in [16], [18], [26], [27], [29], [28], [34], [39],
[41], [46] and the smoothing properties of solutions were studied in [4], [9],
[12], [26], [27], [29], [28], [41]. The blow-up effect for a special class of slowly
decaying solutions of the Cauchy problem (1.3) was found in [2].

The large time asymptotics of solutions to the generalized KdV equation
Lu = 9, |ul’' u was studied in [7], [19], [29], [31], [38], [40], [43], [44] for
different values of p in the super critical region p > 3. For the special cases
of the KdV equation itself Lu = 9, (uQ) and of the modified KdV equation
Lu = 0, (ug), the Cauchy problem was solved by the Inverse Scattering
Transform (IST) method and thus the large time asymptotic behavior of
solutions was studied (see [1], [13]). It was known that solutions of the
modified KdV equation Lu = 0, (u3) decay with the same speed as in the
corresponding linear case, i.e. [|u(t)|fe < Ct73 as t — oo (see [13]). The
IST method depends essentially on the nonlinearity in the equation. It
is not applicable if we slightly change the nonlinear term like a (t) 9, (u?)
with |a (t)| < C. So it is very important to develop alternative methods for
studying the large time asymptotics of solutions. In [20] we obtained the
large time asymptotics of solutions to equation

(1.4) Lv =0, (v*)

in the case of small real-valued initial data vy € H"! with zero total mass
assumption fR vo(z)dx = 0. More precisely we have the asymptotics

vt z) = t50(z)Redi (xt§>W<(£>%>

t
X exp (—Zz w <<%>é> logt>
(1.5) 40 <tv—%)

for large time t, where v > 0, W € L satisfying W (0) = 0 is uniquely
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defined by the data vg, and
1 [ . i
Ai(z) = —/ 638 g¢
T Jo

is the Airy function. Note that the estimate of the remainder term in formula
(1.5) is not sufficiently exact, since the main term decays as O (t_%) in the

domain x ~ t due to the known estimate

N

)9 (x) ReAi (:mf_%ﬂ <C <xt_%>

We could not obtain more exact estimate for the remainder since the method
of paper [20] is based on the L? - estimate of the operator P = 0,z + 3t0;.
By the identity P — 0, J = 3tL with J = = + t@g, L =0 — %82, we see
that the L? - estimate of P is related with the L? - estimate of solutions
multiplying by the operator d,7. However to get more accurate estimate
for the remainder in asymptotics (1.5) we need the L? - estimate of Ju (t).
In the present paper we fill this gap by applying the factorization technique,
which allows us to obtain a priori estimate of the norm || Ju ()||y,2 . We also
use the operator P here in order to avoid the derivative loss in equation
(1.3). Another advantage is that we are able here to find the large time
asymptotics for the complex solution w (t) of (1.3).
We are now in a position to state our result.

THEOREM 1.1. Assume that the initial data vo € H?> N HY' with a
sufficiently small norm ||vo||genma < € and [wvodx = 0. Then there exists

a unique global solution e5it(=i0:)%, ¢ C ([0,00) ; H2NHMY) of the Cauchy
problem (1.4) satisfying the time decay estimates

_1
[0 (#)llgoe + 020 ()| < Cet™2.

Moreover there exists a unique modified final state yp € L*° and a unique
real valued function ®p € L™ such that the asymptotics
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hold uniformly with respect to x € R, where j = 1,2, » = (w/t)% ,v >0,

H(yp, ‘I)F) — G%it%g—%}@F(%)‘*‘(—%?g(%|yF(%)|2+|yF(—%)|2)10gt)

and A (t) has the asymptotics
T 1 11 3\"7% 1.1 3\"%
A(1.5) = J=on @ (rad) " o (i (at) ).

Theorem 1.1 is a direct consequence of the following theorem by virtue
of the relation d,u = v.

THEOREM 1.2. Assume that the initial data ug € H?> N H>!, with a
sufficiently small norm ||uo||gsqpza < €. Then there exists a unique global

solution e3—i%)"y ¢ C ([0, 00) ; H* N H>') of the Cauchy problem (1.3)
satisfying the time decay estimates

u (8) ][0 < Cet™3,
1050 () e + [|020 (8) || 0 < Cet™ 3.

Moreover there exists a unique modified final state yp € L*° and a unique
real valued function ®p € L™ such that the asymptotics

Bu(t) =730 (@) A (£.5) 3yr () H (yr, Or)
+720 (x) A (757 %)7"ij (=2) H (yr, )

(1.6) +0 (et—%—l—lz+7>

hold uniformly with respect to x € R, where j = 1,2, »x = (l’/t)% Yy >
0,H (yr,®r) and A(t) are the same ones given in Theorem 1.1.

REMARK 1.1. By the asymptotics of A (¢) which will be shown below,
we have
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For x ~ t we have
|A(t) 3] < C

which implies, that the second term of the right-hand side of (1.6) is a
remainder in the region x ~ ¢. If the initial data ug are real-valued functions,
then yp (—§) = yr (§), which implies the asymptotic of solutions is

Bpu (t) = 26720 () ReA (t) seyp () H (yp, ®p) + O (Et—%—l—éﬂ) _

The main term of the large time asymptotics is the same as in our previous
work [20] and the estimate of the remainder term in (1.6) is more exact (see
formula (1.5) and note that the real-valued solutions for equations (1.3) and
(1.4) are related by v (t) = Ozu (t)).

We now introduce the factorization formula for equation (1.3). We have
for the free evolution group U (t) = F ! EF, where the multiplication factor
E = MO A (€) = 163 Then we find

UM F o = FlEs= r/ (56-2) g (¢) de

_ \/’T/ it(x€—A(E g) d{,

where the dilation operator D;¢ = ]tr% ¢ (zt™!) . Note that there are two
stationary points in the integral [ e WzE=ME) ¢ (€) d¢ for x > 0, which are
defined by the two roots £ = —\/x and £ = \/x of the equation A’ (§) = z.
Denote 0_(z) = 1 for z < 0 and 6_ (z) = 0 for x > 0, and 04 (x) =
1—6_ (). We define the cut off function x () € C? (R) such that y (z) = 0
for # < —%, x(z) =1 for z > %, and such that x (z) + x (—z) = 1. Then
we decompose

U F o =0 ( \/‘7/ =MD () x (€273 ) de
+0. () Dt@ /R N () (€073 ) d
1t [ ite-ney
Dl [ ceenorg 000
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Define the operators

Ve = 04 <m>\/E / e 19000 (¢) x (¢a 2 ) de,
W(t) ¢ \/|T/ H@e=MED ¢ (¢) de,

where S (z,€) = A (&) — A (y/x) — x (€ — /). Denote M = ¢ (Iﬁ_A(ﬁ)),

then we get
U T 1o=Dy (MV )¢+ MV (—t) D1+ W (t) ¢) .

