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Abstract

We continue our study of the collision of two solitons for the subcritical generalized
KdV equations

Opu + 0,(0%u + f(u)) = 0. (0.1)
Solitons are solutions of the type u(t,x) = Q., (x — xo — cot) where ¢o > 0. In [21], mainly
devoted to the case f(u) = u*, we have introduced a new framework to understand

the collision of two solitons Q.,, Q., for (0.1) in the case ¢ < ¢; (or equivalently,
1Qc, |t < ||Qey || r1)- In this paper, we consider the case of a general nonlinearity f(u)
for which Q.,, Q., are nonlinearly stable. In particular, since f is general and ¢; can be
large, the results are not pertubations of the ones for the power case in [21].

First, we prove that the two solitons survive the collision up to a shift in their trajectory
and up to a small perturbation term whose size is explicitely controlled from above: after
the collision, u(t) ~ ch + QC; where cj' is close to ¢; (j = 1,2). Then, we exhibit new
exceptional solutions similar to multi-soliton solutions: for all ¢y, ¢ > 0, c3 < ¢q, there
exists a solution () such that

p(t, ) = Qe (2=p1(t) + Qe, (2—pa(t)) +1(t, ), for t < —1,

o(t, ) = Qe (x—p1(t)) + Qey (x—p2(t)) + n(t, x), for t > 1,

where p;(t) — ¢; (j = 1,2) and n(t) converges to 0 in a neighborhood of the solitons as
t — Fo0.

The analysis is splitted in two distinct parts. For the interaction region, we extend the
algebraic tools developed in [21] for the power case, by expanding f(u) as a sum of powers
plus a perturbation term. To study the solutions in large time, we rely on previous tools
on asymptotic stability in [17], [22] and [18], refined in [19], [20].

*This research was supported in part by the Agence Nationale de la Recherche (ANR ONDENONLIN).



1 Introduction
We consider the generalized Korteweg-de Vries (gKdV) equations:

Opu 4 0,(02u + f(u)) =0, (t,z) eRT xR, u(0) =uy € H'(R), (1.1)
for general C® nonlinearity f for which small solitons are stable. We assume that for p = 2,

3or4,
fi(uw)

uP

f(u) =uP + fi(u) where f; is CP™ and  lim

u—0

(1.2)

Remark that if the nonlinearity is of the form f(u) = au? + fi(u), a > 0, then we may assume
a =1 by considering u(t,z) = a1 u(t, ) instead of u(t,z) and changing f; accordingly. We
only consider the case where p = 2, 3 or 4 in (1.2) since otherwise Solitons with small speed
would not be stable, which is necessary in this paper. Denote F'(s fo

The Cauchy problem for equation (1.1) is locally well-posed in H HR) (See Kenig, Ponce
and Vega [12]). All solutions considered in this paper are global in time. For H' solutions,
the following quantities are conserved:

/uQ(t,:):)dx = /u%(w)dw,

(1.3)
1

E(u(t)) = B /(8xu)2(t, x)dx — /F(u(t,:c))d:c /(6 up)“(z)dr — /F up(x
Recall that equation (1.1) has soliton solutions, i.e. of the form u(t,z) = Q.(x — xo — ct)
where ¢ > 0, zg € R and

Qlc/+f(Qc) :ch chHl- (1.4)

Note that, for all ¢ > 0, if p = 2, 4 then there is at most one solution of (1.4) (up to
translations), which is positive, whereas for p = 3, it might exist a positive and a negative
solution of (1.4). For all ¢ > 0, if a solution @), > 0 of (1.4) exists then it can be chosen even
on R and decreasing on R (and similarly if Q. < 0). We refer to section 6 of Berestycki and
Lions [1] for these properties and a necessary and sufficient condition for existence.

In this paper, we consider only nonlinearly stable solitons in the sense of Weinstein [29],

i.e. such that p
1 | s,

Note that since p = 2, 3 or 4 in (1.2), this condition is satisfied for ¢ > 0 small enough. We
recall the following stability result.

Stability result [29]. Let ¢ > 0 be such that (1.5) holds. Then, there exist K,ag > 0 such
that for any ug € HY, if ||up — Qc|| g1 < ap, then the solution u(t) of (1.1) is global and, for
allt € R, infyep ||u(t,. +y) — Qcllgr < Kag.

From [1] and (1.2), it follows that there exists c,(f) > 0 (possibly +00) defined by

. >0 (1.5)

c«(f) = sup{c > 0 such that V¢’ € (0,¢),IQ~ positive solution of (1.4)}.

In [19], we have proved that 0 < ¢ < c.(f) and (1.5) are sufficient conditions of asymptotic
stability in the energy space H' around the soliton Q.. Combining the stability result and
the asymptotic stability result, we obtain the following.



Asymptotic stability [17], [19]. Let 0 < ¢ < c.(f) be such that (1.5) holds. There exists
ag > 0 such that for any ug € H, if |Juo — Qcllzn < o, then the solution u(t) of (1.1) is
global and there exist ¢t € (0,c.(f)), t — p(t) € R such that for all A > 0,

u(t) — Qu+ (. — p(t)) = 0 in H'(z > 5t) as t — +oc. (1.6)

We also recall from [15] the following result of existence and uniqueness of asymptotic
N-soliton-like solutions (see Theorem 1 and Remark 2 in [15])

Asymptotic N-soliton-like solution [15]. Let N > 1 and x1,...,2xy € R. Let 0 < cy <
... <c1 < ce(f) be such that (1.5) holds for all c;, j=1,...,N. Then, there exists a unique
H?' solution u(t) of (1.1) such that

N

im HU(L‘) = Qe (- —aj - Cﬂ‘)HHI =0.
j=1

Recall also that this behavior is in some sense stable in the energy space, see Martel, Merle

and Tsai [22].

We are concerned with the problem of collision of two solitons. This is a classical problem
in nonlinear wave propagation which we briefly review (see also the introduction of [21] and to
the references therein). First, Fermi, Pasta and Ulam [6] and Zabusky and Kruskal [30] have
exhibited from the numerical point of view remarkable phenomena related to soliton collision.
Next, Lax [13] has developed a mathematical framework to study these problems, known
now as complete integrability. The inverse scattering transform (for a review on this theory,
we refer for example to Miura [23]) then provided explicit formulas for N-soliton solutions
(Hirota [8]): let f(u) = u? or f(u) = u®, and let ¢; > ... > cny >0, §1,...,6n € R. There
exists an explicit solution U(t,z) of (1.1) which satisfies

e

H1 t——o00 H1 t—+o00

HU(t,x)chj(.cjtéj)‘ — 0, HU(t,x)jiV;ch(.cjt(S;)

for some 5} such that the shifts A; = 62- — 0; depend on the (ci). For example, the following
function Uy ¢, is a 2-soliton solution of (1.1) with p =2, (0 < ¢ < 1):

Ure(t,x) = 68—2 log(l + et 4 eVelz—et) 4 aemfte\ﬁ(:”*ct)) with o= - e 2 (1.7)
eAn 0x? L+yec)

As pointed out in [21], the problem of describing the collision of two traveling waves is a general
problem for nonlinear PDEs, which is completely open, except in the integrable case described
above. This kind of problems have been studied since the 60’s from both experimental and
numerical points of view.

We recall some numerical works for equations of gKdV type. Bona et al. [2], and Kalisch
and Bona [11], studied numerically the problem of collision of two solitary waves for the
Benjamin and the BBM equations. Shih [26] studied the case of the gKdV equation (1.1)
with some half-integer values of p. Li and Sattinger [14] investigated the collision problem
for the Ion Acoustic Plasma equation, and Craig et al. [5] report on numerics for the Euler
equation with free surface. In all these works, the numerics match the experiments and show



that for these models, unlike for the pure solitons of the integrable case, the collision of two
solitary waves fails to be elastic by a very small but non zero dispersion.

Finally, the multi-soliton solutions of the NLS (nonlinear Schrodinger) model, with special
nonlinearity and under spectral assumptions (ruling out the existence of small solitary waves)
have been studied by Perelman [24] and Rodnianski, Schlag and Soffer [25] (in a special case
where the collision has a negligeable effect on the solitary waves due to a very small time of
interaction). See also Cao and Malomed [3], Holmer, Marzuola and Zworski [10], and Holmer
and Zworski [9] for the case of the collision of a soliton of the NLS equation with a Dirac
potential.

In [21], we present a complete rigorous description of the collision of two solitons of (1.1)
for the nonlinearity f(u) = u* in the case where one soliton is small with respect to the
other. First, we prove that the collision is not completely elastic in this case i.e. there does
not exist pure 2-soliton solution (Theorem 1.1 in [21]). Note that this is the first rigorous
result related to inelastic (but close to elastic) collision, and that a precise measurement of
the defect follows from the analysis (see Theorems 1.1 and 1.2 in [21]). We also prove that for
any solution behaving as ¢ — —oo approximately as the sum of two solitons of different sizes,
the two solitons are preserved after the collision, with a residual term very small compared
to the sizes of the two solitons. Moreover, we give a detailled description of the collision such
that explicit formulas for the main orders of the shifts on the trajectories of the solitons (see
Theorems 1.2 and 1.3 in [21]).

In this paper, we consider the same questions as in [21] for (1.1) with a general nonlinearity
f(u) satisfying (1.2). The results will apply in particular to f(u) = u?4+u? or f(u) = u+ud,
for g > 2, A€ R.

We consider two solitons Q.,, Q¢,, With 0 < 2 < ¢; < ¢i(f). Note that the condition
on cp, i.e. 0 < ¢1 < ¢(f) is not a smallness condition. Indeed, for many nonlinearities
¢«(f) = +oo. Thus, we do not simply perturb the power case.

Our first result describes the collision for the asymptotic 2-soliton like solutions.
Theorem 1.1 (Behavior after collision of the asymptotic 2-soliton-like solution)
Let p = 2, 3 or 4. Assume that f satisfies (1.2). Let 0 < c¢1 < ci(f) be such that the
positive solution Q¢, of (1.4) with ¢ = c; satisfies (1.5). There exist co = co(c1) € (0,¢1) and

K = K(c1) > 0 such that for any 0 < ca < cq, if Qc, s a solution of (1.4) with ¢ = ca, then
the following holds. Let u(t) be the solution of (1.1) satisfying

i) = Qe = e16) = Qusl. = 2t =0 19)
Then, there exist p1(t), p2(t), ¢f > c3 >0 and K > 0 such that

Wt w) = u(t, @) — Qui (2 — p1(1)) — Qs (& — palt))

1
satisfies supyeg |[w ()| < K3~ and

2 1 1

. + . . + p—1 17 100
Jm [T Ol e Loy =0, ligljgopllw @Ol < Kej : (1.9)
lim [py(t) — ¢ | +[pa(t) — 3 | = 0. (1.10)

t——+o0



Moreover, limy_. o E(wT(t)) = ET and lim¢_ 4o [(wT)%(t) = M exist and

1limsup/((w;”)2 +e(wh)?)(t) <2ET + oM T < liminf/((w;)2 + 2co(w™)H)(t), (1.11)

t—+o00 t—+o00
1 e
E(2E+ +eaMT) <L 1< KQET +caMT), (1.12)
C1
1 =2 _1 ct 2 1
Ecgl "QET +eiMT) <1 -2 <Kel™' PET +eMT). (1.13)
C2

By time and space translation invariances, the conclusions of Theorem 1.1 hold for any asymp-
totic 2—soliton solution. If p = 2 or 4, @), is necessarily a positive solution. If p = 3, Q,
can be positive or negative. By considering — f(—u) instead of f(u) one can also consider the
case Q¢ <0 for p= 3.

