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Abstract

We describe the structure of the inclusions of factors A(E) C A(E") asso-
ciated with multi-intervals E C R for a local irreducible net A of von Neumann
algebras on the real line satisfying the split property and Haag duality. In par-
ticular, if the net is conformal and the subfactor has finite index, the inclusion
associated with two separated intervals is isomorphic to the Longo-Rehren in-
clusion, which provides a quantum double construction of the tensor category of
superselection sectors of A. As a consequence, the index of A(E) C A(E')" co-
incides with the global index associated with all irreducible sectors, the braiding
symmetry associated with all sectors is non-degenerate, namely the represen-
tations of A form a modular tensor category, and every sector is a direct sum
of sectors with finite dimension. The superselection structure is generated by
local data. The same results hold true if conformal invariance is replaced by
strong additivity and there exists a modular PCT symmetry.
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1 Introduction

This paper provides the solution to a natural problem in (rational) conformal quan-
tum field theory, the description of the structure of the inclusion of factors associated
to two or more separated intervals.

This problem has been considered in the past years, seemingly with different
motivations. The most detailed study of this inclusion so far has been done by Xu
[50] for the models given by loop group construction for SU(n)x [47]. In this case Xu
has computed the index and the dual principal graph of the inclusions. A suggestion
to study this inclusion has been made also in [43, Section 3]. Our analysis is model
independent, and will display new structures and a deeper understanding also in these
and other models.

Let A be a local irreducible conformal net of von Neumann algebras on R, i.e. an
inclusion preserving map

I A1)

from the (connected) open intervals of R to von Neumann algebras A(I) on a fixed
Hilbert space. One may define A(FE) for an arbitrary set £ C R as the von Neumann
algebra generated by all the A(I)’s as I varies in the intervals contained in E. By
locality A(E) and A(E’) commute, where £’ denotes the interior of R \ E, and thus
one obtains an inclusion

A(E) C A(B),

where A(F) = A(E'). If Haag duality holds, as we shall assume!, this inclusion is
trivial if £ is an interval, but it is in general non-trivial for a disconnected region E.
We will explain its structure if E is the union of n separated intervals, a situation
that can be reduced to the case n = 2, namely £ = I, U I, where I; and I, are
intervals with disjoint closure, as we set for the rest of this introduction.

One can easily realize that the inclusion A(E) C A(E) is related to the superse-
lection structure of A, i.e. to the representation theory of A, as charge transporters
between endomorphisms localized in I; and I, naturally live in A(E), but not in
A(E).

Assuming the index [A(E) : A(E)] < oo and the split property?, namely that
A(I1) V A(12) is naturally isomorphic to A(l1) ® A(l2), we shall show that indeed
A(E) c A(E) contains all the information on the superselection rules.

We shall prove that in this case A is rational, namely there exist only finitely many
different irreducible sectors {[p;]} with finite dimension and that A(E) c A(E) is
isomorphic to the inclusion considered in [28] (we refer to this as the LR inclusion,
cf. Appendix A), which is canonically associated with A(I1), {[p:]} (with the identi-

1 As shown in [18], one may always extend A to the dual net A9, which is conformal and satisfies
Haag duality.

2This general property is satisfied, in particular, if Tr(e™#%0) < oo for all 3 > 0, where Ly is the
conformal Hamiltonian, cf. [5, §].



fication A(I5) ~ A(I)°PP). In particular,
A(E) - AB)) = Y d(o)”

the global index of the superselection sectors. In fact A will turn out to be rational in
an even stronger sense, namely there exist no sectors with infinite dimension, except
the ones that are trivially constructed as direct sums of finite-dimensional sectors.

Moreover, we shall exhibit an explicit way to generate the superselection sectors of
A from the local data in E: we consider the canonical endomorphism 7z of A(E ) into
A(FE) and its restriction Ap = yg|a(g); then Ag extends to a localized endomorphism
A of A acting identically on A(7) for all intervals I disjoint from E. We have

A= @Pz‘ﬁu (1)

where the p;’s are inequivalent irreducible endomorphisms of A localized in [; with
conjugates p; localized in I5 and the classes {[p;]}; exhaust all the irreducible sectors.

To understand this structure, consider the symmetric case Iy = I, Is = —1. Then
A(—=I) = j(A(I)), where j is the anti-linear PCT automorphism, hence we may
identify A(—1) with A(1)°PP. Moreover the formula p; = j-p;-j holds for the conjugate
sector [17], thus by the split property we may identify { A(E), pipi| 4} with {A(])®
A(I)°PP, p; @ pPP}. Now there is an isometry V; that intertwines the identity and
pip; and belongs to A(FE). We then have to show that A(F) is generated by A(E)
and the V;’s and that the V;’s satisfies the (crossed product) relations characteristic
of the LR inclusion. This last point is verified by identifying V; with the standard
implementation isometry as in [17], while the generating property follows by the index
computation that will follow by the “transportability” of the canonical endomorphism
above.

The superselection structure of A can then be recovered by formula (1) and the
split property. Note that the representation tensor category of A ® A°PP generated by
{pi®p*’}; corresponds to the connected component of the identity in the fusion graph
for A, therefore the associated fusion rules and quantum 6j-symbols are encoded
in the isomorphism class of the inclusion A(E) C A(E), that will be completely
determined by a crossed product construction.

A further important consequence is that the braiding symmetry associated with
all sectors is always non-degenerate, in other words the localizable representations
form a modular tensor category. As shown by Rehren [41], this implies the existence
and non-degeneracy of Verlinde’s matrices S and T, thus the existence of a uni-
tary representation of the modular group SL(2,7Z), which plays a role in topological
quantum field theory.

It follows that the net B O A ® A°PP obtained by the LR construction is a field
algebra for A ® A°PP namely B has no superselection sector (localizable in a bounded
interval) and there is a generating family of sectors of A ® A°PP that are implemented
by isometries in B. Indeed B is a the crossed product of A ® A°PP by the tensor
category of all its sectors.



As shown by Masuda [30], Ocneanu’s asymptotic inclusion [35] and the Longo-
Rehren inclusion in [28] are, from the categorical viewpoint, essentially the same
constructions. The construction of the asymptotic inclusion gives a new subfactor
MV (M' N My) C My from a hyperfinite II; subfactor N/ C M with finite index
and finite depth and it is a subfactor analogue of the quantum double construction
of Drinfel’d [11], as noted by Ocneanu. That is, the tensor category of the Mo-M
bimodules arising from the new subfactor is regarded a “quantum double” of the
original category of M-M (or N-N') bimodules.

On the other hand, as shown in [33], the Longo-Rehren construction gives the
quantum double of the original tensor category of endomorphisms. (See also [12,
Chapter 12] for a general theory of asymptotic inclusions and their relations to topo-
logical quantum field theory.)

Our result thus shows that the inclusion arising from two separated intervals as
above gives the quantum double of the tensor category of all localized endomorphisms.
However, as the braiding symmetry is non-degenerate, the quantum double will be
isomorphic to the subcategory of the trivial doubling of the original tensor category
corresponding to the connected component of the identity in the fusion graph. Indeed,
in the conformal case, multi-interval inclusions are self-dual.

For our results conformal invariance is not necessary, although conformal nets
provide the most interesting situation where they can be applied. We may deal
with an arbitrary net on R, provided it is strongly additive (a property equivalent
to Haag duality on R if conformal invariance is assumed) and there exists a cyclic
and separating vector for the von Neumann algebras of half-lines (vacuum), such
that the corresponding modular conjugations act geometrically as PCT symmetries
(automatic in the conformal case). We will deal with this more general context.

Our paper is organized as follows. Then we consider representations. The second
section discusses general properties of multi-interval inclusions and in particular gives
motivations for the strong additivity assumption. The third section enters the core of
our analysis and contains a first inequality between the global index of the sectors and
the index of the 2-interval subfactor. In Section 4 we study the structure of sectors
associated with the LR net, an analysis mostly based on the braiding symmetry,
the work of Izumi [22] and the a-induction, which has been introduced in [28] and
further studied in [49, 2, 3]. Section 5 combines and develops the previous analysis
to obtain our main results for the 2-interval inclusion. These results are extended
to the case of n-interval inclusions in Section 6. We then we illustrate our results in
models and examples in Section 7. We collect in Appendix A the results the universal
crossed product description of the LR inclusion and of its multiple iterated occurring
in our analysis. We include a further appendix concerning the disintegration of locally
normal or localizable representations into irreducible ones, that is needed in the paper;
these results have however their own interest.

For basic facts concerning conformal nets of von Neumann algebras on R or S!,
the reader is referred to [17, 28], see also the Appendix B.



2 General properties

In this section we shortly examine a few elementary properties for nets of von Neu-
mann algebras, partly to motivate our strong additivity assumption in the main body
of the paper, and partly to examine relations with dual nets. To get our main result,
the reader may however skip this part, except for Proposition 5, and get directly to
the next section, where we will restrict our study to completely rational nets.

In this section, A will be a local irreducible net of von Neumann algebras on S,
namely, A is an inclusion preserving map

I>1— A

from the set Z of intervals (open, non-empty sets with contractible closure) of S?
to von Neumann algebras on a fixed Hilbert H space such that A([;) and A(I2)
commute if Iy NI, = @ and \/,.; A(I) = B(H), where V denotes the von Neumann
algebra generated.

If £ C S!is any set, we put

AE)=\/{AI): I €1, ICE}
and set R
A(E) = A(E')
with B/ = St W E.3
We shall assume Haag duality on S, which automatically holds if A is conformal

[4], namely,
A = A(I'), T€1,

thus A(I) = A(I), I € Z, but for a disconnected set E C S,
A(E) c A(E)

is in general a non-trivial inclusion.
We shall say that £ C S! is an n-interval if both £ and E’ are unions of n
intervals with disjoint closures, namely

EF=LULU---UIlL, I,eT,

where I[; N [; = @ if i # j. The set of all n-intervals will be denoted by Z,.
Recall that A is n-regular, if A(S* \ {p1,...pn}) = B(H) for any py,...p, € S*.
Notice that A is 2-regular if and only if the A([)’s are factors, since we are
assuming Haag duality, and that A is 1-regular if for each point p € S?!

(NA() =C (2)

if I, € Z and N, I, = {p}.

3The results in this section are also valid for nets of von Neumann algebras on R, if 7 denotes
the set of non-empty bounded open intervals of R and £/ =R \ E for £ C R.

>



Proposition 1. The following are equivalent for a fixed n € N:
(i) The inclusion A(E) C A(E) is irreducible for E € T,,.
(ii) The net A is 2n-regular.

Proof With F =1,U---Ul, and py, ..., pa, the 2n boundary points of £, we have
A(E) N A(E) = C if and only if A(E)V A(E) = B(H), which holds if and only if
A(E)V A(E') = B(H), thus if and only if A(S* \ {p1,...,pen}) = B(H), namely A
is 2n-regular. 0

If A is strongly additive, namely,
A(l) = A(I ~{p})

where I € 7 and p is an interior point of I, then A is n-regular for all n € A, thus
all A(E) C A(E) are irreducible inclusions of factors, E € Z,.