1
Denote D, lp = |t|2 ¢ («t), also we decompose the inverse operator

FU(~t) ¢ = Ef(b:\/%/Re_it(%g_/\(g))qﬂx)dx

|t| —it(Ex— -
1/%/Re t(& A(é))pt Lo (z) dx

Define the new dependent variable ¢ = FU (—t)u (t). Since FU (—t) L =
O FU (—t), applying the operator FU (—t) to equation (1.3) we get

07 = OFU (—t)u = FU (1) Lu = AFU (1) (Jus 1)
Then since

Uy = UR)OF 1 o=Ut)Flicg
= Dy (Mg + My_+r),

where ¢y = V(t)i€p, v_ = V(—t)D_1i€p, r = W (t)ip, we find the
following decomposition

05 = A\FU (—t) (\ux\qu)

= 1/ ﬂ/ dpe” A& D1 Dy (Mtpy + Moy +7) ‘2

xDy (Mtpy + Mip_ + 1)

e s 00

X (M + Miyp— +7) .
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Since
| My + Moo + 7| (Mpy + Mep— +7)
—_ 2 _
= 0y (z) [Mipy + My_|" (Mipy + My ) + 60 () |r*r
we get
A &
85 — 2 / dpe—itET—A©) N T,
T e Jo Zl /
J_
A 0 :
+—/ dreHE2=ME) |p 2y,
V2 |t o
where

L= MY I = M (s + 20 ) s,
Iy = N (Jp- P+ 200 ) 6, Iy = M2,

Define the operators

Vi) e = @ /0 "0 (a) da
0
W ()¢ = \/g / e MM g (7) da,

Thus we get the equation

(L.7) 9,3 = At| " (N1 + No) + At " eSO (Ny + Ny) + A |t| ! N5,

where

Ny =DV (=) (Jo-” + 2[4 ) v,

No =V (1) (04> + 21— ) s

N3y =D_3V* (=3t) (Y2), Ny=D3V* (3t) (v_¢7),
(1.8) N5 = W* |r|*r.

In order to get an optimal time decay estimate of solutions in the uniform
norm we need the estimate of @ in L* - norm and the estimate for the



Third-Order Nonlinear Schrodinger Equation 875

derivative 9¢@ in L? - norm. Note that |[0¢@|y> = [[Jully> and for the
operator J = U (t) U (—t) we have

J = Ut)al (—t) = Fle Mgt £
= F (0 —tN (§)) F =z —tN (—i0,) = x + 02

The operator J is a generalization of Js; = e%tagme*%ag = x +itd,, and T
was widely used in the study of the large time behavior of solutions to the
nonlinear Schrédinger equations (see [23]).

Our main task is to estimate each term of the right-hand side of equation
(1.7) in L>* and H! norms. We organize the rest of our paper as follows. In
Section 2, we state the uniform estimates for the decomposition operators
V and W (Lemma 2.1). The uniform estimates of V* (¢) and W* (t) are
obtained in Lemma 2.2. We prove L? - estimates of the derivatives of V
(Lemma 3.4) and W (Lemma 3.6) in Section 3. Lemmas 3.1 - 3.3 are
prepared for proving Lemma 3.4, Lemma 3.5 is used in the proof of Lemma
3.6. The L? - estimates of the derivatives of V* and W* (Lemma 4.1) are
obtained in Section 4. In Section 5 we find the main term of the large
time asymptotic behavior of the nonlinearity in equation (1.7) (see Lemma
5.1). In Section 6 we obtain a priori estimates of solutions to (1.3). Finally
Section 7 is devoted to the proof of Theorem 1.2.

2. Estimates in the Uniform Norm

Define the kernel

A(t.z) =04 () @ /R e SEOY (a7 ) de,

where the cut off function X (z) € C? (R) is such that X (2) =1 for 2 < 2 <
%, and x (z) = 0 for z < % or z > 3. Changing the variable of integration

¢ = yy/T we get S (z,6) = 22G (y), where G (y) = A(y) — y + 2 and

1 /|t ita ~
At2) = 0, (2) |of} \/%/Re #1605 (4) dy.
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To compute the asymptotics of the function A (¢, x) for large ‘tmg ‘ we apply
the stationary phase method (see [15], p. 163). We have the asymptotics

| =g (g)ay
R
i 2 - 7 3
_ ,—12G(yo) —i7sgnG" (yo)z 2
(21) € f(yO) |ZG” (y0)|e 4 +0 (‘Z‘ 2)

for |z| — oo, where the stationary point yg is defined by G’ (yo) = 0. Since
G’ (y) = y* — 1, we find yo = 1 and by virtue of formula (2.1) we get

1 iy T
Aft) = b (@) () e T +o(|t% (1% )

for |tz3 | — 00, x > 0. In particular we have

1

1A (t,z)] < C|t|s <t:c%>_€

forallt e R, x > 0.
In the next lemma we obtain the estimates of the operators

Vit)e = 0y <ac>\/H / e 6 () x (§072 ) de.
wWe = \/’T/ MO (¢) de,

where S (z,§) = A(§) — A (Vz) — 2 (£ — /x).

LEMMA 2.1. Let j =0,1,2, 0 < a < 11 — 4. Then the following esti-
mates are valid for all [t| > 1

[ef (vingo—awaio(s?))

< CftfsmsminGra) H 3 ¢HL + O[3 min(itend

HL"O R+)

|

leifwoee], < cmizimteDer],

and

+C Jt| s mneR) | e)?
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REMARK 2.1. In particular, we have the following estimates

@ivme| o F@voes|
+‘ ()7 V (1) €2¢HL°‘>(R+)
et [ (Y w s st (a3 W .

< c|@e| . +cmte?

qzSSHU '
Since we have
FVOE L

w4A( ) xp (x?)

L O[S

<
L>*(R+)

(€)® o

¢ +ci

L2

and by the estimate of A ()
21 A (t) ¢ (:r%> Lo (R

1
zi ]t]% <tx%> ¢ h20) (ZL‘%>

we have the desired estimate.

< C

<ol

L>®R+)

Proor. We have

V(t)go - At)zie (a})
: ﬁ/ (#0160 () (e 2)
\/Z/ —i#3@8 g (£) x1 §:E 2)§7d£ L+ 1y

for x > 0, |t| > 1, where x1 (2) = x (2) — X (2) . Integrating by parts via the
identity

(2.2) o itS(@,8) _ H10¢ <(§ _ m%) eth@,g))
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with Hy = (1 — it <§ — xé) 0¢S (:c,g))_l we get
LT s (g6 -t (a3))
(f f“) (1% (ea7%)) de
322
RO [ e (- a) g (6072 ) 0 (€0(€)) de.

Since S (z,§) = A(§) —A (ZL‘%) —x (£ - .CL‘%> , we find 0¢S (x,€) = AN (&) —x
and 8525 (x,&) = A" (§) . Using the estimates

. 1
< O |6 — 22 |” (|0ch]l 1o

€6(6) —wto (o?)

1 1

in the domain %xi <€ < 3x2,
1
C‘g—:m

’(5 B ﬂ) i (§f§> 1+ [t|22 (6 - x%>2

1 ~ _1 C
(et ]t

by the Cauchy-Schwarz inequality we obtain

» 303 ‘5—95% de

<Clba™5 @) (oo / 2
Lo J1,% 1 1

b 1+yt| (f—x2>

<

and

m211

T 302 § 23
+C 12 (@) |(©) ¢H/
52 1+|t\x2 { x2)

/396 (5—x%)2d5 5
o (1+|t|x5 <§x5)2>2

+C’\t!éx ;j H
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Then changing £ = x%y we obtain

o 1 atj+1 5 —1jd
‘:m[l’ <Clt|2 x 3 (x) 1H<5>2¢H Ooﬁ v §| 2 2
L Ji 14 [t|zz (y—1)

1
/3 ly— 1|2 dy
3
vy 1 et -7

atj+l

+C = )7 (@) 6

[SIES

) 3 2
o ~1)%d
O ) @, | )
/s (1+|t\xa (y—1)2>
Since )
ydy -1
<O
| s <o st
and
1 1
/2 yzdy N </2 dey >2
o Lz \Jo (1+22)°
1
1 2

D=
|

< ot / yh () Py + O / Pty <o)
0 0

for all z > 0, we get

atj+l

‘1:%[1‘ < C’|t\% oz (x)t H(f)Q gi)HLoo <tx%>_1 log <ta7%>

3 _3
(12) "
L2

< cpfEmsmnorel e+ ojymsmOTed)

a+

+C 12 = @) (€ o]

(G

L2
for all z > 0, [t| > 1.
To estimate I we integrate by parts via the identity

(2.3) e~ itS@8) = 1, <§e—it5(m,§)>

with Hy = (1 4 ité (z — €2)) ", we find
L=Clt]2 | e @9 ) eo, (H “3) &) d
2= Ot [ 500 (6) o (Ha (671 ) ) a
+C |t|é/R€itS(z’£)H2X1 (5567%)5%1% (€) d€.
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We find the estimates
[Haa (€073) €771 < €Ll (14 18]Il (€2 + Jal) ™

and

60 (Hoxa (6278) &) < CleP (1+ 111 1¢] (62 +Jal)) ™"

: : 1 1 :
in the domain |¢| < 222, or £ > 322. Hence we obtain

1#]7 [a] % |7 ()2 de
L Jr 1+t €] (€2 + [z])

( ] o] 1€+ (&)~ d&) :
L2 \Jr (1+ ¢ [¢] (62 + |o]))?

