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Large Time Asymptotics of Solutions for the

Third-Order Nonlinear Schrödinger Equation

By Nakao Hayashi and Pavel I. Naumkin

Abstract. We study the large time asymptotics of small ampli-
tude solutions to the Cauchy problem for the third-order nonlinear
Schrödinger equation with zero mass condition which is considered as
a complex version of the modified Korteweg-de Vries equation. We
apply the factorization of the free evolution group to improve the time
decay estimate of solutions obtained in the previous work.

1. Introduction

We consider the Cauchy problem for the third-order nonlinear

Schrödinger equation{
i∂tv + α∂2

xv + iβ∂3
xv = µ |v|2 v + iλ∂x |v|2 v, t > 0, x ∈ R,

v (0, x) = v0 (x) , x ∈ R,
(1.1)

where α, β, λ, µ ∈ R. This equation arises in the context of high-speed soli-

ton transmission in long-haul optical communication system [14]. Also it can

be considered as a particular form of the higher order nonlinear Schrödinger

equation introduced by [36] to describe the nonlinear propagation of pulses

through optical fibers. This equation also represents the propagation of

pulses by taking higher dispersion effects into account than those given by

the Schrödinger equation (see [17], [32], [37], [45]). The higher order nonlin-

ear Schrödinger equations have been widely studied recently. For the local

and global well-posedness of the Cauchy problem we refer to [5], [6], [35]

and references therein. The dispersive blow-up was obtained in [3].

We exclude the term with the second derivative changing v = v1e
αi
3β

x

i∂tv1 + iβ∂3
xv1 +

iα2

3β
∂xv1 −

2α3

27β2
v1 =

(
µ+

αλ

3β

)
|v1|2 v1 + iλ∂x

(
|v1|2 v1

)
.
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After that we exclude the third and fourth terms on the left-hand side of

the above equation by changing v1 (t, x) = v2

(
t, x− α2

3β t
)
e
− 2itα3

27β2 , then we

get

i∂tv2 + iβ∂3
xv2 =

(
µ+

αλ

3β

)
|v2|2 v2 + iλ∂x

(
|v2|2 v2

)
.

Without loss of generality we take β = −1
3

∂tv2 −
1

3
∂3
xv2 = −i (µ− αλ) |v2|2 v2 + λ∂x

(
|v2|2 v2

)
.

Note that the symbol Λ (ξ) = 1
3ξ

3 degenerates at ξ = 0, hence the free

evolution group performs more slow time decay like O
(
t−

1
3

)
, in general.

Therefore the first term of the right hand side is a difficult term with respect

to small data global existence. To avoid this difficulty we choose µ = αλ,

so we consider {
Lv = λ∂x

(
|v|2 v

)
, t > 0, x ∈ R,

v (0, x) = v0 (x) , x ∈ R,
(1.2)

where L = ∂t − 1
3∂

3
x. Then the solution of (1.1) is represented by

v
(
t, x+ α2t

)
e−

2itα3

3
−αix

through the solution v of (1.2). Next we assume that the initial data are

such that v̂0 (0) = 0. By changing v = ∂xu, we get the equation in the

potential form {
Lu = λ |ux|2 ux, t > 0, x ∈ R,

u (0, x) = u0 (x) , x ∈ R.
(1.3)

This is our target equation in the present paper. Note that equation (1.3)

or (1.2) can be considered as a complex version of the modified Korteweg-

de Vries (KdV) equation. KdV equation was introduced in [33] to describe

unidirectional propagation of nonlinear dispersive long waves. In [25], it

was also pointed out that the Alfvén waves are also described by the mod-

ified KdV equation Lu = ∂xu
3. Concerning the solitary wave solutions of

higher order dispersive equations, there are a lot of works (see, e.g., [24],

[30]). However the large time asymptotic behavior of small solutions was
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not studied well. As far as we know the large time asymptotics of solu-

tions to Lu = ∂xu
2 is still an open problem. For the modified KdV equa-

tion Lu = ∂xu
3 we studied the large time asymptotics of small solutions

and showed that the small amplitude real-valued solutions are stable in the

neighborhood of the self-similar solutions (see [22]). Cauchy problem (1.3)

was intensively studied by many authors. The existence and uniqueness of

solutions to (1.3) were proved in [16], [18], [26], [27], [29], [28], [34], [39],

[41], [46] and the smoothing properties of solutions were studied in [4], [9],

[12], [26], [27], [29], [28], [41]. The blow-up effect for a special class of slowly

decaying solutions of the Cauchy problem (1.3) was found in [2].

The large time asymptotics of solutions to the generalized KdV equation

Lu = ∂x |u|ρ−1 u was studied in [7], [19], [29], [31], [38], [40], [43], [44] for

different values of ρ in the super critical region ρ > 3. For the special cases

of the KdV equation itself Lu = ∂x
(
u2

)
and of the modified KdV equation

Lu = ∂x
(
u3

)
, the Cauchy problem was solved by the Inverse Scattering

Transform (IST) method and thus the large time asymptotic behavior of

solutions was studied (see [1], [13]). It was known that solutions of the

modified KdV equation Lu = ∂x
(
u3

)
decay with the same speed as in the

corresponding linear case, i.e. ‖u (t)‖L∞ ≤ Ct−
1
3 as t → ∞ (see [13]). The

IST method depends essentially on the nonlinearity in the equation. It

is not applicable if we slightly change the nonlinear term like a (t) ∂x
(
u3

)
with |a (t)| ≤ C. So it is very important to develop alternative methods for

studying the large time asymptotics of solutions. In [20] we obtained the

large time asymptotics of solutions to equation

Lv = ∂x
(
v3

)
(1.4)

in the case of small real-valued initial data v0 ∈ H1,1 with zero total mass

assumption
∫
R v0(x)dx = 0. More precisely we have the asymptotics

v(t, x) = t−
1
3 θ (x) ReAi

(
xt−

1
3

)
W

((x
t

) 1
2

)
× exp

(
−3

4
i

∣∣∣∣W ((x
t

) 1
2

)∣∣∣∣2 log t

)
+O

(
tγ−

1
2

)
(1.5)

for large time t, where γ > 0, W ∈ L∞ satisfying W (0) = 0 is uniquely
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defined by the data v0, and

Ai (x) =
1

π

∫ ∞

0
eixξ−

i
3
ξ3dξ

is the Airy function. Note that the estimate of the remainder term in formula

(1.5) is not sufficiently exact, since the main term decays as O
(
t−

1
2

)
in the

domain x ∼ t due to the known estimate∣∣∣θ (x) ReAi
(
xt−

1
3

)∣∣∣ ≤ C
〈
xt−

1
3

〉− 1
4
.

We could not obtain more exact estimate for the remainder since the method

of paper [20] is based on the L2 - estimate of the operator P = ∂xx+ 3t∂t.

By the identity P − ∂xJ = 3tL with J = x + t∂2
x, L = ∂t − 1

3∂
3
x, we see

that the L2 - estimate of P is related with the L2 - estimate of solutions

multiplying by the operator ∂xJ . However to get more accurate estimate

for the remainder in asymptotics (1.5) we need the L2 - estimate of J u (t).

In the present paper we fill this gap by applying the factorization technique,

which allows us to obtain a priori estimate of the norm ‖J u (t)‖L2 . We also

use the operator P here in order to avoid the derivative loss in equation

(1.3). Another advantage is that we are able here to find the large time

asymptotics for the complex solution u (t) of (1.3).

We are now in a position to state our result.

Theorem 1.1. Assume that the initial data v0 ∈ H2 ∩ H1,1 with a

sufficiently small norm ‖v0‖H2∩H1,1 ≤ ε and
∫
v0dx = 0. Then there exists

a unique global solution e
1
3
it(−i∂x)3v ∈ C

(
[0,∞) ;H2 ∩ H1,1

)
of the Cauchy

problem (1.4) satisfying the time decay estimates

‖v (t)‖L∞ + ‖∂xv (t)‖L∞ ≤ Cεt−
1
2 .

Moreover there exists a unique modified final state yF ∈ L∞ and a unique

real valued function ΦF ∈ L∞ such that the asymptotics

∂j−1
x v (t) = t−

1
2 θ (x)A

(
t,
x

t

)
κ
jyF (κ)H (yF ,ΦF )

+t−
1
2 θ (x)A

(
t,
x

t

)
κ
jyF (−κ)H (yF ,ΦF )

+O
(
εt−

1
2
− 1

12
+γ

)
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hold uniformly with respect to x ∈ R, where j = 1, 2, κ = (x/t)
1
2 , γ > 0,

H (yF ,ΦF ) = e
2
3
itκ3− iλ

2
κΦF (κ)+(− iλ

2
κ

2( 1
2
|yF (κ)|2+|yF (−κ)|2) log t)

and A (t) has the asymptotics

A
(
t,
x

t

)
=

1√
2i
θ+ (x) |t|

1
6

〈
t−

1
2x

3
2

〉− 1
6

+O

(
|t|

1
6

〈
t−

1
2x

3
2

〉− 7
6

)
.

Theorem 1.1 is a direct consequence of the following theorem by virtue

of the relation ∂xu = v.

Theorem 1.2. Assume that the initial data u0 ∈ H3 ∩ H2,1, with a

sufficiently small norm ‖u0‖H3∩H2,1 ≤ ε. Then there exists a unique global

solution e
1
3
it(−i∂x)3u ∈ C

(
[0,∞) ;H3 ∩ H2,1

)
of the Cauchy problem (1.3)

satisfying the time decay estimates

‖u (t)‖L∞ ≤ Cεt−
1
3 ,

‖∂xu (t)‖L∞ +
∥∥∂2

xu (t)
∥∥
L∞ ≤ Cεt−

1
2 .

Moreover there exists a unique modified final state yF ∈ L∞ and a unique

real valued function ΦF ∈ L∞ such that the asymptotics

∂jxu (t) = t−
1
2 θ (x)A

(
t,
x

t

)
κ
jyF (κ)H (yF ,ΦF )

+t−
1
2 θ (x)A

(
t,
x

t

)
κ
jyF (−κ)H (yF ,ΦF )

+O
(
εt−

1
2
− 1

12
+γ

)
(1.6)

hold uniformly with respect to x ∈ R, where j = 1, 2, κ = (x/t)
1
2 , γ >

0, H (yF ,ΦF ) and A (t) are the same ones given in Theorem 1.1.

Remark 1.1. By the asymptotics of A (t) which will be shown below,

we have

A
(
t,
x

t

)(x
t

) 1
2

=
1√
2i
θ+ (x) |t|

1
6

〈
t−

1
2x

3
2

〉− 1
6
(x
t

) 1
2

+O

(
|t|

1
6

〈
t−

1
2x

3
2

〉− 7
6
(x
t

) 1
2

)
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For x ∼ t we have

|A (t) κ| ≤ C

which implies, that the second term of the right-hand side of (1.6) is a

remainder in the region x ∼ t. If the initial data u0 are real-valued functions,

then yF (−ξ) = yF (ξ), which implies the asymptotic of solutions is

∂xu (t) = 2t−
1
2 θ (x) ReA (t) κyF (κ)H (yF ,ΦF ) +O

(
εt−

1
2
− 1

12
+γ

)
.

The main term of the large time asymptotics is the same as in our previous

work [20] and the estimate of the remainder term in (1.6) is more exact (see

formula (1.5) and note that the real-valued solutions for equations (1.3) and

(1.4) are related by v (t) = ∂xu (t)).

We now introduce the factorization formula for equation (1.3). We have

for the free evolution group U (t) = F−1EF , where the multiplication factor

E = e−itΛ(ξ), Λ (ξ) = 1
3ξ

3. Then we find

U (t)F−1φ = F−1Eφ =
1√
2π

∫
R
eit(

x
t
ξ−Λ(ξ))φ (ξ) dξ

= Dt

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φ (ξ) dξ,

where the dilation operator Dtφ = |t|−
1
2 φ

(
xt−1

)
. Note that there are two

stationary points in the integral
∫
R eit(xξ−Λ(ξ))φ (ξ) dξ for x > 0, which are

defined by the two roots ξ = −√
x and ξ =

√
x of the equation Λ′ (ξ) = x.

Denote θ− (x) = 1 for x ≤ 0 and θ− (x) = 0 for x > 0, and θ+ (x) =

1−θ− (x) . We define the cut off function χ (x) ∈ C2 (R) such that χ (x) = 0

for x ≤ −1
3 , χ (x) = 1 for x ≥ 1

3 , and such that χ (x) + χ (−x) ≡ 1. Then

we decompose

U (t)F−1φ = θ+ (x)Dt

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φ (ξ)χ

(
ξx−

1
2

)
dξ

+θ+ (x)Dt

√
|t|
2π

∫
R
e−it(xξ−Λ(ξ))φ (−ξ)χ

(
ξx−

1
2

)
dξ

+θ− (x)Dt

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φ (ξ) dξ.
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Define the operators

V (t)φ = θ+ (tx)

√
|t|
2π

∫
R
e−itS(x,ξ)φ (ξ)χ

(
ξx−

1
2

)
dξ,

W (t)φ = θ− (tx)

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φ (ξ) dξ,

where S (x, ξ) = Λ (ξ)−Λ (
√
x)− x (ξ −√

x) . Denote M = eit(x
√
x−Λ(

√
x)),

then we get

U (t)F−1φ = Dt

(
MV (t)φ+MV (−t)D−1φ+ W (t)φ

)
.

Denote D−1
t φ = |t|

1
2 φ (xt) , also we decompose the inverse operator

FU (−t)φ = EFφ =
1√
2π

∫
R
e−it(x

t
ξ−Λ(ξ))φ (x) dx

=

√
|t|
2π

∫
R
e−it(ξx−Λ(ξ))D−1

t φ (x) dx.

Define the new dependent variable ϕ̂ = FU (−t)u (t). Since FU (−t)L =

∂tFU (−t) , applying the operator FU (−t) to equation (1.3) we get

∂tϕ̂ = ∂tFU (−t)u = FU (−t)Lu = λFU (−t)
(
|ux|2 ux

)
.

Then since

ux = U (t) ∂xF−1ϕ̂ = U (t)F−1iξϕ̂

= Dt

(
Mψ+ +Mψ− + r

)
,

where ψ+ = V (t) iξϕ̂, ψ− = V (−t)D−1iξϕ̂, r = W (t) iξϕ̂, we find the

following decomposition

∂tϕ̂ = λFU (−t)
(
|ux|2 ux

)
=

√
|t|
2π

∫
R
dxe−it(ξx−Λ(ξ))D−1

t

∣∣Dt

(
Mψ+ +Mψ− + r

)∣∣2
×Dt

(
Mψ+ +Mψ− + r

)
=

√
1

2π |t|

∫
R
dxe−it(ξx−Λ(ξ))

∣∣Mψ+ +Mψ− + r
∣∣2

×
(
Mψ+ +Mψ− + r

)
.
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Since ∣∣Mψ+ +Mψ− + r
∣∣2 (

Mψ+ +Mψ− + r
)

= θ+ (x)
∣∣Mψ+ +Mψ−

∣∣2 (
Mψ+ +Mψ−

)
+ θ− (x) |r|2 r

we get

∂tϕ̂ =
λ√
2π |t|

∫ ∞

0
dxe−it(ξx−Λ(ξ))

4∑
j=1

Ij

+
λ√
2π |t|

∫ 0

−∞
dxe−it(ξx−Λ(ξ)) |r|2 r.

where

I1 = M3ψ−ψ
2
+, I2 = M

(
|ψ+|2 + 2 |ψ−|2

)
ψ+,

I3 = M
(
|ψ−|2 + 2 |ψ+|2

)
ψ−, I4 = M

3
ψ+ψ

2
−.