Remark 1
1. Note that there exists K > 0 such that for ¢ small,
1 1
Vi € R, }cpile_‘ﬁm < |Qo(x)| < Kcrte Vel (1.14)
so that, for ¢ small,
11 I
1Qcllzr ~ Kicr=17%, [|Qcl[oe ~ KacP—T. (1.15)

A main information provided by Theorem 1.1 is that the 2-soliton structure is preserved for

all time at the main order. Indeed, we observe that for p = 2,3 or 4, 1% - % - 1(1)—0 < 1%’
thus from (1.9) and (1.15), the two soliton structure is recovered asymptotically in large time.
1

Moreover, since sup,cp |[wt ()| < Keb™ < ||Qe, || 1, the 2 soliton structure is preserved
also during the collision. Note that this estimate is optimal, the perturbation due to the

1
collision being exactly of size ¢5~" in H! during the collision region.
Theorems 1.2 and 1.3 below give other illustrations of the stability of the two soliton
dynamics through the collision.

2. Estimate (1.12) means that the speed of the soliton @, can only increase through the
interaction, and that if ¢] = ¢; then u(t) is a pure 2-soliton solution both at +o0o and —oc.
Similarly, co can only decrease. Remarkably, for p = 3, the property does not depend on the
sign of Qc,.

Note that it is well-known for the case f(u) = u? or u? that the solution u(t) considered in
Theorem 1.1 is pure at oo (u(t) is explicit in the integrable cases). In contrast, in the case
f(u) = u* it was proved in Theorem 1.1 of [21] that there exists no pure 2-soliton solution at
both +o00 and —oo. In the general case f(u), whether or not the collision is elastic is an open
question. A natural question related to Theorem 1.1 is thus to try to understand, in the case
of a general nonlinearity f(u) in which situation the collision is elastic or inelastic, and what
is the size of the defect.

Our second result is related to the construction of an object similar to the 2-soliton
solutions with a perturbation term, such that the speeds as ¢ — +oo are the same. We also
obtain an explicit formula for the first order of the resulting shift on the first soliton. The
formula is related to the functions ¢ — [ Q. and ¢ — [ Q? for c close to c1.



Theorem 1.2 (Existence of 2-soliton like solutions) Let p =2, 3 or 4. Assume that f
satisfies (1.2). Let 0 < ¢1 < c«(f) be such that the positive solution Q., of (1.4) with ¢ = ¢;
satisfies (1.5). There exist co = co(c1) € (0,¢1) and K = K(c1) > 0 such that if 0 < ca < cp,
and Q., is solution of (1.4) with ¢ = ca, then there exist a global H' solution ¢(t) = e, ¢, (t)
of (1.1) and Ay, Ay € R, p1(t), p2(t) satisfying, for all t,z € R,

@(—t; —.%') = Sp(t7 ZL‘), (116)
and such that the following holds for w*(t) where
wi(ta .%') = Sp(t7 .I') - Qc1 ((IJ + pl(_t)) - QCQ (.%' + pQ(_t))v

wh(t,2) = o(t,2) = Qe (x — p1(t)) = Qe (z — p2(t)),
1. Asymptotic behavior at +oo:

tEI_nOO Hwi(t)HHl(;B<%) =0, tl}—ripoo Hw+(t)||Hl($>%) =0, (1'17)
lim_[ph(t) — 1] + oh(t) — ol = 0. (1.18)
t—-+o00
2. Distance to the sum of two solitons: there exists to > 0 such that
2 11
Jw™ (=) || g1 + [wt @) g < K2 7 for all t > tq. (1.19)

1 1

3 11
3. Shift property: there exist §1(c1), d2(c1) € R such that for Tp, ., = ¢ () 2 10

c1 ’

2 1

2 __1 1
|:01(T01,62) - (ClTCI,CQ + %A1)| < K0571 2a |p2(T01702) - (CQTCLCQ + %AQ)’ < KC212’
(1.20)
1 1
cp\ Pt 2 o173 5
Al — | — (51(01) S ch s ‘AQ — (52(01)’ S K6212. (1.21)
C1
Moreover,
J Qe g [ Qeje=
B1(c1) = 25gn(Qe, (0)) T des = (1.22)
dc (f QC)|¢::C1
Remark 2

1. By (1.2), assuming ¢; small is sufficient to ensure the assumptions of Theorem 1.2.
However, Theorem 1.2 holds for any (¢1,c2) such that 0 < ¢1 < ¢4, 0 < 3 < ¢g(c1) and (1.5)
holds for ¢;.

1

_1 1
2. Recall that ||Q,||z2 ~ Kc&™' *. This is to be compared with the size of w®(¢) in

(1.19). Note that in estimate (1.19), ﬁ has no particular meanning. By the technique of the
2 1

present paper, one can get ||w™(¢)]| 7 < K(eo)cé’jizieo, for any ey > 0, which is sharp, see
a lower bound on w*(t) for the case f(u) = u*, in Theorem 1.2 in [21].

3. If there exists a Viriel property for f(u) and Q.,, as it is the case for f(u) = uP
(p = 2,3,4, see [21], [20]), then p;(t) — ¢;jt — xj as t — +oo, for some xj (7 =1,2). In



particular, it is the case if ¢; is small since then the problem is a pertubation of f(u) = uP
and the Viriel argument still works for f(u).

Note also that at t =T, .,, the two solitons are already decoupled, by exponential decay.
Thus, (1.20) means that through the collision, the two solitons are shifted by Aj, respectively,
Ay at the first order. In (1.21), we see that the main part of Ay (if §; # 0) is the product of a
power of ¢ (depending only on p) by d(c1) which depends on @, and thus on the nonlinearity
f(s) on the interval s € [0, Q., (0)]. By the stability assumption, we have % i Q?:‘C:Cl > 0, but
the other term in (1.22) % / Qqczq may have any sign (for example, for f(u) =uP, p=2, 3
and 4 this term is respectively positive, zero and negative, see [21]). Note that the shift on
()¢, depends on the sign of Q.

Similarly, we observe that d2(c;) depends only on ¢;. Thus, if do # 0, it follows that
the main order of the shift on @, is independent of ca. In [21], we have computed d2 for
f(u) = u* and there are well-known formulas for the case p = 2, 3 (see e.g. Miura [23]).

Theorem 1.3 (Stability of the 2-soliton structure) Let p(t) = ¢, ¢, (t) be the solution
constructed in Theorem 1.2, under the same assumptions. There exists co = co(c1) € (0,¢1)
and K = K(c¢1) > 0 such that if 0 < ¢y < co then the following holds. Assume that

1 1

7+,
luo — 9(O) 1 < eF 2, (1.23)

and let u(t) be the H' solution of (1.1). Then, there exist pi(t), pa(t) € R and ¢, ¢z > 0
such that

1. Global in time stability:

w(t’ x) = u(tv x) — Qe (.T —p1 (t)) — Qc, (x - pg(t)) satisfies
_1
lwt)|| g < Ked™,  forallt € R. (1.24)
2. Asymptotic stability:
i u(t) = Qe (- = p1(1)) — Qe (- = 2(1) ey =0,

lim_[u(®) = Qe (- = p1(1) = Qg (- = p2(t) 122, = 0.

t——+o0
+ 1,1 + 1
c >—1t3 C %
L 1| <Ked' P |2 1| < Kej.
C1 C2

=

1
Theorem 1.3 is the analogue of Theorem 1.3 in [21]. Note that since ||Qc, /g1 ~ Ked™' *,
(1.24) means that the two solitons (even the smaller one) are preserved through the collision.
The loss of a power % in ¢ between (1.23) and (1.24) is due to the difference of sizes of Q,

and Qc,.

Our approach is the same as in [21], the main tool being the construction of an approximate
solution in the collision region. The large time behavior is controlled by asymptotic arguments,
from [17], [22], [18] later refined in [16], [19] and [20].

The paper is organized as follows. In Section 2, we construct an approximate solution
of (1.1) in a large time region including the collision. This section contains the main new
arguments. In Section 3, we recall preliminary results for the asymptotics of the 2-soliton
structure in large time. In Section 4, we prove Theorems 1.1, 1.2 and 1.3.



2 Construction of an approximate 2-soliton solution
For the sake of simplicity, we can first assume by scaling that c.(f) > 1 and
cp=1 and ¢y =c < ¢,

where ¢g > 0 is to be chosen small enough. We denote 1 = @ > 0 and we suppose that
(1.5) holds for Q. Moreover, in what follows, we assume @., > 0, the case Q., < 0 (and
thus p = 3) is treated similarly. We construct an approximate solution of equation (1.1) close
to the sum of two soliton solutions related to  and Q. on a large time interval containing
the collision time. (The general case will follow by a scaling argument, see Corollary 2.1 in
section 2.5.)

Let

N

T, = ¢ 3710, (2.1)

(The power ﬁ in the definition of T, above can be replaced by any small number, giving a

justification of Remark 2 following Theorem 1.2.)

Proposition 2.1 (Construction of an approximate solution of the gKdV eq.)
There exist co(f) > 0 and Ko(f) > 0 such that for any 0 < ¢ < co(f), there exists a function
v = vy such that the following hold.

1. Approximate solution on [T, T;|: for j =0,1,2,
S(t,xz) = 0w + 0, (%0 —v + f(v)) satisfies (2.2)
Ve [~ T, [05S()] 2@ < Kocv 11, (2.3)
2. Closeness to the sum of two solitons for t = £T,: there exist A, A, such that

[0(T2) = Q( — 38) = Qel. + (1= T — ) s < Koe™t 4,

1 1 “2-41 (2.4)
|o(=Tc) = Q(. 4+ 3A) = Qc(- — (1 = )T + 5A.) || g1 < Koer-174,
where - . )
A —cr 1 26| < Koer—1 2, |A.— 0. < Kpc1z, (2.5)
Q% Qng
5 = 2f i) Qoo (2.6)

TS d(rp2y
= (J Q%)
3. Closeness to the sum of two solitons: for all t € [T¢,T¢], there exists y(t) such that
1
[o(t) = Q(- = y(t)) = Qe(- + (1 = )t)[| g1 < KocrT. (2.7)

To prove Proposition 2.1, we follow the same strategy as in [21], Sections 2 and 3. Here, we
recall the main steps and only mention the parts which have to be adapted. We refer to [21]
for more details.

Remark. 1t follows from the proof of Proposition 2.1 that the constants cy(f), Ko(f) depend
continuouly on f € CP+4,



Notation. For k, k', £, /' € N, we denote
(K, 0) < (k,0) ifkl <kand ¢ </lorif ¥ <kand ¢ <.
We denote by Y the set of functions g € C°°(R) such that
VieN, 3K;, >0, Ve eR, [¢V(x)| < K;(1+|z|)7e .
Note that Y is stable by sum, multiplication and differentiation.

2.1 Choice of a decomposition for v
We look for v(¢,z) with a specific structure as in [19]. Let ko > 1, ¢p > 0, and
So={(k,£), 1<k <ko, 0<0< b}

We set
Ye =2+ (1 - C)t and Rc(t7x) = Qc(yc)a
Yy=x— Oé(yc) and R(ta$) = Q(y)7

where for (ak,z)(k,e)ezov

s) = S,B(s’)ds’, arectQF(s) (2.8)
/(; (k%&) .
The form of v(t,x) is
v(t,z) = Qy) + Qe(ye) + W(t, x), (2.9)
Wite)= > o (Qhue) Arely) + Q1) (9e) Brolw)) (2.10)
(k,£)€0

where ay, ¢, Ay, By are to be determined.
The motivation in [21] for choosing W of the form (2.10) is the stability of the family of
functions

{cfQ’g, OFY, k>1, 0> 0} (2.11)

by multiplication and differentiation due to the power nonlinearity in the equation (see Lemma
2.1 in [21]). In the case of equation (1.1), for a general nonlinearity this structure is preserved
up to a lower order term (see Lemma 2.1). Let

S(t,z) = O + 0,(0%v — v + vP). (2.12)
Proposition 2.2 (Decomposition of S(t,z)) Assume that f is of class C**3. Let
Lw = —02w +w — f(Q)w. (2.13)
Then,
Sta) = > dQkw) [ak,a—:&@ +2/(Q)) (W) ~ (LA (v)]
(k,0)€0
TN QY ) [ane(=3Q) () + (BAL,+ ['(@)Ake) (9) — (£Bre) (v)
(k)0
DI (Qc ¥ Fie(9) + (QF) () Grew) ) + E(t,)
(k,£)€X0

where Fi ¢, Gy and & satisfy, for any (k,?) € Xo,



(i) Dependence property of Fy, ¢ and Gy e: The expressions of Fi, ¢ and Gy depend only on
(aw ), (Aw o), (B o) for (K, 0') < (k,0).