Next by choosing v = min (j, 1) we have

it <o

0|6 o]

1t]7 2] 3 | (&) % de [t]7 2] % |€]” de
C
/R L el @+ Jal) /RHM €1(€2 + Ja)

1 v e’} v
1 atvtl d d
C|t]2 || (/ |yl y§ +/ |y yé )
0 1+ [t[z|2y U1+ [t |z]z y?

< O|t‘%—%min(j+a71)

and

/ 12| [T )" de _ / ] 2] [¢]***” dg
2 — 2
R (14 [t]|¢] (62 + [a]) R (1+ |t [¢] (62 + |2]))

242 242
= ot | [T [ W
- 3 N2 3 2
O (1+ilaizy) T (Ll )

< C ’t|f§ min(jJra,%) )
Therefore we find the estimate
035 < CpeTsmmORD (e g|

+C 750 |(6)? g

Lz
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Next we estimate the operator W (t) £&/¢. Integrating by parts via (2.3),
we find

W(t)elg = C i} / MO (¢) 0 (Hat?) de
et / N e e () de
R
for x < 0.The estimates

|Ha67Y| < CLe[™ (1 + [t [€] (€2 + |a])) ™

and ' ‘ X
|£0¢ (Ha&7)| < Clel (1+ el 1] (€% + |2])) ™

hold for z < 0. Hence we obtain

12 2] % 1€ ()2
L Jr 1+t [€] (€2 + [2])

( / ][] €[+ <s>—4d§>%
L4 [0 €] € + Ja])?

T W@ ee] < ol

leF W eo| <c

i G

Therefore as above we have

cu+
N
N—

w +
N
N—

+C ’t|—mm(

Lemma 2.1 is proved. [J

Next we define the kernel

A(t€) =04 (&) @ /0 e (2¢7%) da

Changing the variable of integration x = 2y, we get S (z,§) = 8aG (y),
where G (y) = %y% —y+ % and

A(t,€) = €204 (€) @ /0 VX (y) dy.
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To compute the asymptotics of the function A (t,€) for large ‘t§3‘ we apply
the formula (2.1)

_ 3T 0 (g% <t§3>_1)

as ‘tﬁ?" — 00, £ > 0. In particular we have the estimate ’g(t,f)‘ <C <§>%

forallt e R, £ > 0.
For the operator
_ T iea-acen
t)o = e ¢ (x) dx
27 J_ o
we will use the estimate
0 .
/ e % (1) da
—o0

In the next lemma we estimate the operator

t)d =1/ % /OOO 3@ ¢ (1) da.

LEMMA 2.2. Leta € [%, %] . Then the estimate

]v*<t>¢—ﬁ<t>¢(f2)H

< O 1Bl myy + C 1132 e allgamy

1 1
W@l < Ct]2 <Ol ¢l w.)

Loe

Loe

is true for all |t| > 1.

Proor. We have

t)o—A(t)¢ ()

_ \/|7/ ztS(I,E (z) — ¢ (52)) 0. (€)X (x§_2) dx
\/|T/ o itS( xf (1_9+ (5)%(;35‘2))6&

= L+ Is.
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In the first integral I; using the identity
¢S — Hap, ((x _ 52) 6itS(w,§))

with Hs = (1 + it (z — £2) 8,5 (=, 5))_1, we integrate by parts
I = Ct]? 04 (¢) /0 e (¢ (2) = ¢ (€7)) (¢ — €%) 8 (H3X (2£77)) do

Lotes @ /0 e (1 - ) Hy¥ (0672) b (x) da-

Then using the estimates

2

g
/ 2" Yppdx

(o= &%) HX (26 77)| <

6 () =6 (6)] < <l or € I ulluam, )

Clel

xé—ﬁ‘
1+ el1el (a3~ €)”

and

|(# =€) 00 (HX (2¢77))| <

1+ l1el (a3 —€)

in the domain %52 <z < 362, we find

1
52 )22 |13 —5‘2 dz

1
01 < C I 02 (©) 1+°0ulom, ) | L
e e (o2 )

N|=

2
: st g2 (o —¢) da
O 04 ©) e 0ulams |

2 1 2 2
¢ (1+|t|§<ﬁ—§) >

IN

1 —ZQ a
Clt2 €72 [|2%allp2(m, )

1 1
y /2 yidy +</2 dey >2
o L1t \Jo (1+ [t €32)°

1 3 94 -3 4 20-L 1 4
Clt[2 €72 (%) * aallram,) < C1IF°72 2%ullpom, )

IN
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for a € [%,%]

In the second integral I», using the identity
S8 — g9, (gj eitS(x,g))

with Hy = (1 + itzd,S (z,£))”" we integrate by parts
I, = C|t|2 / eS¢ (2) 20, (Ha (1 - 04 (X (2€77))) da
0
+C \t]% / eSOy, (1-64+ (X (w§_2)) ¢z (x) d.
0
Then using the estimates

C
Hy (1—04 (6% (z€72))| < -
[Ha (1= 04 ()X (z¢7)| 1+|t|x(az§+|§|>

and

C
20, (Hy (1 — 04 (&)X (2672 < -
‘ (Ha ( (X ( )))’ ) |t\x(x§ |§|)

f0r0<w<%52,§>0,0rw>%§Z,§>O,or§<0,weget

1 o0 dx
Bl < C ol | :
0 1+ ifa (2F +[¢])

N|—=

.732720[(11'

1+ |t (a:% +§))2

14 o
Ol el | (
Changing the variable x = £y, we obtain
/OO dx
0 14tz (1:% + |§|)

o 1+[t[&% 11+ |t &3y2
LISy

2 3\ 1 Yy 2 3 —% & dy
e (11€°) /0 1+y+cé (111€°) /<|ts3>% 14y

IN

IA
Njo

o=

CE (t63) M og (+€%) + C [t 75 (€3)~
C 173 (t€%) 73 log (1€%)

IN

IN



Third-Order Nonlinear Schrodinger Equation 885

and

/OO z2 20y
0 (1 ttx (x% + §)>2

6t 1 y2—2ady 0o y2—2ady
“ G+ie? A%
0 Y ! (1 + [t] 533/5)
<|t\§3> y2—2o¢dy

(1+y)
00 y2—2ady

2
te?)s (1+4%)

>2a73+max(0,172a)

IN

IN

066—401 <|t| €3>20‘3/(;

+C§6—40¢ (|t‘ 53)3(20‘3)/
(I

4
< e (e O (1) T < ol

ifae (O, %) . Therefore
_1 2,1
L] < CRITE [@llpem,) + CIRIFT2 [[2%alliz®, ) -
Lemma 2.2 is proved. [
3. Estimates for Derivatives of V and W

In the next lemma we estimate an auxiliary integral operator

T = |t} /R @Y (2, €) 6 (€) de.