A partial converse holds.

If ' ©€ M are von Neumann algebras, we shall say that N' C M has finite-index
if the Pimsner-Popa inequality [38] holds, namely there exists A > 0 and a conditional
expectation € : M — N with £(z) > Az, for all x € M, and denote the index by

[M 3./\/]5:)\_1

with A the best constant for the inequality to hold and
M :N] =M :./\/]min:irglf M : Ne

denotes the minimal index, (see [20] for an overview).

Recall that A is split if there exists an intermediate type I factor between A(l;)
and A(l2) whenever Iy, I, are intervals and the closure I, is contained in the interior
of Ir. This implies (indeed it is equivalent to e.g. if the A(I)’s are factors) that
A(I1) V.A(13) is naturally isomorphic to the tensor product of von Neumann algebras
A(1)®A(I3) (cf.[10]) . For a conformal net, the split property holds if Tr(e=?L0) < oo
for all B > 0, cf. [8].

Notice that if A is split and A(I) is a factor for I € 7, then A(FE) is a factor for
E €1, for any n.

Proposition 2. Let A be split and 1-reqular. If there exists a constant C' > 0 such
that R
A(E) : A(E)] <C VY FE €T,
then
JAI): A(I~{p})]<C VIeZI pel.



Proof With I € 7, and p € I an interior point, let I, I, € 7 be the connected
components of I ~ {p}, let Ié") C I be an increasing sequence of intervals with

one boundary point in common with I such that p ¢ I{" and U. 1" = I,. Then
E,=LU Ié") € 7, and we have

A(En) /7 AU {p)),
A(En) /7 A1),

where N,, / N means N; C Ny C -+ and N = \/ NV,,, while N, \, N will mean
N1 DNy D -+ and N = N,. The first relation is clear by definition. The second
relation follows because

A(E.) = A(E,) = A(I") V A(Ly),

where E! € Iy, E, = I' U L,, and (| L, = {p}, therefore A(L,) \, C. By the split
property A(I") vV A(L,) = A(I") ® A(L,), hence by eq. (2)

A(E,) N\ A,

thus )
A(E,) / A(I).

The rest of the proof is the consequence of the following general proposition. O

Proposition 3. a) Let

N ¢ N, ¢ -+ C¢ N
N N N
M, ¢ My C -+ C M
be von Neumann algebras, N =\ N, M =\ M,,
b) or let
N D Ny, D v DN
N N N
My D My D -+ DM
be von Neumann algebras, N = (\N;, M = M,.
Then

M : N < liminf [M; : NV].

1—00

Proof It is sufficient to prove the result in the situation b) as the case a) will follow
after taking commutants. We may assume lim inf; ., [M; : N}] < oc.

Let & : M; — N; be an expectation and A > liminf;_,[M;,: Mi]e,. Then there
exists 4o such that for all z € M, i > iy,

Ei(x) > Al
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Let 5}0) = &i|m, considered as a map from M to N;, and let £ be a weak limit point
of 51(0)' Then
E(x) > g, xr e My,

and EM) C (N, N; = N, moreover £|y = id, because &|y = id. Thus £ is an
expectation of M onto N and

M:N] < M :Ne <A
As &; is arbitrary, we thus have [M : N] < liminf;_, o [M;, : MV]. O

Recall now that the dual net A% of A is the net on the intervals of R defined by
A4I) = A(R \ I), where we have chosen a point oo € S! and identified S with
R U {oo}.

Note that if A is conformal, then Haag duality automatically holds [18] and the
dual net A is also a conformal net which is moreover strongly additive; furthermore
A = A% if and only if A is strongly additive, if and only if Haag duality holds on R.

Corollary 4. In the hypothesis of Proposition 2, let A¢ be the dual net on R, then
A(I) ¢ AYI)
has finite index for all bounded intervals I of R.

Proof Denoting I; = I’, the complement of I in S!, the commutant of the inclusion
A(I) € AYT) is A(I1 ~ {oc}) C A(I1), and this has finite index. O

We have no example where A(I) C A%(I) is non-trivial with finite index and A is
conformal; therefore the equality A(I) = A%(I), i.e. strong additivity, might follow
from the assumptions in Corollary 2 in the conformal case.

Proposition 5. Let A be split and strongly additive, then

~

(a) The index [A(E) : A(E)] is independent of E € Is.
(b) The inclusion A(E) C A(E) is irreducible for E € T,.

Proof Statement (b) is immediate by Proposition 1.

Concerning (a), let £ = I; U Iy and E = I, U I, where I, D I, are intervals and
Iy = Iy~ I, Assuming \™! = [A(E) : A(F)] < oo, let £ be the corresponding
expectation with Ad-bound. Of course £ is the identity on A(1y), hence

E5(A(E)) C A(Lo) NA(E) = A(E)

where last equality follows at once by the split property and strong additivity as
A(lo) N A(L:) = A(L).



Therefore €z | 4= Er showing

~ A~ ~

[A(E) : A(E)] < [A(E) - A(E)],

where we omit the symbol “min” as the expectation is unique. Thus the index
decreases by decreasing the 2-interval. Taking commutants, it also increases, hence
it is constant. O

Corollary 6. Let A satisfy the assumption of Proposition 2 and let A% be the dual
net on R of A. Then

[AYE) : AYE)] < 0 VE € T

Proof We fix the point co and may assume E = [{Ul, with co € I. Set B = I3Ul,
with I3 3 co. Then A%(13) = A(13), A%(l3) = A(l3) and we have

A(E) c A%L)V A(Iy)
= AYE) c AYE)
= (A(Is) V AU 1)) C (A(l3) V A(L)) = A(E).

Anticipating results in the following, we have:

Corollary 7. Let A be a local irreducible conformal split net on S'. If [A(E) :
A(E)] = Lgobal < 00, E € Iy, then A is n-regular for all n € N.

Proof If p is an irreducible endomorphism of A localized in an interval 7, then p| (1)
is irreducible [17]. Therefore, by Th. 9 (and comments there after) and Prop. 36, the
assumptions imply that if E € Z, then A(FE) C A(E) is the LR inclusion associated
with the system of all irreducible sectors, which is irreducible. Then A(FE) C A(E)
is irreducible for all £ € 7,, as we shall see in Sect. 6. By Prop. 1 this implies the
regularity for all n. OJ

In view of the above results, it is natural to deal with strongly additive nets, when
considering multi-interval inclusions of local algebras and thus to deal with nets of
factors on R, as we shall do in the following.

3 Completely rational nets

In this section we will introduce the notion of completely rational net, that will be
the main object of our study in this paper, and get a first analysis.



In the following, we shall denote by Z the set of bounded open non-empty intervals
of R, set I'’ =R~ I and define A(E) = \/{A(I),I C E,I € T} for E C R. We again
denote by Z, the set of unions of n elements of Z with pairwise disjoint closures. *

Definition 8. A local irreducible net A of von Neumann algebras on the intervals of
R is called completely rational if the following holds:

) Haag duality on R : A(I') = A(I), I € T,
) A is strongly additive,
) A satisfies the split property,

(a
(b
(c
(d) [A(E) : A(B)] < 00, if E € I,

Note that, if A is the restriction to R of a local conformal net on S* (namely a
local net which is Mobius covariant with positive energy and cyclic vacuum vector)
then (a) is equivalent to (b), cf. [18].

We shall denote by 4 = [A(E) : A(E)] the index of the irreducible inclusion of
factors A(F) C A(E ) in case pi4 is independent of E' € T, in particular if A is split,
by Proposition 5.

By a sector [p] of A we shall mean the equivalence class of a localized endomor-
phism p of A, that will always be assumed to be transportable i.e. localizable in each
bounded interval I (see also Appendix B). Unless otherwise specified, a localized
endomorphism p has finite dimension. If p is localized in the interval I, its restriction
plary is an endomorphism of A(I), thus it gives rise to a sector of the factor A(1)
(i.e. a normal unital endomorphism of A(/) modulo inner automorphisms of A([)
[25]) and it will be clear from the context which sense will be attributed to the term
sector.

The reader unfamiliar with the sector strucure is referres to [25, 28, 17| and to
the Appendix B.

Let £ = I, Ul € Iy and p and o irreducible endomorphisms of A localized
respectively in Iy and in I5. Then po restricts to an endomorphism of A(FE), since
both p and o restrict.

Denote by 75 the canonical endomorphism of A(E) into A(E) and Az = v5|m)

Theorem 9. Let A be completely rational. With the above notations, po|am) is
contained in Ap if and only if o is conjugate to p. In this case po|am) < A\g with
multiplicity one.

Proof By [28] po|a) < Ag if and only if there exists an isometry v € A(FE) such
that

vr = po(x)v Vo e A(E). (3)

4There will be no conflict with the notations in the previous section as the point co does not
contribute to the local algebras and we may extend A to S! setting A(I) = A(I \ {o0}), see
Appendix B.
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If equation (3) holds, then it holds for z € A(I) for all I € Z by strong additivity,
hence o = p.

Conversely, if o = p, then there exists an isometry v € A([) such that va = po(x)v
for all z € A(I), where I is the interval I D E given by I = I, U I, U I3 with I3 the
bounded connected component of E’.

Since p and o act trivially on A(I3), we have

v e Al) N A,

but
A(Ls) NA(I) = (A(Is) v A(I') = A(E') = A(E),

therefore equation (3) holds true. As the p and o are irreducible, the isometry v in
(3) unique up to a phase and this is equivalent to pp|4r) < Ag with multiplicity one.
O

We remark that in the above theorem strong additivity is not necessary for pp <
Ap, as can be replaced by the factoriality of A(FE), equivalently of A(E), this holds
e.g. in the conformal case.

Moreover also the split property is unnecessary, it has not been used.

We shall say that the net A on R has a modular PC'T symmetry, if there exists a
cyclic separating (vacuum) vector €2 for each A(I), if I is a half-line (Reeh-Schlieder
property), and the modular conjugation J of A(a,c0) with respect to  has the
geometric property

JAI+a)J =A(-1+a), [€Z, acR. (4)

This is automatic if A is conformal, see [4, 15]. It easy to see that the modular PCT

property implies translation covariance, where the translation unitaries are products

of modular conjugations, but positivity of the energy does not necessarily holds.
Note that eq. (4) implies Haag duality for half-lines

A(—00,a) = A(a, o), a€R.
Setting j = Ad.J, the conjugate sector exists and it is given by the formula [16]
p=J-p-J

Corollary 10. If A is completely rational with modular PCT, then A is rational,
namely there are only finitely many irreducible sectors [pol, [p1],-- -, [pn] with finite
dimension and we have

Zd(Pz‘)Q < pa. (5)

11



Proof It is sufficient to show this last inequality. By the split property, the endomor-
phisms p;p;| az) can be identified with the endomorphisms p; ® p; on A(I1) ® A(I3),
hence they are mutually inequivalent.