(i) Parity property of Fye and Gy : Assume that for any (K',¢') such that (K',0') < (k,¥)
A ¢ is even and By ¢ is odd, then Fy, ¢ is odd and Gy, is even.

Moreover, Fio = (f'(Q))" and G1 = f'(Q).

(ili) Estimate on &: there exists k(y) > 0 (depending on (are) and (Akye), (Bie)) such that

Vi =0,1,2, Y(t,z) € [-T., T.] xR, |dE(, z)| < k() QX (ye) + ) Qulye). (2.14)

Remark. Estimate (2.14) is only a first rough estimate on the rest term, which can not be
used without further information on k(y). In Proposition 2.5, for the functions (A ), (Bke)
to be chosen in this paper, we estimate precisely the size of 9.€ in L?.

Before proving the above proposition, we recall the following properties of ()., proved in
Appendix A.

Lemma 2.1 (Properties of Q.) For0<c<1, Vk, k € {1,...,ko},

%cp%lef‘ﬁm < Qe(z) < Kcﬁef‘/&m, |QL(z)] < ch%l+%ef‘/aw‘, (2.15)
(QE)(QF) = ckkQE + 3 Kk oy, QETEHRI=2 L O(QRo ), (2.16)
p+1<ks <ko—k—k+2
@Y =ck?QF+ Y. ofrQb +o@Ft, (2.17)
k+p—1<k1<ko
@H® =ek?@QF)+ Y @b +o@F, (2.18)

k+p—1<k1<ko

(QOW=KQE+e Y otE+ Y TR+ 0@, (219)
k+p—1<k1<ko k+2p—2<k1<ko
where oy, , a,’jf, o,’jz‘* and a,’jf** are independent of ¢, and where O(Q’g) s a function & satis-

fying for j =0,1,2, |05E(t, z)| < KQF(y.), where K is independent of c.

Proof of Proposition 2.2. Inserting v = R+ R.+ W in the expression of S(¢,x) in (2.12), and
using the equations of R and R., we obtain the following decomposition (see also [21], Proof
of Proposition 2.2)

S(t,z) =T+1II+III+ 1V, (2.20)

where

I=0R+0,(02R— R+ f(R)), II=0,(f(R+R)— f(R)— f(Re)),
III = O,W — 0,(LW), where LW = —0%w +w — f'(R)w,
IV = ax(f(R + R+ W) - f(R+ Rc) - f/(R)W)
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Now, we follow exactly the same steps as in Section 2 of [21], replacing Lemma 2.1 in [21]
by Lemma 2.1 and using Taylor expansions. For example, by (1.2) for ky < p, we have the
following Taylor expansion of f and F":

fE) =+ hl) =2+ 3 a0 + o)

1.
1<k1<k
prishisho (2.21)

1 1 _
F(S) — ?Sp-‘rl 4 Z ﬁsklfl(kl 1)(0) 4 Sk0+10(1).
p p+2<k1<ko

Decomposition of I. As in the proof of Lemma A.1 in [21], we claim

I = B(ye)(—3Q +2£(Q)) (y) + 5'(ye) (=3Q") () + cBye) Q' (y) + 8" (ye) (= Q) (y)

+ B2(ye) BQW) (y) + B (ye) Blye) (3Q") (y) + B (ye) (—Q®) (y)
=L +DL+1I3+14+1I5+ I + I7.

Using Claim A.1 (Appendix), we deduce that I has the following decomposition:

= > <Q'§ (Ye)ar,e(—3Q + 2£(Q)) (y) + (Q’é)’(yc)ak,e(—m”)(y)) (2.22)

(k,0)eXg
+ Y QW) + (@Y () GLw)) + 0@, (2:23)
(k,0)eXg
where the main terms, i.e. (2.22) are coming from I; and I and F,ie, Gi,z satisfy (i)-(ii) of
Proposition 2.1.

Decomposition of I1. For this term, we use the Taylor decomposition of f both at 0 and at
R, ie.

FR4R) = F(R) = 1) = 3 Q8 w0 f*) QW)

1<ki1<p—1

t 2 ;:1!@’51<yc><f<’“><@<y>>—f<k1><0>>+o<cz’;0“>.

p<ki<ko
Then, by
9:(9(y) = (1 = B(ye))d (y), (2.24)
applied to g(y,yc) = f(Q(y) + Qc(ye)) — f(Q(y)) — f(Qc(yc)), we obtain:
m= > (Q’é(yc)Fzg,Ie(y) + (Q’E)’(yc)Gifg(y)) +O(QM ), (2.25)

(k,E)eEO
where FIHE, GEE satisfy (i)-(ii). Note that Fluo = (f(Q)) and GT, = f'(Q).

Decomposition of IIL. Since W (t,2) = Y1 gex, ¢ (Q6 (¥e) Are(y) + (QF) (ye) Bre(y))  we
are reduced to compute d;w— 0, (Lw) for terms of the type w(t, z) = Q¥ (y.)A(y) and w(t,z) =
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(QF)(ye)B(y). We recall (see Claim A.3 in [21]), for A(z) € C3,

0(QE (Ye) A(Y)) — 02 (L(QE(ye) Ay)))
= Qe (ye) (— LAY (y) + (Q2) () 3A" + f'(Q)A — cA) (y)
+ Qe () Blye) (=347 = f1(Qe) A+ A) () + Qe (ye) B (1) (-3A4") (v)
+ Qe (ye) B" (ye) (—A) () + Qe (ye) 5 () BAP)) ()
+ Qe (5e)B' () Bye) BA") () + Qi (ye) 5 (ye) (= AP (3)
+(Q8) (4e) Bye) (—6A") () + (QF) (ye) B (ye) (—3A") (y) + (Qe) () B (ye) (3A") (1)
+(Q8)" () BA) (y) + (Q8)" (ye) Blye) (—3A") (y) + (@) (ye) Aly)-
Note that a similar formula holds for w(t, z) = (Q¥)'(y.)B(y) (see Claim A.4 in [21]).

Then, from Lemma 2.1 and the decompositions of B(y.), 8”(ye), 82(ye), B (ye)B(ye) and
33(ye) (see Claim A.1), we obtain the following decomposition for ITI:

I= > ¢ (Qh(ue) (~LAke) () + (QF) () (BAL, + 1(Q) Ak = (£Bro)) () (226)
(k,0)eX0

+ Y QI ) + (@ )G W) + it ) (2.27)
(k)€

where FIY GHY satisfy (i)-(ii) and Erm(t, x) satisfies (ii).

Decomposition of IV. Let N = f(R+ R.+ W) — f(R+ R.) — f'(R)W. Using Taylor formula
and (2.24), we obtain

N =Y (Rt W)k~ REF(R) + it ), (2.28)

V= > ¢ (QEwIEY () + (@) G (1)) + Erv (k. 2),
2<k<ko
0<t<¥y

where Flg\e/ and er satisfy (i)-(ii) and Epv (¢, z) satisfies (iii).

2.2 Resolution of the systems ()
Proposition 2.2 leads to the following decomposition of S(¢,x):

Stha)=— 3 Q) (LA +are3Q — 2£(Q)) — Fie ) ()

(k‘,ﬁ)EZO

Z Q) (ye) ((ﬁBk,z)' + are(3Q") — (4%, + f/(Q)Ary) — Gk,£> (y) +E(t, x).

(kyf)ezo

Therefore, we want to solve by induction on (k, ¢) the following systems:

) { (Epr) Dok Q) =
RO (LBra) + age(3Q") = BAY , — £/(Q) A = G-

12



The first step is to establish a general existence result for the model system:

(Q) { ([’A)/ + a(3Q - 2f(Q))/ =F
(LB)' +a(3Q") = 3A" - f(Q)A =G.

We introduce some notation and we recall well-known results concerning the operator L.

Claim 2.1 The function p(z) = —%’((gf)) is odd and satisfies:

(i) Vo € R, |¢'(2)] + |¢" ()] + [P (@) < Ce V],

(i) ' €V, (1—¢?) € V.

Proof of Claim 2.1. By (A.1), we have ¢? = %—22 =1- 2122(2@, thus (i) is a consequence of

(1.2). Next, ¢/ = é((@’)2 -Q"Q) = é(@f(@) — 2F(Q)), and (ii), (iii) follow from (1.2)
and the decay of Q.

Lemma 2.2 (Properties of £) The operator L defined in L*(R) by (2.13) is self-adjoint
and satisfies the following properties:

(i) There exist a unique Ao > 0, xo € H'(R), xo > 0 such that Lxo = —XoXo-
(ii) The kernel of L is {\Q',\ € R}. Let AQ = %Qqc:l’ then L(AQ) = —Q.

(ii) For all h € L*(R) such that [ hQ' = 0, there exists a unique h € H%(R) such that
JhQ = 0 and Lh = h; moreover, if h is even (respectively, odd), then h is even
(respectively, odd).

(iv) For h € H*(R), Lh € Y implies h € Y.

(v) If d%f Q%-_. > 0 then there exists . > 0 such that

Cle=

[va=[uvai=0 = [witear- @z [u

Proof of Lemma 2.2. See Weinstein [28] and proof of Lemma 2.2 in [21].

We claim the following general existence result for () (similar to Proposition 2.3 in [21]):
Proposition 2.3 (Existence for the model problem (2)) Let F,G : R — R such that
F(z) = F(x) + F(2) + p(2)F(2), G(x) =G(x) + G(z) + p(x)G(x),
o F',GeY; F is odd and G is even;
o F and G are odd polynomial functions; F and G are even polynomial functions.

Then, there exist a € R and two functions A(x), B(z) satisfying () and such that

Az) = A(x) + A(z) + (2)A(z), B(x) = B(x) + B(x) + o(z)B(x),
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e A, BeY; A is even and B is odd;

e A and B are even polynomial functions; A and B are odd polynomial functions.

Moreover,
if F =0 (respectively, F = 0) then A =0 (respectively, A =0); (2.29)
if A" =0 and G =0 then B=0; if A” =0 and G =0 then deg B = 0. (2.30)

Remark. In Proposition 2.3, we find one solution of system (£2). This solution is not unique
but this does not play a role in this paper. See Corollary 3.1 in [21] for the uniqueness
question.

Note that as a consequence of (2.30), it could be that B = b € R while A” = G = 0. This
has the consequence to possibly develop polynomial growths in the functions Ay, By,. In
the rest of this paper, it will be sufficient to consider indices (k, ¢) for which EM is a constant
and the other polynomials E,X = O,E = 0 are zero, see Proposition 2.4. However, if one

wants to solve the systems (€ ) for large k,¢, polynomial growths appear in general, see
[21].

Sketch of the proof of Proposition 2.3. As in the proof of Proposition 2.3 in [21], we first
reduce the proof to the case where the second members do not contain polynomials and thus
are in Y.

Step 1. Following step 1 of the proof of Proposition 2.3 in [21], considering

_ A(2) + Ax) = /0 CF(a)ds, —A"(2) + Alz) = /0 " P(2)dz,

—B"(2)+B(z) = /0 ’ (é(z)+3ﬁ"(z)) dz, —(B")'(x)+B"(z) = /O ’ (é(z)+3ﬁ”(z)) dz,

where B = B* + b, and using the exponential decay of 1(Q), we reduce ourselves to solving
the following system in (a,b, A, B):

{ (CA) +a(3Q - 2f(Q) =F
(LB) +a(3Q") 34" — f(QA =G +b(Le).

where F € YV is odd, G € )Y is even and F, G do not depend on the parameters a and b. See
[21] for more details.