Denote
1, a>1,
ty = log (t), a=1,
l1—a
lt| 3, a<l1

LEMMA 3.1. Let j = 0,1,2, 1 —v < a < min(1+26,2—v), v =
min (7, 1) . Suppose that
Clel

(28,)" ¢ (2,6)| < —>—
€] + |2
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forall &,z € R, k=0,1,2. Then the estimate

|i21% @ T, < Ctas (70

1.2

is true for all t > 1.

Proor. We have

1212 2y~ T1o

o= Ol [ el @) [ 0 (o6) G
< [ Oy (@06 (0) ¢
R
= 0 [ a5 [ a6 K (1.0).
R R
where
K (t,6,¢) = |t| / ey (,6) ¢ (, Q) || ()7 da.
R
We integrate by parts two times via the identity
et (E=0) — [, (xe—itI(E—C))
with Hs = (1 — itz (€ — ¢))"'. Then we have

K (t,€,¢)
= |t| /Re—itx(ﬁ—C)xaz (H5a;8x (H5¢ (3;75) 0 (x7 C) |x|a <x>_26>> de.

Using the estimate

20, (Hszo, (Hsw (2, 6) v (2,0)al” () )|
C gl 1¢F |2]* (=)~ 7
(L + It g = ¢I)? (I¢ + I212) (1] + lal?)
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we get with ¥ = min (1, j)

|K (¢, &, Q)
< C\t\/ ‘:ca@ H5mam (Hw(x €) () ‘x‘a<x>—2é))‘dx
< C’t‘/ 7 (¢ || (z) " da

(1+ Jtal € = <12 (1€ +1al7) (161 + Jol?)

1 potr— 1dq;
Cltl () <<>/0 (1 + [t |=] 1€ = ¢

9, 0 [ 2@ 260=1
e | (L sl €= CF
CIIEZ (O E-OTHE- Ot
+C [t (€)% (¢)* (1€ — <\t>2‘5 -y
CI (€ (O (€~ O (e —¢I* (e -ty .

IN

IN

IN

Since
€~ el qen || = / (g™ e ) T de
< C/ 526 ad§+0/ £7o Vd§+0\ty/ gomv- 1d€<0ta+l,

for [t| > 1,if 1 —v < a <min (1 + 26,2 — v), then by the Young inequality
we obtain

et 26|, < € 167,
<[ =07 == 08P 016 (o)
R
< cller’e] , @ e =)
< o[,

Lemma 3.1 is proved. [J

In the next lemma we estimate the operator

Lo = 0, (@) VI [ 5000 0.0 (s074) 0(6) ds.
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LEMMA 3.2, Let 5 =0,1,2, 1 —v < o < min(14+26,2—v), v =
min (j,1), § > 0. Suppose that

¥ @)+ |(§ —2%) 00 (2. 8)| < O
for 0 < %:c% <é< 323. Then the estimate
< 2
oty < Clarwt [©70] .

FC 5D (6)% o

Hx% <x)_612q§‘

1.2
is true for all t > 1.

PROOF. We use the identity (2.2) and integrate by parts to find

¢ = Clt2 | e S@0 —22) 0 (Hyv (2,6)% (€272) ) d

0 = Ol [ 1906 (e -t ) o (Mo .0 (07F)) de
Clt)z [ e 5@ (¢ —23) Hyp (2,6 ¥ (€272 d
st [ S0 (e ab) Hp (@O (60 4) de (6 de

for x > 0. Using the estimates

Crd—1 ‘5 s

(e=ot) o3 (e < Lol ot (g - ot)

and

1 (e 1 Cxz!
(6= %) 0 (o (0,9 % (¢273))| < et (e 1)

in the domain %x% <é< 31:%, by the Cauchy-Schwarz inequality we obtain

e, [ 2

2% (2) " | < C |12
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2 dy
0%, [ — "
€ HL“’ 0 1+ [t|z2y?
a+v

+ Ot 231 ()73

a—+v

< C |t|% xT_% <m>_6_%

N[

+v

_1
< Cla™ 7 (@) (h)

+C |t\% R <w>_6_

wl=
S
~
8
Wl
\/
|

for all x > 0, [t| > 1. Since
1
ot e
L (R4)
—5(atv > otv— _2\ 7201 -3
= e [yt ) T i ay

1 1t
cl= 3t gty oyl [T yeretay
0 1

2

IN

o0
_|_C ’t| O{+V 25 1)/ ya—‘rlj—26—%dy S Cti+u_%,

143
and
1 atv 1 1 3 -3 2
szx i @) ()
L2(R4)
—2(a4v-1) > atv—1 -2
= [t[s Yy (y) 1 dy
0
—2(atv-1) ' ! —2(atv-1) o 1l
< Ot /ya+”2dy+0|t| 3 / y T dy
0 1
< Cff sty
therefore
‘ v 2¢’ L2(R;) Ct@‘*’j** ¢H

+C|t’ 3(a+u 1) H
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Lemma 3.2 is proved. [J
Next we estimate
Too = VI | 596 (6)0 (.6 v (jela?) de
for x > 0.

LEMMA 33. Let j = 0,1,2, 1 —v < a < min(1+26,2—-v), v =
min (7,1), 6§ > 0. Suppose that

1\J—2
% (2,€)| + 160t (2,€)| < (I¢] +1al?)
for €| < %a:% or €] > 322. Then the estimate

< 2
LRy = Clotv— (&) ¢HLoo

+C T ()2 g

Hx% <IL'>761—3¢)‘

L2

is true for all t > 1.

PROOF. We use the identity (2.3) and integrate by parts
o = Cltz [ e S@Og (&) e0e (Hy) (x, ~2))d
w = b [ € co (Hav (.9 xa (€la2) ) de
4l [ e .o (1ela) de (© de.
R

Using the estimates

o ckel (g )
’EH2¢($7§)X1 (’5’37_5)} < 1+|§’ |§|(£2 —i—?x\)

and

oy (g )
€0e (Hav (.6 x1 (lgl2 %) )| < < +(w @ 2 0
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for |¢] < %x% or |¢] > 322, we obtain

. e GETH
|z|2 (z) Z3¢‘SCW x| (x) H¢HL°°/Rl+|tH§|( +m)

e S GRA
+C [t]2 |2 ()" || el /R (14 [t] 1€] (€2 + 1))

Lyl © () dy
< ClHH ™ @) ol [ S
0 1+ [t ||y (y)
1
2
. [e'e) 2 25—4
1ooeki 1 g y ()™ dy
+C|t]2 |z] 2 "1 (x) Hd)éHL? / 3 N2
O (1l 2l y (1))
1
1 +y—1 _ 3\ 72
< ClE e @) (el ) 7 6l

. 3
1 atj 1 _6 3\ 71
+C 2 ol 75 (@) 7 (el fel?) ey
Therefore as above

[l21% @ Tog|| , < Ctoyuoy I9llim + C IS gl s

L2(R)

Lemma 3.3 is proved. [J
In the next lemma we estimate the derivatives of V.

LEMMA 34. Let 5 =0,1,2, 1 —v < o < min(1426,2—v), v =
min (j,1), 6 > 0. Then the estimates

[o% @ av e w\

>2 (bHLOC + Clat ||(

L2R)

<Ct

1
atrv—3

2% (@) [#3v &) -V )¢ 9]

<™t (tafl >2¢HLOO +t

L% (R4)

)
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and

23 (2)" 20 9,V (1) ¢)

L2(Ry)

)

<O (tasy

o+ 7

are valid for all [t| > 1.