Define the operators

V∗ (t)φ =

√
|t|
2π

∫ ∞

0
eitS(x,ξ)φ (x) dx,

W∗ (t)φ =

√
|t|
2π

∫ 0

−∞
e−it(ξx−Λ(ξ))φ (x) dx.

Thus we get the equation

∂tϕ̂ = λ |t|−1 (N1 +N2) + λ |t|−1 e
8
9
itΛ(ξ) (N3 +N4) + λ |t|−1N5,(1.7)

where

N1 = D−1V∗ (−t)
(
|ψ−|2 + 2 |ψ+|2

)
ψ−,

N2 = V∗ (t)
(
|ψ+|2 + 2 |ψ−|2

)
ψ+,

N3 = D−3V∗ (−3t)
(
ψ+ψ

2
−
)
, N4 = D3V∗ (3t)

(
ψ−ψ

2
+

)
,

N5 = W∗ |r|2 r.(1.8)

In order to get an optimal time decay estimate of solutions in the uniform

norm we need the estimate of ϕ̂ in L∞ - norm and the estimate for the
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derivative ∂ξϕ̂ in L2 - norm. Note that ‖∂ξϕ̂‖L2 = ‖J u‖L2 and for the

operator J = U (t)xU (−t) we have

J = U (t)xU (−t) = F−1e−itΛ(ξ)i∂ξe
itΛ(ξ)F

= F−1
(
i∂ξ − tΛ′ (ξ)

)
F = x− tΛ′ (−i∂x) = x+ t∂2

x.

The operator J is a generalization of Js = e
it
2
∂2
xxe−

it
2
∂2
x = x+ it∂x, and Js

was widely used in the study of the large time behavior of solutions to the

nonlinear Schrödinger equations (see [23]).

Our main task is to estimate each term of the right-hand side of equation

(1.7) in L∞ and H1 norms. We organize the rest of our paper as follows. In

Section 2, we state the uniform estimates for the decomposition operators

V and W (Lemma 2.1). The uniform estimates of V∗ (t) and W∗ (t) are

obtained in Lemma 2.2. We prove L2 - estimates of the derivatives of V
(Lemma 3.4) and W (Lemma 3.6) in Section 3. Lemmas 3.1 - 3.3 are

prepared for proving Lemma 3.4, Lemma 3.5 is used in the proof of Lemma

3.6. The L2 - estimates of the derivatives of V∗ and W∗ (Lemma 4.1) are

obtained in Section 4. In Section 5 we find the main term of the large

time asymptotic behavior of the nonlinearity in equation (1.7) (see Lemma

5.1). In Section 6 we obtain a priori estimates of solutions to (1.3). Finally

Section 7 is devoted to the proof of Theorem 1.2.

2. Estimates in the Uniform Norm

Define the kernel

A (t, x) = θ+ (x)

√
|t|
2π

∫
R
e−itS(x,ξ)χ̃

(
ξx−

1
2

)
dξ,

where the cut off function χ̃ (z) ∈ C2 (R) is such that χ̃ (z) = 1 for 2
3 ≤ z ≤

3
2 , and χ̃ (z) = 0 for z ≤ 1

3 or z ≥ 3. Changing the variable of integration

ξ = y
√
x we get S (x, ξ) = x

3
2G (y) , where G (y) = Λ (y) − y + 2

3 and

A (t, x) = θ+ (x) |x|
1
2

√
|t|
2π

∫
R
e−itx

3
2 G(y)χ̃ (y) dy.
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To compute the asymptotics of the function A (t, x) for large
∣∣∣tx 3

2

∣∣∣ we apply

the stationary phase method (see [15], p. 163). We have the asymptotics∫
R
e−izG(y)f (y) dy

= e−izG(y0)f (y0)

√
2π

|zG′′ (y0)|
e−iπ

4
sgnG′′(y0)z +O

(
|z|−

3
2

)
(2.1)

for |z| → ∞, where the stationary point y0 is defined by G′ (y0) = 0. Since

G′ (y) = y2 − 1, we find y0 = 1 and by virtue of formula (2.1) we get

A (t, x) =
1√
2
θ+ (x) |t|

1
6

〈
tx

3
2

〉− 1
6
e
−iπ

4
t
|t| +O

(
|t|

1
6

〈
tx

3
2

〉− 7
6

)
for

∣∣∣tx 3
2

∣∣∣ → ∞, x > 0. In particular we have

|A (t, x)| ≤ C |t|
1
6

〈
tx

3
2

〉− 1
6

for all t ∈ R, x > 0.

In the next lemma we obtain the estimates of the operators

V (t)φ = θ+ (x)

√
|t|
2π

∫
R
e−itS(x,ξ)φ (ξ)χ

(
ξx−

1
2

)
dξ,

W (t)φ = θ− (x)

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φ (ξ) dξ,

where S (x, ξ) = Λ (ξ) − Λ (
√
x) − x (ξ −√

x) .

Lemma 2.1. Let j = 0, 1, 2, 0 ≤ α ≤ 11
4 − j. Then the following esti-

mates are valid for all |t| ≥ 1∥∥∥xα
2

(
V (t) ξjφ−A (t)x

j
2φ

(
x

1
2

))∥∥∥
L∞(R+)

≤ C |t|
1
6
− 1

3
min(j+α,1)

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ C |t|−
1
3

min(j+α, 3
4)

∥∥∥〈ξ〉2 φξ∥∥∥
L2

and ∥∥∥|x|α2 W (t) ξjφ
∥∥∥
L∞(R−)

≤ C |t|
1
6
− 1

3
min(j+α, 3

2)
∥∥∥〈ξ〉2 φ∥∥∥

L∞

+C |t|−
1
3

min(j+α, 3
2)

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.
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Remark 2.1. In particular, we have the following estimates∥∥∥x 1
4 〈x〉

3
4 V (t)φ

∥∥∥
L∞(R+)

+
∥∥∥〈x〉 1

2 V (t) ξφ
∥∥∥
L∞(R+)

+
∥∥∥〈x〉 1

4 V (t) ξ2φ
∥∥∥
L∞(R+)

+ |t|
1
6

∥∥∥∥〈xt 2
3

〉 1
4 W (t) ξφ

∥∥∥∥
L∞(R−)

+

∥∥∥∥〈xt 2
3

〉 1
2 W (t) ξϕ̂

∥∥∥∥
L∞(R−)

≤ C
∥∥∥〈ξ〉2 φ∥∥∥

L∞
+ C |t|−

1
6

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.

Since we have∥∥∥x 1
4V (t) ξ2φ

∥∥∥
L∞(R+)

≤
∥∥∥x 1

4A (t)xφ
(
x

1
2

)∥∥∥
L∞(R+)

+ C |t|−
1
6

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ C |t|−
1
4

∥∥∥〈ξ〉2 φξ∥∥∥
L2

and by the estimate of A (t)∥∥∥x 1
4A (t)xφ

(
x

1
2

)∥∥∥
L∞(R+)

≤ C

∥∥∥∥x 1
4 |t|

1
6

〈
tx

3
2

〉− 1
6
xφ

(
x

1
2

)∥∥∥∥
L∞(R+)

≤ C
∥∥∥〈ξ〉2 φ∥∥∥

L∞

we have the desired estimate.

Proof. We have

V (t) ξjφ−A (t)x
j
2φ

(
x

1
2

)
=

√
|t|
2π

∫ 3x
1
2

1
3
x

1
2

e−itS(x,ξ)
(
ξjφ (ξ) − x

j
2φ

(
x

1
2

))
χ̃
(
ξx−

1
2

)
dξ

+

√
|t|
2π

∫
R
e−itS(x,ξ)φ (ξ)χ1

(
ξx−

1
2

)
ξjdξ = I1 + I2

for x > 0, |t| ≥ 1, where χ1 (z) = χ (z)− χ̃ (z) . Integrating by parts via the

identity

e−itS(x,ξ) = H1∂ξ

((
ξ − x

1
2

)
e−itS(x,ξ)

)
(2.2)
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with H1 =
(
1 − it

(
ξ − x

1
2

)
∂ξS (x, ξ)

)−1
we get

I1 = C |t|
1
2

∫ 3x
1
2

1
3
x

1
2

e−itS(x,ξ)
(
ξjφ (ξ) − x

j
2φ

(
x

1
2

))
×

(
ξ − x

1
2

)
∂ξ

(
H1χ̃

(
ξx−

1
2

))
dξ

+C |t|
1
2

∫ 3x
1
2

1
3
x

1
2

e−itS(x,ξ)
(
ξ − x

1
2

)
H1χ̃

(
ξx−

1
2

)
∂ξ

(
ξjφ (ξ)

)
dξ.

Since S (x, ξ) = Λ (ξ)−Λ
(
x

1
2

)
−x

(
ξ − x

1
2

)
, we find ∂ξS (x, ξ) = Λ′ (ξ)−x

and ∂2
ξS (x, ξ) = Λ′′ (ξ) . Using the estimates∣∣∣ξjφ (ξ) − x

j
2φ

(
x

1
2

)∣∣∣ ≤ Cx
j
2

∣∣∣ξ − x
1
2

∣∣∣ 1
2 ‖∂ξφ‖L2

in the domain 1
3x

1
2 ≤ ξ ≤ 3x

1
2 ,

∣∣∣(ξ − x
1
2

)
H1χ̃

(
ξx−

1
2

)∣∣∣ ≤ C
∣∣∣ξ − x

1
2

∣∣∣
1 + |t|x 1

2

(
ξ − x

1
2

)2

and ∣∣∣(ξ − x
1
2

)
∂ξ

(
H1χ̃

(
ξx−

1
2

))∣∣∣ ≤ C

1 + |t|x 1
2

(
ξ − x

1
2

)2 ,

by the Cauchy-Schwarz inequality we obtain

∣∣∣xα
2 I1

∣∣∣ ≤ C |t|
1
2 x

α+j−1
2 〈x〉−1

∥∥∥〈ξ〉2 φ∥∥∥
L∞

∫ 3x
1
2

1
3
x

1
2

∣∣∣ξ − x
1
2

∣∣∣ dξ
1 + |t|x 1

2

(
ξ − x

1
2

)2

+C |t|
1
2 x

α+j
2 〈x〉−1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

∫ 3x
1
2

1
3
x

1
2

∣∣∣ξ − x
1
2

∣∣∣ 1
2
dξ

1 + |t|x 1
2

(
ξ − x

1
2

)2

+C |t|
1
2 x

α+j
2 〈x〉−1

∥∥∥〈ξ〉2 φξ∥∥∥
L2


∫ 3x

1
2

1
3
x

1
2

(
ξ − x

1
2

)2
dξ(

1 + |t|x 1
2

(
ξ − x

1
2

)2
)2


1
2

.
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Then changing ξ = x
1
2 y we obtain∣∣∣xα

2 I1

∣∣∣ ≤ C |t|
1
2 x

α+j+1
2 〈x〉−1

∥∥∥〈ξ〉2 φ∥∥∥
L∞

∫ 3

1
3

|y − 1| dy
1 + |t|x 3

2 (y − 1)2

+C |t|
1
2 x

α+j+1
2

+ 1
4 〈x〉−1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

∫ 3

1
3

|y − 1|
1
2 dy

1 + |t|x 3
2 (y − 1)2

+C |t|
1
2 x

α+j+1
2

+ 1
4 〈x〉−1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

∫ 3

1
3

(y − 1)2 dy(
1 + |t|x 3

2 (y − 1)2
)2


1
2

.

Since ∫ 2

0

ydy

1 + zy2
≤ C 〈z〉−1 log 〈z〉

and ∫ 2

0

y
1
2dy

1 + zy2
+

(∫ 2

0

y2dy

(1 + zy2)2

) 1
2

≤ Cz−
3
4

∫ 2z
1
2

0
y

1
2 〈y〉−2 dy + Cz−

3
4

∫ 2z
1
2

0
y2 〈y〉−4 dy

 1
2

≤ C 〈z〉−
3
4

for all z > 0, we get∣∣∣xα
2 I1

∣∣∣ ≤ C |t|
1
2 x

α+j+1
2 〈x〉−1

∥∥∥〈ξ〉2 φ∥∥∥
L∞

〈
tx

3
2

〉−1
log

〈
tx

3
2

〉
+C |t|

1
2 x

α+j+1
2

+ 1
4 〈x〉−1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

〈
tx

3
2

〉− 3
4

≤ C |t|
1
6
− 1

3
min(j+α,1)

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ C |t|−
1
3

min(j+α, 3
4)

∥∥∥〈ξ〉2 φξ∥∥∥
L2

for all x > 0, |t| ≥ 1.

To estimate I2 we integrate by parts via the identity

e−itS(x,ξ) = H2∂ξ

(
ξe−itS(x,ξ)

)
(2.3)

with H2 =
(
1 + itξ

(
x− ξ2

))−1
, we find

I2 = C |t|
1
2

∫
R
e−itS(x,ξ)φ (ξ) ξ∂ξ

(
H2χ1

(
ξx−

1
2

)
ξj

)
dξ

+C |t|
1
2

∫
R
e−itS(x,ξ)H2χ1

(
ξx−

1
2

)
ξj+1φξ (ξ) dξ.
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We find the estimates∣∣∣H2χ1

(
ξx−

1
2

)
ξj+1

∣∣∣ ≤ C |ξ|j+1 (
1 + |t| |ξ|

(
ξ2 + |x|

))−1

and ∣∣∣ξ∂ξ (H2χ1

(
ξx−

1
2

)
ξj

)∣∣∣ ≤ C |ξ|j
(
1 + |t| |ξ|

(
ξ2 + |x|

))−1

in the domain |ξ| < 2
3x

1
2 , or ξ > 3

2x
1
2 . Hence we obtain

∣∣∣xα
2 I2

∣∣∣ ≤ C
∥∥∥〈ξ〉2 φ∥∥∥

L∞

∫
R

|t|
1
2 |x|

α
2 |ξ|j 〈ξ〉−2 dξ

1 + |t| |ξ| (ξ2 + |x|)

+C
∥∥∥〈ξ〉2 φξ∥∥∥

L2

(∫
R

|t| |x|α |ξ|2+2j 〈ξ〉−4 dξ

(1 + |t| |ξ| (ξ2 + |x|))2

) 1
2

.