By Theorem 9,

D riilacs) < As, (6)
=1

hence

~

pa = [AE) : AB)] = d(p) = ) d(pi)*.

We now give a partial converse to Theorem 9.

Lemma 11. Let A be completely rational and let Eg be the conditional expectation

A(E) — A(E).
(a) If E C E and E,E € Iy, then

EE’/\(E) =&p.

(b) There exists a canonical endomorphism v of A(E) to A(E) such that Y Ay s
a canonical endomorphism of A(E) into A(E) and satisfies

”Y’A(E)/mA(E) = id.

Proof (a) has been shown in the proof of Proposition 5.
(b) is an immediate variation of [16, Proposition 2.3] and [28, Theorem 3.2].
U

Theorem 12. Let A be completely rational. Given E € Iy, Mg extends to a localized
(transportable) endomorphism X of A such that N aqy = id, if I C E', I € T.
Moreover, d(\) = d(Ag) = pa.

In particular, if A is conformal, then X is Méobius covariant with positive energy.

Proof Let E = (a,b) U (c,d) where a < b < ¢ < dand E = (a’,b) U (¢, d') where
a' < aand d > d. By Lemma 11 we have a vz with A\g| 4 =id,if I CZ, I € EXE.

Analogously there is a canonical endomorphism v : A(E) — A(E) acting trivially
on A(E). We may write
e =Adu-y

with u € A(E), hence

12



Since v | A= 1d, 7 | a(c,0)= id, we have
Ap =Adu on A(a,b), A(c,d).

Therefore, the formula }
A =Adu

defines an endomorphism of A(a, d) acting trivially an A(b, ¢), with

A A((ap)u(ed) = AE-

We may also have chosen v “localized” in (a’,a"”) U (d",d') with ¢’ < @” < a and
d < d" < d so that we may assume \ to act trivially on A((a”,b) V (¢, d")).

Letting a’,a” — —oo and d”,d" — +00, we construct, by an inductive limit of the
5\78, an endomorphism A of the quasi-local C*-algebra J,.,A(—s, s).

Clearly, A is localized in (a,d), acts trivially on A(b,c) and is transportable.
Moreover, \ has finite index as the operators R, R € (i, A\?) in the standard solution
for the conjugate equation [25, 29]

R*A(R)=1, R'AR)=1,
on A(E) give the same relation on A(I) for any I > E, I € T.
If A is conformal, then p is covariant with respect to translations and dilations
by [17]. As we may vary the point oo, A is covariant with respect to dilations and
translations with respect to different point at oo, hence A is Mobius covariant. 0

Lemma 13. Let A be completely rational. Then there are at most |pua| mutually
different irreducible sectors of A (with finite or infinite dimension).

Proof Consider the family {[p)]} of all irreducible sectors and let N be the cardi-
nality of this family. With £ = I U I, € Z,, we may assume that each p, is localized
in /; and choose endomorphisms o) equivalent to p) and localized in [5. Let then
ux € (px,05) C A(E) be a unitary intertwiner and £ the conditional expectation

N

from A(E) to A(E). Since

upx () = ox(z)un = zur , Vo € A(L),
we have

uyux pA(z) = py (@) uyun , Vo € A(lL),

hence T = E(uj,uy) € A(E) intertwines px|A(l1) and py|A(I1). The split property
allowing us to identify A(E) and A(;) ® A(l2), every state ¢ in A(Is). gives rise
to a conditional expectation &, : A(E) — A(I1). Then E,(T) € (pr,px), and the
inequivalence of py|.A(I1), pa|A(11), see above, entails £,(7) = 0. Since this holds
for every ¢ € A(l2). we conclude

T =E(uyuy) =0, N #N
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Let M be the Jones extension of A(E) C A(E), e € M the Jones projection im-
plementing £ and let & : M — A(E) be the dual conditional expectation. Then
euyuye = 0 if X' # X and therefore the ey = wuyeu; are mutually orthogonal pro-
jections in M with & (ey) = p'. Since their (strong) sum p = Y, e, is again an
orthogonal projection we have p < 1 and thus & (p) < £(1) = 1. This implies the
bound N ,u;ll < 1 and thus our claim. O

We shall say that a sector [p] is of type I'if Viezp(A(I)) is a type I von Neumann
algebra, namely p is a type I representation of the quasi local C*-algebra Ugs,A(—s, s).

Corollary 14. If A is completely rational on a separable Hilbert space, then all factor
representations of A on separable Hilbert spaces are of type I.

Proof Assuming the contrary, by Corollary 59 we get an infinite family [p)] of
different irreducible sectors. This is in contradiction with the preceding proposition.
O

We end this section by recalling the following (see [10]).

Proposition 15. Let A be a completely rational net with modular PC'T on a Hilbert
space ‘H. Then H 1is separable.

Proof We chose a pair I C I of intervals and a type I factor A/ between A(I) and
A(I). The vacuum vector  is separating for A(I), hence for . Thus N admits
a faithful normal state, hence it is countably decomposable. Being of type I, N is
countably generated. Being cyclic for A(I), Q2 is also cyclic for N so H = NQ is
separable. O

4 The structure of sectors for the (time = 0) LR
net

This section contains a study of the sector strucure for the net obtained by the LR
construction, by means of the braiding symmetry. It will be continued in the next
section by a different approach.

Let NV be an infinite factor and {[p;]} a rational system of sectors of N, namely the
[pi]’s form a finite family of mutually different irreducible finite-dimensional sectors
of N which is closed under conjugation and taking the irreducible components of
compositions. The identity sector is usually labeled as py. We call

M DN @ NPP

the LR inclusion, the canonical inclusion constructed in [28] where M is a factor,
N @ N°PP C M is irreducible with finite index and

A= @Pz‘ ® p;P?

14



for A\ € End(N ® N°PP) as the restriction of v : M — N @ N°PP. We shall give an
alternative characterization of this inclusion in Proposition 45.

The same construction works in slightly more generality, by replacing N°PP with
a factor Nj and {p*}; by {p/}; C End(N;) where p — p’ is an anti-linear invert-
ible tensor functor of the tensor category generated by {p;}; to the tensor category
generated by {pf }i. Extensions of our results to this case are obvious, but sometimes
useful, and will be considered possibly implicitly.

The following is due to Izumi [22]. Since it is easy to give a proof in our context,
we include a proof here.

Lemma 16. For every p;, the (N @ N°PP)-M sector [p; ® id][y] = [id ® p;**][7] s
irreducible and each irreducible (N ® N°PP)-M sector arising from N @ N°P? C M
is of this form, where v is regarded as an (N & N°PP)-M sector. If [pi] # [p;]
as A-A sectors, then [p; ®1d][y] # [p; @ id][y] as (N & NOPP)-M sectors. We have
i@ ;P V] = 325 NE[pr@id][y] as (N @NOPP)-M sectors, where NE is the structure
constant for {p;}i.

Proof Set [o] = [p; ® id|[y] and compute [o][a]. Since [§] = [¢], where ¢ is the
inclusion map of " @ N°PP into M regarded as a M-(N @ N°PP) sector, and [y][¢] =
Al =11k @ ), we have [o][a] = Y-, [piprpi @ pp7], and this contains the identity
only once. So [p; ®id][7] is an irreducible (N ® N°PP)-M sector. We can similarly
prove that if [pi] # [p;], then [p; @ id][y] # [p; @ id][7].

We next set [0'] = [id ® p;"][7] as an (N @ N°PP)-M sector, which is also irre-
ducible. We compute

[0][0] = lp: @ id]Aid ® pF] = D "lpion © o767,

which contains the identity only once. So we have [p; ® id][y] = [id ® p:**][v].
The rest is now easy. 0

Let us now assume we have a strongly additive, Haag dual, irreducible net of
factors A(I) on R with a rational system of irreducible sectors {[p;]}: (with py = id),
namely {[p;]} is a family of finitely many different irreducible sectors of A with finite
dimension stable under conjugation and irreducible components of compositions.

One may construct [42, 28] a net of subfactors A ® A°PP C B so that the corre-
sponding canonical endomorphism restricted on A ® A°PP is given by @D, p; @ p;*".
We call this B the LR net. For AP, we use ¢ (p*", p;*") = j(e(pr, p1))*, where j
is the anti-isomorphism from A to A°P. In order to distinguish two braidings, we
write et and ™.

In other words, the LR net here is obtained as the time zero fields from the
canonical two-dimensional net constructed in [28]: it is a local net, but if A is trans-
lation covariant with positive energy, B is translation covariant without the spectrum

condition (the translation on B are space translations).
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Then the net of inclusion A ® A°PP(I) C B(I) is a net of subfactors in the sense
of [28, Section 3], that is, we have a vacuum vector with Reeh-Schlieder property and
consistent conditional expectations. We denote by v the canonical endomorphism of
B into A ® A°P and its restriction to A ® A°PP by \. We may suppose that also A
is localized in I. We shorten our notation by setting N'= A([) and M = B(I). We
thus have A(z) = >, Vi(pi ® pi*)(x)V;*, where V;’s are isometries in ' ® N PP with
Zi Vivii =1

We follow [21] for the terminology of (N ®@ N°PP)- M sectors, and so on, and study
the sector structure of the subfactor N/ ® N°PP C M in this section. In other words
we study the sector structure of a single subfactor, not the structure of superselection
sectors of the net, though we will be interested in this structure for the net in the
next section. So the terminology sector is used for a subfactor, not for a net, in this
section. However the inclusion N’ ® N°PP C M has extra structure inherited by the
inclusion of nets A ® A°PP C B, that is there are the left and right unitary braid
symmetries and the extension and restriction maps. We first note that {[p; ® p™*]};
gives a system of irreducible A ® A°PP- A ®@ A°PP sectors.

This gives the description of the principal graph of N @ N°PP € M as a corollary
as follows, which was first found by Ocneanu in [35] for his asymptotic inclusion.
Label even vertices with (i, j) for [p; ® p;—?pp] and odd vertices with k for [p; ® id][7]

and draw an edge with multiplicity NZ@ between the even vertex (i, j) and the odd
vertex k. The connected component of this graph containing the vertex (0,0) is the
principal graph of the subfactor A’ @ N°PP C M.

Now we consider the a-induction introduced in [28] and further studied in [49, 2],
namely if ¢ is a localized endomorphism of A ® A°PP, we set

oy =77 - Ad(EF (0, N) o (7)

(The notation in [28] is o **").

Recall that if o is an endomorphism of A ® A°PP localized in the interval I, then
o is an endomorphism of B localized in a positive/negative half-line containing I,

yet, as shown in [2, I], aZ restricts to an endomorphism of M = B(I). We will denote
this restriction by the same symbol aZ.

Lemma 17. The M-M sectors [04;:@1(1] are irreducible and mutually different.