ProoF. We have 0,5 (z,¢) ( %> and 0¢S (z,€) = € — x,
hence dee "5@8) = —jt (€2 — z) e~ #5(24)
9, e—itS@E) — _ 1 Dee 1S,
§+x2

then integrating by parts we get

0,V (1) ¢ = \@ / e 1@ Ge (&) (,€) dE
I 00 @ ) (7 (601) 4 (527)) e

= L+

for x > 0, where
gj
£+ a2

b1 (2,6) = x (¢273)

and

2 (2,8) = O (X (5357%) gjjx%> *Oax (5“{%) '

We apply Lemma 3.1, then we get the estimate

Next by Lemma 3.2 and Lemma 3.3 we find

T2 <x>_611‘

< Ctayw ||(6)

L?(R4)

z? (z)7° Jl}

T I B e I
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Thus the first estimate of the lemma is true. Consider the second estimate.
1
Since it (365 — f) = 0,5 (z,£) we obtain

it |:$2V \/7/ —itS@e) g ) 1 (z,€) d€

/o /R e () G (,€) (X (aﬂ)wl (€07%)) e
= DL+ Jy

for z > 0, where (x,&) = O (X (£:U*%)
3.3 to get the estimate

2% ()7 [s2V () - v ()€ ¢
R

L ) . We apply Lemmas 3.1 -
E+a?

L2(Ry)

‘L > L2) ’
Thus the second estlmate of the lemma is true. Consider the third estimate.

Since S (z,&) = ( x7 + 5) (5 - x%> , we obtain

1 _1
m(ﬂ:) 2V(t)o

+ ta

<£l?>75 oV (t) ¢ =
—7 ﬂ e*’itS(w,g) - xfé
/. S (,€) 6 (€)x (& )dg
= g VoG @/ D0 (6) 6(9) Y () d€
‘1\/3 / T IS0, (¢(6) 6 () t (a,€) e

\/Z/ e=5G9) (€) () s (2, €) €
_5@ |0 € 6 (0 0s )

= Is+ I+ J3+ Jy

1

l\3|H

for x > 0, where

paln) = 3t <x>_§$2 X(&_%)’

D=
Yoy
I
+
8

=

—
—
mm
~
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and )
£ a3

3t ()7 (€+2%) (€)
We apply Lemma 3.1, then we get the estimate

¢5 ('T,g) = af

o _1l 5 a _1l_5
% 77 g+ o @07
-1 2
< O™ tas @70,
Next by Lemma 3.2 and Lemma 3.3 we find
o _1l_ s @ _1l_5
‘m2<x>2 lﬂL%R+f+‘x2<$>2 JJL%RQ
1 2 2
< O™ (tasy (@20 . +tars @070 ,)-

Lemma 3.4 is proved. [J

Next we estimate

Tio = /Il /R MM () ) (x, €) d.

LEMMA 3.5. Let0<a< % Suppose that
1\ -2
[ (2,6)] + €060 (2, )| < I¢] (1€] + ]
for x <0, £ € R. Then the estimate
a 1_a _a
115 Zud| gy, < CHIEF e + Cle1 % il
is true for all t > 1.
PROOF. We use the identity (2.3) and integrate by parts
Tip = Cltlt [ 0N () 0 (Haus (2, €)) s
R
HC} [ MEAO et (0,6) b (6 de
R
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Using the estimates

1\ —2
_ce (el + 1)
S TRl @ )

‘fHQ'L/} ({E, f)

and o
|<cmoa+mﬁ
= THTUTE € + Ja])

£0¢ (H2v (2, €))

for x < 0, £ € R, we obtain

N\ —2
. . E(IEl+1al2) dg
’|x|5 L@‘ < Clt|? |a|> ||¢||Loo/R 1£|t‘ ’g[(@z—\x\)

e (Il + Jolt) " de
(1 + 1161 (€ +1a))?

y(y) > dy
3
1+ |t |z|2 y (y)°

1 a
O |23 (el o /
R

1 a &
< cuwﬂuwmwA

y'(y) " dy
3 2
L [t o] y (y)°)

1. o 3\ —1 1, eyl 3\ —1
< Cltl2lal? (Hllel?)  9llge + C1H12 2375 (ltllal? ) ey

1 a1 o
LO N 2] 3 (el A (

Therefore

1 o 3\ —1
< Otz - 2 (|t 2
vy S C 17 Nolgee |21 (Jel 1)

—1
2l 345 (jt] 22

1l _a _a
< O[5 [|@llpee + C 173 [l

|12/ Zio)

L(R_)

1
+CO [t [| pell

L?(R-)

f0<ac< % Lemma 3.5 is proved. [J

Next we estimate the derivative of W (t) .
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LEMMA 3.6. Let 0 <« < 1. Then the estimate

[121% 0w 0 €6, < CER ol + Ot (617 04

L2
is valid for all |t| > 1.
PRrROOF. Applying the identity
it(x€—A f it(xE—A
0, et @E—AE) — _52——90856 (@€=A(€)
we find
0. (1) €6 = /1 / e ge (6) £ e
2 R €2 — X
+\/ﬂ / @A) (£) O, & de =I5 + Js
27 Jr &2 —x
for x < 0. We apply Lemma 3.1 with ¢ (z,£) = @L_m, then we get the
estimate
2 < 2 .
s e L
if 0 < o < 1. Also by Lemma 3.5 with ¢ (,£) = 0 (525—15> we find

a 1_a _a
l21% 5], < CHIETF Illpe +C 107 Igels

L(R_)

Lemma 3.6 is proved. [
4. Estimates for Derivatives of V* and W*

Denote Ag = %836, A= M%&TM = Ay —H'x%, M = eit(mﬁ_/\(ﬁ)), then

we obtain
iEVG = 4/ 1t jieace) / iEe MM () da
27T 0

= —\/Meim(g)/ Mo (z) Age™"*dx
2T 0

_ St el ]
= 2776 tng(O)—i—V Ao.
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1
Since [[V* (1) ¢llpz < Cli¢llLzm,) and [V* (#) dllpe < ClE2 [4llLi(m,)> by

the Riesz interpolation theorem (see [42], p. 52) we have

IV () dl < Cle)2 > 191 52

Ry)
for 2 < p < .
LEMMA 4.1. Let 6 > % Then the estimates
@2 aevg|| , =1l [[(©) " (v —va) g
< CIH* (160)] + |49 (0)]) +C rrtAoA¢rrLz<R )+ CJabea]|,
WY

< C 72 (16(0)] + A (0)] + | A% (0)))
+C [ A0A2 |y, + C | vy T C A0 lam

[ ar

| S I (19 (0)] + 140 (0)] + [ 4% (0)])
O [ 40426 |2, + €|

1
+C lz Aol 2w,y + C 2 9ll2m,)

R

|, S Cladllge +C 1] 26l
are true for all |t| > 1.
PROOF. We have 0¢S (z,£) = A’ (§) — z. Hence
V™ (t) ¢ = it&*V* (t) ¢ — itV* (t) x¢ = it (EV* — V*z) ¢
Then applying iV*¢p = %em\(g) 16 (0) + V* A¢ we get

0V (1)6 = |/ LN (0) — itiev" Ao — itv* (1) o
Tl

= \5e et ¢ (0) — \/geim@)mwo)—z‘tv*A%—itV* (t) z¢.
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Next A = Ag + ix%, hence A? = Ao A + ix%Ao -

8 V* (b \/7 A () §-¢ \/T A (€ 2A¢ (O)

—itV* Ag Ap — th*zx2Ao¢.