Next by choosing ν = min (j, 1) we have∫
R

|t|
1
2 |x|

α
2 |ξ|j 〈ξ〉−2 dξ

1 + |t| |ξ| (ξ2 + |x|) ≤ C

∫
R

|t|
1
2 |x|

α
2 |ξ|ν dξ

1 + |t| |ξ| (ξ2 + |x|)

= C |t|
1
2 |x|

α+ν+1
2

(∫ 1

0

|y|ν dy
1 + |t| |x|

3
2 y

+

∫ ∞

1

|y|ν dy
1 + |t| |x|

3
2 y3

)
≤ C |t|

1
6
− 1

3
min(j+α,1)

and ∫
R

|t| |x|α |ξ|2+2j 〈ξ〉−4 dξ

(1 + |t| |ξ| (ξ2 + |x|))2
≤ C

∫
R

|t| |x|α |ξ|2+2ν dξ

(1 + |t| |ξ| (ξ2 + |x|))2

= C |t| |x|α+ν+ 3
2

∫ 1

0

|y|2+2ν dy(
1 + |t| |x|

3
2 y

)2 +

∫ ∞

1

|y|2+2ν dy(
1 + |t| |x|

3
2 y3

)2


≤ C |t|−

2
3

min(j+α, 3
4) .

Therefore we find the estimate∣∣∣xα
2 I2

∣∣∣ ≤ C |t|
1
6
− 1

3
min(j+α,1)

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+C |t|−
1
3

min(j+α, 3
4)

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.
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Next we estimate the operator W (t) ξjφ. Integrating by parts via (2.3),

we find

W (t) ξjφ = C |t|
1
2

∫
R
eit(xξ−Λ(ξ))φ (ξ) ξ∂ξ

(
H2ξ

j
)
dξ

+C |t|
1
2

∫
R
eit(xξ−Λ(ξ))H2ξ

j+1φξ (ξ) dξ

for x ≤ 0.The estimates∣∣H2ξ
j+1

∣∣ ≤ C |ξ|1+j (1 + |t| |ξ|
(
ξ2 + |x|

))−1

and ∣∣ξ∂ξ (H2ξ
j
)∣∣ ≤ C |ξ|j

(
1 + |t| |ξ|

(
ξ2 + |x|

))−1

hold for x ≤ 0. Hence we obtain∣∣∣|x|α2 W (t) ξjφ
∣∣∣ ≤ C

∥∥∥〈ξ〉2 φ∥∥∥
L∞

∫
R

|t|
1
2 |x|

α
2 |ξ|j 〈ξ〉−2 dξ

1 + |t| |ξ| (ξ2 + |x|)

+C
∥∥∥〈ξ〉2 φξ∥∥∥

L2

(∫
R

|t| |x|α |ξ|2+2j 〈ξ〉−4 dξ

(1 + |t| |ξ| (ξ2 + |x|))2

) 1
2

.

Therefore as above we have∣∣∣|x|α2 W (t) ξjφ
∣∣∣ ≤ C |t|

1
6
−min( j+α

3
, 1
4)

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+C |t|−min( j+α
3

, 1
4)

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.

Lemma 2.1 is proved. �

Next we define the kernel

Ã (t, ξ) = θ+ (ξ)

√
|t|
2π

∫ ∞

0
eitS(x,ξ)χ

(
xξ−2

)
dx.

Changing the variable of integration x = ξ2y, we get S (x, ξ) = ξ3G̃ (y) ,

where G̃ (y) = 2
3y

3
2 − y + 1

3 and

Ã (t, ξ) = ξ2θ+ (ξ)

√
|t|
2π

∫ ∞

0
eitξ

3G̃(y)χ (y) dy.
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To compute the asymptotics of the function Ã (t, ξ) for large
∣∣tξ3

∣∣ we apply

the formula (2.1)

Ã (t, ξ) =
√

2ξe
iπ
4

t
|t| +O

(
ξ

1
2
〈
tξ3

〉−1
)

as
∣∣tξ3

∣∣ → ∞, ξ > 0. In particular we have the estimate
∣∣∣Ã (t, ξ)

∣∣∣ ≤ C 〈ξ〉
1
2

for all t ∈ R, ξ > 0.

For the operator

W∗ (t)φ =

√
|t|
2π

∫ 0

−∞
e−it(ξx−Λ(ξ))φ (x) dx

we will use the estimate

‖W∗φ‖L∞ ≤ C |t|
1
2

∥∥∥∥∫ 0

−∞
e−itξxφ (x) dx

∥∥∥∥
L∞

≤ C |t|
1
2 ‖φ‖L1(R−) .

In the next lemma we estimate the operator

V∗ (t)φ =

√
|t|
2π

∫ ∞

0
eitS(x,ξ)φ (x) dx.

Lemma 2.2. Let α ∈
[

3
8 ,

3
4

]
. Then the estimate∥∥∥V∗ (t)φ− Ã (t)φ

(
ξ2

)∥∥∥
L∞

≤ C |t|−
1
6 ‖φ‖L∞(R+) + C |t|

2
3
α− 1

2 ‖xαφx‖L2(R+)

is true for all |t| ≥ 1.

Proof. We have

V∗ (t)φ− Ã (t)φ
(
ξ2

)
=

√
|t|
2π

∫ ∞

0
eitS(x,ξ)

(
φ (x) − φ

(
ξ2

))
θ+ (ξ) χ̃

(
xξ−2

)
dx

+

√
|t|
2π

∫ ∞

0
eitS(x,ξ)φ (x)

(
1 − θ+ (ξ) χ̃

(
xξ−2

))
dx

= I1 + I2.
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In the first integral I1 using the identity

eitS(x,ξ) = H3∂x

((
x− ξ2

)
eitS(x,ξ)

)
with H3 =

(
1 + it

(
x− ξ2

)
∂xS (x, ξ)

)−1
, we integrate by parts

I1 = C |t|
1
2 θ+ (ξ)

∫ ∞

0
eitS(x,ξ)

(
φ (x) − φ

(
ξ2

)) (
x− ξ2

)
∂x

(
H3χ̃

(
xξ−2

))
dx

+ C |t|
1
2 θ+ (ξ)

∫ ∞

0
eitS(x,ξ)

(
x− ξ2

)
H3χ̃

(
xξ−2

)
φx (x) dx.

Then using the estimates

∣∣φ (x) − φ
(
ξ2

)∣∣ ≤ ∣∣∣∣∣
∫ ξ2

x
xax−αφxdx

∣∣∣∣∣ ≤ C |ξ|
1
2
−2α

∣∣∣x 1
2 − ξ

∣∣∣ 1
2 ‖xαφx‖L2(R+) ,

∣∣(x− ξ2
)
H3χ̃

(
xξ−2

)∣∣ ≤ C |ξ|
∣∣∣x 1

2 − ξ
∣∣∣

1 + |t| |ξ|
(
x

1
2 − ξ

)2

and ∣∣(x− ξ2
)
∂x

(
H3χ̃

(
xξ−2

))∣∣ ≤ C

1 + |t| |ξ|
(
x

1
2 − ξ

)2

in the domain 1
3ξ

2 ≤ x ≤ 3ξ2, we find

|I1| ≤ C |t|
1
2 θ+ (ξ) ‖xαφx‖L2(R+)

∫ 3ξ2

1
3
ξ2

|ξ|
1
2
−2α

∣∣∣x 1
2 − ξ

∣∣∣ 1
2
dx

1 + |t| ξ
(
x

1
2 − ξ

)2

+C |t|
1
2 θ+ (ξ) ‖xαφx‖L2(R+)


∫ 3ξ2

1
3
ξ2

|ξ|2−4α
(
x

1
2 − ξ

)2
dx(

1 + |t| ξ
(
x

1
2 − ξ

)2
)2


1
2

≤ C |t|
1
2 ξ3−2α ‖xαφx‖L2(R+)

×
(∫ 2

0

y
1
2dy

1 + |t| ξ3y2
+

(∫ 2

0

y2dy

(1 + |t| ξ3y2)2

) 1
2

)
≤ C |t|

1
2 ξ3−2α

〈
tξ3

〉− 3
4 ‖xαφx‖L2(R+) ≤ C |t|

2
3
α− 1

2 ‖xαφx‖L2(R+)
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for α ∈
[

3
8 ,

3
2

]
.

In the second integral I2, using the identity

eitS(x,ξ) = H4∂x

(
xeitS(x,ξ)

)
with H4 = (1 + itx∂xS (x, ξ))−1 we integrate by parts

I2 = C |t|
1
2

∫ ∞

0
eitS̃(x,ξ)φ (x)x∂x

(
H4

(
1 − θ+ (ξ) χ̃

(
xξ−2

)))
dx

+C |t|
1
2

∫ ∞

0
eitS̃(x,ξ)xH4

(
1 − θ+ (ξ) χ̃

(
xξ−2

))
φx (x) dx.

Then using the estimates∣∣H4

(
1 − θ+ (ξ) χ̃

(
xξ−2

))∣∣ ≤ C

1 + |t|x
(
x

1
2 + |ξ|

)
and ∣∣x∂x (

H4

(
1 − θ+ (ξ) χ̃

(
xξ−2

)))∣∣ ≤ C

1 + |t|x
(
x

1
2 + |ξ|

)
for 0 < x < 2

3ξ
2, ξ > 0, or x > 3

2ξ
2, ξ > 0, or ξ < 0, we get

|I2| ≤ C |t|
1
2 ‖φ‖L∞(R+)

∫ ∞

0

dx

1 + |t|x
(
x

1
2 + |ξ|

)

+C |t|
1
2 ‖xαφx‖L2(R+)

∫ ∞

0

x2−2αdx(
1 + |t|x

(
x

1
2 + ξ

))2


1
2

.

Changing the variable x = ξ2y, we obtain∫ ∞

0

dx

1 + |t|x
(
x

1
2 + |ξ|

)
≤ Cξ2

∫ 1

0

dy

1 + |t| ξ3y
+ Cξ2

∫ ∞

1

dy

1 + |t| ξ3y
3
2

≤ Cξ2
(
|t| ξ3

)−1
∫ |t|ξ3

0

dy

1 + y
+ Cξ2

(
|t| ξ3

)− 2
3

∫ ∞

(|t|ξ3)
2
3

dy

1 + y
3
2

≤ Cξ2
〈
tξ3

〉−1
log

〈
tξ3

〉
+ C |t|−

2
3
〈
tξ3

〉− 1
3

≤ C |t|−
2
3
〈
tξ3

〉− 1
3 log

〈
tξ3

〉
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and ∫ ∞

0

x2−2αdx(
1 + tx

(
x

1
2 + ξ

))2

≤ Cξ6−4α

∫ 1

0

y2−2αdy

(1 + |t| ξ3y)2
+

∫ ∞

1

y2−2αdy(
1 + |t| ξ3y

3
2

)2


≤ Cξ6−4α

〈
|t| ξ3

〉2α−3
∫ 〈|t|ξ3〉

0

y2−2αdy

(1 + y)2

+Cξ6−4α
(
|t| ξ3

) 2
3
(2α−3)

∫ ∞

(|t|ξ3)
2
3

y2−2αdy(
1 + y

3
2

)2

≤ Cξ6−4α
〈
|t| ξ3

〉2α−3+max(0,1−2α)
+ C |t|

4
3
α−2 〈

tξ3
〉− 4

3
α ≤ C |t|

4
3
α−2

if α ∈
(
0, 3

2

)
. Therefore

|I2| ≤ C |t|−
1
6 ‖φ‖L∞(R+) + C |t|

2
3
α− 1

2 ‖xαφx‖L2(R+) .

Lemma 2.2 is proved. �

3. Estimates for Derivatives of V and W

In the next lemma we estimate an auxiliary integral operator

I1φ = |t|
1
2

∫
R
e−itS(x,ξ)ψ (x, ξ)φ (ξ) dξ.

Denote

ta =


1, a > 1,√

log 〈t〉, a = 1,

|t|
1−a
3 , a < 1

.

Lemma 3.1. Let j = 0, 1, 2, 1 − ν ≤ α < min (1 + 2δ, 2 − ν) , ν =

min (j, 1) . Suppose that∣∣∣(x∂x)k ψ (x, ξ)
∣∣∣ ≤ C |ξ|j

|ξ| + |x|
1
2
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for all ξ, x ∈ R, k = 0, 1, 2. Then the estimate∥∥∥|x|α2 〈x〉−δ I1φ
∥∥∥
L2

≤ Ctα+ν

∥∥∥〈ξ〉2 φ∥∥∥
L2

is true for all t ≥ 1.

Proof. We have∥∥∥|x|α2 〈x〉−δ I1φ
∥∥∥2

L2
= C |t|

∫
R
|x|α 〈x〉−2δ dx

∫
R
eitS(x,ξ)ψ (x, ξ)φ (ξ)dξ

×
∫
R
e−itS(x,ζ)ψ (x, ζ)φ (ζ) dζ

= C

∫
R
dξeitΛ(ξ)φ (ξ)

∫
R
dζe−itΛ(ζ)φ (ζ)K (t, ξ, ζ) ,

where

K (t, ξ, ζ) = |t|
∫
R
e−itx(ξ−ζ)ψ (x, ξ)ψ (x, ζ) |x|α 〈x〉−2δ dx.

We integrate by parts two times via the identity

e−itx(ξ−ζ) = H5∂x

(
xe−itx(ξ−ζ)

)
with H5 = (1 − itx (ξ − ζ))−1 . Then we have

K (t, ξ, ζ)

= |t|
∫
R
e−itx(ξ−ζ)x∂x

(
H5x∂x

(
H5ψ (x, ξ)ψ (x, ζ) |x|α 〈x〉−2δ

))
dx.

Using the estimate∣∣∣x∂x (
H5x∂x

(
H5ψ (x, ξ)ψ (x, ζ) |x|α 〈x〉−2δ

))∣∣∣
≤ C |ξ|j |ζ|j |x|α 〈x〉−2δ

(1 + |tx| |ξ − ζ|)2
(
|ξ| + |x|

1
2

)(
|ζ| + |x|

1
2

) ,
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we get with ν = min (1, j)

|K (t, ξ, ζ)|

≤ C |t|
∫
R

∣∣∣x∂x (
H5x∂x

(
H5ψ (x, ξ)ψ (x, ζ) |x|α 〈x〉−2δ

))∣∣∣ dx
≤ C |t|

∫
R

|ξ|j |ζ|j |x|α 〈x〉−2δ dx

(1 + |tx| |ξ − ζ|)2
(
|ξ| + |x|

1
2

)(
|ζ| + |x|

1
2

)
≤ C |t| 〈ξ〉 〈ζ〉

∫ 1

0

xα+ν−1dx

(1 + |t| |x| |ξ − ζ|)2

+C |t| 〈ξ〉2 〈ζ〉2
∫ ∞

1

xα−2δ−1dx

(1 + |tx| |ξ − ζ|)2

≤ C |t| 〈ξ〉2 〈ζ〉2 〈ξ − ζ〉−1 〈(ξ − ζ) t〉−α−ν

+C |t| 〈ξ〉2 〈ζ〉2 (|ξ − ζ| t)2δ−α 〈(ξ − ζ) t〉α−2δ−2

≤ C |t| 〈ξ〉2 〈ζ〉2 〈ξ − ζ〉−1 (|ξ − ζ| t)2δ−α 〈(ξ − ζ) t〉−ν−2δ .