Step 2. Existence of a solution to the reduced system. Set H(z) = [*_ F(z)dz. Since F
is odd, [ F =0and so H € ) is even. To find a solution (a, b, A, B) of (Q), it is sufficient to

solve
@ { LA+a(3Q - 2f(Q)lH: "o
(LB) +a(3Q") — 34" — f{(Q)A =G +b(Lyp)".

Since [ HQ' = 0 (by parity) and H € Y, it follows from Lemma 2.2 (iii)-(iv) that there exists
H €Y, even, such that LH = H. (2.31)
By Lemma 2.2, there also exists

Vo € ), even, such that LV = 3Q — 2f(Q). (2.32)
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It follows that, for all a,

is solution of LA + a(3Q — 2f(Q)) = H, moreover, A is even and A € Y. Note that at this
point (a,b) are still free, they will be used to solve the second equation. Indeed, replacing A
by H — aVj in this equation, solving () is equivalent to finding (a, b, B) such that

(LB) = —aZy+ D +b(Ly), (2.34)

where

D=3H"+f(QH+G, Zy=3Q"+3VI+ f(QV,

It follows from the properties of @, Vo, G and H that D and Z; are even and satisfy Z,
D € Y. To solve (2.34), it suffices to find B € Y such that

LB=FE where E= / (D — aZp)(z)dz + bL. (2.35)
0

We now choose (a,b) such that the function E is orthogonal to Q" and has decay at co. First,
we claim a nondegeneracy condition on Zj, related to the strict stability of the soliton @ (i.e.
assumption (1.5)). This is a nontrivial extension of Claim 2.3 in [21], which means that the
solvability of (£2) is related to the noncriticality of Q.

Claim 2.2 (Nondegeneracy condition)

[ae=—33 [ @ =~ [1eqr0 (2:36)

Assuming Claim 2.2, we finish the proof of Proposition 2.3. Let

fDQ /+oo
= and b= — D —aZy)(z)dz. 2.37
s 0 —az)e (237)
Then, E defined by (2.35) satisfies
EeY, Eisodd, /EQ:Q (2.38)

Indeed, by integration by parts, and decay properties of (), we have

/EQ':—/(D—aZO)Q—i—b/(ﬁgo /DQ+a/ZOQ+b/<p(£Q’):

by (2.37) and £Q' = 0. By Claim 2.1 and (2.37), we have

+oo
limE = (D — aZy) dz + bgm(&p) =0 andso EFe).

+o0 0

For (a,b) fixed as in (2.37), from (2.38) and Lemma 2.2, it follows that there exists B € )
such that £LB = E. Setting

A=A+A+A, B=B+B+B5,
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we have constructed a solution of system (£2). O

Proof of Claim 2.2. Let AQ be defined in Lemma 2.2; recall that £(AQ) = —@Q. Note also
that L(zQ') = —2Q" (since LQ' = 0). Thus, Vj defined by (2.32) is Vj = —AQ — zQ'.
Therefore,

[ae=s[@o+ [ei+r@ue—: [@q+ [viee +ar@)
=3 (@7 - [(1@+2@)6¢" + Q1 @),

First,

_ / 2Q'(3Q" + QF(Q)) = / :Q(Q" — Q + £(Q) + Qr'(Q)

—2 [@r-; [@+ [er@
Since LQ = —Q" + Q — Qf'(Q), we also have L(Q + AQ + zQ") = —3Q" — Qf'(Q) and thus

- / AQBQ" + QF(Q) = / AQL(Q + AQ + 2Q) / QQ +AQ + 2Q)

=—;/Q2—/AQQ.

Thus, we obtain by [(Q")?+ [Q* = [Qf(Q

/ZoQ=—/(Q’)Q—/QQJr/Qf(Q)—/AQQ:—/AQQ-

Proposition 2.3 allows us to solve the systems () for all (k,¢) € X, for any ko > 1,
ly > 0 (as in [21]). In the present paper, for the sake of simplicity, we work for the minimal
set of indices so that we are able to prove Theorems 1 and 2. Indeed, let us define

Zp:{(k,€)|£:(),1§k‘§p70r£:17k¢:1}. (2.39)

Using Propositions 2.2 and 2.3, we solve the systems (€ ,) by induction on (k,¢) € X,
following [21].

Proposition 2.4 (Resolution of (Q ) for (k,¢) € ¥,) For all (k,¢) € ¥,, there exists
(a6 Ao, Bre) of the form

Apo(x) = Ape(z) €Y, Bru(x) = Bre(z) + o(@)bre(z), bro €R, Bree Y,

. . (2.40)
Ay ¢ is even and By ¢ is odd,

satisfying

(Q.0) { (LA) + ke (3Q — 2/ (Q)) = Eiy
v (LBre) + are(3Q") = 3AY , = ['(Q) Ake = Gy

where Fy, ¢, Gy are defined in Proposition 2.2.
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As a consequence of Proposition 2.4, we see that by restricting the sum defining v(t, z) to the
set of indices X, all the functions A ¢ belong to )V and the functions By, ¢ are bounded with
derivatives in ). This will simplify the proof of the estimates in Proposition 2.5 with respect
to the general estimates proved in [21].

Proof of Proposition 2.4. 1. Case k = 1, £ = 0. Recall that from Proposition 2.2, the
functions Fio,G1o € Y are explicit. Thus, from Proposition 2.3 (2.29)-(2.30), the system
(©1,0) has a solution (a1, A1,0, B1,0) such that

A/l,() = 121\1’0 = EI,O =0 and B\I,O = bl,0> bl,O e R.

2. Case 2 < k <p, £ =0. In this case, by induction on 1 < k < p, we solve (£2;0), and
we prove N ~ N R
Akﬁ = Ak70 = ka =0 and Bkﬂ = bk,g, bk70 € R. (2.41)

The argument consists in proving that if property (2.41) is satisfied for all 1 < k' < k, then
Fi0,Gro € Y, and thus by Proposition 2.3, (2.41) holds for k as well. This has been checked
in detail in [21], see Claim 2.4 and Lemma B1 (except for the case k = p). First, it is quite
clear that I and II (see Proposition 2.2) contribute of terms F kI; 317 Gy {)I € Y, see also proof
of Lemma B.1 in [21]. For the term III in the decomposition of S(t, a:) which is linear in W/,
the proof is exactly the same as in Claim 2.4 of [21].

Now, we give some details concerning the term IV. Recall first that IV = 9,N, where
N = f(R+R.4W)—f(R+R.)— f'(R)W. In the Taylor expansion (2.28), for 2 < k; < p—1,
the term f*~Y(R(z)) decays as e~17|, by (1.2), thus the contribution of these terms to Fy s,
G are in Y. For k = p, the term f*~1(R(x)) is bounded and the term of lower order in
((Re + W)P — RP) which is not in Y comes from By o = By + b1 0. Thus, the lowest order
term not localized in the y variable is

Pb1,0(Q0 ' Qlip)z = pb1o(Q2 QL + (p — 1)QP*(QL)?) + pbroQ ' Qe

Using Lemma 2.1, this term does not give contribution for £ = 0, k = p.
It follows that Fy o, G o € V, and thus by Proposition 2.3, we obtain a solution satisfying
(2.41).

3. Case k =1, £ = 1. This case is handled in the same way, we notice that Fy 1,G11 € Y,
and conclude that

gl,l = A\l,l = §171 =0 and §171 = 1)171, b171 e R. (2.42)

2.3 Definition of v(¢) and estimates on S(t, z)

We define the function v(t, z) as follows. For (k, /) € X,, we consider (ay¢, Ak ¢, By ¢) defined
in Proposition 2.4, and v(¢,x) defined by

0(t,2) = Q) + Qely) + D ¢ Q) Akey) + (QF) (o) Brew) ) (2.43)

(k,0)ES)

where y. =z + (1 — o)t, y = ¢ — a(y.) and

= /S B(s")ds', Z a¢ Q¥ (s) (2.44)
0

(k)€
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For this choice of function v(¢,x) and for S(t,z) defined by (2.2), we claim the following
estimates.

Proposition 2.5 (Estimates on V and S) For any 0 < ¢ < 1, for any t € [T, T,
W (t), S(t) belong to H*(R) for all s > 1 and satisfy

W@ = [lo(t) = R(t) = Re(t) |2 < Ker™T, (2.45)
_1
nf [o(t) = Q( —y1) = Qe(- + (1 = c)t) || < Kev-T. (2.46)
; () it
i=0,1,2, [09)S(t)||p2 < Kjer114, (2.47)

Proof of Proposition 2.5. The proof of Proposition 2.5 is based on explicit estimates on |o/|
and on all terms of v(¢, z) and S(¢,z). Recall from Proposition 2.4 that since v(t, z) is defined
only with (k,¢) € ¥, we have Ay, € Y and By € L™, with derivatives in Y.

First, we claim

VseR, |a(s)| < Ker 1 2, |B(s)] = |a/(s)] < KevT. (2.48)

A, € / Qi (s

Since Q.(s') < Kcﬁ exp(—/cls']), llallre < K [Q. < Keri 2, Similarly, ||o/||pe <
KCPlTl.
Proof of (2.45). For all (k,f) € ¥, since Ay € Y and By, € L™, we have

Indeed, for ¢ small,

la(s)] <
ke )ES)

max
k,0)€Xp

<> [ar<x [

(k,0)ES

1
1°QE () Are (W)l 2 < K[| Qellze < KT,
141
1¢0Q8) (9e) Bro(w)ll 2 < Ke'[(Qe) g2 < KT
The same is true for 9, W (¢, x) using (2.48).

Proof of (2.46). Since R.(t) = Q.(z + (1 — ¢)t), we only have to prove that, for all
S [_TwTC]a

nf [|R(t) = Q(. ~ y)llm < KerT. (2.49)

By (2.48), taking ¢ small enough so that |o/(t)| < %, for all t € [T, T], there exists a unique
y(t) such that y(t) — a(y(t) + (1 — ¢)t) = 0. Then,
[R() = Q( —y)llm = [|Q( — (az +y () + (1 = c)t) = y(t))) — Qllm
= [1Q( = (alz +y(t) + (1 = o)t) —a(y(t) + (1 = )t))) = Qllm
By (2.48), we have |a(z + y(t) + (1 — ¢)t) — a(y(t) + (1 — o)t)| < ch%l|$| Thus, we obtain
(2.49).

Proof of (2.47). By the decomposition of S(¢,x) in the proof of Proposition 2.2, and the
choice of Ay, ¢, By ¢ in Proposition 2.4, we obtain S(t, ) = £(t, x) as defined in Proposition 2.2.
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Thus, we only have to estimate £(t). Since for any (k,¢) € ¥,, Apy, Bre € L (with
derivatives in ), it follows from the decomposition of S(¢,z) (see proof of Proposition 2.2)
that all functions of the y variable in the expression of S(t¢,x) are bounded. Thus, we have

|S(t,2)] < K(1Q2 (ye)| + clQ2(ye)),

2 3
where K > 0 is independent of y and ¢. Since |Q2 (ye)llr2 + cl|Q2(ye)|| 2 < Ker114, we
obtain

2 43
IE@) L2 < Kept T3,

The estimates on the derivatives of S are obtained in the same way.

2.4 Proof of Proposition 2.1

In what follows, we will see that the first order of the shift A on @ is a1 f Q.. We first derive
an explicit formula for a; o in order to prove Proposition 2.1.

Lemma 2.3 (Computation of the first order of the shift on Q)
d
aro =2 3 ] Qaea
J d °
= (/@)

Proof of Lemma 2.3. From Proposition 2.2 and Proposition 2.4, the system (£ o) writes, for
p=2,3 and 4:

(D10) { LA +a103Q —2f(Q)) = f(Q)
1.0 (LB1o)" +a10(3Q") = 3A7 5 — (@) A10 = f'(Q).