Then by estimate [|V* (t) ¢[|p2 < C'[|¢]|p2(g,) We obtain

H 5 9eV*

< Cyt|2(1¢()l+|A¢ H '

L2

+0|tyH< 5V A Ad +C|t|H<§) x?Aogb‘

L2(R4)

< CHE (16(0)] + 46 (0)]) + C |t Ao Abl s,y + C |

L2(R;)

JIQt.A()gb

L2(Ry)

Similarly applying i£V*¢ = A& (b( ) + V*A¢ we consider

3 - 1
(63])* o V*I‘§) qs _ _Z'§2 |2_tﬂ’_€ltA(£);¢ (0)

i

) 1 t
%€ZU\(£) EAQZS (O) + u

-¢ 2

YV (z‘A3 - x§> &,

eitA(g) %A2¢ (0)

Next A = Ag + ix%, hence iA3 — 3 = iAg A% — x%AoA — iz Ag, therefore

(§3V* _ V*x%) b= _Zv§2\/|_7|eitA(§)1¢(0)
2w
+5\f e A¢ \/W e A2¢>< )
v (iAo - o Ag A — iAo ) 6.
Then by estimate [[V* (t) ¢[[p2 < C'[|¢]|p2(r,) We obtain
[ (ev —viat)o| , <o @
+ O A0 )|, +ClimE [0 )] | €

L2
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+ O A0 o +c‘

sy T CllzAodl L2 (r,)
_1 _1

< ClH7Z 19 (0)| + C [t 2 [Ag (0 >|+C\t| 2|42 (0)
+ O A% o, + C |

szOA¢HL2(R+) +C |z Aot am,)

if 6 > % Next we consider

oV*¢ = %/0 eits(x’g)iS(x,f)qﬁ(x)dw

_ % <£3V* _ V*SE%) b —1 (é“V* - V*x%) .

So that
e onel , < @ (v -vat)of
o (o vt
Consider
iV = — %eim@%gb(o)—v*w
= - %eim(é)%gb(())—V*Aoqb—iv*x%(b.
Hence
i (fv* - v*x%) 26 = —V* Agzd
and

o7 (6" = viat) o], < [0 vdoae]], < Moalioge-
Therefore

H 09V b

8|, < CII72 16 (0)] + C 72 | A (0)] + C [t | 4% (0)
+C A%l o, + C |23

+ [l Aozl 2 (r,,)

a7 CllzAodllr2m,)
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if 6 > 3.
Finally we integrate by parts

0
DW* (t) ¢ = ,/geim@) / ite?e "0 (v) da
a —00
to[o .
—m/|2—‘ / e MEAMD) s (1) dx = EW* (t) b — itW* (t) 2.
™ —0o0
Then as above

@ 2w

|, < Cl0:9llge +C 1t 126y
Lemma 4.1 is proved. [
5. Estimate for the Nonlinearity

In the next lemma we find the large time asymptotic behavior of the
nonlinearities in equation (1.7). Define the norm

(€)% o]

lolz = @9 . +¢7%

L2

LEMMA 5.1.  The following asymptotics are true

Ny = —i€%0 eI+ 13eD?) (= o (1t = |33
1= —ig0- (&) | 5 [P (=D + 12 (EDI ) e (= 1) + O ([t = [I2llz) »

M= i€, (©) (518 06DE + 12 (16D ) @1eD + 0 (11 113

Ny = €6 (&) DB (EDF (— leh) + 0 (1% 181)
Ny = €%, (& DFTDE (1) + O (1t 1213)

and X
Ns =0 (175 1813

for all t > 1 uniformly with respect to £ € R, where @ (t) = FU (—t) u (t)
and Nj,j=1,2,---,5 are defined in (1.8).



Third-Order Nonlinear Schrodinger Equation 901

ProoOF. By Lemma 2.2 with a = % we have

V(86 = A1) & (€2) + C 10 |Gl sy + C 7% ||25 000 2Ry
Then
No = V' ()l + 2= ) v

= AW (0P +2-) vs () + 1

= Vg, (@) (lui P+ 200 ) oy (&) + Ry + o,
where

Rio= Ol (sl 420 P) e

FOU7H e n ( (a4 200 ) s )| o

and

Ry = O(¢8 (t€)") (sl +210-) s ()
(sl +20-?) v (&9)]) .-
Next by Lemma 2.1 with a =0, j = 1 we have

V(0)Es= A1) a7 (27) +0 (1175 13l5)

< Ol s

Since
1 1 ~§ —iT sgn 1 *%
A(t,£2):ﬁ]t\6<t§3> S et gt+0<\t!6<t§3> )
we have
Py (82) = V(1)icp=iA(t) |€|@(!§!)+0(!t\_1_12 H@Hz)
FH5 €] iz agnin L
= ———5e " EG(IE)) + O ([t = @]
V(1643 ( )
and

6o (€) = V(-)Digg = —iA (=) €3 (- 1e) + 0 (11772 12l5)

i|t‘% ‘f‘ 12 sgnt ~ L
—— ' — + O (|t 12 .
V3 3)66 @ (— €D <| | ”Sﬁ’”z>
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Therefore

|Ro| < C'Jt] 75

(le+? +200-P) v (€3)]|__ < ClI7 N1
3

Also by Lemma 3.4 with j =1, a = %, 6 = 0 we have

3 —~ 1
TS0V (1) 5¢"L2<R+> < Ol

©3) _+c|e©?

Hence
Rio= Ol (e 2P s
4O [oeRon (el + 200-P) ) | L
< ClE |8l
Thus
N, = *(>(|w+|2+2w7|2) ¥
+<>'2t'<t£’f>’2 (12 €2 + 216 (~ D) @ 1z +0 (1= 121

1, . ~ ~ N T
= €20, (©)(19DP + 16 (- D) 1) + 0 (1~ 113
In the same manner
Ny =Dy (=) (Jo- P + 20 ) v
= V2Igle 0 (&) Dy (6P + 2[4 ?) - + O (177 |12113)
= —i0- () (310D + 12 (D) & (~leh + 0 (11 13

Ny = D3V* (3t) (Y-43)
= Dy/2E T, (6) (Fud) (€) + 0 (10 18)

_ i, G
(160

l

= €0 (O DB IENZ (€D + 0 (1172 1315)

BTN (gh + 0 (1177 1213
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and
N3 = D_3V* (-3t) (V142)
= Dg/2[ee T, (6) (Prv2) (€2) + 0 (172 12113)
2 ¢
| (t€%)2
= —2=€0_ (O DB 1D (- 1eh +0 (1t 113 -

b
= 185 0 (&) D3

ZUENZ (- 1) +0 (1t 213

Finally by estimate

1
IV dllpe < C 12 19llim)

and using Lemma 2.1 with a =0, j =1 and a =1, j = 1 we find

<:L’t§>§ W () €5 < CIW ) & llpom. )

Lo (R-)

L3

IN

Cllelz -

22 W (1) €9

L>(R-)

Hence

N5 =W rf2r = 0 (It ¥l gy ) = © (12 IW () B 15w )

_13 3
O<|t|% <xt§> 2 )
Lo°(R_)
o (14121 -

Lemma 5.1 is proved. [J

<xt%>% W(t) €3

.

6. A Priori Estimates

Local existence and uniqueness of solutions to the Cauchy problem (1.3)
can be established by the standard method.

THEOREM 6.1. Assume that the initial data ug € H> N H>!. Then for
some T > 0 there exists a unique local solution u of the Cauchy problem
(1.8) such that U (—t)u € C ([0, T]; H> nH*!).
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We can take T' > 1 if the data are small in H*NH?! and we may assume
that

IFU (1) Oz (1)l|peo + || FU (—1) O (1) o
(6.1) [ Tu (Vg2 + [lu (Dl < e

To get the desired result, we prove a priori estimates of solutions uniformly
in time. Define the following norm

2
— FU (=) &u ()] o
lull ., tSHF’T];}” (=) 0du ()|,

+ sup 77 ([[Tu(t)|[g2 + llu@®)]lgs)
te(1,7)

where J =z +t02 = U (t) U (—t), v > 0 is sufficiently small.

LEMMA 6.2. Assume that (6.1) holds. Then there exists an € such that
the estimate
lullx, < Ce

is true for all T > 1.