Since

|t|
∥∥∥〈ξ〉−1 (|ξ| |t|)2δ−α 〈ξt〉−ν−2δ

∥∥∥
L1

= C

∫
R

〈
ξt−1

〉−1 |ξ|2δ−α 〈ξ〉−ν−2δ dξ

≤ C

∫ 1

0
ξ2δ−αdξ + C

∫ |t|

1
ξ−α−νdξ + C |t|

∫ ∞

|t|
ξ−α−ν−1dξ ≤ Ct2α+ν

for |t| ≥ 1, if 1− ν ≤ α < min (1 + 2δ, 2 − ν) , then by the Young inequality

we obtain∥∥∥|x|α2 I1φ
∥∥∥2

L2(R)
≤ C |t|

∥∥∥〈ξ〉2 φ∥∥∥
L2

×
∥∥∥∥∫

R
〈ξ − ζ〉−1 (|ξ − ζ| t)2δ−α 〈(ξ − ζ) t〉−ν−2δ 〈ζ〉2 |φ (ζ)| dζ

∥∥∥∥
L2

≤ C |t|
∥∥∥〈ξ〉2 φ∥∥∥2

L2

∥∥∥〈ξ〉−1 (|ξ| |t|)2δ−α 〈ξt〉−ν−2δ
∥∥∥
L1

≤ Ct2α+ν

∥∥∥〈ξ〉2 φ∥∥∥2

L2
.

Lemma 3.1 is proved. �

In the next lemma we estimate the operator

I2φ = θ+ (x)
√
|t|

∫
R
e−itS(x,ξ)ψ (x, ξ) χ̃

(
ξx−

1
2

)
φ (ξ) dξ.



888 Nakao Hayashi and Pavel I. Naumkin

Lemma 3.2. Let j = 0, 1, 2, 1 − ν ≤ α < min (1 + 2δ, 2 − ν) , ν =

min (j, 1) , δ ≥ 0. Suppose that

|ψ (x, ξ)| +
∣∣∣(ξ − x

1
2

)
∂ξψ (x, ξ)

∣∣∣ ≤ Cξj−2

for 0 < 1
3x

1
2 < ξ < 3x

1
2 . Then the estimate∥∥∥xα

2 〈x〉−δ I2φ
∥∥∥
L2(R+)

≤ Ctα+ν− 1
2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+C |t|−
1
3
(α+ν−1)

∥∥∥〈ξ〉2 φξ∥∥∥
L2

is true for all t ≥ 1.

Proof. We use the identity (2.2) and integrate by parts to find

I2φ = C |t|
1
2

∫
R
e−itS(x,ξ)φ (ξ)

(
ξ − x

1
2

)
∂ξ

(
H1ψ (x, ξ) χ̃

(
ξx−

1
2

))
dξ

+C |t|
1
2

∫
R
e−itS(x,ξ)

(
ξ − x

1
2

)
H1ψ (x, ξ) χ̃

(
ξx−

1
2

)
φξ (ξ) dξ

for x > 0. Using the estimates

∣∣∣(ξ − x
1
2

)
H1ψ (x, ξ) χ̃

(
ξx−

1
2

)∣∣∣ ≤ Cx
j
2
−1

∣∣∣ξ − x
1
2

∣∣∣
1 + |t|x 1

2

(
ξ − x

1
2

)2

and ∣∣∣(ξ − x
1
2

)
∂ξ

(
H1ψ (x, ξ) χ̃

(
ξx−

1
2

))∣∣∣ ≤ Cx
j
2
−1

1 + |t|x 1
2

(
ξ − x

1
2

)2

in the domain 1
3x

1
2 < ξ < 3x

1
2 , by the Cauchy-Schwarz inequality we obtain

∣∣∣xα
2 〈x〉−δ I2φ

∣∣∣ ≤ C |t|
1
2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

∫ 3x
1
2

1
3
x

1
2

x
α+ν

2
−1 〈x〉−δ− 1

2 dξ

1 + |t|x 1
2

(
ξ − x

1
2

)2

+ C |t|
1
2

∥∥∥〈ξ〉2 φξ∥∥∥
L2


∫ 3x

1
2

1
3
x

1
2

xα+ν−2 〈x〉−2δ−1
(
ξ − x

1
2

)2
dξ(

1 + |t|x 1
2

(
ξ − x

1
2

)2
)2


1
2
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≤ C |t|
1
2 x

α+ν
2

− 1
2 〈x〉−δ− 1

2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

∫ 2

0

dy

1 + |t|x 3
2 y2

+ C |t|
1
2 x

α+ν
2

− 1
4 〈x〉−δ− 1

2

∥∥∥〈ξ〉2 φξ∥∥∥
L2

∫ 2

0

y2dy(
1 + |t|x 3

2 y2
)2


1
2

≤ C |t|
1
2 x

α+ν
2

− 1
2 〈x〉−δ− 1

2

〈
tx

3
2

〉− 1
2
∥∥∥〈ξ〉2 φ∥∥∥

L∞

+ C |t|
1
2 x

α+ν
2

− 1
4 〈x〉−δ− 1

2

〈
tx

3
2

〉− 3
4
∥∥∥〈ξ〉2 φξ∥∥∥

L2

for all x > 0, |t| ≥ 1. Since∥∥∥∥|t| 12 xα+ν−1
2 〈x〉−δ− 1

2

〈
tx

3
2

〉− 1
2

∥∥∥∥2

L2(R+)

= |t|1−
2
3
(α+ν)

∫ ∞

0
yα+ν−1

〈
y |t|−

2
3

〉−2δ−1
〈y〉−

3
2 dy

≤ C |t|1−
2
3
(α+ν)

∫ 1

0
yα+ν−1dy + C |t|−

2
3(α+ν− 3

2)
∫ |t|

2
3

1
yα+ν− 5

2dy

+C |t|1−
2
3
(α+ν−2δ−1)

∫ ∞

|t|
2
3

yα+ν−2δ− 7
2dy ≤ Ct2

α+ν− 1
2

,

and ∥∥∥∥|t| 12 xα+ν
2

− 1
4 〈x〉−δ− 1

2

〈
tx

3
2

〉− 3
4

∥∥∥∥2

L2(R+)

= |t|−
2
3
(α+ν−1)

∫ ∞

0
yα+ν− 1

2 〈y〉−
9
4 dy

≤ C |t|−
2
3
(α+ν−1)

∫ 1

0
yα+ν− 1

2dy + C |t|−
2
3
(α+ν−1)

∫ ∞

1
yα+ν− 11

4 dy

≤ C |t|−
2
3
(α+ν−1) ,

therefore ∥∥∥xα
2 〈x〉−δ I2φ

∥∥∥
L2(R+)

≤ Ctα+ν− 1
2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+C |t|−
1
3
(α+ν−1)

∥∥∥〈ξ〉2 φξ∥∥∥
L2
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Lemma 3.2 is proved. �

Next we estimate

I3φ =
√

|t|
∫
R
e−itS(x,ξ)φ (ξ)ψ (x, ξ)χ1

(
|ξ|x− 1

2

)
dξ

for x > 0.

Lemma 3.3. Let j = 0, 1, 2, 1 − ν ≤ α < min (1 + 2δ, 2 − ν) , ν =

min (j, 1) , δ ≥ 0. Suppose that

|ψ (x, ξ)| + |ξ∂ξψ (x, ξ)| ≤
(
|ξ| + |x|

1
2

)j−2

for |ξ| < 1
3x

1
2 or |ξ| > 3x

1
2 . Then the estimate∥∥∥xα

2 〈x〉−δ I3φ
∥∥∥
L2(R+)

≤ Ctα+ν− 1
2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+C |t|−
1
3
(α+ν−1)

∥∥∥〈ξ〉2 φξ∥∥∥
L2

is true for all t ≥ 1.

Proof. We use the identity (2.3) and integrate by parts

I3φ = C |t|
1
2

∫
R
e−itS(x,ξ)φ (ξ) ξ∂ξ

(
H2ψ (x, ξ)χ1

(
|ξ|x− 1

2

))
dξ

+C |t|
1
2

∫
R
e−itS(x,ξ)ξH2ψ (x, ξ)χ1

(
|ξ|x− 1

2

)
φξ (ξ) dξ.

Using the estimates

∣∣∣ξH2ψ (x, ξ)χ1

(
|ξ|x− 1

2

)∣∣∣ ≤ C |ξ|
(
|ξ| + |x|

1
2

)j−2

1 + |t| |ξ| (ξ2 + |x|)

and ∣∣∣ξ∂ξ (H2ψ (x, ξ)χ1

(
|ξ|x− 1

2

))∣∣∣ ≤ C
(
|ξ| + |x|

1
2

)j−2

1 + |t| |ξ| (ξ2 + |x|)
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for |ξ| < 1
3x

1
2 or |ξ| > 3x

1
2 , we obtain

∣∣∣|x|α2 〈x〉−δ I3φ
∣∣∣ ≤ C |t|

1
2 |x|

α
2 〈x〉−δ ‖φ‖L∞

∫
R

(
|ξ| + |x|

1
2

)j−2
dξ

1 + |t| |ξ| (ξ2 + |x|)

+C |t|
1
2 |x|

α
2 〈x〉−δ ‖φξ‖L2

∫
R

ξ2
(
|ξ| + |x|

1
2

)2j−4
dξ

(1 + |t| |ξ| (ξ2 + |x|))2


1
2

≤ C |t|
1
2 |x|

α+j−1
2 〈x〉−δ ‖φ‖L∞

∫ ∞

0

〈y〉j−2 dy

1 + |t| |x|
3
2 y 〈y〉2

+C |t|
1
2 |x|

α+j
2

− 1
4 〈x〉−δ ‖φξ‖L2

∫ ∞

0

y2 〈y〉2j−4 dy(
1 + |t| |x|

3
2 y 〈y〉2

)2


1
2

≤ C |t|
1
2 |x|

α+j−1
2 〈x〉−δ

〈
|t| |x|

3
2

〉− 1
2 ‖φ‖L∞

+C |t|
1
2 |x|

α+j
2

− 1
4 〈x〉−δ

〈
|t| |x|

3
2

〉− 3
4 ‖φξ‖L2 .

Therefore as above∥∥∥|x|α2 〈x〉−δ I3φ
∥∥∥
L2(R)

≤ Ctα+ν− 1
2
‖φ‖L∞ + C |t|−

1
3
(α+ν−1) ‖φξ‖L2 .

Lemma 3.3 is proved. �

In the next lemma we estimate the derivatives of V.

Lemma 3.4. Let j = 0, 1, 2, 1 − ν ≤ α < min (1 + 2δ, 2 − ν) , ν =

min (j, 1) , δ ≥ 0. Then the estimates∥∥∥xα
2 〈x〉−δ ∂xV (t) ξjφ

∥∥∥
L2(R+)

≤ Ctα+ν− 1
2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ Ctα+ν

∥∥∥〈ξ〉2 φξ∥∥∥
L2

∥∥∥xα
2 〈x〉−δ

[
x

1
2V (t) − V (t) ξ

]
φ
∥∥∥
L2(R+)

≤ C |t|−1
(
tα− 1

2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ tα

∥∥∥〈ξ〉2 φξ∥∥∥
L2

)



892 Nakao Hayashi and Pavel I. Naumkin

and ∥∥∥xα
2 〈x〉−

1
2
−δ ∂tV (t)φ

∥∥∥
L2(R+)

≤ C |t|−1
(
tα+ 1

2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ tα+1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

)
are valid for all |t| ≥ 1.

Proof. We have ∂xS (x, ξ) = −
(
ξ − x

1
2

)
and ∂ξS (x, ξ) = ξ2 − x,

hence ∂ξe
−itS(x,ξ) = −it

(
ξ2 − x

)
e−itS(x,ξ)

∂xe
−itS(x,ξ) = − 1

ξ + x
1
2

∂ξe
−itS(x,ξ),

then integrating by parts we get

∂xV (t) ξjφ =

√
|t|
2π

∫
R
e−itS(x,ξ)φξ (ξ)ψ1 (x, ξ) dξ

+

√
|t|
2π

∫
R
e−itS(x,ξ)φ (ξ)ψ2 (x, ξ)

(
χ̃
(
ξx−

1
2

)
+ χ1

(
ξx−

1
2

))
dξ

= I1 + J1

for x > 0, where

ψ1 (x, ξ) = χ
(
ξx−

1
2

) ξj

ξ + x
1
2

and

ψ2 (x, ξ) = ∂ξ

(
χ
(
ξx−

1
2

) ξj

ξ + x
1
2

)
+ ∂xχ

(
ξx−

1
2

)
.

We apply Lemma 3.1, then we get the estimate∥∥∥xα
2 〈x〉−δ I1

∥∥∥
L2(R+)

≤ Ctα+ν

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.

Next by Lemma 3.2 and Lemma 3.3 we find∥∥∥xα
2 〈x〉−δ J1

∥∥∥
L2(R+)

≤ Ctα+ν− 1
2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ C |t|−
1
3
(α+ν−1)

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.
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Thus the first estimate of the lemma is true. Consider the second estimate.

Since it
(
x

1
2 − ξ

)
= ∂xS (x, ξ) we obtain

it
[
x

1
2V (t) − V (t) ξ

]
φ =

√
|t|
2π

∫
R
e−itS(x,ξ)φξ (ξ)ψ1 (x, ξ) dξ

+

√
|t|
2π

∫
R
e−itS(x,ξ)φ (ξ) ψ̃2 (x, ξ)

(
χ̃
(
ξx−

1
2

)
+ χ1

(
ξx−

1
2

))
dξ

= I2 + J2

for x > 0, where ψ̃2 (x, ξ) = ∂ξ

(
χ
(
ξx−

1
2

)
1

ξ+x
1
2

)
. We apply Lemmas 3.1 -

3.3 to get the estimate∥∥∥xα
2 〈x〉−δ

[
x

1
2V (t) − V (t) ξ

]
φ
∥∥∥
L2(R+)

≤ C |t|−1
(
tα− 1

2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ tα

∥∥∥〈ξ〉2 φξ∥∥∥
L2

)
.

Thus the second estimate of the lemma is true. Consider the third estimate.