Recall from Claim 2.2 that Vo = —AQ — xQ’ solves LV = 3Q — 2f(Q). Let V; be the even
H! solution of £Vi = f’(Q). Then, the function A1 = Vi — a1,0Vp solves the first line of
(Q1,0), independently of the value of a; 9. By replacing A; o in the second line of the system
(Q1,0), we obtain

(LB1p) + a1,020 = Z1,

where

Zy=3Q" +3V) + F(QVo, 71 =3V] +pQ" i + F(Q). (2.50)
Since £LQ' = 0, we have [(LB)'Q =0 and so

al,o/ZoQZ /ZlQ-
In Claim 2.2, we have obtained

/ZOQ— _/AQQ— —;jé/@%‘a:r

Now, we compute [ Z;Q similarly as in Claim 2.2,
/ 2Q - / QBVY + F(QV:i + '(Q) = / 13Q" + QF(Q)) + / Qr'(Q)
_ / LVI(Q +AQ +2Q') + / QrQ = - / F(QAQ + / Q).
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Now, since L(AQ) = —Q, we have [AQ = — [Q+ [ AQ f'(Q) and since —Q" + Q = f(Q),
we have [ Q = [ f(Q). Thus, [Z1Q = — [AQ = -4 J Qcje=1, which completes the proof.

Proof of Proposition 2.1. From what precedes (in particular Proposition 2.5), we only need
to recompose the function v(t, z) at time +7,, combining the first terms of the decomposition
of v(t,z). By symmetry, we consider only ¢t = T,. This proof follows closely the proof of
Proposition 3.1 in [21].

1. First, we claim
2 41
HU(TC) - Q(y) - Qc(yc) - bl,OQ/c(yc)HHl < ch_1+4 . (2'51)

Indeed, from the definition of v(t,z), and the fact for (k,¢) € 3,, Ars € YV, Bry € L™, we
have:

0(T) ~ Q) — Qelue) — broQu(we)l < K [Qelwe)e™ ¥ +1(Q2) (wo)] + el @(we) )]

By (2.15), for all t € [-T¢, T¢], HQC(yC)e_%‘HHl < K exp(—3+/ct), and thus at t = T,, for ¢
small enough,

_lyl _ 1
1Qc(ye)e™ 2 || gt < K exp(—ic 10) < K.

By (2.15), [[(Q?) (ye)l g + el QL (ye) |l g < ch%ﬁ%, and thus the estimate is proved for the
L? norm. We proceed similarly for the estimate on 0, (v(T,) — Q(y) — Qc(ye) — b1,0Q%(ye))-

2. Position of the soliton Q) at ¢t = T,.. Let

A: Z akvch/Qlé.
(

k,0)ex,
We claim
forz > -T./2and t =T,, |a(yc) — 34| < Ke*iciﬁ%ﬁ, (2.52)
for t =T, Q) — Q. — SA) | < Ke ™. (2.53)

Proof of (2.52). For any k > 1, for any y. > 0, we have, by (2.15),

00 N oo L
0= Qc(s)ds < Ker=t / e Vesds = Kep1 26—\/5yc’

Ye

we obtain o
}a(yc) - %A’ < Kev17 3¢ Veve,

For x > —T,./2 and t = T, we have y. =z + (1 — ¢)T.> (% —¢)T, thus /cy. > L1005 — 1,

2
and so )

1
laye) — 3A] < Ke Vo3¢ ™ < fremae ™0

1

Proof of (2.53). For « > —T,/2, by (2.52), we have |a(y.) — 3A| < KerT %e_%c_m,

and so )

1
1Q(y) — Q(. — )| pr1(p>—7, 2y < Kee™3¢ 1.
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1 1
For © < —T./2, since y = x — a(y.), and |a(y.)| < Ker—17 2, we have y < —T./4.

1Q(y) — Q(. = $A) i1 (w1 /2)

_1
<N QW r (ze—7./2) T 1Q( — %A)||H1(x<—TC/2) < Ke 2

_ 1
¢ 100

3. Position of the soliton Q. at t = T,.. We claim

1Qc(ye) — b10Q(We) — Qo + (1 — )Ty — bl < KerTta.

Indeed, for the L?-norm, we have by a scaling argument

1 1
Qe = bro@% = Qel- — bro)llze = 77 1@ = Vebio@ — Q( — Vebio) |2
< Keri i (Vebio) = Kot

and similarly for the estimate on the x derivative.
Thus Proposition 2.1 is proved.

2.5 Extension of Proposition 2.1 by scaling

1
3 3 T 27100
—2 —2 02
— 2 _ 2
Teico =0 2T = <> .

By a scaling argument, we have from Proposition 2.1 the following

Let

Thus,

(2.54)

Theorem 2.1 Let0 < ¢; < ¢i(f) be such that (1.5) holds. There exist co(c1) and Ko(c1) > 0,
continuous in c1 such that for any 0 < ca < co(c1), there exist function v = v, ¢, satisfying

v(0,z) = v(0, —x) and such that the following hold.

1. Approzimate solution on [—T¢, ¢y, Tey.co]: for j =10,1,2,

2 3

vt e [_TC1,C27TC1,C2]7 ||ais(t)||L2(R) < KOC§ o

(2.55)

2. Closeness to the sum of two solitons for t = £, ,: there exist A1, Ao such that

2 1

24
”U(TCLCQ) = Qe (- — %Al) = Qey (- + (e1 — CQ)TCMJQ - %AZ)”Hl < Kocg .

2 1

24
Hv(_TCLC2) - ch(' + %Al) - QCz(' - (Cl - 02)T01,C2 + %AQ)HHl < KOC2P ' 47

where

d
<k, g =pd @il Qe
de (f QC)‘C=Cl

(2.56)

(2.57)

3. Closeness to the sum of two solitons: for all t € [=T¢, ¢,, e, ¢,], there exists yi(t) such

that )
||U(t,.’L‘) - Qc1(‘ - yl(t)) - QCQ(' - (02 - Cl)t)”Hl < Kper—1.
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Proof of Theorem 2.1. Fix a nonlinearity f satisfying (1.2). Fix 0 < ¢; < ¢, (f) such that
(1.5) holds. Let

F) =@ + fi(@) where fi(@) = e 7T fi(cl ),

Then u(t) is solution of (1.1) if and only if

13 _1 -
u(t,z) = ¢, " tule, 2t ¢, 2 ) is solution of 9y + 0,(02u + f(u)) = 0. (2.59)
First, we observe that fsatisﬁes assumption (1. 2) Second, for any 0 < ¢ < c.(f), let Q.
be the positive even solution of (1.4). For 0 <c= 2 < C(lf),
~ _1 ~ e~ ~
Qa(x) = ¢, "~ 1Qc( *x) solves QF + f(Qz) = ¢ Qe (2.60)

Thus, c.(f) > C*(f) > 1 (in fact, c.(f) = C*(f)) Moreover, for any 0 < ¢ < ¢(f), we have

/QQ—C{” 2/@ /@c—c1 /Q
dc/Q2C ) :cf“?% (/Q61>|C ) e d/ : (2.61)
dC/QCIC=C1 26?7%% </Qccl)c:cl _Cin dN/Q~Ic 1

In particular, 2 [ Q2 > ( is equivalent to % @Z _ . >0.
de ¢ ‘0201 dc ¢ }c:l

Let ¢ = %co(f), Ko = Ko(f), where c¢o(f), Ko(f) are defined in Proposition 2.1 (these

constants thus depend continuously upon ¢, see Remark after Proposition 2.1). Let 0 < ¢ <
co, and let ¢ = i—f We consider v = v1 . as defined in Proposition 2.1 for the nonlinearity f

and S = 8,0 + 8, (820 — 0 + f(?)). From Proposition 2.1, we have
Vte [-T.Te),  [|02S(t)| o) < Kocr T Tt (2.62)

I5(T2) — Q. = 1A) = Qu(. + (1 = &)To — LA, |11 < Koer 771, (2.63)
9 f Q aTEf QE\'E:I‘

~ 1 1~ 2 1

A—cr1 2§ < Ker172, §= — 2.64
: 209, -
Then, we set
V(t, &) = Ve 0o (L, ) = cf%li(clgt,cléx), (2.65)
S(t,x) = O + 02(9%v — v + f(v)). (2.66)

3+j 2 .3

Since GJS(t z)=1¢" T 1918 estimate (2.62) gives j =0,1,2, ||02 S( Mrzm) < KCFJF“.
From (2.63)

2 1

[un
-

2 41
HU( 61702) ch(' — 50, 2A ) QC2( (Cl - C2)TC1,C2 - %C 2 )HHl < KCQ
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1 1
Setting Ay =¢; ?A and Ay = ¢; *A., by (2.64) and (2.61), we have

2 1

51| < Ko

>
.
|
N
o ‘ o
— ()
~
]
i
|
I

,% f@d%‘f é'5|g:1 _9 fQQ%f Qc\c:cl
dig (f Qv%) ‘521 % (f Qg)|c=01

1.
0 =c¢*0=2¢

Estimate (2.58) follows from (2.7).

3 Preliminary results for stability of the 2-soliton structure

This section is similar to Section 4 in [21].

3.1 Dynamic stability in the interaction region

Proposition 3.1 (Exact solution close to the approximate solution v) Let 0 < ¢; <
c«(f) be such that (1.5) holds. There exist co(c1) and Ko(c1) > 0, continuous in ¢ such
that for any 0 < ¢z < co(c1), the following holds. Let v = v¢, o, be defined in Theorem 2.1.

Suppose that for some 0 > pil, for some Ty € [=T¢, o, Tty o)

[w(To) = v(To)ll i) < €5, (3.1)

where u(t) is an H' solution of (1.1). Then, u(t) is global and there exists p(t) such that, for
all t € [_TC17027T01702]7

2 411
lu(t) = v(t,. = pE)lm + 10/ () = 1] < Ko (63 +egtt 1°0> : (3.2)

The fact that u(t) is global follows from the stability of Q..

Sketch of the proof of Proposition 3.1. The proof is similar to the one of Proposition 4.1 in
[21]. For the sake of simplicity, we give a sketch of the proof in the special case ¢; = 1 and
co = ¢ small, i.e. we work in the context of Proposition 2.1. The general case follows by the
same scaling argument as in Section 2.5. In view of (3.2), we may assume that
2 1 1
< — 4+~ — —. 3.3
“p—-1 + 4 100 (3-3)
We prove the result on [Ty, Tc]. By using the transformation x — —z, t — —t, the proof is
the same on [T, Ty].
Let K* > 1 be a constant to be fixed later. Since ||u(Ty) — v(Ty)|| g1 < ¢, by continuity
in time in H*(R), there exists Tp < T* < T, such that

T* =sup {T € [Ty, Te] s.t. YVt € [Tp, T, Ir(t) € R with [|u(t)—v(t,.—r(t))|| g < K*ce}.

The objective is to prove that T* = T, for K* large. For this, we argue by contradiction,
assuming that 7" < T, and reaching a contradiction with the definition of T by proving
independent estimates on ||u(t) — v(t,. — )|z on [Tp, T7].

We claim (see Lemma 4.1 in [21]).
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Claim 3.1 Assume that 0 < ¢ < c(K*) small enough. There exists a unique C' function
p(t) such that, for all t € [Ty, T*],

z(t,x) = u(t,z + p(t)) —v(t,x) satisfies /z(t, 7)Q (y)dz = 0. (3.4)

Moreover, we have, for all t € [Ty, T"],

p(To)| + [|2(To) 1 < K, ||2(t) | < 2K, (3.5)
Oz + 05(072 — 2+ f(z +v) = f(v)) = =S(t) + (0 (t) — c1)Du(v + 2). (3.6)
1p'(t) = 1 < K[[z() [l + K[SE) 11, (3.7)

Recall that the existence, uniqueness and regularity of p(t) is obtained by a standard use of
the Implicit Function Theorem applied to u(t) at each fixed time ¢. Estimate (3.7) is obtained
by equation (3.6).