Proof We compute (" , the dimension of the intertwiner space between

+
proids Vg @id)
;Lj®id, by using [2, I, Theorem 3.9]. This number is then equal to

04;:®id and o
(@D oroi @ o, p; @ id) = 5.
k
This gives the conclusion. 0

Lemma 18. As M-M sectors, we have [a) .| = [O‘I@pg’pp]-
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Proof By a similar argument to the proof of the above lemma, we know that
[&:i@p?pp] is also irreducible. [2, I, Theorem 3.9] gives

<[a/—)’—i®id]7 [&:j(gp?pp @ Pk Pi ® pk ld ® popp> = 17
which gives the conclusion. 0

We then have the following corollary.

Corollary 19. The set of irreducible M-M sectors appearing in the decomposition
of&;: ovp for alli,j is {[a p®1d]}

The next theorem is useful for studying the subfactors arising from disconnected
intervals for a conformal net. For the rest of this section we shall assume the braiding
to be non-degenerate.

Theorem 20. Assume the braiding to be non-degenerate and suppose an irreducible
M-M sector [B] appears in decompositions of both o _ op and o _ o for some

Pi®p; PLAP;
i,7,k,l. Then [B] is the identity of M.

Proof o and o~ map sectors localized in bounded intervals to soliton sectors

localized in right unbounded and left unbounded half-lines, respectively. Hence [3]
is localized in a bounded interval. By the above corollary, we may assume that

18] = [04;:®id] for some 7, hence p; ® id must have trivial monodromy with A, i.e.,
e(pi ®id, N)e(A, p; ®1d) = 1, which in turn gives (p;, pi)e(px, pi) = 1 for all k. The
non-degeneracy assumption gives [p;] = [id] as desired. O

We now define an endomorphism of M by 3;; = More explicitly,

— Oép ®ld&1d®p0pp
we have f;; =y~ Ad(U7) - (pi @ pj™) - 7, where

U™ = SV (o) ©27 T o)) 0 V).

Note that if we define similarly

Uj* = ZVk (i, i) @ €772 (037, ™)) (pi @ P5P) (VY),
we then have 04;:®p?pp =1 Ad(U) - (pi ® pSPP) - . By [2],1 Prop. 18, we have

[8ij] = [a pz®1d][ ;1®p;pp] = [0‘;]@1(1] [O‘;—i(g)id] = [&;j(gp?pp][&:i@id]

as M-M sectors.
The following proposition is originally due to Izumi [22] (with a different proof)
and first due to Ocneanu [37] in the setting of the asymptotic inclusion. (Also see

[13].)
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Proposition 21. Each [5;j] is an irreducible M-M sector and these are mutually
different for different pairs of i, 7. Each irreducible M-M sector arising from N &
N°PP C M is of this form.

Proof We compute
3 — (At - + - — (At -
<6’L]7Bk‘l> - <O‘pi®idO‘id®p§?PP7 O‘,)k®id041d®p?17p> - <aﬁkpi®id7 Qid®p?DP,3jPP>'
. . . + — . . .
The only sector which can be contained in [a] , ;4] and [o; d®p?ppﬁ?pp] is the identity
by the above proposition. So the above number is d;,0;. Since the square sums of

the statistical dimensions for {p; ® p*"};; and {(3;;}i; are the same, it completes the
proof. O

opp

Note that here we have used the definition in [28] for the map p; ® PP = Bij,
and a general theory of this map has been studied in [2] under the name a-induction.
But in [2], they assumed a certain condition, called chiral locality in the terminology
of [3], and some results in [2] depend on this assumption, while the definition itself
makes sense without it. Our mixed use of braidings et and £~ here violates this
chiral locality condition, so we can use the results in [2] here only when they are
independent of the chiral locality assumption. For example, it is easy to see that the
analogue of [2, I, Theorem 3.9] does not hold for our map here.

With the above proposition, we have the following description of the dual principal
graph of N @ N°PP C M as a corollary, which is originally due to Ocneanu [37]. (Also
see [13].) Label even vertices with (7, j) for [3;;] and odd vertices with % for [p, ®@id][7]
and draw an edge with multiplicity Ni’; between the even vertex (i, j) and the odd
vertex k. The connected component of this graph containing the vertex (0,0) is the
dual principal graph of the subfactor NV ® N°PP C M, which is the same as the
principal graph.

We next study the tensor category of the M-M sectors.

Lemma 22. Let V,W be intertwiners from p;pr to pm and from pjp; to py, respec-
tively, in N'. Then V @ W*°PP € N @ N°PP in an intertwiner from 3, to Bmn.

Proof By a direct computation. 0

Then we easily get the following from the above lemma. (The quantum 6;5-symbols
for subfactors have been introduced in [36] as a generalization for classical 6j-symbols.
See [12, Chapter 12] for details.)

Theorem 23. In the above setting, the tensor categories of (N @ NOPP)-(N @ NOPP)
sectors and M-M sectors with quantum 6j-symbols are isomorphic.
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5 Relations with the quantum double

This section contains our main results.

Here below we will consider an inclusion A C B of nets of factors. We shall say
that A C B has finite index if there is a consistent family of conditional expectations
Er:B(I)— A(l), I € T and [B(I) : A(])]g, < oo does not depend on I € Z. The
independence of the index of the interval I automatically holds if there is a vector
(vacuum) with Reeh-Schlieder property and &£ preserves the vacuum state (standard
nets, see [28]). The index will be simply denoted by [B : AJ.

Proposition 24. Let A C B be a finite-index inclusion of nets of factors as above.
If A and B are completely rational then

pra = Ppg
with I = [B : A.

Proof If N, N, are factors, we shall use the symbol

Ny LN,

to indicate that N7 C Nj and [N : V1] = a.
Let E =1, U Iy € Iy; we will show that

o
B(E) L B(E)
I’ U uI?
PPugy

AE) L AE)

where A(F) C B(FE) has index I? because A(E) = A(I;) ® A(l,), B(E) = B(I;) ®
B(1l,) and [B(L;) : A(L;)] =L

In the diagram, the commutants are taken in the Hilbert space Hg of B, hence

I
B(E) i B(E') is obvious.
We now show that on Hp

g

AE) L AE).

Let v : B — A be a canonical endomorphism with A\ = «y| 4 localized in an interval
Iy; then the net I — A(I) on Hg (I D Ip) is unitarily equivalent to the net

I'— ANA(I)) onHa

and we may assume [y C I;.
Then the correspondence associated with

A(E)-A(E") on Hp,
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namely Hp with the natural commuting actions of A(E) and A(E’), is unitarily
equivalent to the one associated with

ACA(E))-AA(E")) on Ha,

namely H 4 with the commuting actions of A(E) and A(E’) obtained by composing
their defining actions with the map X — A(X). But

AA(E)) = MA(L) V A(l2)) = AA(L)) V A(l2)

and A\(A(E')) = A(E') hence the A(E)-A(E’) correspondence on Hg is unitarily
equivalent to

(AMA(L)) vV A(I))-A(E") onHa

and its index is
[AE) : M(A(1)) V A(L)] = [A(E) : A(E)I[A(E) : A(A(I) V A(I2)] = pal®.
It follows from the diagram that
Ppua = psl® - 1,

thus, I2ug = jia. O

The following Proposition may be generalized to the case of a finite-index inclusion
A C B as above.

Proposition 25. Let A be completely rational with modular PCT and B D A® A°PP
be the LR net. Then also B is completely rational with modular PCT.

Proof Let E = I, U I, and I3 the bounded connected component of E’'. Set C =
A ® AP, Then the conditional expectation & : B(I) — C(I) associated with the
interval I, where I is the interior of I; U Io U I3, maps B(E) onto C(F), because

~

E1(B(E)) C C(I;) NC(I) = C(E), thus
8580'8[’5(]5) (8)

is a finite-index expectation of B(E) onto C(E), where & is the expectation of C(E)
onto C(E). Therefore pug < oo follows by a diagram similar to the one in (5) (with
A ® A°PP instead of A), as we know a priori that the vertical inclusions have a finite
index, while the bottom horizontal inclusion has finite index by the argument given
there.

Then the strong additivity of B follows easily, and so its modular PCT property,
but we omit the arguments that are not essential here (if A is conformal case this
follows directly because then also B is conformal).
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We now show the split property of B. For notational convenience we treat the
case of two separated intervals, rather than that of an interval and the complement
of a larger interval. It will be enough to show that the above expectation (8) satisfies

E(biba) = E(b1)E(b2) , b € C(L) ,

and E(B(1;)) C C(I;), as we may then compose a normal product state p; ® @9 of
C(I,) VvV C(Iy) ~C(I,) ® C(I3) with £ to get a normal product state of B(I1) V B(l2).

Let Rgh) € B(I), h = 1,2, be elements satisfying the relations (15) so that B(Ij)
is generated by C(I;,) and {Rgh)}i. With b, € B(I;) we then have

o Zagh)REh) : (Lgh) eC(Ip) ,

hence

Mp2) — 1) (2) p(1) p(2)
b = "aVa RIVRY
1,
so we have to show that S(REI)RE»Q)) = 0 unless i = j = 0. Now REI) = uiREQ) for

some unitary u; € C(E) and

& ( (Q)R(Q) ch (Q)R(Q) CO (2) — 5.0 (2) ’

ij g

(see Appendix A for the definition of the ij), hence
ERVRY) = EwRYRY) = &(uwéi (R RY)) = &(uiC)™) = &(u) Oy
which is 0 if i # 0 because & (u;) € C(E) is an intertwiner between irreducible
endomorphisms localized in I; and Iy, while & (ug) = & (1) = 1. O
We get the following corollary, where the last part will follow from Proposition 36
later.

Corollary 26. Let A be completely rational and
AR AP C B

be the LR inclusion. Then

2 _ 712
Ha = Iglobal:ulg

where Tgopa = > d(p;)?.
In particular, ug = 1 if and only if A(E) C A(E) is isomorphic to the LR
inclusion.

Proof By Propositions 24, 25 and 36. 0
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Lemma 27. Let Ay, Ay be irreducible, Haag dual nets on separable Hilbert spaces.
Assume that each sector of Ay is of type I. If p is an irreducible localized endomor-
phism of A1 ® As, then

p=p1& P2

with p; irreducible localized endomorphisms of A;.

Proof Let m be a DHR representation of A; ® A, (see Appendix B) on a separable
Hilbert space H. Then m(2;) and 7(2s) generate the von Neumann algebra B(H),
where 2; denotes the quasi-local C*-algebra associated by A;. Hence 7(2;)” and
m(As)" are factors.

Let m; = 7| 4,, where we identify A; with 4; ® C and Ay with C ® Ay, then m; is
easily seen to be localizable in bounded intervals (namely if I; € Z, the restriction of
71 to the C*-algebra generated by {A;(I): I € I{,I € I} extends to a normal repre-
sentation of A;(I1)). Therefore m; is unitarily equivalent to a localized endomorphism
of A;. As m is a factor representation, by assumption 7(2()” is a type I factor and
so is m(™Az2)”. We then have a decomposition

T=m & Ty .