PrROOF. By the continuity of the norm |[ul|x, with respect to T\ ar-
guing by the contradiction we can find the first time 7" > 0 such that
[ullx, = Ce. Define the norm

18w = €8]+t @ e, + |9

Note that by our assumption [Jul|x, . = Ce, it follows that

L2

1@llw < Ce

for t € [1,T]. By equation (1.3) we find
77 lulles < Clluallpe llueellie ulgs < C®t " [[ullgs -
Then we get a priori estimate |ju(t)|gs < Cet? if ||0pu (t)|p +

|02u (t)HLoo < Cet™2. On the other hand, by Lemma 2.1 we have

2
S| (t)| o < Cet 2.
7=0
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Next we need the estimate for HSJQHLOO = H}"Ll (—t) Hhu H
If |£| > t¥, then by the Sobolev embedding theorem we get

1
2

L2

1
2

1672

A
Q
=
[N}
©)

|| o
T
(€)7o

if v > 2. Next we use equation (1.7) for @
|€] < t¥. Applying Lemma 5.1 we get

A
Q
N

= FU (—t)u(t) in the domain

~ AE? ~
0.6 = o (310OF +p0-0F ) 2 (0
7,/\6 —z AEP. 1 _AA —% ~(13
e OPB =07 (1.6 +0 (T 181y ).
for £ > 0 and
2
2816 = —on

i (510 @OF + 100 -0F) 26

N S D, 5 8] A
~Tsge 0P8 (1.9 + 0 (j1E 2l
for £ < 0. Choosing

cwo=en (25 [ (Fomor+pm-9r) L),

we get

O (F3 (1, Vs (t,€))
A =15 A
isslttl SMODLG (1, €)@ (1, ) W (8, €)

+0 (It 121 ) -

for j=1,2, (| <t v< &
€2 (£,) Uy (£,9)|

< 1pLoI+C

1- Integrating in time, we obtain

. S , d
/ STMODE(r )P (7.6) & (7.6) | + O
1
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Integrating by parts we get ‘fjﬁ(t, §)| < Ce.
Consider a priori estimate of || Ju (t)||g2. We have

|76 Ol < C 02T ull o + C|[(i01) > Tul

L2
Using the identity
Pu— 0, Ju = —3tLu

with J = o —t02, L = 0y — %83, P = O0,x + 3t0, we get
10:Tul| . < CllOsPullpz + Ct [luali ussliyz < Cll0Pullys + C.
We apply the operator 0,P to equation (1.3). In view of the commutators
[L,P] =3L, [P,0s] = —0y, we get
L3, Pu =0y (P +3) Lu = Ay (P +3) (|u:,;|2 u) .

Then by the energy method we obtain

d
g 10Pullz = Cllallpe [ussllpe [10:Pullg:

+ e [foo Juzelly: < CE%71|0.Pulpe + Ce277 1

from which it follows ||Pul|p. < Cet?. Therefore ||02T uHL2 < Cet? for all
te[1,T).

Finally we need to estimate the norm H (i8,)~? ju‘ = H (&) 85@‘ L2
Differentiating equation (1.7) we get
(&) e = MTHE T O (N1 + Na)
A1 O (678 9 (N3 + Na)
(6.2) A ()P 9N + z‘)\nge%“A(@ (€)3 (N3 + Na).

We denote ;4 = V (t)i&I @, ;- =V (—t)D_1i&’@. Applying Lemma 4.1
we get

[ oem| , < @ av s,
< Ot (Jwrs OF + re O s O)) +C [4340, () €8] 1o(m,,

+C 102202V () Bl Lar, + € [o20ieday (0 €7

L?(R4)
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for k=1,2,3,4 and

@2 0ens|| , < i€ aew irf2]

L2

< c|wwerawmer| , +cil|«w e

By Lemma 2.1 with a = 0, j = 1,2 we find [¢;+ (0)| < C |t|_% | @Iy - Hence
1 ~
17 ([Yre OF + [Yre O e (0)]) < C 1313y -
Also by Lemma 2.1 with « =0, j = 1,2
1 1 _1 ~
(22 [yl < C (2% 411176 Bl -
By Lemma 3.4 with j = 1,2, § =0, « = 2 and o = 0, we get

H(a:s e a)a Vit Ejgo‘

+C H 85g0‘

< cfwe,.

YIS
L S OO Blw-
Hence

[01:0:V (1) €8l pam, ) + C 11202605V (1) 8lI2(w,)
+0\xwliaxv< 132 W

< Clliy || +175) v () 93

< Y13l2, .
LR, S C )7 |Pllw

Therefore

[@2oem , < cariaiiy

for k =1,2,3,4. Next by Lemma 2.1 with j =1, a =0, a = % and o =

[OSIIEN

~ 1.
W () €@l m_y < CIEE [1Pllw

and
1 1 1
3 3 I < —3 fON
[l @swnes] . <l gl
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By Lemma 3.6 with @ = 0 we obtain

~ 1
10 (1) €@z _y < CI]E [1]lw -

Hence
-+,
< c|lwwerawme| ,+ci|
< CHTH 18Ry + O8Iy ()|, < € ww

Thus we get from (6.2)

63) 375 =0 (17 15l ) +iAgE2eH O (67 (N + Ny).
We need to estimate the last term in the right-hand side (6.3). We represent

()72 EV (Bt byt = (©) 7V (3t a7, + Ry,

where o
Ry = (&) [€2V* (3t) — V* (3t) 2] 1, .

Also we denote 4 =V (t)i&/Q, ¢j— =V (—t) D_1i&’ . By Lemma 4.1 we
find

IR e = 14|67 (V" (36) = V' 3oy w) By |

< Ol (|(@imwdy) )] + (A [@i—¢2,)) (0)])
+C [[tAoA (Bt o, + € 3840 (1wt )|

L2(Ry)
Then as above
1
IR e < C 17 (Jre (0 + [Yre (O s (0)])
+C H@blia V(t §2SDHLQ + C||[Y1410240,V (1) £¢|’L2(R+)

O [ehutaov 0 €p| . <007 1By

Next we represent ;
ﬂhfiﬁﬁ = 2293, + Ra,
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where

_ §—
Ry = (¢1—¢%+ - $2¢0—¢§+> :
By Lemma 3.4 with j =0, a = g, 0= % we find

and by Lemma 2.1

it e

<Clt e
LR, S [t 1 2llw

s <1:>7% [$%w0i - @014

1 1
2 ()2 < C||?|lw -
eyl E 0| < ClBlh

Hence

1,01 2
+ ||z2 (x>2¢OiHLm(R )>
+

| Rallgs < € (HW F

—1~3
x| < O 1By -

¥ (z) 2 [:C%%i - 1/114

L2(Ry)
Next we represent
(€7 V" (30) 3oy, = € ()" V* (3t) avho—vf, + Rs,

where i
Ry = ()7 [€V* (31) - V" (31) o | aho- .
By Lemma 4.1 we find

1 Rallge = [41]|(€) 7 €2V (30) = V" (3t) 23 | aho—vi

L2

< C0,A2 (3t)ww7¢§+HL2(R+)+O‘x%a$“4(3t)m%—‘wg+ L2(R)
+C a0 (B0 ) lgae, ) + € 1008 loqe,
< C|ad, A2 (30) o8 o, + C 30 A GO B0t |, o

+C szaxwtw&}!p(m) +C A% (31) Ww(zH-HLZ(RJF)
+C |[o%.4 30 Bomuh,

L2(R4) +C ‘|$¢T¢3+HL2(R+) ’

since A (3t) = M?)%&CMS =30, +iz2, then [0p,2] = 1, [A(3t) 2] = &,

and 1 3 1
220, A (3t) x = 220, A (3t) + 222 A(3t) —ix
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and