Step 1. Energy estimates on z(t). We extend to the case of the general power nonlineartity
the definition given in [21] of the energy functional for z(¢):

1

! / ((0:2)2 + (1 + o/ (4))22) — / (F(v+2) — F(v) — f(v)2).

F(t) = 5

Lemma 3.1 (Properties of F) Assume that 0 < ¢ < ¢(K*) small enough. There exists
K > 0 (independent of K* and c) such that

(i) Coercivity of F under orthogonality conditions:

2
el ) 01 < K70 + K| [ 00w (3.5
(ii) Control of the direction Q:
welh ) |[A000)] < K+ K sl + KO 69
(iii) Control of the variation of the energy fonctional:
0 2 A
F(T*) — F(Ty) < K ((K*) (14 K*)eTo D75 4 K) . (3.10)

Proof of Lemma 3.1. (i) For this property, see proof of Claim 4.2 in Appendix D of [21].
Recall that the proof of such property is related to assumption (1.5) (nonlinear stability of
@) and to the choice of p(t) in Claim 3.1.

(ii) This estimate follows from the conservation of [w?(t) and a similar approximate
conservation for v(t). Indeed, we have |14 0% = | [ S(t,z)v t x)dx\ < K||S(t)||z2 from the
equation of v(t). Thus,

<KT. sup |SO)|m < K. (3.11)
tG[—TC,Tc]

Vt € To, ‘/ TO)
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Since u(t) is a solution of the (gKdV) equation, we have

[0 = [o 02 = [wm) = [ )+ @) (3.12)

By expanding (3.12) and using (3.11) and (3.5), we obtain:

’/ ‘<KC +2‘/ T() To)

Using this and ||v(t) — Q(y)|lz2 < ch%l_i, we obtain:

[ 0w < | [+

(iii) The computations of the proof of Lemma 4.3 in [21] are extended as follows:

+2(T0) 122 + 2172 < K + [|2(2)1Z-.

'/ (-0 \<KC + Kem T |2(t)] 2 + [[2(2)]2.

F'(t) = F1 + Fy + F3,

where

F, = /8tz(—6§z +z—(flo+2z)— f(v)), Fa= /8152 o' (ye)z

1
r= [ 30— 0002 - a0 0+ 2) - 1) - 2/ ).)
Let mg = min (% % + %) We claim the following estimates.

Claim 3.2

< Ker T |2(8)|72 + K202 (10250 22 + 1S 1)1 2),

Pyt (o) — 1) / o/ (50) Q' (4)=

(3.13)
B , B O/ ’ 5 1 a/ / " 22
‘Fg (0 () 1)/ (ycl)Q(y) +2/ (v)Q (1) F(QY)) (3.14)
< K|zl (" + e 20 ) + K20l (102522 + 15(0)]122),
Py / o (5)Q W) 1" QW)= < K™ ||=(t) | + Ker ()3 (3.15)

Estimates (3.13)—(3.15) are obtained exactly as in [21]. For the reader’s convenience, we
reproduce the computations in Appendix B. Now, we conclude the proof of Lemma 3.1.

From the cancellations of the main terms of Fy, Fy and F3, and then from (3.5) and
Theorem 2.1, (2.55), we get

P 0] < K20 (77575 4 cﬁnz(wuﬂg (20 (125052 +150)]12)
< Kc¥ [(K*)?(cﬁ+i + K et t0) 4 Kot 9}.
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Integrating on the time interval [Ty, T*], since T* — Ty < 2T, = 20%4’%, and 6 > p%l > i,
we obtain

F(T*) = F(Ty)| < K2 ((K*)(1+ K*)eri 1m0 4 Khepi im0 ]

Note that by (3.3),wehavez%—ki—ﬁ—&ZOand}%—%—ﬁZ2 1 L' >0, since

ﬁ > % > % + ﬁ. Thus, Lemma 3.1 is proved.

Step 2. Conclusion of the proof. By (3.9), we have
11
’/Z(T*)Q(y)‘ <K+ Ker 3 [2(T) |2 + [|2(T)| 2,
and thus by (3.8),
11
12T < KF(T) 4+ K( + e 73 |[2(T7) || 2 + [|2(T7)]17:2)%
Since }ﬁ — % > 0, it follows that for ¢ small enough,
12(T) |7 < (K + 1)F(T*) + K.
Next, by (3.10) and |F(Tp)| < Kc*, we obtain

11
12(T*) 1% < (K +1)(F(T*) — F(Ty)) + K2 < Ky ¥ ((K*)2(1 4 K*)eTo0 S 4 KF 4 1) ,

1

(K*)2(14 K*)e2"D 5 <1,

where K is independent of ¢ and K*. Choose ¢, = ¢, (K™*) such that
1
8

Then, for 0 < ¢ < ¢,
12(T)7n < K (2 + K7).

Next, fix K* such that K (2 + K*) < $(K*)2. Then
1
12(T) 7 < i(K*)QCQ".

This contradict the definition of T*, thus proving that T* = T,.. Thus estimate (3.2) is proved
on [To, Tc].

3.2 Stability and asymptotic stability for large time

In this section, we consider the stability of the 2-soliton structure after the collision. This
question has been considered in [19], [20]. See also [17], [22], [16]. We recall the following.

Proposition 3.2 (Stability and asymptotic stability [19], [20]) Let 0 < ¢1 < c.(f) be
such that (1.5) holds. There exist co(c1) and Ko(c1) > 0, continuous in ¢1 such that for any
0 < ¢ < co(c1) and for any w > 0, the following hold. Let u(t) be an H' solution of (1.1)
such that for some t;1 € R and %Tqm < Xp < %Tq,Cw

w+$+i

lu(t1) = Qe — Qeo(- + Xo)lg1 <y ™
Then, there exist C1 functions p1(t), pa(t) defined on [t1,+00) such that

(3.16)
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1. Stability.

sup [[u(t) = Qe (- = p1(t)) — Qs (. — p2(0) |2 < K714, (3.17)

t>t1
Vt > t1, se1 < (p1—p2)'(t) < S,

wt=15+% (3.18)
1)l < Key "0 %, pa(ta) — Xo| < K5

2. Convergence of u(t). There exist ¢, cf > 0 such that

i [u(t) ~ Qi (&~ p1(6) ~ Qi (7 — o) gty =0 (3:19)
+ +

a 1‘ < Ketita, |2 1‘ < K. (3.20)
C1 C2

The proof of Proposition 3.2 is based on energy arguments, monotonicity results on local
energy quantities, and a Virial argument on the linearized problem around solitons.
The loss of § in the exponent between (3.16) and (3.17) is due to the fact that the natural

norm to study the stability of Q., is not ||.|| g1 but ||0x(.)||r2 + C%H.HLz.

3.3 Monotonicity results

Recall a more precise decomposition of u(¢) used in the proof of Proposition 3.2 in [19], [20].

Claim 3.3 (Decomposition of the solution) Under the assumptions of Proposition 3.2,
there exist C1 functions p1(t), pa(t), c1(t), ca(t), defined on [t1,+00), such that the function
n(t) defined by

n(t,x) = u(t,z) — Ri(t,z) — Ra(t, z),

where for j =1,2, Rj(t,x) = Qc,)(x — p;j(t)), satisfies for all t > t1,

[ Bstom) = [ pe)mme 0. j=1.2 (3.21)
l(8) |1+ Clc(f) ‘1‘“51‘1_‘1‘ Czc(;) —1‘ < KT, (3.22)

Now, we recall some monotonicity results for two localized quantities defined in 7(t).
Define

Y(z) = 2 arctan(exp(—1z)), (3.23)
9i(t) = / (0 + en?)(t,w)e” sV Olde, - j=1,2. (3.24)

For 0 <ty <t,xp>0,j=1,2, let

M;(t) = /772%'7

Ly

&)= [ |31 — (R Rata) (G (R0) + F (R F (i o))

where () = ¥(\/a1Z1), T1=x— p1(t) +xo + 5 (t — to),
Va(z) = Y(Vea@a), To=x — pa(t) + o+ Z(t — to).
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Claim 3.4 (Monotonicity results in 7(t)) Let o > 0, tg > 0. For all t > ty,

at (/ Q2 ) + Ml >) < Ke w0 (1m0 ta0)g, (1) 4 Ko™ 301V Ty ca),

< ch(t) +251 100 (/Q (t) +M1 )))
< Ke™ Tever(e(t— tO)‘HUO)gl( )+K6—561W(t+T51,c2)_
Cjt( /Q +M2 )> S Ke 21\/67(15 tO) T 0\/>92( )_i_Ke*%Cl\/a(t“rTcl,CQ)’
d
dt (2E Qer0)+28(Qex) +26(1) 100 (/Q /Qi(w) +M2(t))

SKe czr(t to)e 163306292( )+K€7§cl\/§(t+T61’c2).

Claim 3.4 is proved in [20] for the power case. The proof is exactly the same for a nonlinearity
f(u) satisfying (1.2).

4 Proof of the main Theorems

4.1 Proof of Theorem 1.1

Let 0 < ¢1 < ¢x(f) such that (1.5) holds and ¢2 > 0 small enough. Let u(¢) be the unique
solution of (1.1) such that (see Theorem 1 and Remark 2 in [15])

tlér—noo Hu(t) = Qe (- — Clt) - QC2(' - CQt)HHl =0.

1. Behavior at —T,, .,. We claim that

1 1 _
Vi< T u(t) = Qa .~ ert) = Qeal- — el < KehVEa—edt (41)
This is a consequence of the proof of existence of u(t) in [15]. See Proposition 5.1 in [21] for

a proof in the power case.
Now, let A1, Ay be defined in Theorem 2.1 and

_ LA — Ay 1 _
ci,c2 — tene2 Ty ;o a=501— T, .
1,€2 2 ¢ — ¢y 9 1,C2°
Since |Aq] < Kc6 and Ay is independent of ¢, we have =T ., < < =T, ¢,, and thus, for ¢

small enough:

Hu<_T7 '+a)_Q01(' ) QC2< ( CQ)TCLCQ_'_%)HHl < Keii\/a(q*CQ)T;l’CQ < KC%O'

C1,C27

Let u(t,z) = u(t +Tpy e — 1),

t1.co0 T — a). Then u(t, x) is also solution of (1.1) and satisfies

”ﬁ( c1, 02) ch( 1) - QCQ(' - (Cl - 02)T017C2 + %)HHl < KC%O- (4'2)

In what follows, we work with w(t) satisfying (4.2) and we denote @ by wu.
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2. Behavior at +T¢, ¢,. Now, consider v = v, ., constructed in Theorem 2.1 (possibly taking
a smaller ¢2). By (2.56) and (4.2), we have

2
P17t

”u(_TCl,Q) - U(_Tcl,cz)HHl < K02

N

Applying Proposition 3.1 with

2 +1
p—1 4’

TO - 7T61,627 0 —
it follows that there exists a function p(t) such that
2 41 1
VE € [Ty 0, Teren)s  Nu(t) = wlt,. = p(8))|[ g < Ker=t7a 100,
In particular, by (2.56), for some a_, b_ such that £T;, o, <a_ —b_ < 2Tp, .,

2 411
HU(TCLC2) - ch(' - a—) - ch(' - b—)HHl < ch71+4 100, (4'3)

3. Behavior as t — 4o00. From (4.3), it follows that we can apply Proposition 3.2 to u(t) for
t > T, ¢y, With

1 1
w=———-—.
p—1 100
It follows that there exist py(t), p2(t), ¢, c5 so that
wh(t,z) = u(t,x) — QCT (x — p1(t)) — Qc; (x — pa(t)) satisfies (4.4)
2 11
v le™ @)l < Keg™ 1 lim w0l escz0 = 0, (4.5)
2 4l 141 1
lef — a1l < Ked™! Y90 ey —cal < Key PN (4.6)

4. Estimates on ¢ — ¢1 and ¢§ — c2. By (4.1) and conservation of the L2 norm, we have

o= [ = [@+ [k

By the definition of w*(t), we have
vt, My = /Qg + /Q(g + /(w*)%) + 2/w+<t><ch+ +Qu) + 2/%%'
Thus, by (4.5), passing to the limit as ¢ — +o0, we obtain M+ = lim;_ o [(wT)?(t) exists

and
= @ fat - [an - [ @ (47)

Similarly, using the conservation of energy, E* = lim;_, o E(w™(t)) exists and

E+:E(ch)‘FE(QQ)_E(QCT‘)_E(Q +) (48)

Co
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9

By (4.5), we have ||w‘*‘(t)||}£;,1 < Kllw* (t) |5 < Kc§, for t large enough. Thus,

B ®) =5 [wh0 - [Fet©)2 5 [@ho - Ko 0l [

> 5 [wire - Kt ol [whro = [whe - ks [whe.