This concludes the proof. 0

Corollary 28. Let A be a completely rational net on a separable Hilbert space. The
only irreducible finite dimensional sectors of A ® A°PP are

[pi ® pi™]
with [pi], [pj] irreducible sectors of A.
Proof Immediate by Lemma 14 and the above Lemma. 0

Lemma 29. Let A be completely rational and B O A @ A°PP the LR net. If o is

an irreducible localized endomorphism of B and o < &;L, o< a, for some localized

endomorphism p, p' of A ® AP, then o is localized in a bounded interval.

Proof The thesis follows because o < a;f is localized in a right half-line and 0 < a;
in a left half-line. ]
The following lemma extends Theorem 20.

Lemma 30. Let A be a completely rational net, {[p:]}:; the system of all irreducible
sectors with finite dimension, and B O A ® A°PP the LR net. The following are
equivalent:

(1) The braiding of the net A is non-degenerate.
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(17) B has no non-trivial localized endomorphism (localized in a bounded interval,
finite index).

Proof We use now an argument in [7]. Let o be a non-trivial irreducible localized
endomorphism of B localized in an interval, with d(o) < occ.
By Frobenius reciprocity

+
o _< Odo.rest )

g _< Od;rest )

where 0" = - 0| gg 4000 and v : B — A ® A°PP is a canonical endomorphism. Hence
if pr. ® id < ¢™* is an irreducible sector with [} o.;] = [o], then by [28], Prop. 3.9,
the monodromy of pj, ® id with v|agacee = D pi @ p;°" must be trivial, namely py, is
a non-trivial sector with degenerate braiding.

The converse is true, namely if p; is a non-trivial degenerate sector, then «
is a non-trivial sector of B localized in a bounded interval.

+
pr®id

Lemma 31. Let A be a completely rational net with modular PCT and let {[p;]}: be
the system of all finite dimensional sectors of A. If E = 1, U Iy € Iy, then

AE = @piﬁi’A(E)a

where A\g = ”yE]A(E), the p;’s are localized in I; and the p;’s are localized in Io

Proof Let j = AdJ, where J is the modular conjugation of A(0, 00). Given I € 7
we may identify A(1)°*? with j(A(l)) = A(—I). We define a net A on R setting

A = A @ A1) = A(I) @ A(-I), IeT.

With I = (a,b) with0 < a < band E = TU—I, let vz : A(E) — A(E) be the canon-
ical endomorphism and Ag = vg| (). We identify now Ag with an endomorphism of
nr of ./Zl([ ) and want to show that 7; extends to a localized endomorphism of A

The proof is similar to the one of Theorem 12. With d > ¢ > b, by Lemma 11 there
is an extension 7 of 1, to A(a, d) with 7| Awa) = id and a canonical endomorphism
N(a,d) acting trivially on A(a, c¢) with a unitary v € fl(a, d) such that

n = Adu . 77(a,d)-

Therefore Adul 4
A(—00, a) and on A(b, ¢). Letting ¢ — oo we obtain the desired extension of Nap) tO
A, that we still denote by 7.

Now, by Lemma 27 for A, every irreducible subsector of n will be equivalent
to pn ® (J - pr - j) for some h, k, hence each irreducible subsector of \g must be
equivalent to py, - pi| a(ey where py, is localized in (a, b) and py, is localized in (—=b, —a).
By Theorem 9 this is possible if and only if A = k. 0

o) 18 an extension of 7 to A(—00, ¢) which acts trivially on

23



Corollary 32. Let A be completely rational with modular PCT. The following are
equivalent.

(i) The net A has no non-trivial sector with finite dimension.
(ii) The net A has no non-trivial sector (with finite or infinite dimension,).

(iii) ua =1, namely A(E) = A(E'") for oll E € Ts.

Proof (i) = (ii): It will be enough to show that every sector (possibly with infinite
dimension) p of A contains the identity sector. Given E = I} U Iy with Iy, Iy € 7,
we may suppose that p is localized in I; and choose a sector p’ equivalent to p and
localized in Io. If u is a unitary with Adu - p = p/, then u € A(E), hence u € A(E)
by assumptions. Now A(E) ~ A(I;) ®.A(I) by the split property, hence there exists
a conditional expectation &€ : A(E) — A(I) with E(u) # 0, thus £(u) is a non-zero
intertwiner between p and the identity.

(ii) = (iii) follows by Lemma 31.

(iii) = (i) follows by Th. 9 (or by Lemma 31). O

The condition p4 = 1 is however compatible with the existence of soliton sectors.

Note also that the condition that A(E) C A(F) has depth < 2 (equivalently A(E)
is the crossed product of A(F) by a finite-dimensional Hopf algebra) is equivalent to
the innerness of the sector A extending A\g (because Ag is implemented by a Hilbert
space of isometries in A(E) [26]), hence it is equivalent to the the property that all
irreducible sectors of A have dimension 1 by Lemma 31.

The following is the main result of this paper.

Theorem 33. Let A be completely rational with modular PCT. Then
HA = Iglobal = Z d(pz>2

and A(E) C A(E) is isomorphic to the LR inclusion associated with A(Iy) @ A(I)
and all the finite-dimensional irreducible sectors [p;] of A.

Proof A(E) D A(E) contains the LR inclusion by the following Proposition 36.
Since p14 = Igobat by Lemma 31 it has to coincide with the LR inclusion. O

Corollary 34. Let A be completely rational and conformal. The inclusions A(E) C
A(E) are all isomorphic for E € Z,.

Proof If I € 7 and the p;’s are localized in I, for any given I; € 7 there is a Mobius
transformation giving rise to an isomorphism of A(I) with A(l;) carrying the p;’s
to endomorphisms localized in I;. Therefore the isomorphism class of {A(FE), A\g}

is independent of £ € Z,. Hence the LR inclusions based on that are isomorphic.
O
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Indeed, by using the uniqueness of the 111 injective factor [6, 19] and the classi-
fication of its finite depth subfactors [40] we have the following.

Corollary 35. Let A be completely rational and conformal. The isomorphism class
of the inclusion A(F) C A(E), E € I, dependes only on the tensor category of the
sectors of A, not on its model realization.

Proof If A is non-trivial and [ is an interval, the A(I) is a I1]; factor and, as the
split property hols, A(7) is injective (see e.g. [27]). Thus A(I) is the unique injective
I11; factor [19].

By Popa’s theorem [40], if A is a IT1; injective factor and 7 C End(N) a rational
tensor category isomorphic to the tensor category of sectors of A (as abstract tensor
categories), then there exists an isomorphism of N with A(I) implementing the
equivalence between the two tensor categories.

Since the LR inclusion N ® N°PP C M clearly depends, up to isomorphism, only
on A and the tensor category 7 C End(N), it is then isomorphic to A(E) C A(E).

0

We now show that, even in the infinite index case, the two-interval inclusion
always contains the LR inclusion associated with any rational system of irreducible
sectors.

Proposition 36. Let A be completely rational with modular PCT j and E = [U—1I €
Ty a symmetric 2-interval and {[p:]} a rational system of irreducible sectors of A
with finite dimension, with the p;’s localized in I. Let R; € (id, p;p;) be non-zero
intertwiners, where p; =7 - p;-J.

If M is the von Neumann subalgebra of A(E) generated by A(E) and {R;};, then
M D A(E) is isomorphic to the LR inclusion associated with {[p:]}:, in particular

M s AE)) = 3 dlpo)*

More generally this holds true if the assumption of complete rationality is relaxed with

~

possibly [A(E) : A(F)] = oo.

Proof Denoting by A the factor A(0, 00), we may assume I C (0, 00) and consider
the p; as endomorphisms of A/. Let then V; be the isometry standard implementation
of p; as in [17]. Since JV;J = V;, we have

pipi(X)V; = ViX

for all X € N'V N, hence for all local operators X by strong additivity.
Since p; is irreducible, (id, p;p;) is one-dimensional, thus R; is a multiple of V; and
we may assume R; = /d(p;)V;, thus

Ry R; = d(p;). (9)
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Now V;V; is the standard implementation of p;p; on A hence by [17, Proposition
A 4], we have

RiR; =Y CERy, (10)
k

where ij is the canonical intertwiner between pipy and p;p;p;p; given by
cr :thj(wh> ﬁzwh ® j(wn), (11)
h h

where the wy,’s form an orthonormal basis of isometries in (pg, pip;)-
Setting po = id, we also have

R = d(p,)CY R, (12)

Indeed the above equality holds up to sign by the j-invariance of both members [17,
Lemma A.3|, but the — sign does not occur because both members have positive
expectation values on the vacuum vector.

Now by the split property A(E) = A(I)V A(—I)~ A(I)® A(—I) and A(—1) =
J(A(I)) can be identified with A(1)°PP, therefore M is isomorphic to the algebra gen-
erated by A(I)®.A(I)°P? and multiple of isometries R; satisfying the above relations.
Moreover, there exists a conditional expectation from M to A(I) ® A(I)°PP.

Corollary 46 then gives the desired isomorphism between A(F) C M and the LR
inclusion. (The Longo-Rehren inclusion in [31], as well as in [28], is dual to the one
in this paper, but it does not matter here. Notice further that, in the conformal case,
the 2-interval inclusion A(F) C A(E) is manifestly self-dual.)

The above proof works also in the case case 4 = oo thanks to Prop. 45. 0

Corollary 37. Let A be completely rational with modular PCT. Then the braiding
of the tensor category of all sectors of A is non-degenerate.

Proof With the notations in Corollary 26 we have p% = IZ, 5. On the other
hand T2, ;.1 = Tgiobal (A ® A°PP), hence

Iglobal(A ® AOPp) = ,u?él = Ig;loballulg

therefore ug = 1. By Corollary 32 we B has no non-trivial sector localized in a
bounded interval and this is equivalent to the non-degeneracy of the braiding by
Lemma 30. 0

That pia = Lgoba implies the non-degeneracy of the braiding has been noticed in
(32, Corollary 4.3].

An immediate consequence of Corollary 37 follows from the work [41], where a
model independent construction of Verlinde’s matrices S and T has been performed,
provided the braiding symmetry is non-degenerate, thus providing a corresponding
representation of the modular group SL(2,7). Hence we have:
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Corollary 38. The Verlinde’s matrices T and S constructed in [41] are non-degene-
rate, hence there exists an associated representation of the modular group SL(2,7).

Corollary 39. Let A be completely rational with modular PCT. Every sector of A
1s a direct sum of finite dimensional sectors.

Proof Assuming the contrary, by Proposition 59 we have an irreducible sector [p]
with infinite dimension. Let F = [} U Iy € Z, with p localized in I} and p’ equivalent
to p and localized in I,. Let u be a unitary in (p, ). Then u € A(E), hence it has
a unique expansion

u= Z%Rz‘, x; € A(E),

where R; are as in Proposition 36. As zu = up(z), x € A(I1), we have
xezR Zmsz Zmz pi+ pi)( szpz ))R; Vxe A(lL),

thus zx; = x;p;(p(x)) for all i. As there is a z; # 0, by the split property there is a
non-zero intertwiner between p; - p and the identity. As p; and p are irreducible, this
implies that p is finite dimensional, contradicting our assumption. 0

Corollary 40. Let A be conformal and completely rational. Then every representa-
tion on a separable Hilbert space is Mobius covariant with positive energy.