Since S (x, ξ) = 1
3

(
2x

1
2 + ξ

)(
ξ − x

1
2

)2
, we obtain

〈x〉−
1
2 ∂tV (t)φ =

1

2 |t| 〈x〉
− 1

2 V (t)φ

−i
√

|t|
2π

∫
R
e−itS(x,ξ)S (x, ξ)φ (ξ)χ

(
ξx−

1
2

)
dξ

=
1

2 |t| 〈x〉
− 1

2 V (t)φ− 2

3
x

1
2

√
|t|
2π

∫ ∞

0
e−itS(x,ξ)∂ξ (〈ξ〉φ (ξ))ψ4 (x, ξ) dξ

−1

3

√
|t|
2π

∫ ∞

0
e−itS(x,ξ)∂ξ (ξ 〈ξ〉φ (ξ))ψ4 (x, ξ) dξ

−2

3
x

1
2

√
|t|
2π

∫ ∞

0
e−itS(x,ξ) 〈ξ〉φ (ξ)ψ5 (x, ξ) dξ

−1

3

√
|t|
2π

∫ ∞

0
e−itS(x,ξ)ξ 〈ξ〉φ (ξ)ψ5 (x, ξ) dξ

= I3 + I4 + J3 + J4

for x > 0, where

ψ4 (x, ξ) =
ξ − x

1
2

3t 〈x〉
1
2

(
ξ + x

1
2

)
〈ξ〉

χ
(
ξx−

1
2

)
,
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and

ψ5 (x, ξ) = ∂ξ
ξ − x

1
2

3t 〈x〉
1
2

(
ξ + x

1
2

)
〈ξ〉

.

We apply Lemma 3.1, then we get the estimate∥∥∥xα
2 〈x〉−

1
2
−δ I3

∥∥∥
L2(R+)

+
∥∥∥xα

2 〈x〉−
1
2
−δ I4

∥∥∥
L2(R+)

≤ C |t|−1 tα+1

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.

Next by Lemma 3.2 and Lemma 3.3 we find∥∥∥xα
2 〈x〉−

1
2
−δ J3

∥∥∥
L2(R+)

+
∥∥∥xα

2 〈x〉−
1
2
−δ J4

∥∥∥
L2(R+)

≤ C |t|−1
(
tα+ 1

2

∥∥∥〈ξ〉2 φ∥∥∥
L∞

+ tα+1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

)
.

Lemma 3.4 is proved. �

Next we estimate

I4φ =
√

|t|
∫
R
eit(xξ−Λ(ξ))φ (ξ)ψ (x, ξ) dξ.

Lemma 3.5. Let 0 ≤ α < 3
2 . Suppose that

|ψ (x, ξ)| + |ξ∂ξψ (x, ξ)| ≤ |ξ|
(
|ξ| + |x|

1
2

)−2

for x < 0, ξ ∈ R. Then the estimate∥∥∥|x|α2 I4φ
∥∥∥
L2(R−)

≤ C |t|
1
6
−α

3 ‖φ‖L∞ + C |t|−
α
3 ‖φξ‖L2

is true for all t ≥ 1.

Proof. We use the identity (2.3) and integrate by parts

I4φ = C |t|
1
2

∫
R
eit(xξ−Λ(ξ))φ (ξ) ξ∂ξ (H2ψ (x, ξ)) dξ

+C |t|
1
2

∫
R
eit(xξ−Λ(ξ))ξH2ψ (x, ξ)φξ (ξ) dξ.
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Using the estimates

|ξH2ψ (x, ξ)| ≤
Cξ2

(
|ξ| + |x|

1
2

)−2

1 + |t| |ξ| (ξ2 + |x|)

and

|ξ∂ξ (H2ψ (x, ξ))| ≤
C |ξ|

(
|ξ| + |x|

1
2

)−2

1 + |t| |ξ| (ξ2 + |x|)
for x < 0, ξ ∈ R, we obtain

∣∣∣|x|α2 I4φ
∣∣∣ ≤ C |t|

1
2 |x|

α
2 ‖φ‖L∞

∫
R

|ξ|
(
|ξ| + |x|

1
2

)−2
dξ

1 + |t| |ξ| (ξ2 + |x|)

+C |t|
1
2 |x|

α
2 ‖φξ‖L2

∫
R

ξ4
(
|ξ| + |x|

1
2

)−4
dξ

(1 + |t| |ξ| (ξ2 + |x|))2


1
2

≤ C |t|
1
2 |x|

α
2 ‖φ‖L∞

∫ ∞

0

y 〈y〉−2 dy

1 + |t| |x|
3
2 y 〈y〉2

+C |t|
1
2 |x|

α
2
+ 1

4 ‖φξ‖L2

∫ ∞

0

y4 〈y〉−4 dy(
1 + |t| |x|

3
2 y 〈y〉2

)2


1
2

≤ C |t|
1
2 |x|

α
2

〈
|t| |x|

3
2

〉−1
‖φ‖L∞ + C |t|

1
2 |x|

α
2
+ 1

4

〈
|t| |x|

3
2

〉−1
‖φξ‖L2 .

Therefore ∥∥∥|x|α2 I4φ
∥∥∥
L2(R−)

≤ C |t|
1
2 ‖φ‖L∞

∥∥∥∥|x|α2 〈
|t| |x|

3
2

〉−1
∥∥∥∥
L2(R−)

+C |t|
1
2 ‖φξ‖L2

∥∥∥∥|x|α2 + 1
4

〈
|t| |x|

3
2

〉−1
∥∥∥∥
L2(R−)

≤ C |t|
1
6
−α

3 ‖φ‖L∞ + C |t|−
α
3 ‖φξ‖L2

if 0 ≤ α < 3
2 . Lemma 3.5 is proved. �

Next we estimate the derivative of W (t) .
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Lemma 3.6. Let 0 ≤ α < 1. Then the estimate∥∥∥|x|α2 ∂xW (t) ξφ
∥∥∥
L2(R−)

≤ C |t|
1
6
−α

3 ‖φ‖L∞ + Ctα+1

∥∥∥〈ξ〉2 φξ∥∥∥
L2

is valid for all |t| ≥ 1.

Proof. Applying the identity

∂xe
it(xξ−Λ(ξ)) = − ξ

ξ2 − x
∂ξe

it(xξ−Λ(ξ)),

we find

∂xW (t) ξφ =

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φξ (ξ)

ξ2

ξ2 − x
dξ

+

√
|t|
2π

∫
R
eit(xξ−Λ(ξ))φ (ξ) ∂ξ

(
ξ2

ξ2 − x

)
dξ = I5 + J5

for x < 0. We apply Lemma 3.1 with ψ (x, ξ) = ξ
ξ2−x

, then we get the

estimate ∥∥∥|x|α2 I5∥∥∥
L2(R−)

≤ Ctα+1

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.

if 0 ≤ α < 1. Also by Lemma 3.5 with ψ (x, ξ) = ∂ξ

(
ξ2

ξ2−x

)
we find∥∥∥|x|α2 J5

∥∥∥
L2(R−)

≤ C |t|
1
6
−α

3 ‖φ‖L∞ + C |t|−
α
3 ‖φξ‖L2 .

Lemma 3.6 is proved. �

4. Estimates for Derivatives of V∗ and W∗

Denote A0 = 1
t ∂x, A = M 1

t ∂xM = A0 + ix
1
2 , M = eit(x

√
x−Λ(

√
x)), then

we obtain

iξV∗φ =

√
|t|
2π

eitΛ(ξ)

∫ ∞

0
iξe−itxξMφ (x) dx

= −
√

|t|
2π

eitΛ(ξ)

∫ ∞

0
Mφ (x)A0e

−itxξdx

=

√
|t|
2π

eitΛ(ξ) 1

t
φ (0) + V∗Aφ.
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Since ‖V∗ (t)φ‖L2 ≤ C ‖φ‖L2(R+) and ‖V∗ (t)φ‖L∞ ≤ C |t|
1
2 ‖φ‖L1(R+), by

the Riesz interpolation theorem (see [42], p. 52) we have

‖V∗ (t)φ‖Lp ≤ C |t|
1
2
− 1

p ‖φ‖
L

p
p−1 (R+)

for 2 ≤ p ≤ ∞.

Lemma 4.1. Let δ > 5
2 . Then the estimates∥∥∥〈ξ〉−δ ∂ξV∗φ

∥∥∥
L2

= |t|
∥∥∥〈ξ〉−δ (ξ2V∗ − V∗x

)
φ
∥∥∥
L2

≤ C |t|
1
2 (|φ (0)| + |Aφ (0)|) + C ‖tA0Aφ‖L2(R+) + C

∥∥∥x 1
2 tA0φ

∥∥∥
L2(R+)∥∥∥〈ξ〉−δ

(
ξ3V∗ − V∗x

3
2

)
φ
∥∥∥
L2

≤ C |t|−
1
2
(
|φ (0)| + |Aφ (0)| +

∣∣A2φ (0)
∣∣)

+C
∥∥A0A2φ

∥∥
L2(R+)

+ C
∥∥∥x 1

2A0Aφ
∥∥∥
L2(R+)

+ C ‖xA0φ‖L2(R+) .

∥∥∥〈ξ〉−δ ∂tV∗φ
∥∥∥
L2

≤ C |t|−
1
2
(
|φ (0)| + |Aφ (0)| +

∣∣A2φ (0)
∣∣)

+C
∥∥A0A2φ

∥∥
L2(R+)

+ C
∥∥∥x 1

2A0Aφ
∥∥∥
L2(R+)

+C ‖xA0φ‖L2(R+) + C |t|−
1
2 ‖φ‖L2(R+)

and ∥∥∥〈ξ〉−δ ∂ξW∗φ
∥∥∥
L2

≤ C ‖∂xφ‖L2 + C |t| ‖xφ‖L2

are true for all |t| ≥ 1.

Proof. We have ∂ξS (x, ξ) = Λ′ (ξ) − x. Hence

∂ξV∗ (t)φ = itξ2V∗ (t)φ− itV∗ (t)xφ = it
(
ξ2V∗ − V∗x

)
φ.

Then applying iξV∗φ =

√
|t|
2πe

itΛ(ξ) 1
tφ (0) + V∗Aφ we get

∂ξV∗ (t)φ =

√
|t|
2π

eitΛ(ξ)ξφ (0) − itiξV∗Aφ− itV∗ (t)xφ

=

√
|t|
2π

eitΛ(ξ)ξφ (0) −
√

|t|
2π

eitΛ(ξ)iAφ (0) − itV∗A2φ− itV∗ (t)xφ.
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Next A = A0 + ix
1
2 , hence A2 = A0A + ix

1
2A0 − x

∂ξV∗ (t)φ =

√
|t|
2π

eitΛ(ξ)ξφ (0) −
√

|t|
2π

eitΛ(ξ)iAφ (0)

−itV∗A0Aφ− itV∗ix
1
2A0φ.

Then by estimate ‖V∗ (t)φ‖L2 ≤ C ‖φ‖L2(R+) we obtain∥∥∥〈ξ〉−δ ∂ξV∗φ
∥∥∥
L2

≤ C |t|
1
2 (|φ (0)| + |Aφ (0)|)

∥∥∥〈ξ〉1−δ
∥∥∥
L2

+C |t|
∥∥∥〈ξ〉−δ V∗A0Aφ

∥∥∥
L2(R+)

+ C |t|
∥∥∥〈ξ〉−δ V∗x

1
2A0φ

∥∥∥
L2(R+)

≤ C |t|
1
2 (|φ (0)| + |Aφ (0)|) + C ‖tA0Aφ‖L2(R+) + C

∥∥∥x 1
2 tA0φ

∥∥∥
L2(R+)

.

Similarly applying iξV∗φ =

√
|t|
2πe

itΛ(ξ) 1
tφ (0) + V∗Aφ we consider

(
ξ3V∗ − V∗x

3
2

)
φ = −iξ2

√
|t|
2π

eitΛ(ξ) 1

t
φ (0)

−ξ
√

|t|
2π

eitΛ(ξ) 1

t
Aφ (0) + i

√
|t|
2π

eitΛ(ξ) 1

t
A2φ (0)

+V∗
(
iA3 − x

3
2

)
φ.

Next A = A0 + ix
1
2 , hence iA3 − x

3
2 = iA0A2 − x

1
2A0A− ixA0, therefore(

ξ3V∗ − V∗x
3
2

)
φ = −iξ2

√
|t|
2π

eitΛ(ξ) 1

t
φ (0)

+ξ

√
|t|
2π

eitΛ(ξ) 1

t
Aφ (0) + i

√
|t|
2π

eitΛ(ξ) 1

t
A2φ (0)

+V∗
(
iA0A2 − x

1
2A0A− ixA0

)
φ.

Then by estimate ‖V∗ (t)φ‖L2 ≤ C ‖φ‖L2(R+) we obtain∥∥∥〈ξ〉−δ
(
ξ3V∗ − V∗x

3
2

)
φ
∥∥∥
L2

≤ C |t|−
1
2 |φ (0)|

∥∥∥ξ2 〈ξ〉−δ
∥∥∥
L2

+ C |t|−
1
2 |Aφ (0)|

∥∥∥ξ 〈ξ〉−δ
∥∥∥
L2

+ C |t|−
1
2
∣∣A2φ (0)

∣∣ ∥∥∥〈ξ〉−δ
∥∥∥
L2
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+ C
∥∥A0A2φ

∥∥
L2(R+)

+ C
∥∥∥x 1

2A0Aφ
∥∥∥
L2(R+)

+ C ‖xA0φ‖L2(R+)

≤ C |t|−
1
2 |φ (0)| + C |t|−

1
2 |Aφ (0)| + C |t|−

1
2
∣∣A2φ (0)

∣∣
+ C

∥∥A0A2φ
∥∥
L2(R+)

+ C
∥∥∥x 1

2A0Aφ
∥∥∥
L2(R+)

+ C ‖xA0φ‖L2(R+)

if δ > 5
2 . Next we consider

∂tV∗φ =

√
|t|
2π

∫ ∞

0
eitS(x,ξ)iS (x, ξ)φ (x) dx

=
i

3

(
ξ3V∗ − V∗x

3
2

)
φ− i

(
ξV∗ − V∗x

1
2

)
xφ.

So that ∥∥∥〈ξ〉−δ ∂tV∗φ
∥∥∥
L2

≤
∥∥∥〈ξ〉−δ

(
ξ3V∗ − V∗x

3
2

)
φ
∥∥∥
L2

+
∥∥∥〈ξ〉−δ

(
ξV∗ − V∗x

1
2

)
xφ

∥∥∥
L2
.

Consider

iξV∗φ = −
√

|t|
2π

eitΛ(ξ) 1

t
φ (0) − V∗Aφ

= −
√

|t|
2π

eitΛ(ξ) 1

t
φ (0) − V∗A0φ− iV∗x

1
2φ.

Hence

i
(
ξV∗ − V∗x

1
2

)
xφ = −V∗A0xφ

and∥∥∥〈ξ〉−δ
(
ξV∗ − V∗x

1
2

)
xφ

∥∥∥
L2

≤
∥∥∥〈ξ〉−δ V∗A0xφ

∥∥∥
L2

≤ ‖A0xφ‖L2(R+) .

Therefore∥∥∥〈ξ〉−δ ∂tV∗φ
∥∥∥
L2

≤ C |t|−
1
2 |φ (0)| + C |t|−

1
2 |Aφ (0)| + C |t|−

1
2
∣∣A2φ (0)

∣∣
+C

∥∥A0A2φ
∥∥
L2(R+)

+ C
∥∥∥x 1

2A0Aφ
∥∥∥
L2(R+)

+ C ‖xA0φ‖L2(R+)

+ ‖A0xφ‖L2(R+)
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if δ > 5
2 .