0y A% (3t) 7 = 20, A2 (3t) + 3A2 (3t) — 2iz2 A (3t).
Also we have

A(3t) (Yo-1i5y) = Mglax <(M¢0—> (M¢0+)2)
= Ao W + 3 (Fo (o) (A1) o))

1—— 2
= §¢1—¢§+ + §¢0—¢0+¢1+7

similarly

A2 (3t) (Yo-iy) = %wtdfo#bmr + %”L/JT%H/JH

2— 2—
+§1/10— (Vi) + §$0—¢0+1/12+‘

Hence we get

|mmﬂpsc(

i(x)2 %i%iH

w1 (x)3 ¢Oi¢1ﬁ:HLm(R+)

L°°(R+)

zi <l‘>% Yo+ o+

L>(R4)

i <m>% ¢1i¢1i” (R+)>

+c(

s Yo+to+ H

3, 1
’x4 ()72 Optho+ LR

L°°(R+))

+C W?i%ium(m)

3
frga:rwli

xs %ﬂﬂli H

9
$8¢0i¢0i‘

*(R4) L2(R4)

wa:I:

L>(R4)
+C }|¢%i¢0ﬂ:HLQ(R+) +C Hwéwliwgi

L*(R4)

3
L2(Ry) +C ”waiHW(RH :
By Lemma 3.4 with a = 2, 6 =3, j=0,and o = 3, § = 0; j = 1,2 we
obtain
3
+ |28 0pthat

3 _1 3
x4 (x)” 2 Optpo+ + ||x8 01+

L2 (R4)
+C @0

L% (R4) L*(R4)

< ke

. 1Bl -
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Also by Lemma 2.1

Hence we find

wh@ i gos| @] @i <ClRlw

L>(R4) Lo(R+) > (R+)

|Rsllpz < C 1P 1Bl -
Thus we get the representation
()7 V(30 by = €467V (3 o, + O (I 1Bl )
and by equation (6.3)

(6.4) 0c(€) 7 = 0 () 1Bl ) + 23N,
where

8

I=iX5(6) ™" (D_aV* (=3) wor v + DaV* (31) wo—vd, ) -

The last term on the right-hand side of (6.4) we rewrite in the form of full
derivative

SitA(€) 9¢ BitA(€) 9¢° 0o itA(E)
eI = 8<8A<s>e I) sa@c

Finally we estimate
H 30y (D3V* (3t) wo— ¢0+)’
H =3 9V* (3t) 2o w0+‘

+|ie v 30 aBovor oo |,

By Lemma 4.1 as above we get

H(f)fg’ O V* (3t) $W¢3+HL2 <C HAO““%@Z’T%H‘L%RH
+C |[a¥ Ao Ao, | |

- +C HxAOmle/J?H HL2(R+)

+C Hon2 (Yo-v54) HL2(R+) +C ‘t|_% Hx‘/’T%Jr”L?(m)
< C Bl -
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Finally by Lemma 3.4 with a =1, § = %, we have

<O 2lw -

x3 ()~ t1/10ﬁ:‘

L%(R+)
Hence
H (&2 (3t) UCW%JF@W%‘ L
< Ot @bvns] [t @ 0|, <@ BTy

Thus from (6.4) we find

3,
o (1077 - g™ O1) =0 (107" ol

Integrating we get

< Cet".

3 9¢3 s,
H<§> Pz — ig estMO

L2

Since

|l = C HD_SV* (—3t) x%lﬁ%_ + D5V (3t) xwwg—&-uL?

then we obtain
—3 —~
H<£> @gHLZ < C|lg2 + Cet? < Cet?.
Thus we get |ul|x,. < Ce. Lemma 6.2 is proved. [J

7. Proof of Theorem 1.2

By Lemma 6.2 we see that a priori estimate [|ufx, < Ce is true for all
T > 0. Therefore the global existence of solutions of the Cauchy problem
(1.3) satisfying the estimate

lullx,, < Ce

follows by a standard continuation argument from the local existence The-
orem 6.1.
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Now we turn to the proof of asymptotic formula (1.6) for the solutions
u of the Cauchy problem (1.3). By the representation for j = 1,2

&u(t) = Dy (Mpyj + Mip_j +15),

where 1y ; =V (t) (i€ §, ¢_; = V(=) D_y1 (i€)’ @, r; = W (t) (i€)’ 3, and

Lemma 2.1 we have

by = iA(it)m%cﬁ( %) —I—O(

Therefore

J

Opu(t) =Du (MAW) 23 () + MA(=t) 225 (=2 ) ) +0 (3.

We need to compute the asymptotics of the function ¢ (¢,£). As in the proof
of Lemma 6.2 we get

Oy (5] A(tv g) Uy (tv g))

= 1/:3§|t| s MNODG (1, —) B (1,6) €004 (1,€)

v—13
+0 (|t|2 2 121y )
for j = 1,2, |{| <t¥, v < 54. For
Yj (ta €> = é—j(ﬁ(ta g) (0-0—\1/4- (ta g) +60_VU_ (t7 E)) ’
integrating in time, we obtain
2 [ Sir A&y = 2 ; dr
= Cf €9 ’D390 (7_7 —f)(p (Ta 5) "S]\Il:t (7_7 5) 7

t
= o[ 00, (rIDF T 07 (¢ s () dr

Hence we obtain

1y () = yj (s)ll g

t
_ _ 1
< 063/ T 12+2u+7+ -1 2u+'yd7_gcg3s 75 H2v+y
s
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for any t > s > 0, % > v > 7. Therefore there exists a unique final state
y;,F € L such that

L
(7.1) ly; (1) =yl < CeXtm1F2H

for all ¢ > 0. Since

i\ 2 t N R d
va .9 —ew (+5 [ (Jpmor+pm-or ) )

for

tr d t d

[ (Grrortpr-of) L - [vro

1 T 1 T
(7.2) — Yo (§)logt+ 0 (t).
where

Y (7,€) = 5o (. &) + luo (7, ~€)

and Yo r (€) = % |yo,r (O + yo.r (—€)[* . We study the asymptotics in time
of the remainder term @ (¢). We have

t 2 2 dr
e -0(s) = | (Y0P -yOP)=
t
+ (1Y OF = 1Yo.rP) 1og =
By (7.1) we obtain ||® (t) — ® (s)| e < Ce3s7° for any ¢t > s > 0, where
6= % + . Hence there exists a unique real-valued function ®r € L such
that

(7.3) 1@ (t) — @pllp~ < Ct™°

for all ¢ > 0. Representation (7.2) and estimate (7.3) yield

<Ct?

INE2 INE2
Hllfi (t,€) —exp (:I:—Z 2£ \Y()7F]210gt 4+ s 2€ <I>F>
LOO
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for all ¢ > 0. Thus we get the large time asymptotics

18 (8,€) = yo,r0: V= (£, = 190 (1) — Yo, 02l < C°

and

ixe? 2 ixe?
F5—|Yr|" logtF5—PF
Yo,r0+ ¥ — yo,FGie( ’ ? ) < Cts.

LOO

Therefore we obtain the estimate

(jFi)fg ( i ‘yo,F(€)|2+|yo,F(*§)‘2) log th#‘%P)

P (t,&) — yo,rb+e < Ct e,

Using the factorization of U (¢) we have

du(t) —DMTA({)x2

X (yO,F ( l) G_MTICI)F—i_(_MTz(%lyOvF(x%) ‘2+|90,F(—x%) ‘2> logt))

DM~ A(—t) 2}

. (y (<o) 2 (3 (Dl ) >>
0,F | —

Loe

" (:F “‘252 (%‘yO,F(§)|2+|yO,F(_§)|2) logtzlz#‘?F) )

¢ <95 (t,€) — yo,rb+e

Lee
1_1
<O ___1_+,y'

This completes the proof of asymptotics (1.6). Theorem 1.2 is proved.
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