Proof By the preceding result every such representation is a direct sum of irre-
ducible sectors with finite dimension. According to [16] every finite dimensional
sector is covariant with positive energy, thus also a direct sum of such sectors. 0

6 n-Interval Inclusions

In this section we extend the results on the 2-interval subfactors to arbitrary multi-
interval subfactors. Let A be a local, irreducible net on S'. We assume A to be
completely rational with modular PCT, so that our previous analysis applies. Al-
ternatively .A may be assumed to be conformal with ps = [A(E) : A(E)| finite and
independent of the 2-interval E; this setting will be needed to derive Cor. 7.
If £ €1, we set R
pin = [A(E) : A(E)] .

With this notation g4 = pe. We also consider the situation occurring in representa-
tions different from the vacuum representation: if p is a localizable representation of A
(i. e. a DHR representation, that, on S, are just the locally normal representations),

we set p, = [p(A(E"))": p(A(E))]-
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Lemma 41. p2 = pf pn, , VYn € N.

Proof Let £=LULU---UI, €7, We may suppose that p is an endomorphism
of A localized in I;. Since p acts trivially on E’, we have p(A(E")) = A(E') = A(E),
thus the inclusion p(A(E)) C p(A(E")) is a composition

P(A(E)) C A(E) C p(A(E") = A(E) ;

by the split property p(A(E)) C A(E) is isomorphic to p(A(l1)) @ A(loU---U1,) C
A(L) @ A(I; U --- U I,), therefore

wp = [AE) : A(E)] - [A(L) : p(A(L)] -

Lemma 42. pf =d(p)?us~', VnéeN.

Proof By the index-statistics theorem [25] we have pf = d(p)?, hence, by Lemma
41, we only need to show that p, = u5~". We proceed inductively. If n = 1 the claim
is trivially true. Assume the claim for a given n and let £, = I U---U I, € Z,, and
En—l—l = Il U---uU In U In—l—l € In-{—l- Then

A(Eny1) = AE)V A(Inyr) C A(E) YV A(Ingt) C A(Enyy) |

~

thus, by the split property, pni1 = pin - [A(Eny1) + A(E,) V A(I,11)] and, by the

inductive assumption, we have to show that A(E,) V A(I,11) C A(E,41) is equal to
pi2. But the commutant of this latter inclusion A(Z], ) NA(E}) C A(E] ) has index
is uo because, by the split property, turns out to be isomorphic to A(1,UI,)®.A(L) D
A(I,UI)®.A(L), namely to a 2-interval inclusion tensored by a common factor, where
I, and I, are the two intervals of E;_, contiguous to I,y and L is the remaining

(n — 1)-subinterval of E] . O

Theorem 43. Let A be a local, irreducible completely rational net with modular
PCT. Let E = U, I; € T,, and A = AW A(E) where v™ is a canonical endo-
morphism from A(E) into A(E). Then

U15eeeyin

where {[p;|}: are all the irreducible sectors with finite statistics, p;, being localized in
I,. N? 1s the multiplicity of the identical endomorphism in the product p;, ... p;, -

i1...0n

The same results hold true if complete rationality is replaced by conformal in-

~

variance and assuming [A(E) : A(E)] = Igoba < 00 independently of the 2-interval
E.
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Proof Let I be an interval which contains U;/; and let p;,, & = 1,... ,n, be ir-
reducible endomorphisms localized in I, respectively. Then the intertwiner space
between p;, pi, - - - pi,, considered as an endomorphism of A(7), and the identity has
dimension N , . We are using here the equivalence between local and global inter-
twiners, that holds either by strong additivity of by conformal invariance [17]. These
intertwiners are multiples of isometries in A(E) Thus, by the argument leading to
Th. 9, pi, pis - - - pi, | A(E) 15 contained in A" with multiplicity N? ;. We have thus
proved the inclusion > in (13). Now the dimension of the endomorphism on the right
hand side of (13) has been computed in [50]. For the sake of selfcontainedness we

repeat the argument:

Yo N dlp)dlp) = Y (Z NE d(ﬂm)) d(piy) -+~ d(pi, )

i1, sin i1y yine1

= Z (d(pl) "'d(pin_1>)2 = (Z d(ﬂ?)) ) (14)

ilv--- 7in—1

in

where we have used Frobenius reciprocity Ny , = NZ? i,_,» the fact d(p) = d(p) and

the identity > ,{pi, p)d(p;) = d(p). On the other hand, we have
dA™) = [A(E) : AB)] = it = Lo = (O d(p)*)" ™,

where the first equality is obvious, the second is given by Lemma 42 and the last one
follows from the results of the preceding section. Thus the endomorphisms on both
sides of (13) have the same dimension, hence they are equivalent.

The last claim in the statement follows by the same arguments and the equivalence
between local and global intertwiners. O

Corollary 44. Let A be as in Th. 43. If E € T, then A(E) C A(E) is isomorphic
to the n-th iterated LR inclusion associated with N = A(I), I € Z, and the system
of all sectors of A (considered as sectors of N ).

In particular, for a fived n € N, the isomorphism class of A(E) C A(E) depends
only on the superselection structure of A and not on E € T,.

Proof Let E=1,U---Ul, €Z, with E C (0,00) and n = 2. Tt follows by Lemma
42 and the split property that

[A(E U —E) : A(E) V A(—E)] = Iglobal .
On the other hand, if the p;’s are localized in I, then the algebra generated by A(E)V
A(—E) and the standard implementation isometries V; of p;| 4p) is the associated LR

inclusion, analogously as in Th. 33, and is contained in /l(E U —FE), hence coincides
with that by the equality of the indices.
The corollary then follows in the case n = 2¥ by induction, once we note that at
each step the extension o) ., from A(E) V A(=FE) to A(EU —E) is Pil A(pu-p)-
The same is then true for an arbitrary n by taking relative commutants. 0
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7 Examples and further comments

Our results may be first illustrated by considering the case of an inclusion of com-
pletely rational, local conformal irreducible nets A C B, where A = B¢ is the
fixed-point of B with respect to the action of a finite group G and ug = 1. Then
(B : A] = |G|, thus by Prop. 24, Igeba(A) = pa = |G[>. Now A has the DHR [9]
irreducible sectors [p,] associated with 7 € G and

Z d(pﬁ)Q = |G,

7r€CAvY

therefore A has extra irreducible sectors [o;] with
Y dle)* =G ~Gl.

For example, in the case of Ising model, we have A = B%2 as above (but with B twisted
local, yet this does not alter our discussion), thus 4 = 4 and thus > d(p;)? = 4, so
the standard three sectors are the only irreducible sectors.

On the other hand, in the situation studied in [34], the superselection category of
A is equivalent to the representation category of a twisted quantum double D*(G)
with w € H3(G,T). Since D¥(G) is semisimple we again have

> d(0)? =dim D*(G) = |G|* = pra.

ceD¥(G)

One may compare this with the situation occurring on a higher dimensional space-
time. There the strong additivity property may be replaced by the requirement that
A0’ NO)Y NAO) = AO) if © c O are double cones. If E = Oy U Oy, where O,
and O, are double cones with space-like separated closure, the split property gives a
natural isomorphism of A(O;) V A(O2) with A(O;) ® A(O2) and

[AE") : A(E)] = Lyoba = ) d(ps)* = |G,

7r€CAvY

where G is the gauge group and the p.’s are the DHR sectors [9] (there is no extra
sectors). The reason for this difference is that on S* the complement of a 2-interval is
still a 2-interval, thus the inclusion A(E) C A(E) is self-dual, while on the Minkowski
spacetime the spacelike complement of O; U O is a connected region producing no
charge transfer inclusion.

The index p4 in the models given by the loop group construction for SU(n)y
has been computed in [50]. Our results apply in particular to these nets and the
2-interval inclusion is the LR inclusion associated with the corresponding irreducible

sectors {[p;]}:-.
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We note that in this case the 2-interval inclusion is not the asymptotic inclusion of
the corresponding Jones-Wenzl subfactor [24, 48], even up to tensoring by a common
injective III; factor. Consider SU(2); as an example. The net has k + 1 sectors and
if we choose the standard generator, we get a corresponding subfactor of Jones with
principal graph Ay 1, up to tensoring a common injective factor of type I11;, as in [47].
If we apply the construction of the asymptotic inclusion to this subfactor, we get a
“quantum double” of only the sectors corresponding to the even vertices of Axi1. We
get the same result, if we apply the LR construction to the system of N-A\ sectors (or
M-M sectors). But the construction of a subfactor from 4 intervals gives a “quantum
double” of the system of all the sectors, both even and odd. If we want to get this
system from the asymptotic inclusion or the Longo-Rehren inclusion, we have to
use also bimodules/sectors corresponding to the odd vertices of the (dual) principal
graph. In order to get this LR inclusion from the construction of the asymptotic
inclusion, we need to proceed as follows. Let {[p;]}; be the set of all the sectors for
the net arising from the loop group construction for SU(n); as above. Then for a
fixed interval I C S, we consider (6D, p:)(A(I)) C A(I) which has finite index and
finite depth. Take a hyperfinite II; subfactor P C @ with the same higher relative
commutants as (@, pi)(A(I)) C A(I). Then the tensor categories of the sectors with
quantum 6j-symbols of Q@ V (Q' N Q) C Qo and A(FE) C /l(E) are isomorphic.
For this reason, the index of the asymptotic inclusion of the Jones subfactor with
principal graph Axy; is half of that of the subfactor arising from 4 intervals and the
net for SU(2)g. For SU(n)y, this ratio of the two indices is n.

Finally we notice that there are models like the SO(2N); WZW models, see
[1] or [34], where all irreducible sectors have dimension one, yet the superselection
category C is modular in agreement with our results. In these cases the fusion graph
is disconnected, therefore the equivalent categories of M — M and of N ® N°PP —
N ® NPP gectors are proper subcategories of the categories C x C°PP ~ D(C), where
D(C) is the quantum double of C.

We close this section with a few questions. Does there exist a net with only
trivial sectors and non-trivial 2-interval inclusions (thus g4 = 00)? Does complete

rationality imply strong additivity? Is the LR inclusion the only extension of N/ @A\ PP

with the given canonical endomorphism @, p; ® p;*"?