Finally we integrate by parts

∂ξW∗ (t)φ =

√
|t|
2π

eitΛ(ξ)

∫ 0

−∞
itξ2e−itξxφ (x) dx

−it
√

|t|
2π

∫ 0

−∞
e−it(ξx−Λ(ξ))xφ (x) dx = ξW∗ (t)φx − itW∗ (t)xφ.

Then as above∥∥∥〈ξ〉−δ ∂ξW∗φ
∥∥∥
L2

≤ C ‖∂xφ‖L2 + C |t| ‖xφ‖L2 .

Lemma 4.1 is proved. �

5. Estimate for the Nonlinearity

In the next lemma we find the large time asymptotic behavior of the

nonlinearities in equation (1.7). Define the norm

‖φ‖Z =
∥∥∥〈ξ〉2 φ∥∥∥

L∞
+ t−

1
6

∥∥∥〈ξ〉2 φξ∥∥∥
L2
.

Lemma 5.1. The following asymptotics are true

N1 = −iξ2θ− (ξ)

(
1

2
|ϕ̂ (− |ξ|)|2 + |ϕ̂ (|ξ|)|2

)
ϕ̂ (− |ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
,

N2 = iξ2θ+ (ξ)

(
1

2
|ϕ̂ (|ξ|)|2 + |ϕ̂ (− |ξ|)|2

)
ϕ̂ (|ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
,

N3 = − i

18
ξ2θ− (ξ)D3ϕ̂ (|ξ|)ϕ̂2 (− |ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
,

N4 =
i

18
ξ2θ+ (ξ)D3ϕ̂ (− |ξ|)ϕ̂2 (|ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
and

N5 = O
(
|t|−

1
6 ‖ϕ̂‖3

Z

)
for all t ≥ 1 uniformly with respect to ξ ∈ R, where ϕ̂ (t) = FU (−t)u (t)

and Nj , j = 1, 2, · · ·, 5 are defined in (1.8).
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Proof. By Lemma 2.2 with α = 3
8 we have

V∗ (t)φ = Ã (t)φ
(
ξ2

)
+ C |t|−

1
6 ‖φ‖L∞(R+) + C |t|−

1
4

∥∥∥x 3
8∂xφ

∥∥∥
L2(R+)

.

Then

N2 = V∗ (t)
(
|ψ+|2 + 2 |ψ−|2

)
ψ+

= Ã (t)
(
|ψ+|2 + 2 |ψ−|2

)
ψ+

(
ξ2

)
+R1

=
√

2ξei
π
4
sgntθ+ (ξ)

(
|ψ+|2 + 2 |ψ−|2

)
ψ+

(
ξ2

)
+R1 +R2,

where

R1 = C |t|−
1
6

∥∥∥(|ψ+|2 + 2 |ψ−|2
)
ψ+

∥∥∥
L∞(R+)

+C |t|−
1
4

∥∥∥x 3
8∂x

((
|ψ+|2 + 2 |ψ−|2

)
ψ+

)∥∥∥
L2(R+)

and

R2 = O
(
ξ

1
2
〈
tξ3

〉−1
)(

|ψ+|2 + 2 |ψ−|2
)
ψ+

(
ξ2

)
≤ C |t|−

1
6

∥∥∥(|ψ+|2 + 2 |ψ−|2
)
ψ+

(
ξ2

)∥∥∥
L∞

.

Next by Lemma 2.1 with α = 0, j = 1 we have

V (t) ξφ = A (t)x
1
2φ

(
x

1
2

)
+O

(
|t|−

1
12 ‖ϕ̂‖Z

)
.

Since

A
(
t, ξ2

)
=

1√
2
|t|

1
6
〈
tξ3

〉− 1
6 e−iπ

4
sgnt +O

(
|t|

1
6
〈
tξ3

〉− 7
6

)
we have

ψ+

(
ξ2

)
= V (t) iξϕ̂ = iA (t) |ξ| ϕ̂ (|ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖Z

)
=

i |t|
1
6 |ξ|

√
2 〈tξ3〉

1
6

e−iπ
4

sgntϕ̂ (|ξ|) +O
(
|t|−

1
12 ‖ϕ̂‖Z

)
and

ψ−
(
ξ2

)
= V (−t)D−1iξϕ̂ = −iA (−t) |ξ| ϕ̂ (− |ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖Z

)
=

−i |t|
1
6 |ξ|

√
2 〈tξ3〉

1
6

ei
π
4

sgntϕ̂ (− |ξ|) +O
(
|t|−

1
12 ‖ϕ̂‖Z

)
.
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Therefore

|R2| ≤ C |t|−
1
6

∥∥∥(|ψ+|2 + 2 |ψ−|2
)
ψ+

(
ξ2

)∥∥∥
L∞

≤ C |t|−
1
12 ‖ϕ̂‖3

Z .

Also by Lemma 3.4 with j = 1, α = 3
4 , δ = 0 we have∥∥∥x 3

8∂xV (t) ξϕ̂
∥∥∥
L2(R+)

≤ C |t|
1
24

∥∥∥〈ξ〉2 ϕ̂∥∥∥
L∞

+ C
∥∥∥〈ξ〉2 ∂ξϕ̂∥∥∥

L2
.

Hence

R1 = C |t|−
1
6

∥∥∥(|ψ+|2 + 2 |ψ−|2
)
ψ+

∥∥∥
L∞(R+)

+C |t|−
1
4

∥∥∥x 3
8∂x

((
|ψ+|2 + 2 |ψ−|2

)
ψ+

)∥∥∥
L2(R+)

≤ C |t|−
1
12 ‖ϕ̂‖3

Z .

Thus

N2 = V∗ (t)
(
|ψ+|2 + 2 |ψ−|2

)
ψ+

= iξ2θ+ (ξ)
|t|

1
2 |ξ|

3
2

2 〈tξ3〉
1
2

(
|ϕ̂ (|ξ|)|2 + 2 |ϕ̂ (− |ξ|)|2

)
ϕ̂ (|ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
= iξ2θ+ (ξ)

(
1

2
|ϕ̂ (|ξ|)|2 + |ϕ̂ (− |ξ|)|2

)
ϕ̂ (|ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
.

In the same manner

N1 = D−1V∗ (−t)
(
|ψ−|2 + 2 |ψ+|2

)
ψ−

=
√

2 |ξ|e−iπ
4
sgntθ− (ξ)D−1

(
|ψ−|2 + 2 |ψ+|2

)
ψ− +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
= −iξ2θ− (ξ)

(
1

2
|ϕ̂ (− |ξ|)|2 + |ϕ̂ (|ξ|)|2

)
ϕ̂ (− |ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
.

Also

N4 = D3V∗ (3t)
(
ψ−ψ

2
+

)
= D3

√
2ξei

π
4
sgntθ+ (ξ)

(
ψ−ψ

2
+

) (
ξ2

)
+O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
=

i

2
D3ξ

2θ+ (ξ)
|t|

1
2 |ξ|

3
2

〈tξ3〉
1
2

ϕ̂ (− |ξ|)ϕ̂2 (|ξ|) +O
(
|t|−

1
12 ‖ϕ̂‖3

Z

)
=

i

18
ξ2θ+ (ξ)D3ϕ̂ (− |ξ|)ϕ̂2 (|ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
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and

N3 = D−3V∗ (−3t)
(
ψ+ψ

2
−
)

= D−3

√
2 |ξ|e−iπ

4
sgntθ+ (ξ)

(
ψ+ψ

2
−
) (
ξ2

)
+O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
= − i

18
ξ2θ− (ξ)D3

|t|
1
2 |ξ|

3
2

〈tξ3〉
1
2

ϕ̂ (|ξ|)ϕ̂2 (− |ξ|) +O
(
|t|−

1
12 ‖ϕ̂‖3

Z

)
= − i

18
ξ2θ− (ξ)D3ϕ̂ (|ξ|)ϕ̂2 (− |ξ|) +O

(
|t|−

1
12 ‖ϕ̂‖3

Z

)
.

Finally by estimate

‖W∗φ‖L∞ ≤ C |t|
1
2 ‖φ‖L1(R−)

and using Lemma 2.1 with α = 0, j = 1 and α = 1, j = 1 we find∥∥∥∥〈xt 2
3

〉 1
2 W (t) ξϕ̂

∥∥∥∥
L∞(R−)

≤ C ‖W (t) ξφ‖L∞(R−)

+C |t|
1
3

∥∥∥|x| 12 W (t) ξφ
∥∥∥
L∞(R−)

≤ C ‖ϕ̂‖Z .

Hence

N5 = W∗ |r|2 r = O
(
|t|

1
2
∥∥r3

∥∥
L1(R−)

)
= O

(
|t|

1
2 ‖W (t) ξϕ̂‖3

L3(R−)

)
= O

(
|t|

1
2

∥∥∥∥〈xt 2
3

〉− 1
2

∥∥∥∥3

L3(R−)

∥∥∥∥〈xt 2
3

〉 1
2 W (t) ξϕ̂

∥∥∥∥3

L∞(R−)

)
= O

(
|t|−

1
6 ‖ϕ̂‖3

Z

)
.

Lemma 5.1 is proved. �

6. A Priori Estimates

Local existence and uniqueness of solutions to the Cauchy problem (1.3)

can be established by the standard method.

Theorem 6.1. Assume that the initial data u0 ∈ H3 ∩H2,1. Then for

some T > 0 there exists a unique local solution u of the Cauchy problem

(1.3) such that U (−t)u ∈ C
(
[0, T ] ;H3 ∩ H2,1

)
.
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We can take T > 1 if the data are small in H3∩H2,1 and we may assume

that

‖FU (−t) ∂xu (1)‖L∞ +
∥∥FU (−t) ∂2

xu (1)
∥∥
L∞

+ ‖J u (1)‖H2 + ‖u (1)‖H3 ≤ ε.(6.1)

To get the desired result, we prove a priori estimates of solutions uniformly

in time. Define the following norm

‖u‖XT
= sup

t∈[1,T ]

2∑
j=0

∥∥FU (−t) ∂jxu (t)
∥∥
L∞

+ sup
t∈[1,T ]

t−γ (‖J u (t)‖H2 + ‖u (t)‖H3) ,

where J = x+ t∂2
x = U (t)xU (−t) , γ > 0 is sufficiently small.

Lemma 6.2. Assume that (6.1) holds. Then there exists an ε such that

the estimate

‖u‖XT
< Cε

is true for all T > 1.

Proof. By the continuity of the norm ‖u‖XT
with respect to T, ar-

guing by the contradiction we can find the first time T > 0 such that

‖u‖XT
= Cε. Define the norm

‖ϕ̂‖W =
∥∥∥〈ξ〉2 ϕ̂∥∥∥

L∞
+ t−γ

∥∥∥〈ξ〉2 ∂ξϕ̂∥∥∥
L2

+ t−γ
∥∥∥〈ξ〉3 ϕ̂∥∥∥

L2
.

Note that by our assumption ‖u‖XT
= Cε, it follows that

‖ϕ̂‖W ≤ Cε

for t ∈ [1, T ] . By equation (1.3) we find

d

dt
‖u‖H3 ≤ C ‖ux‖L∞ ‖uxx‖L∞ ‖u‖H3 ≤ Cε2t−1 ‖u‖H3 .

Then we get a priori estimate ‖u (t)‖H3 ≤ Cεtγ if ‖∂xu (t)‖L∞ +∥∥∂2
xu (t)

∥∥
L∞ ≤ Cεt−

1
2 . On the other hand, by Lemma 2.1 we have

2∑
j=0

∥∥∂jxu (t)
∥∥
L∞ ≤ Cεt−

1
2 .
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Next we need the estimate for
∥∥ξjϕ̂∥∥

L∞ =
∥∥∥FU (−t) ∂jxu (t)

∥∥∥
L∞

, j = 0, 1, 2.

If |ξ| ≥ tν , then by the Sobolev embedding theorem we get∥∥ξjϕ̂∥∥
L∞ ≤ C

∥∥∥〈ξ〉2 ϕ̂∥∥∥ 1
2

L2

∥∥∥〈ξ〉2 ∂ξϕ̂∥∥∥ 1
2

L2

≤ Ct−
ν
2

∥∥∥〈ξ〉3 ϕ̂∥∥∥ 1
2

L2

∥∥∥〈ξ〉2 ∂ξϕ̂∥∥∥ 1
2

L2
≤ Cε

if ν > 2γ. Next we use equation (1.7) for ϕ̂ = FU (−t)u (t) in the domain

|ξ| ≤ tν . Applying Lemma 5.1 we get

∂tϕ̂ (t, ξ) =
iλξ2

2 |t|

(
1

2
|ϕ̂ (t, ξ)|2 + |ϕ̂ (t,−ξ)|2

)
ϕ̂ (ξ)

+
iλξ2

18 |t|e
8
9
itΛ(ξ)D3ϕ̂ (t,−ξ)ϕ̂2 (t, ξ) +O

(
|t|−

13
12 ‖ϕ̂‖3

W

)
,

for ξ > 0 and

∂tϕ̂ (t, ξ) = − iλξ2

2 |t|

(
1

2
|ϕ̂ (t, ξ)|2 + |ϕ̂ (t,−ξ)|2

)
ϕ̂ (ξ)

− iλξ2

18 |t|e
8
9
itΛ(ξ)D3ϕ̂ (t,−ξ)ϕ̂2 (t, ξ) +O

(
|t|−

13
12 ‖ϕ̂‖3

W

)
,

for ξ ≤ 0. Choosing

Ψ± (t, ξ) = exp

(
± iλξ2

2

∫ t

1

(
1

2
|ϕ̂ (τ, ξ)|2 + |ϕ̂ (τ,−ξ)|2

)
dτ

τ

)
,

we get

∂t
(
ξjϕ̂ (t, ξ) Ψ± (t, ξ)

)
= ± iλξ2

18 |t|e
8
9
itΛ(ξ)D3ϕ̂ (t,−ξ)ϕ̂2 (t, ξ) ξjΨ± (t, ξ)

+O
(
|t|2ν−

13
12 ‖ϕ̂‖3

W

)
,

for j = 1, 2, |ξ| ≤ tν , ν < 1
24 . Integrating in time, we obtain∣∣ξjϕ̂ (t, ξ) Ψ± (t, ξ)

∣∣
≤ |ϕ̂ (1, ξ)| + C

∣∣∣∣∫ t

1
e

8
9
iτΛ(ξ)D3ϕ̂ (τ,−ξ)ϕ̂2 (τ, ξ) ξj+2Ψ± (τ, ξ)

dτ

τ

∣∣∣∣ + Cε3.
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Integrating by parts we get
∣∣ξjϕ̂ (t, ξ)

∣∣ < Cε.

Consider a priori estimate of ‖J u (t)‖H2 . We have

‖J u (t)‖H2 ≤ C
∥∥∂2

xJ u
∥∥
L2 + C

∥∥∥〈i∂x〉−3 J u
∥∥∥
L2
.