Passing to the limit ¢ — +o00, we obtain (1.11).
If lim sup,_, 4 oo lwi (8)|| 22 + ||wT(t)||p2 = 0, then wT(t) — 0 in H! as t — +o0, and u(t)
is a pure two soliton solution at +o00, ¢j = ¢; and ¢f = ¢y so that (1.12)—(1.13) hold.
Assume now that limsup,_, o |w (#)|z2 + [[wF (#)||zz > 0, so that EF + oM+ > 0.
Recall that ([28]) by assumption (1.5),

d 1 d 9
%E(QC) = _QCdc/Qc <0, forc=c; and c=cy. (4.9)

Let ¢2 be such that ¢ <f Q% - sz ) = 2(E(Q¢,) — E(Qc,)). Then, by (4.6) and (4.9) on
co we have |C2 1| < 1. Multiplying (4 7) by ¢2 and summing (4.8), we find:

Y4 MY = BQu) - BQp + 5 ( [ @ - [@).

Using (4.6) and (4.9) on ¢;, we find
+

1
K(2E+ +eaMT) < o —1<KQE" +eaM™), (4.10)

Let ¢ be such that ¢; (f Q2% — fQiT) = 2(F(Q.,) — F(Q.,)). Arguing similarly, we have

|6y — ey < 1 7¢1 and
BT+ §MY = BQ) - BQup) + 3 ( [ @ /Q2

By (1.2), since ¢z is small, we have dCfQ ~ (2 — %)0571 , and thus

Cle=ca
L 21 + 2 1
e SQEY e M) <1- 2 <K T PQE' 4 oMY, (4.11)
C2

This concludes the proof of Theorem 1.1.

4.2 Proof of existence. Theorem 1.2

For 0 < ¢1 < ¢4(f) such that (1.5) holds and ¢z > 0 small enough, we denote by u., ,(t) the
global solution of

Opu + 02 (2u + f(u) =0, u(0,2) = vy 0, (0, ), (4.12)

where v, ,(t) is the approximate solution constructed in Theorem 2.1 (note that wuc, ¢, (t) is
global by stability of Q.,). By the parity property of « — v, ¢, (0, x) and since equation (1.1)
is invariant under the transformation x — —z, t — —t, the solution u., ¢, (t) has the following
symmetry:

Ueyco (B, T) = Ugy o (—, —). (4.13)

Thus, we shall only study uc, ¢, (t) for ¢ > 0. We claim the following concerning ., c,(t).
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Proposition 4.1 Let 0 < ¢; < ¢(f) be such that (1.5) holds. There exist co(c1) > 0 and
Koy(c1) > 0, continuous in c1 such that for any 0 < ca < co(c1), there exist 0 < c;(cl,CQ) <
cf (c1,¢2) < eulf), and p1(t;ci,c2), pg (t;c1,c2) € R, such that the following hold for

W} oy (1.2) =ty 0y (1,2) — Qi (2 — p1(8)) — Qs (2 — (1)),

1. Asymptotic behavior:

tlgl—noo Hw;rl,CQ (t)”Hl(a:>cgt/10) =0. (414)
+ o147 100
for t large, ||wg] ., ()[[m < Kocy , (4.15)
+ 2 11 + 1 1
7+777 —_— =
a _ 1‘ < Koep ' 4 0|2 1‘ < Koe ', (4.16)
c1 Cc2
2 1 11
|p1(T01752)_(61T01702+%A1)| < ch_l 27 IPQ(T)_(CQTcl,Cz"’_%A?” < ch_l 1007
(4.17)

where A1 and Ao are defined in Theorem 2.1.

2. The map (c1,c2) — (cf (c1,¢2), ¢4 (c1,¢2)) is continuous.

Proof of Theorem 1.2 assuming Proposition 4.1. Fix 0 < ¢ < c.(f) and 0 < ¢y < %f) -1
small enough so that Q., satisfies (1.5) for all ¢; € [¢1(1 — €),¢1(1 + €0)]. Let

min colc1), Ko=2 max Ko(cr),
016[51(1760)751(1%*60]) 0< 1) 0 016[51(1760),51(14»60)] 0( 1)

where cy(c1) and Ko(c1) are defined in Proposition 4.1.

NSl

1
Fix an arbitrary 0 < & < min(¢p, €52). We define Q = [1—¢3?, 1+¢5%]%, and the continuous

map

Cf()\lél, )\252) C;()\lél, )\252))

C1 ’ C2

P ()\1,)\2)€Q|—><

By (4.16), we have

+ — —
cl(A1€1, Aac _ 1
for j= 1,2, |2 el ok
¢G5
This means that )
@ —1d| < Koé3. (4.18)
Moreover, by possibly taking a smaller ¢,
i 1 1 1
dist((1,1), ®(09)) > €3> — Kocs > 5*212 > ||® —1d||. (4.19)

From (4.18) and (4.19), we have deg(®,$,(1,1)) = deg(Id, 2, (1,1)) = 1. Therefore, from
degree theory there exist (A1, A2) € Q such that ®(A1, X2) = (1,1) (see for example Theorems
2.3 and 2.1, p30 of [7].)

Now, for j = 1,2, we set ¢; = \;¢;, and we check that the function wu,, ., (t) has the
property announced in Theorem 1.2. Indeed, since ®(A1, X2) = (1,1), we have c;r(cl, c2) = Cj
for j = 1,2. Moreover, (4.14) and (4.15) imply (1.17) and (1.19). Finally, (1.21) and (1.22)
follow from (4.17) and (2.57).
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Proof of Proposition 4.1. Let c1, ca2 be as in the statement of Proposition 4.1 for 0 < ¢a2 < ¢o(c1)
small enough. Let u(t,z) = uc, ¢ (t,2) be the solution of (4.12). Denote for simplicity
T =T, ¢, (defined in (2.65)).

Step 1. Control of the modulation parameters of u(t) for t > T'. From Proposition 3.1 applied
with Tp = 0 and 0 = p%l + 1, since u(0) — v¢, ¢, (0) = 0, we obtain, for some p(t),

1

W e[0,T], |ult) —o(t,. — )| < KeZ " 4, (4.20)

2 1 1

7+777
where |p'(t) — 1| < Ked™t % ) p(0) = 0 and so

22 1 1
Ip(T) —aT| < Kez™t * ™, (4.21)
By (2.56) and (4.20), we have
2 11
1U(T) = Qer (- — @) = Qey (- — b) | < KeJ "+ 70, (4.22)

for a =1A1 + p(T), b= (c1 — c2)T + 3A9 + p(T), so that
1
iclT <a-—b<2qT.

Therefore, we can apply Proposition 3.2 (1) to u(t) with w = 1 — W Then, by Claim 3.3

p—
we have the decomposition of u(t) in terms of (), ¢;(t), p;(t) (j = 1,2) defined for all t > T
W(tﬂf) = u(tw%') - Qc1(t)(x - Pl( )) QCQ ( ( ))7 (4'23)
with for all t > T,
2 1 1
Vi>T, |nt)|g < Kep—1~ 4710, (4.24)
Now, we claim
2 1 11
Ip1(T) — T — LA < Ke3™ 2, |pa(T) — T — 50| < Key™ ' 1. (4.25)

Proof of (4.25). From (4.20), (4.21) and ||v(T)| g2 < K, we have

|u(T) = o(T,. — a1 T)||gn < KeZ™8 0 ™, (4.26)

Remark that for a small,

_ 141
xlal <1Qe = Qe (- —a)llz2 < Klal,  glal <" *[|Qe, = Qes (- — a)[ 12 < Klal. (4.27)

By (2.56) we have

[0(T) = Qe, (- = 3A1) = Qey (- + (1 — e2)T — L A9)) || g1 < K171

Thus by (4.23), (4.26) and (4.27), we deduce (4.25).

Step 2. Asymptotic stability. From (4.24), We can apply Proposition 3.2 (2) to u(. +7T) with

w= }% - 100 We deduce that there exist ¢, c5 > 0, such that

cj(t) — cj, p(t) — cj, ast — 400, j = 1,2, (4.28)
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lim Hw+<t)”H1(x>62t/10) =0, (4.29)

t—4o00
where
W () = ult,2) = Qui (¢ — p1(8)) — Qs (@ — pa(t)),
+ +
a 1’ < Kepitimmn, |2 1‘ < Kev1m T, (4.30)
C1 C

From (4.28), ||n(t) —w™ (¢)||gn — 0 as t — +o00 and thus, from (4.24), we obtain ||w™ (¢)|| ;71 <
2 —_-

1
Kcer—17 47100 for ¢ large. This concludes the proof of the first part of Proposition 4.1.

Step 3. Continuity of ¢f (c1,c2) and ¢ (e1,c2). The proof is the same as in [21]. Let us give
a sketch.
Let ¢1 < c.(f) such that (1.5) holds for ¢; and 0 < €2 < ¢y small enough. First, we prove
that the map (cy,c2) — ¢ (c1,c2) defined in a neighboorhood of (1, &) is continuous.
Denote by 7, ¢, (t), Cep,e0,5(%), cj (c1,c2), the parameters in the decomposition of wuc, , (t).
We claim an estimate on |c¢] (c1, ¢2) — ¢, ¢,.1(¢)| which is related to the quantities M (t), & (t)
defined in section 3.3.

Claim 4.1 For allt > T,

_ 1
e (c1, c2)—ceyen 1 (B)] < Ko /((ncl,cz)?r???l,@)(t, 2)Y(z—p1(t)+ert)de + Koe~ sVl
(4.31)

Assuming this claim, let us complete the proof of continuity of cf (c1,¢2).
Since ||z, (t)HHl(x>@) — 0 as t — +oo, for € > 0, there exits 7, > 0 such that
10

1
K / (Tev.ea)? 4+ 1) (o )b — pr(T2) + 2 Lo )dr + Foe™ 81V < .

We fix 7. > 0 to such value. Then, by continuous dependence in H' of u, ., (t) solution of
(1.1) upon the initial data on [0,7] (see [12]) and of its decomposition in Claim 3.3, and
the fact that w¢, ¢, (0) = ve ¢, (0) is continuous upon the parameters (ci,c2) (see proofs of
Proposition 2.1 and Theorem 2.1), there exists d(¢) > 0 such that if |(c1,c2) — (¢1,¢2)| < 0,
then

1
Ko /((7701,62):% 12, 00) (Tes @) (@ — pr(T2) + ex ' )da + Koe ™ 81VeTe < 2¢,

‘051752,1(T€) - 061702,1(T€)’ <e.

From Claim 4.1, applied t0 ¢, ¢y, 7z, .25, We have |¢f (1, c2) —Cey 0,1 (T2)| < 2¢ and |¢] (€1, E2) —
Cey.20.1(T:)| < . Therefore, |cf (¢1,8) — ¢ (c1,c2)| < 4e. Thus, (c1,c2) — ¢ (c1,¢a) is contin-
uous.