A The crossed product structure of the LR inclu-
sion

Let NV be an infinite factor and {[p;]}; a rational system of irreducible sectors of N.
The LR inclusion [28] is a canonical inclusion N'® N°PP C M associated with N/ and
{[pi]}i such that

)\g@pi(gp;)pp’
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where ) is the restriction to N’ ® N°PP of the canonical endomorphism of M into
N ® NOPP,
In [28] such an inclusion is obtained by a canonical choice of the intertwiners
T € (id,\) and S € (A, \?) that characterize the canonical endomorphism [26] (Q-
system). We now show the universality property of this inclusion and its crossed
product structure, that will provide a different realization of it. By LR inclusion we
will mean the upward LR inclusion.
We shall consider the free *-algebra M, generated by N’ ® N°PP and elements R;
satisfying the relations
Rix = (pz & p;‘)pp>($)Ri7 HASS N®Nopp )
RiR; =d(p:) ,
RR; =), ijRk ,
R =d(p)C{y R;

(15)

where C}’ is the canonical intertwiner between py. ® pp™ and p;p; @ pi*f p;*® given by

Cl =32, wn ® j(wy), with j the antilinear isomorphism of N with A°PP, and the
wy’s form an orthonormal basis of isometries in (pg, pip;).

We equip M with the maximal C* semi-norm associated to the representations
of My whose restriction to N' ® N°PP are normal and denote by M the quotient
of My modulo the ideal formed by the elements that are null with respect to this
seminorm and refer to M as the free reduced pre-C*-algebra generated by N ® N°PP
and the R;’s.

Proposition 45. Let N be an infinite factor with separable predual and {[p:]}: a
rational system of finite-dimensional irreducible sectors of N .

Let M be the free reduced pre-C*-algebra generated by N Q@ N°PP and elements R;
satisfying the relations (15) as above.

Then M s a factor and N @ N°P? C M is isomorphic to the LR inclusion
associated with N and {[p:]}:.

In particular every element X € M has a unique expansion

X:inRia x; € N @ NOPP.

In other words: if NV ® N°PP acts normally on a Hilbert space H and R; € B(H)
are elements satisfying the relations (15), then the sub-algebra M of B(H) generated
by N ® N°PP and the R;’s is a factor and N ® N°PP C M is isomorphic to the LR
inclusion.

Proof Clearly all elements of M have the form

X = ZJZ’ZRZ, x; € N®Nopp’ (16)

and we may suppose that M acts on a Hilbert space so that ' and N°PP are weakly
closed.
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We now construct an conditional expectation £ : M — NQN°PP. Setting pg = id,
the expectation £ may be defined by

£(X) = o (17)

for X given by (16), once we show that this is well-defined. To this end we will apply
the averaging argument in [23].

Let J be the set of all 79 € N @ N°PP such that there exist z; € N QN°PP i > 0,
with > .o 2;R; = 0. Clearly J is a two-sided ideal of N'® N°PP, hence J = 0 (as
we want to show) or J = N ® N°PP (we may suppose N to be of type III). Suppose
J#0andlet X =1+>.  z;R; =0, thus

X=1+ ZumiRiu* =1+ Zuxipi ® pPP(u)R; =0
i>0 i>0
for all unitaries v € N @ N°PP. Letting v run in the unitary group of a simple injective
subfactor R of N'® N°PP and taking a mean over this group, we have

X:1+ZyiRi:07

where y; € N ® N°PP intertwines id and p; ® p;*™® on R, thus on all N'®@ N°PP by the
simplicity of R. Since p; ® p;** is irreducible, y; = 0, i > 0, and we have 1 = 0, a
contradiction.
Notice now that
RiR} = d(p) RiCyy' Ry = d(po)pi @ p" (CFRiBi = ) d(pi)ps @ o™ (C)CF R,
k

1

thus, by the conjugate equation in [25], we have

1
ERRY) = d(pi)pi ® pi™ (C{H)CH = :
(BiE) = dip)pe ™ (CHCH = g
so every X € M has the unique expansion

Denoting by M; D N ® N°PP the LR inclusion associated with N and {[p;]}:, M1
is generated by N'® N°PP and elements R, with an expectation &', satisfying the
relations as in (15) and (18) [31, Section 5], hence the linear map

O:X=> mRieM—OX)=) 4R € M (19)

is clearly a homorphism of M onto M, which is the identity on N @ N°PP. & is
clearly one-to-one by the uniqueness of the expansion (18) both in M and in M.
O
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Note that the above Proposition gives an alternative construction of the LR in-
clusion, which is similar to Popa’s construction of the symmetric enveloping algebra
[39], as follows. Let N act standardly on L?*(N) and V; be the standard isometry
implementing p;. The *-algebra 2 generated by A and A’ is naturally isomorphic
to the algebraic tensor product N ® N°PP and the operators R; = \/d(p;)V; satisfy
the relations (15) by [17, Appendix A]. By the above argument there exists a condi-
tional expectation & : 2B — 2, where B is the *-algebra generated by 2 and the V;’s.
Taking a normal state ¢ of N, the state o = ¢ © ¢°PP - £ of B gives by the GNS
representation the LR inclusion 7s(2A)” C 75(8)” (Prop. 45).

Corollary 46. Let N be an infinite factor with separable predual and {[p;]}: a ratio-
nal system of finite-dimensional irreducible sectors of N.

Let M be a von Neumann algebra with M D N @ NP and R; € M elements
satisfying the relations (15). If M is generated by N°® N°P? and the R;’s, then
N @ N°PP C M is isomorphic to the LR inclusion associated with {[pi]}:.

In particular (N @ N°PP) N M = C and there exists a normal conditional expec-
tation from M to N @ N°PP,

Proof The proof is immediate, the isomorphism is obtained as in (19):

X e M— S d(p)E(XRR, .

(notations analogous to the ones in (19). O

In the following we shall iterate the LR construction, in order to describe the
structure of multi-interval subfactors.

With A an infinite factor as above and {[p;]}; a system of irreducible sectors with
unitary braiding symmetry, let a™ be the induction map from sectors p; ® p?pp of
N @ N°PP to sectors of the LR extension M; = M defined by formula (7). Then
{Oz;@id}i is a system of irreducible sectors of M with braiding symmetry and we may
construct the corresponding LR inclusion M; @ M(P* C My, where the opposite of
O‘/—)'—i@id is 04;:@1(1. We may then iterate the procedure to obtain a tower M; C My C
Mo C -+ and thus an inclusion

N,CM,, n=2F,

where NV, = N @ NPP QN @ --- N @ N°PP (2F tensor factors). By construction this

inclusion has index Iglgﬁal and we refer to it as the n-th iterated LR inclusion.

Proposition 47. Let n = 2%. The n-th iterated LR inclusion N,, C M, is irre-
ducible. If v : M,, — N, is the canonical endomorphism, its restriction A\ =
™|, ds given by

AV P N, o @R @@ pT (20)

in ?

11,82, in

where N? = <1d7 Piy Pig " "+ p_ln>

1112...9n
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Proof By a computation similar to the one in Sect. 6, A defined by formula (20)
has dimension
AA™) = Tgha

therefore the formula A = ™|y, will follow by showing that p;, ® pi’ ® -+ ®
PP < ™ |, with multiplicity Nio1 ir..i,, and this will also imply the irreducibility of
N,, € M,, because then A\ = id with multiplicity one.

But p;, ® p?fp ® - @ p;¥ is unitarily equivalent to p;, pi, - - - pi, ®1d®@ -+ ®id in
M.,,, by applying iteratively Lemma 18, hence we have the conclusion. 0

Let now m < n = 2* be an integer and set N, be the alternate tensor product of
k copies of N' and N°PP

N =NQONPRIN®--- N QNP - m factors.
We then define the m-th iterated LR inclusion
N C My,

where M,, is defined as the relative commutant in M,, of the remaining n —m copies
of N and N°PP ie. M,, = (N NN,) N M,,. Note that N, C M,, is an irreducible
inclusion of factors because N}, " M,,, C N, N M,, = C.

Arguing similarly as above we then have:

Proposition 48. Proposition 47 holds true for all positive integer n (in formula (20)

PP is py, if s odd).
Proof Let n = 2°. Let {‘/'szn :0=1,2,...N;, i} be a basis of isometries in the

space of elements in M, that intertwine p;, ® pir* --- ® pi*® on N,,. Arguing as in

12
Prop. 45 we see that any element X € M,, has a unique expansion

— VA i 0
i1..0n £

Using this expansion it is easy to check that for m < n the factor M,, defined above
is generate by N,, and the sz_._in’s with 2,41 = typao = -+ = i, = 0. The rest then

follows easily. O

B Nets on R and on S' and their representations.

In our paper we deal with nets on R, rather than nets on S*, for various reasons:
because this is the natural language for our arguments, because our results are valid
for nets that are not necessarily conformal and, finally, because even if our analysis
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were restricted to conformal nets on S, our proofs would require the analysis more
general nets on R (the t = 0 LR net is not conformal).

In the next Section C we will however need to deal with nets on S* and their rep-
resentations, and then conclude consequences for nets on R. Although the relations
between nets on R and on S* and their representations is straightforward, we will
describe explicitely this point here for the convenience of the reader. However, for
simplicity, we consider only the case of strongly additive, Haag dual nets.

Nets on S*. Let A be a net of von Neumann algebras on S* on a separable Hilbert
space satisfying Haag duality. We also assume the local von Neumann algebras A(I)
to be properly infinite, which is automatically true if is the split property holds, or if
A is conformal (except, of course, for the trivial net A(/) = C).

A representation w of A is, by definition, a map I € Z — m; that associates to each
interval I € Z of S' a representation, on a fixed Hilbert space, of the von Neumann
algebra A(I) such that 7| 4y = 77 if I C I. We shall say that 7 is locally normal if
77 is normal for all I € 7 and that 7 is localizable if 7 is unitary equivalent to id| 4
for all I € Z. As the A(I)’s are properly infinite the two notions coincide if 7 acts on
a separable Hilbert space. Moreover every representation of A on a separable Hilbert
space is automatically locally normal [45], thus localizable.

Denote by C*(A) the universal C*-algebra [14] associated with A (see also [16]).
For each I € T there is a canonical embedding ¢; : A(I) — C*(A) and ¢j| 4y = ¢r if
I C I; we identify A(I) with ¢;(A(I)) if no confusion arises. There is a one-to-one
correspondence between representations of the C*-algebra C*(.A) and representations
of the net A, given by m — {I — m; = 7 - ¢;}. Locally normal representations of the
net A correspond, of course, to locally normal representations of C*(.4). We shall
always assume our representations to act on a separable Hilbert space, thus local
normality is automatic.

As Haag duality holds, a localizable representation 7 of C*(.A) is unitarily equiv-
alent to a representation of the form oy - p, where oy is the representation of C*(.A)
corresponding of the identity representation of A (we shall however not need this
result).

Nets on R. Given a net A of von Neumann algebras on S! satisfying Haag duality
we may associate a net Ay of Neumann algebras on R = S* \ {co} (identification by
Cayley transform) by setting

Ao(l) = A(I) ,

for all bounded intervals I of R. We call Ay the restriction of A to R. Clearly, if A
is strongly additive, then Ay is also strongly additive and satisfies Haag duality on R
in the form

AI) = ARNT) | (21)

where I C R is either an interval or an half-line (a,00) or (—o0,a), a € R.