Using the identity

Pu− ∂xJ u = −3tLu
with J = x− t∂2

x, L = ∂t − 1
3∂

3
x, P = ∂xx+ 3t∂t, we get∥∥∂2

xJ u
∥∥
L2 ≤ C ‖∂xPu‖L2 + Ct ‖ux‖2

L∞ ‖uxx‖L2 ≤ C ‖∂xPu‖L2 + Cε3tγ .

We apply the operator ∂xP to equation (1.3). In view of the commutators

[L,P] = 3L, [P, ∂x] = −∂x, we get

L∂xPu = ∂x (P + 3)Lu = λ∂x (P + 3)
(
|ux|2 ux

)
.

Then by the energy method we obtain

d

dt
‖∂xPu‖L2 ≤ C ‖ux‖L∞ ‖uxx‖L∞ ‖∂xPu‖L2

+ ‖ux‖2
L∞ ‖uxx‖L2 ≤ Cε2t−1 ‖∂xPu‖L2 + Cε2tγ−1

from which it follows ‖Pu‖L2 ≤ Cεtγ . Therefore
∥∥∂2

xJ u
∥∥
L2 ≤ Cεtγ for all

t ∈ [1, T ].

Finally we need to estimate the norm
∥∥∥〈i∂x〉−3 J u

∥∥∥
L2

=
∥∥∥〈ξ〉−3 ∂ξϕ̂

∥∥∥
L2
.

Differentiating equation (1.7) we get

∂t 〈ξ〉−3 ϕ̂ξ = λt−1 〈ξ〉−3 ∂ξ (N1 +N2)

+λt−1e
8
9
itΛ(ξ) 〈ξ〉−3 ∂ξ (N3 +N4)

+λt−1 〈ξ〉−3 ∂ξN5 + iλ
8

9
ξ2e

8
9
itΛ(ξ) 〈ξ〉−3 (N3 +N4) .(6.2)

We denote ψj+ = V (t) iξjϕ̂, ψj− = V (−t)D−1iξ
jϕ̂. Applying Lemma 4.1

we get∥∥∥〈ξ〉−3 ∂ξNk

∥∥∥
L2

≤
∥∥∥〈ξ〉−3 ∂ξV∗ψ3

1±

∥∥∥
L2

≤ C |t|
1
2

(
|ψ1± (0)|3 + |ψ1± (0)|2 |ψ2± (0)|

)
+ C

∥∥ψ2
1±∂xV (t) ξ2ϕ̂

∥∥
L2(R+)

+C ‖ψ1±ψ2±∂xV (t) ξϕ̂‖L2(R+) + C
∥∥∥x 1

2ψ2
1±∂xV (t) ξϕ̂

∥∥∥
L2(R+)



Third-Order Nonlinear Schrödinger Equation 907

for k = 1, 2, 3, 4 and∥∥∥〈ξ〉−3 ∂ξN5

∥∥∥
L2

≤
∥∥∥〈ξ〉−3 ∂ξW∗ |r|2 r

∥∥∥
L2

≤ C
∥∥∥|W (t) ξϕ̂|2 ∂xW (t) ξϕ̂

∥∥∥
L2

+ C |t|
∥∥∥x |W (t) ξϕ̂|3

∥∥∥
L2
.

By Lemma 2.1 with α = 0, j = 1, 2 we find |ψj± (0)| ≤ C |t|−
1
6 ‖ϕ̂‖W . Hence

|t|
1
2

(
|ψ1± (0)|3 + |ψ1± (0)|2 |ψ2± (0)|

)
≤ C ‖ϕ̂‖3

W .

Also by Lemma 2.1 with α = 0, j = 1, 2

〈x〉
1
2 |ψj±| ≤ C

(
x

1
4 + |t|−

1
6

)
‖ϕ̂‖W .

By Lemma 3.4 with j = 1, 2, δ = 0, α = 3
4 and α = 0, we get∥∥∥(x 3

8 + |t|−
1
3

)
∂xV (t) ξjϕ̂

∥∥∥
L2(R+)

≤ C
∥∥∥〈ξ〉2 ϕ̂∥∥∥

L∞

+C
∥∥∥〈ξ〉2 ∂ξϕ̂∥∥∥

L2
≤ C 〈t〉γ ‖ϕ̂‖W .

Hence ∥∥ψ2
1±∂xV (t) ξ2ϕ̂

∥∥
L2(R+)

+ C ‖ψ1±ψ2±∂xV (t) ξϕ̂‖L2(R+)

+C
∥∥∥x 1

2ψ2
1±∂xV (t) ξϕ̂

∥∥∥
L2(R+)

≤ C ‖ϕ̂‖2
W

∥∥∥(x 3
8 + |t|−

1
3

)
∂xV (t) ξjϕ̂

∥∥∥
L2(R+)

≤ C 〈t〉γ ‖ϕ̂‖3
W .

Therefore ∥∥∥〈ξ〉−3 ∂ξNk

∥∥∥
L2

≤ C 〈t〉γ ‖ϕ̂‖3
W

for k = 1, 2, 3, 4. Next by Lemma 2.1 with j = 1, α = 0, α = 2
3 and α = 4

3

‖W (t) ξϕ̂‖L∞(R−) ≤ C |t|−
1
6 ‖ϕ̂‖W

and ∥∥∥|x| 13 〈x〉 1
3 W (t) ξϕ̂

∥∥∥
L∞(R−)

≤ C |t|−
1
3 ‖ϕ̂‖W
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By Lemma 3.6 with α = 0 we obtain

‖∂xW (t) ξϕ̂‖L2(R−) ≤ C |t|
1
6 ‖ϕ̂‖W .

Hence ∥∥∥〈ξ〉−3 ∂ξN5

∥∥∥
L2

≤ C
∥∥∥|W (t) ξϕ̂|2 ∂xW (t) ξϕ̂

∥∥∥
L2

+ C |t|
∥∥∥x |W (t) ξϕ̂|3

∥∥∥
L2

≤ C |t|−
1
6 ‖ϕ̂‖3

W + C ‖ϕ̂‖3
W

∥∥∥〈x〉−1
∥∥∥
L2(R)

≤ C ‖ϕ̂‖3
W .

Thus we get from (6.2)

∂t 〈ξ〉−3 ϕ̂ξ = O
(
〈t〉γ−1 ‖ϕ̂‖3

W

)
+ iλ

8

9
ξ2e

8
9
itΛ(ξ) 〈ξ〉−3 (N3 +N4) .(6.3)

We need to estimate the last term in the right-hand side (6.3). We represent

〈ξ〉−3 ξ2V∗ (3t)ψ1−ψ
2
1+ = 〈ξ〉−3 V∗ (3t)xψ1−ψ

2
1+ +R1,

where

R1 = 〈ξ〉−3 [
ξ2V∗ (3t) − V∗ (3t)x

]
ψ1−ψ

2
1+.

Also we denote ψj+ = V (t) iξjϕ̂, ψj− = V (−t)D−1iξ
jϕ̂. By Lemma 4.1 we

find

|t| ‖R1‖L2 = |t|
∥∥∥〈ξ〉−3 (

ξ2V∗ (3t) − V∗ (3t)x
)
ψ1−ψ

2
1+

∥∥∥
L2

≤ C |t|
1
2
(∣∣(ψ1−ψ

2
1+

)
(0)

∣∣ +
∣∣(A (

ψ1−ψ
2
1+

))
(0)

∣∣)
+C

∥∥tA0A
(
ψ1−ψ

2
1+

)∥∥
L2(R+)

+ C
∥∥∥x 1

2 tA0

(
ψ1−ψ

2
1+

)∥∥∥
L2(R+)

.

Then as above

|t| ‖R1‖L2 ≤ C |t|
1
2

(
|ψ1± (0)|3 + |ψ1± (0)|2 |ψ2± (0)|

)
+C

∥∥ψ2
1±∂xV (t) ξ2ϕ̂

∥∥
L2(R+)

+ C ‖ψ1±ψ2±∂xV (t) ξϕ̂‖L2(R+)

+C
∥∥∥x 1

2ψ2
1±∂xV (t) ξϕ̂

∥∥∥
L2(R+)

≤ C 〈t〉γ ‖ϕ̂‖3
W .

Next we represent

xψ1−ψ
2
1+ = x

5
2ψ0−ψ

2
0+ +R2,
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where

R2 = x
(
ψ1−ψ

2
1+ − x

3
2ψ0−ψ

2
0+

)
.

By Lemma 3.4 with j = 0, α = 7
4 , δ = 1

2 we find∥∥∥x 7
8 〈x〉−

1
2

[
x

1
2ψ0± − ψ1±

]∥∥∥
L2(R+)

≤ C |t|γ−1 ‖ϕ̂‖W

and by Lemma 2.1∥∥∥〈x〉 1
2 ψ1±

∥∥∥
L∞(R+)

+
∥∥∥x 1

2 〈x〉
1
2 ψ0±

∥∥∥
L∞(R+)

≤ C ‖ϕ̂‖W .

Hence

‖R2‖L2 ≤ C

(∥∥∥〈x〉 1
2 ψ1±

∥∥∥
L∞(R+)

+
∥∥∥x 1

2 〈x〉
1
2 ψ0±

∥∥∥
L∞(R+)

)2

×
∥∥∥x 7

8 〈x〉−
1
2

[
x

1
2ψ0± − ψ1±

]∥∥∥
L2(R+)

≤ C |t|γ−1 ‖ϕ̂‖3
W .

Next we represent

〈ξ〉−3 V∗ (3t)x
5
2ψ0−ψ

2
0+ = ξ3 〈ξ〉−3 V∗ (3t)xψ0−ψ

2
0+ +R3,

where

R3 = 〈ξ〉−3
[
ξ3V∗ (3t) − V∗ (3t)x

3
2

]
xψ0−ψ

2
0+.

By Lemma 4.1 we find

|t| ‖R3‖L2 = |t|
∥∥∥〈ξ〉−3

[
ξ3V∗ (3t) − V∗ (3t)x

3
2

]
xψ0−ψ

2
0+

∥∥∥
L2

≤ C
∥∥∂xA2 (3t)xψ0−ψ

2
0+

∥∥
L2(R+)

+ C
∥∥∥x 1

2∂xA (3t)xψ0−ψ
2
0+

∥∥∥
L2(R+)

+C
∥∥x2∂x

(
ψ0−ψ

2
0+

)∥∥
L2(R+)

+ C
∥∥xψ0−ψ

2
0+

∥∥
L2(R+)

≤ C
∥∥x∂xA2 (3t)ψ0−ψ

2
0+

∥∥
L2(R+)

+ C
∥∥∥x 3

2∂xA (3t)ψ0−ψ
2
0+

∥∥∥
L2(R+)

+C
∥∥x2∂xψ0−ψ

2
0+

∥∥
L2(R+)

+ C
∥∥A2 (3t)ψ0−ψ

2
0+

∥∥
L2(R+)

+C
∥∥∥x 1

2A (3t)ψ0−ψ
2
0+

∥∥∥
L2(R+)

+ C
∥∥xψ0−ψ

2
0+

∥∥
L2(R+)

,

since A (3t) = M
3 1

3t∂xM
3 = 1

3t∂x + ix
1
2 , then [∂x, x] = 1, [A (3t) , x] = 1

3t ,

and

x
1
2∂xA (3t)x = x

3
2∂xA (3t) + 2x

1
2A (3t) − ix
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and

∂xA2 (3t)x = x∂xA2 (3t) + 3A2 (3t) − 2ix
1
2A (3t) .

Also we have

A (3t)
(
ψ0−ψ

2
0+

)
= M

3 1

3t
∂x

((
Mψ0−

)
(Mψ0+)2

)
=

1

3
A (t)ψ0−ψ

2
0+ +

2

3

(
ψ0− (ψ0+) (A (t)ψ0+)

)
=

1

3
ψ1−ψ

2
0+ +

2

3
ψ0−ψ0+ψ1+,

similarly

A2 (3t)
(
ψ0−ψ

2
0+

)
=

1

3
ψ2−ψ0+ψ0+ +

4

3
ψ1−ψ0+ψ1+

+
2

3
ψ0−

(
ψ2

1+

)
+

2

3
ψ0−ψ0+ψ2+.

Hence we get

|t| ‖R3‖L2 ≤ C

(∥∥∥x 5
4 〈x〉

1
2 ψ0±ψ0±

∥∥∥
L∞(R+)

+
∥∥∥x 3

4 〈x〉
1
2 ψ0±ψ1±

∥∥∥
L∞(R+)

+
∥∥∥x 1

4 〈x〉
1
2 ψ0±ψ2±

∥∥∥
L∞(R+)

+
∥∥∥x 1

4 〈x〉
1
2 ψ1±ψ1±

∥∥∥
L∞(R+)

)∥∥∥x 3
4 〈x〉−

1
2 ∂xψ0±

∥∥∥
L2(R+)

+ C

(∥∥∥x 5
8ψ0±ψ1±

∥∥∥
L∞(R+)

+
∥∥∥x 9

8ψ0±ψ0±
∥∥∥
L∞(R+)

)∥∥∥x 3
8∂xψ1±

∥∥∥
L2(R+)

+ C
∥∥∥x 5

8ψ0±ψ0±
∥∥∥
L∞(R+)

∥∥∥x 3
8∂xψ2±

∥∥∥
L2(R+)

+ C
∥∥ψ2±ψ

2
0±

∥∥
L2(R+)

+ C
∥∥ψ2

1±ψ0±
∥∥
L2(R+)

+ C
∥∥∥x 1

2ψ1±ψ
2
0±

∥∥∥
L2(R+)

+ C
∥∥xψ3

0±
∥∥
L2(R+)

.

By Lemma 3.4 with α = 3
2 , δ = 1

2 , j = 0, and α = 3
4 , δ = 0; j = 1, 2 we

obtain ∥∥∥x 3
4 〈x〉−

1
2 ∂xψ0±

∥∥∥
L2(R+)

+
∥∥∥x 3

8∂xψ1±
∥∥∥
L2(R+)

+
∥∥∥x 3

8∂xψ2±
∥∥∥
L2(R+)

≤ C
∥∥∥〈ξ〉2 φ∥∥∥

L∞
+ C

∥∥∥〈ξ〉2 φξ∥∥∥
L2

≤ C |t|γ ‖ϕ̂‖W .
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Also by Lemma 2.1∥∥∥x 1
4 〈x〉

3
4 ψ0±

∥∥∥
L∞(R+)

+
∥∥∥〈x〉 1

2 ψ1±
∥∥∥
L∞(R+)

+
∥∥∥〈x〉 1

4 ψ2±
∥∥∥
L∞(R+)

≤ C ‖ϕ̂‖W .

Hence we find

‖R3‖L2 ≤ C |t|γ−1 ‖ϕ̂‖3
W .

Thus we get the representation

〈ξ〉−3 ξ2V∗ (3t)ψ1−ψ
2
1+ = ξ3 〈ξ〉−3 V∗ (3t)xψ0−ψ

2
0+ +O

(
|t|γ−1 ‖ϕ̂‖3

W

)
and by equation (6.3)

∂t 〈ξ〉−3 ϕ̂ξ = O
(
〈t〉γ−1 ‖ϕ̂‖3

W

)
+ ξ3e

8
9
itΛ(ξ)I,(6.4)

where

I = iλ
8

9
〈ξ〉−3 (

D−3V∗ (−3t)xψ0+ψ
2
0− + D3V∗ (3t)xψ0−ψ

2
0+

)
.