We argue similarly for (c1,c) — cj (c1,c2). This concludes the proofs of Proposition 4.1
and of Theorem 1.2.
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Proof of Claim 4.1. For T < tg < t, let M(t) and &;(t) be defined in section 3.3, with
o =c1 . From Claim 3.4 integrated on [to, ], we obtain

[ @0 [ @ = M1<to>—M1<t>>+K6—awato,

<_E(ch(t))+E(ch(to 100 /ch(t /Qq (to) >

3
Note in particular that ftz e_Tlfi\/a(Cl(t_tO)""”O)gl(t)dt < Ke 16170 < Ke it to, Letting
t — +o00, by the asymptotic stability, this gives

/Q2 /ch (to) <M1(t0)+K6_6L4\/at07

E(Q, ) E(Qc, (1)) 100 /Q2 /ch(to 251(t0)+ﬁM1(t0)+Ke gic1veato

By (4.9), we obtain:

lef = a1(to)] < K/(??ﬁ +17) (to, )9 (3 — pa(to) + §)da + Kemae1Ve2lo,
which concludes the proof of Claim 4.1.

4.3 Proof of stability. Theorem 1.3

Theorem 1.3 follows directly from Proposition 3.1, Proposition 3.2 and the proof of Theo-
rem 1.2. Let 0 < ¢; < c.(f) such that (1.5) holds for ¢;. Let 0 < é2 < ¢p(¢1) small enough.

We assume -

lu(0) = (O)lln < Kej ™ 2, (4.32)

where ¢ = @z, &, is the solution constructed in Theorem 1.2.
From the proof of Theorem 1.2, there exist (c1,c2) close to (¢1,¢2) in the following sense
(see (4.16)):
62 p%l_ﬁlo
o 1' < Kcl , (4.33)

2 41 1
¢ S
- 1‘ < KC2 100,
&1

so that ¢(0) = v¢, ¢,. The assumption (4.32) on u(0) is thus equivalent to

1 1

11(0) = ey ey (O) | g1 < K3 2. (4.34)

By invariance of (1.1) by the transformation z — —z, t — —t, it is enough to prove the result
for t > 0.

(1) Estimates on [0, T, c,].
By (4.34) and Proposition 3.1 (applied with Tp = 0 and 6 = 1% +
t € [0,T¢, ], for some p(t),

1) we obtain, for all

1 1 1

+3 Lo+i
lu(t) = v(t,z = p() [ < Kef T 2+ Ker 173710 < Kef ' 2,
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for ¢y small. From (2.58), we obtain (1.24) on [0, T¢, ¢,]-
From Theorem 2.1, we deduce, for some a, b, with a — b > %Tcth,

1 1

Ty ) = Qer (- — @) = Qey (- = b) | < Kb ' 2. (4.35)

(i1) Estimates on [Te, ¢y, +00).
By (4.35) and Proposition 3.2 (applied with w = 1) for all ¢ € [T, .,,+00), there exist
p1(t), p2(t) and ¢f, cf, such that

() = Qur (- = pr(8)) — Qug (- — palt)) s < K
e L+1 et 1 (4.36)
1—1‘31@51 R ‘ch4
c1 Cc2
(#7i) Combining (4.33) and (4.36), we obtain
+ 1 41 +
01—1’<Kc51+2, 02—1‘<Kc411.
C1 c2

4.4 Open problem and monotonicity of speeds

The main question following Theorem 1 concerns the case where ¢z is not small with respect
to c1. In this case, we expect the following.

Open problem. Assume that f satisfies (1.2) with p = 4 and assume that for all ¢ €
(0,¢x(f)) the positive solution Q. of (1.4) satisfies (1.5). Let 0 < co < ¢1 < ci(f) and let
u(t) be the solution of (1.1) such that

i [u(t) — [Qer (- = e1t) + Quy (- = cat)] s = 0. (437)
There exist 0 < ¢ < ¢ < cu(f), vo € H, such that

lim H [ (=) + Q- — i) + W(t ]HH — 0, (4.38)

t——o0 1
where W (t)vg is the solution of the linear Airy equation vy + vgzy = 0 with v(0) = vp.

Note that for p = 4, a scattering estimate such as (4.38) is suggested by results of Tao
[27]. For p = 2 or 3, we cannot expect scattering to be true, and we can replace (4.38) by a

weaker result on 7(t) = u(t) — [QCT( —cft)+Q+ ( - c;t)} :

Jim (00 =0, lim_B(n() = B* > 0. (4.39)

t—+o00 -

This means that the nonlinear term in E(n) is controlled by 3 [ 2 for large positive time.
In the framework of this open problem , we claim the following monotonicity principle on

the velocities c;, cj

Claim 4.2 (Monotonicity principle) Let u(t) be a solution of (1.1) satisfying (4.37)—
(4.38). Then
g <ca<er<cf. (4.40)
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Proof. We prove (4.40) by a convexity argument. By L? norm and energy conservation it
follows that limy 4o [7%(t) = M and limy_+ E(n(t)) = ET > 0 exist and satisfy

Ja+ [an= e+ Q= [+ [ (1.41)

E(Qe) + E(Qc,) = E(Q+) + E(Q 1) + ET > E(Q+) + E(Q.2)- (4.42)

Recall that we assume

E(Q.) = /Q2 >0 for c€(0,c). (4.43)

We consider the following two cases.

e ¢/ > c;. Then it follows from (4.41) and (4.43) that ¢§ < co, and the result holds in
this case.

e ¢ < c1. Similarly, using (4.42) and (4.43), this implies ¢§ > co and thus ¢y < ¢ <
c1 < ¢1. We claim that this implies a contradiction. Indeed, set

BQa)-BQy)  B(Qy) - B(Qu)
Jea-TaR T T T T,

On the one hand, by (4.43), we have

~(B@a) - BQ) =5 [ et [@haez gt [T [@hae= Lt [ @ - [z,

which means that aq > 1 c1 Similarly, we have as <1 c2
On the other hand, by (4.41), (4.42), we have

BQu) - BQg) _ B@Qy) -~ B@Qe)
fQ%l_fQér N fQi;-_ngg

ol = —

=+

= ay. (4.44)

] = —

Thus, we obtain 2 c1 <a;<ax < ;c;, which is a contradiction.

A  Proof of Lemma 2.1.

Proof of (2.15): it follows from the equation of @, (1.2) and standard arguments.
Note that for any 0 < ¢ < ¢; from (1.4) multiplying by @’ and integrating, we get

(QU) +2F(Qc) = c Q2. (A1)

Using the Taylor decomposition of F(Q.) (see (2.21)), we obtain

Q7 =cQ2+ > onQF +0(QFM,

p+1<k1<ko

and (2.16) follows from (ng),(QE)’ _ kfk:v(Qé)QQlchrE—Q.

36



Proof of (2.17)-(2.19). We prove (2.17) and (2.19), (2.18) is obtained in a similar way.
Note that from (1.4) and (2.21), we get (2.17) for k¥ = 1. For k > 1, we have from direct
calculations:

(@5 = k(k — 1)(QL)*QF 2 + kQIQF!
= k(k —1)cQF — 2k(k — 1)QE2F(Qc) + ckQl — kf(Q)QE ™
= k2cQf — 2k(k — 1)QE?F(Q.) — kf(Qo)QE ™, (A.2)

and we get (2.17) by using (2.21) for f and F. Now, we prove (2.19), from (A.2),
(QO)W = ((Q)")" = ck*(Qe)" — 2k(k = D)(QE?F(Q))" — k(£(Qe)Qe™)".

For the first term, we use (2.17). Now, we consider the term (f(QC)Q”g—l)”7 the term
(QF2F(Q.))" is similar. We have

(FQIQE™" = (QF 1 f(Qe) + (QL)*QE2(2(k — 1) £ (Qe) + Qef"(Qc)) + QLQN ' f1(Qc)
= ¢ |(k = D?QE £(Qo) + QE2(k = DF(Qe) + Qef(Qe) + QEF Qo)
—2F(Q)QF2(2(k — 1) f(Q.) + Qe f"(Qe) — F(Q)QE 1 F(Q.).

Now, using Taylor expansions for f (i.e. (2.21)) and for f’ and f”, we get (2.19). Thus
Lemma 2.1 is proved.

Claim A.1 (i) For any integer r > 0,

Qrye)Blye) = Y. QF(ye)ar—re.

1+r<k<ko+r
0<e<dy

(ii) Decomposition of 3", 3%, '3 and 33:

B'ye) = Y, REw)aL+0QET), By = D QEy)at,

1<k<hotp-1 2<k<oky
0<0<lo+1 0<¢<2¢60
B'ye)Blye) = Y. QY waly, )= D, QEy)ark,
2<k<2ko 3<k<3ko
0<e<24y 0<¢<3¢y

where for any k > 1, £ > 0, the coefficients a,lc*e, a%’}, ai*e and ai*e depend on some (ay o) for
(K, 0) < (k,0).

See proof of Claim A.1 in [21].

B Proof of Claim 3.2

First, we claim the following estimates
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Claim B.1

1
9Bl + 0772 = Q72 ()= + 1020 = Q)12 < KerT, (B.1)
1 41
90(6) + &/ ()Q W)z < Kem 175, 9r0(t) + ' ()Q ()= < K™, (B2)
1 1, 1
o (el + —lla® (o)l ze < Koz 77, (B.3)

— i 2 1 1
where mp = min (p717 1t 2).

The proof of Claim B.1 is omitted, it is a direct consequence of the definition of v and the
expression of Q.. See also proof of Claim 4.1 in [21].

Proof of (3.13). We replace 8,z by its expression:
Fi= - [ () (<02 + 2 = (7(o+2) - £(0)
FEO - 1) [00+2) (<02 + 2 (04 2) ~ F0) =1 + g
By integration by parts, the Cauchy-Schwarz’ inequality, we have
g1l < K=l (10250152 + 1S®)12)
Since [ 9y(v + 2)f(v + 2) = 0, and by the definition of S(t)
8= (F(0) = 1) [ 0uo+ 2)(-022 2+ £(0) = (40— 1) [(0u0(~022+ 2) + B2 £(0)
= (00~ 1) [ 0u(-Fo+ v £0) = () - 1) [ (00 - S(0).

By (3.5), Claim B.1 and the definition of v, we obtain:

g+ (00~ 1) [ @)@z

< K/ (t) = U202 (1000 + o (5e) Q' (W)l 2 + 1S (1) 2)

< K@) e + 1S@Oz2) 775 +[1S(2)]|2).

Proof of (3.14). The term F9 was introduced in the expression of F to cancel the main
terms in F; and Fs.

F, — /a'(yc)zaz(—agz br— (Flz+0) — F()))
- / o/ (4225 () + (/(t) — 1) / o/ (9)0u (v + 2)z = g5 + ga.

First,

g1 = —/O/(yc)zS(t) + (1) 1) /O/(yc)aa;vz _ %(p’(t) _ 1)/220//(%).
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By (3.5) and the definition of v, we have

< K™zl (@) + 1S @] 0)-

a—oﬂw—n/@mmqu

Second, for the term gs, we integrate by parts, to obtain:
8= [ 0" )(309°+ 5 + [aWE) - [0+ 0) = fw). (BA)
Estimating the terms o”(y.) and ¥ (y.) from Claim B.1 we obtain

- [aruaoar+ 12+ [a0u

1
In the last term of (B.4), cubic and higher order terms are controlled by Kc#=1 | z(t)]|3,.. The
quadratic term is

< Ker 02 |2(0) 2.

[awrzon-rwz) =5 @2 -5 [ w207/ 0) = e+ s

As before, |g5| < Kezti |2(t)||3;:- Finally, by Claim B.1

oty [ @002 WIQ)| < Kot

: 1 " 2 1y L 2 :
Proof of (3.15). First note ‘5(1 —c) [ (ye)z ‘ < Ke2"rT|2(t)]|7.. We now estimate
= [aw (042 - $0) = £ )z = 17 2) - § [0 ") = g1+ s

1 1
We have |g7| < Kev1[|=(8)[3, and by o (ye)| < K1,

< K™zl

gy [ @I Q)
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