The last term on the right-hand side of (6.4) we rewrite in the form of full

derivative

ξ3e
8
9
itΛ(ξ)I = ∂t

(
9ξ3

8iΛ (ξ)
e

8
9
itΛ(ξ)I

)
− 9ξ3

8iΛ (ξ)
e

8
9
itΛ(ξ)∂tI.

Finally we estimate ∥∥∥〈ξ〉−3 ∂t
(
D3V∗ (3t)xψ0−ψ

2
0+

)∥∥∥
L2

≤
∥∥∥〈ξ〉−3 ∂tV∗ (3t)xψ0−ψ

2
0+

∥∥∥
L2

+
∥∥∥〈ξ〉−3 V∗ (3t)xψ0−ψ0+∂tψ0+

∥∥∥
L2
.

By Lemma 4.1 as above we get∥∥∥〈ξ〉−3 ∂tV∗ (3t)xψ0−ψ
2
0+

∥∥∥
L2

≤ C
∥∥A0A2xψ0−ψ

2
0+

∥∥
L2(R+)

+C
∥∥∥x 1

2A0Axψ0−ψ
2
0+

∥∥∥
L2(R+)

+ C
∥∥xA0xψ0−ψ

2
0+

∥∥
L2(R+)

+C
∥∥A0x

2
(
ψ0−ψ

2
0+

)∥∥
L2(R+)

+ C |t|−
1
2
∥∥xψ0−ψ

2
0+

∥∥
L2(R+)

≤ C 〈t〉γ−1 ‖ϕ̂‖3
W .
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Finally by Lemma 3.4 with α = 1, δ = 1
2 , we have∥∥∥x 1

2 〈x〉−1 ∂tψ0±
∥∥∥
L2(R+)

≤ C 〈t〉γ−1 ‖ϕ̂‖W .

Hence ∥∥∥〈ξ〉−3 V∗ (3t)xψ0−ψ0+∂tψ0+

∥∥∥
L2

≤ C
∥∥∥x 1

4 〈x〉
1
2 ψ0±

∥∥∥2

L∞(R+)

∥∥∥x 1
2 〈x〉−1 ∂tψ0±

∥∥∥
L2(R+)

≤ 〈t〉γ−1 ‖ϕ̂‖3
W .

Thus from (6.4) we find

∂t

(
〈ξ〉−3 ϕ̂ξ −

9ξ3

8iΛ (ξ)
e

8
9
itΛ(ξ)I

)
= O

(
〈t〉γ−1 ‖ϕ̂‖3

W

)
.

Integrating we get∥∥∥∥〈ξ〉−3 ϕ̂ξ −
9ξ3

8iΛ (ξ)
e

8
9
itΛ(ξ)I

∥∥∥∥
L2

≤ Cεtγ .

Since

‖I‖L2 = C
∥∥D−3V∗ (−3t)xψ0+ψ

2
0− + D3V∗ (3t)xψ0−ψ

2
0+

∥∥
L2

≤ C
∥∥xψ3

0±
∥∥
L2 ≤ C ‖ϕ̂‖3

W ,

then we obtain ∥∥∥〈ξ〉−3 ϕ̂ξ

∥∥∥
L2

≤ C ‖I‖L2 + Cεtγ < Cεtγ .

Thus we get ‖u‖XT
< Cε. Lemma 6.2 is proved. �

7. Proof of Theorem 1.2

By Lemma 6.2 we see that a priori estimate ‖u‖XT
≤ Cε is true for all

T > 0. Therefore the global existence of solutions of the Cauchy problem

(1.3) satisfying the estimate

‖u‖X∞ ≤ Cε

follows by a standard continuation argument from the local existence The-

orem 6.1.
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Now we turn to the proof of asymptotic formula (1.6) for the solutions

u of the Cauchy problem (1.3). By the representation for j = 1, 2

∂jxu (t) = Dt

(
Mψ+j +Mψ−j + rj

)
,

where ψ+j = V (t) (iξ)j ϕ̂, ψ−j = V (−t)D−1 (iξ)j ϕ̂, rj = W (t) (iξ)j ϕ̂, and

Lemma 2.1 we have

ψ±j = ±A (±t)x
j
2 ϕ̂

(
±x 1

2

)
+O

(
t

1−2j
6

)
.

Therefore

∂jxu (t) = Dt

(
MA (t)x

j
2 ϕ̂

(
x

1
2

)
+MA (−t)x

j
2 ϕ̂

(
−x 1

2

))
+O

(
t−

1+j
3

)
.

We need to compute the asymptotics of the function ϕ̂ (t, ξ). As in the proof

of Lemma 6.2 we get

∂t
(
ξjϕ̂ (t, ξ) Ψ± (t, ξ)

)
= − λξ2

18 |t|e
8
9
itΛ(ξ)D3ϕ̂ (t,−ξ)ϕ̂2 (t, ξ) ξjΨ± (t, ξ)

+O
(
|t|2ν−

13
12 ‖ϕ̂‖3

W

)
,

for j = 1, 2, |ξ| ≤ tν , ν < 1
24 . For

yj (t, ξ) = ξjϕ̂ (t, ξ) (θ+Ψ+ (t, ξ) + θ−Ψ− (t, ξ)) ,

integrating in time, we obtain

yj (t, ξ) − yj (s, ξ)

= Cξ2

∫ t

s
e

8
9
iτΛ(ξ)D3ϕ̂ (τ,−ξ)ϕ̂2 (τ, ξ) ξjΨ± (τ, ξ)

dτ

τ

= C

∣∣∣∣∫ t

s
e

8
9
iτΛ(ξ)∂τ

(
τ−1D3ϕ̂ (τ,−ξ)ϕ̂2 (τ, ξ) ξj−1Ψ± (τ, ξ)

)
dτ

∣∣∣∣ .
Hence we obtain

‖yj (t) − yj (s)‖L∞

≤ Cε3
∫ t

s
τ−

13
12

+2ν+γ + τ−1−2ν+γdτ ≤ Cε3s−
1
12

+2ν+γ



914 Nakao Hayashi and Pavel I. Naumkin

for any t > s > 0, 1
48 > ν > γ

2 . Therefore there exists a unique final state

yj,F ∈ L∞ such that

‖yj (t) − yj,F ‖L∞ ≤ Cε3t−
1
12

+2ν+γ(7.1)

for all t > 0. Since

Ψ± (t, ξ) = exp

(
± iλξ2

2

∫ t

1

(
1

2
|ϕ̂ (τ, ξ)|2 + |ϕ̂ (τ,−ξ)|2

)
dτ

τ

)
for ∫ t

1

(
1

2
|ϕ̂ (τ, ξ)|2 + |ϕ̂ (τ,−ξ)|2

)
dτ

τ
=

∫ t

1
Y (τ, ξ)

dτ

τ

= Y0,F (ξ) log t+ Φ (t) .(7.2)

where

Y (τ, ξ) =
1

2
|y0 (τ, ξ)|2 + |y0 (τ,−ξ)|2

and Y0,F (ξ) = 1
2 |y0,F (ξ)|2 + |y0,F (−ξ)|2 . We study the asymptotics in time

of the remainder term Φ (t). We have

Φ (t) − Φ (s) =

∫ t

s

(
|Y (τ)|2 − |Y (t)|2

) dτ

τ

+
(
|Y (t)|2 − |Y0,F |2

)
log

t

s
.

By (7.1) we obtain ‖Φ (t) − Φ (s)‖L∞ ≤ Cε3s−δ for any t > s > 0, where

δ = 1
12 + γ. Hence there exists a unique real-valued function ΦF ∈ L∞ such

that

‖Φ (t) − ΦF ‖L∞ ≤ Cε3t−δ(7.3)

for all t > 0. Representation (7.2) and estimate (7.3) yield∥∥∥∥Ψ± (t, ξ) − exp

(
± iλξ2

2
|Y0,F |2 log t± iλξ2

2
ΦF

)∥∥∥∥
L∞

≤ Ct−δ
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for all t > 0. Thus we get the large time asymptotics

‖ϕ̂ (t, ξ) − y0,F θ±Ψ∓ (t, ξ)‖L∞ = ‖y0 (t) − y0,F θ±‖L∞ ≤ Ct−δ

and ∥∥∥∥∥y0,F θ±Ψ∓ − y0,F θ±e

(
∓ iλξ2

2
|YF |2 log t∓ iλξ2

2
ΦF

) ∥∥∥∥∥
L∞

≤ Ct−δ.

Therefore we obtain the estimate∥∥∥∥∥ϕ̂ (t, ξ) − y0,F θ±e

(
∓ iλξ2

2

(
1
2 |y0,F (ξ)|2+|y0,F (−ξ)|2

)
log t∓ iλξ2

2
ΦF

) ∥∥∥∥∥
L∞

≤ Ct−δ.

Using the factorization of U (t) we have∥∥∥∥∥∂jxu (t) −DtM
+A (t)x

j
2

×
(
y0,F

(
x

1
2

)
e
− iλx

2
ΦF +

(
− iλx

2

(
1
2

∣∣y0,F

(
x

1
2

) ∣∣2+
∣∣y0,F

(
−x

1
2

) ∣∣2)
log t

) )
−DtM

−A (−t)x
j
2

×
(
y0,F

(
−x 1

2

)
e

iλx
2

ΦF +

(
iλx
2

(
1
2

∣∣y0,F

(
−x

1
2

) ∣∣2+
∣∣y0,F

(
x

1
2

) ∣∣2)
log t

) )∥∥∥∥∥
L∞

≤ Ct−
1
2

×
∥∥∥∥∥ξj

(
ϕ̂ (t, ξ) − y0,F θ±e

(
∓ iλξ2

2

(
1
2 |y0,F (ξ)|2+|y0,F (−ξ)|2

)
log t∓ iλξ2

2
ΦF

) )∥∥∥∥∥
L∞

≤ Ct−
1
2
− 1

12
+γ .

This completes the proof of asymptotics (1.6). Theorem 1.2 is proved.

Acknowledgments. The work of N.H. is partially supported by JSPS

KAKENHI Grant Numbers JP15H03630, JP25220702. The work of P.I.N.

is partially supported by CONACYT and PAPIIT project IN100113.



916 Nakao Hayashi and Pavel I. Naumkin

References

[1] Ablowitz, M. J. and H. Segur, Solitons and the Inverse Scattering Transform,
SIAM, Philadelphia 1981.

[2] Bona, J. L. and J.-C. Saut, Dispersive blow-up of solutions of generalized
Korteweg - de Vries equation, J. Diff. Eqs. 103 (1993), 3–57.

[3] Bona, J. L., Ponce, G., Saut, J.-C. and C. Sparber, Dispersive blow-up for
nonlinear Schrödinger equations revisited, J. Math. Pures Appl. (9) 102
(2014), no. 4, 782–811.

[4] de Bouard, A., Hayashi, N. and K. Kato, Gevrey regularizing effect for the
(generalized) Korteweg - de Vries equation and nonlinear Schrödinger equa-
tions, Ann. Inst. Henri Poincare, Analyse non lineaire 12 (1995), 673–725.

[5] Carvajal, X., Local well-posedness for a higher order nonlinear Schrödinger
equation in Sobolev spaces of negative indices, Electron. J. Differential Equa-
tions 13 (2004), 1–13.

[6] Carvajal, X. and F. Linares, A higher order nonlinear Schrödinger equation
with variable coefficients, Differential Integral Equations 16 (2003), 1111–
1130.

[7] Christ, F. M. and M. I. Weinstein, Dispersion of small amplitude solutions
of the generalized Korteweg-de Vries equation, J. Funct. Anal. 100 (1991),
87–109.

[8] Colliander, J., Keel, M., Stafillani, G., Takaoka, H. and T. Tao, Sharp global
well-posedness for KdV and modified KdV on R and T , J. Amer. Math. Soc.
16 (2003), 705–749.

[9] Constantin, P. and J.-C. Saut, Local smoothing properties of dispersive equa-
tions, J. Amer. Math. Soc. 1 (1988), 413–446.

[10] Cui, S. and S. Tao, Strichartz estimates for dispersive equations and solv-
ability of the Kawahara equation, J. Math. Anal. Appl. 304 (2005), no. 2,
683–702.

[11] Cui, S., Deng, D. and S. Tao, Global existence of solutions for the Cauchy
problem of the Kawahara equation with L2 initial data, Acta Math. Sin.
(Engl. Ser.) 22 (2006), no. 5, 1457–1466.

[12] Craig, W., Kapeller, K. and W. A. Strauss, Gain of regularity for solutions
of KdV type, Ann. Inst. Henri Poincare, Analyse non lineaire 9 (1992), 147–
186.

[13] Deift, P. and X. Zhou, A steepest descent method for oscillatory Riemann
- Hilbert problems. Asymptotics for the MKdV equation, Ann. Math. 137
(1993), 295–368.

[14] Diaz-Otero, F. J. and P. Chamorro-Posada, Interchannel soliton collisions
in periodic dispersion maps in the presence of third order dispersion, J.
Nonlinear Math. Phys. 15 (2008), 137–143.



Third-Order Nonlinear Schrödinger Equation 917

[15] Fedoryuk, M. V., Asymptotics: integrals and series, Mathematical Refer-
ence Library, “Nauka”, Moscow, 1987. 544 pp., Encycl. of Math. Sciences,
Springer-Verlag, New York, 13 (1989), 83–191.

[16] Ginibre, J., Tsutsumi, Y. and G. Velo, Existence and uniqueness of solutions
for the generalized Korteweg - de Vries equation, Math. Z. 203 (1990), 9–36.

[17] Hasegawa, A. and Y. Kodama, Nonlinear pulse propagation in a monomode
dielectric guide, IEEE J. Quantum Electron 23 (1987), 510–524.

[18] Hayashi, N., Analyticity of solutions of the Korteweg - de Vries equation,
SIAM J. Math. Anal. 22 (1991), 1738–1745.

[19] Hayashi, N. and P. I. Naumkin, Large time asymptotics of solutions to the
generalized Korteweg-de Vries equation, J. Funct. Anal. 159 (1998), 110–
136.

[20] Hayashi, N. and P. I. Naumkin, Large time behavior of solutions for the
modified Korteweg-de Vries equation, International Mathematics Research
Notices 8 (1999), 395–418.

[21] Hayashi, N. and P. I. Naumkin, On the modified Korteweg - de Vries equa-
tion, Mathematical Physics, Analysis and Geometry 4 (2001), 197–227.

[22] Hayashi, N. and P. I. Naumkin, Factorization technique for the modified
Korteweg-de Vries equation, SUT J. Math. 52 (2016), 49–95.

[23] Hayashi, N. and T. Ozawa, Scattering theory in the weighted L2(Rn) spaces
for some Schrödinger equations, Ann. I.H.P. (Phys. Théor.) 48 (1988), 17–37.
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