Here, if £ C R has non-empty interior, we denote by 20(E) the C*-algebra
generated by the von Neumann algebras Ay(1)’s as I runs in the intervals contained
in the region E and set Ag(E) = Ao(E)".
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Conversely, let now Ag be a strongly additive net of properly infinite von Neumann
algebras Ay(I) on the (bounded, non-trivial) intervals of R satisfying Haag duality
(21).

We may compactify R to S = RU{cc} and extend Ay to a net A on the intervals
of S* by defining

A(I) = Ao(S* N T) (22)

if I is an interval whose closure contains the point co. Clearly, A is the unique Haag
dual net on S* whose restriction to R is Ag; we thus call A the extension of Ay to
St

We state explicitely this one-to-one in the following.

Lemma 49. Let A be a net on S' satisfying Haag duality and strong additivity.
Then its restriction Ay to R satifies strong additivity and Haag duality on R.
Conversely if Ay is a Haag dual (21), strongly additive net on R, then its extension
A to St is strongly additive and Haag dual.
Moreover Aq satisfies the split property on R if and only if A satisfies the split
property on S*.

Proof The proof is immediate. The statement concerning the split property follows
because an inclusion of von Neumann algebras N' C M is split iff the commutant
inclusion M’ C N is split. O

We now consider the relation between representations of a net A, satisfying Haag
duality and strong additivity on S* as in Lemma 49 and its restriction 4y on R.

A DHR representation my of A is, by definition, a representation 7y of 2y(R)
such that mo|e, @) is unitarily equivalent to id|e,® 1) for every bounded non-trivial
interval I of R, cf. [9].

Clearly a localizable representation m of A determines a DHR representation g
of Ayp; indeed 7y is consistently defined on U,~0.A(—a, a) by

mo(X) =m(X), X € A1),

where I = (—a, a), hence on all 2A(R) by continuity. We call 7y the restriction of w
to Ao.

Conversely, as we shall see, every DHR representation my of 20y(R) determines
uniquely a localizable representation 7 of A.

A localized endomorphism p of Ag is, by definition, an endomorphism of 2y(R)
such that ple, ) = id|a, () for some interval I C R; one then says that p is localized
in I. p is transportable if for each interval I there is an endomorphism p; localized
in /; and (unitarily) equivalent to p (as representations of Ay(R)). By Haag duality
then p; = Adu-p, where the unitary u belongs to Ag(I), if I is any interval containing
both I and I;. In this paper (as is often the case) transportability is assumed in the
definition of localized endomorphism.
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By a classical simple argument [9], a DHR representation my of 2o(R) is unitarily
equivalent to a (transportable) endomorphism p of 2y(R) localized in each given
interval [; it is enough to put

p(X) =Umy(X)U*, X € Ap(R) ,
where U is a unitary intertwiner between 7o |o,® 1) and id|e, @)

Proposition 50. Let A be a strongly additive, Haag dual net on S* and Ag be its
restriction to R, as in Lemma 49.

If 7 is a localizable representation of A, its restriction w to Ag is a DHR repre-
sentation of Ajg.

Conversely, if mo is a DHR representation of Ay, there exists a (obviously unique)
localizable representation m of A whose restriction to Ay is m.

Proof By the above discussion, we only show that if 7w is a DHR representation of
Ay, there exists a localizable representation m of A such that m; = m|a(p if I is a
bounded interval of R.

Indeed, if the closure of I contains the point oo, we can define 7; as the normal
extension of mg|g (7« {oo}), ONCEe We show the necessary normality property. Now the
normality of 7o|ey (7« {oo}) does not depend on the unitary equivalence class of 7y, thus
we may replace my by a DHR endomorphism p of Ag localized in interval I; C R with
I N1 =@. But then p\%(l\{oo}) is the identity, hence normal. [

By definition, the sectors of A (resp. of Aj) are the unitary equivalence classes of
localizable representations of A (resp. of DHR representations of 4p). By the above
discussions, the two classes are in one-to-one correspondence.

On the other hand localizable representations of A corresponds to localizable
representations of C*(A) and DHR representations of Ay are equivalent to DHR
localized endomorphisms of Ay, hence we have the following.

Corollary 51. Let Aj be a strongly additive, Haag dual as in (21), net on R and A
be its extension to S*. The restriction map ™ — Ty gives rise to a natural one-to-one
correspondence between unitary equivalence classes of localizable representations of

C*(A) and unitary equivalence classes of DHR localized endomorphisms of Ay.
In particular m(C*(A))" = mo(Uo(R))", so w is of type I iff mo is of type I.

Proof It remains to check the last part of the statement. As C*(A) is generated

(as C*-algebra) by the von Neumann algebras A(I) as I runs in the intervals of S*,
one has 7(C*(A))” = Vm(A(I)), thus clearly 7(C*(A))" D mo(™Ao(R))”.

On the other hand if I is an interval of S!, by local normality and strong additivity

we have 77(A(I)) = 71 (A(I \ {o0})) C mo(Ap(R))”, hence w(C*(A))" C mo(™Ao(R))”.

O

The naturality in the above corollary means that the tensor categories of lo-
calizable representations of C*(A) and of DHR localized endomorphisms of Ay are
equivalent, but we do not need this form of the above statement.
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C Disintegration of locally normal representations
and of sectors.

Takesaki and Winnink [44] have shown that a locally normal state decomposes into
locally normal states, if the split property holds. We shall show here analogous
results for localizable representations (sectors). Our arguments work, however, along
the same lines to show that locally normal representations decompose into locally
normal representations, also on higher dimensional manifolds.

We begin with a simple Lemma.

Lemma 52. Let M be a von Neumann algebra, £ C M a o-weakly dense C*-
subalgebra and J C £ a right ideal of £.

If m is a representation of £ on a Hilbert space H such that 7|, is o-weakly
continuous and w(J)H = H, then 7 is o-weakly continuous, thus it extends uniquely
to a normal representation of M.

Proof It is sufficient to show that 7 is o-weakly continuous on the unit ball of £,
see e.g. [45]. Let then {a;}; be a bounded net of elements a; € £ such that a; — 0
o-weakly. If t € B(H) is a o-weak limit point of {7 (a;)};, we have to show that ¢ = 0.
By considering a subnet, if necessary, we may assume m(a;) — t. Given h € J, we
have a;h € J and a;h — 0, thus 7(a;h) — 0 because 7|, is o-weakly continuous,
therefore

tm(h) = hZHlﬂ(ai)ﬂ'(h) = lizmﬂ(aih) =0,

and this entails ¢ = 0 because h is arbitrary and 7(J)H is dense in H. O

We shall use the well-known fact that the C*-algebra of compact operators on a
separable Hilbert space H has only one non-degenerate (i.e. not containing the zero
representation) representation, up to multiplicity, hence a unique normal extension

to B(H).

Corollary 53. Let N be a type I factor with separable predual, K C N the ideal of
compact operator relative to N and £ a C*-algebra with K C £ C M.

If m is a representation of £ such that 7|k is non-degenerate, then  is o-weakly
continuous, thus it extends uniquely to a normal representation of N.

Proof Immediate because any non-degenerate representation of K is o-weakly con-
tinuous and K is o-weakly dense in V. O

Let A be a net of von Neumann algebras on S* over a separable Hilbert space
satisfying the split property and Haag duality.

If I, I are intervals, we write I CC I if the closure of I is contained in the interior
of I. For each pair of intervals I CC I we choose an intermediate type 1 factor
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N(I,I) between A(I) and A(I) and let K (I, 1) be the compact operators of N'(I, I)
(there is a canonical choice for N'(I,I) [10], but this does not play a role here). We
denote by Zg the set of intervals with rational endpoints and by 2 the C*-subalgebra
of C*(A) generated by all K(I,1) as I cC I run in Zg. Clearly 2 is norm separable.

If I, cC I, C I, CC I then clearly N'(I},I;) C N(Iy, Iy), but K(Iy, ;) is not
included in K (I, I,). For this reason we define the C*-algebras associated to pairs
of intervals I cC T

(L) =N, TN .

As N(I,1) is the multiplier algebra of K(I, 1), £(I,1) consists of elements of 2 that
are multipliers of K (I, I ).

By definition K (I,I) ¢ £(I,1) € N(I,I) and « is the C*-subalgebra of C*(A)
generated by all £(1,1) as I cC I run in Zo.

Lemma 54. If I, CC fl clyccC I~2 are intervals then
(I, 1) C £(I5, I) .
Proof E(Il,fl) C N(Il,fl) C N(IQ,fQ), thus
LI, 1) C N (L, L)NA = £(1,, 1) .

O

Proposition 55. Let 7 be a locally normal representation of C*(A). Then |y is
a representation of A and W]K(Ij) 1s non-degenerate for every of pair of intervals

Iccl.
Conversely, if o is a representation of 2 such that U’K([j) 1s non-degenerate for

all intervals I, Ie 1o, I CC f, there exists a unique locally normal representation o
of C*(A) that extends o.

Moreover equivalent representations C*(A) correspond to equivalent representa-
tions of .

Proof The only non-trivial part is that o extends to a locally normal representation
g of C*(A). If I CC I are intervals in Zg, we denote by ;7 the unique normal

extension of o|g; 7y to N (I, I) given by Corollary 53.
Given an interval I, we choose I, fl €1y, ) CC fl such that I CC I; and set

o = O'IljlyA([) s

We have to show that &; is well-defined, then I — &7 is clearly a representation of

A.
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Indeed, let ~I2,I~2 € Ig with I, CC I~2 be anpther pair such that I CC I,. We
can clr}oose 13,13~€ g such that [ CC I3 CC I3 CC I; N Iy. Then by Lemma 54
£(I3,I3) C £(1;,1;), i = 1,2, and therefore

O13,5 = 91,1 ’N(Isjs) = O, ’N(Isjs) :

This concludes the proof. 0

Proposition 56. Let m be a locally normal representation of C*(A) on a separable
Hilbert space and denote by g be the restriction of w to . If

@
T :/ 7r,\du()\)
X
is a decomposition into irreducible representations my (which always exists), then
extends to a locally normal representation 7y of C*(A) for almost all .

Proof By Proposition 55, it is sufficient to show that there exists a null set £ C X
such that [y, 7 is non-degenerate for A ¢ E and all 1,1 € Zg with I CC I. This

is clear for a fixed pair I, I of the family, because 7 k(1,7 18 non-degenerate. Then the

statement follows since the considered family of K (I, I)’s is countable. O

Proposition 57. With the notations in the Proposition 56, if m1(C*(A))" is a factor
not of type I, then for each A € X the set X = {N € X, my ~ m\} has measure zero.

Proof The set X, is measurable by Lemma 60 below. We have pu(X ~\ X)) > 0, as
otherwise m would be quasi-equivalent to 7y, hence 7(2()"” would be a type I factor.
If (X)) > 0, then 7y would be the direct sum of two inequivalent representations

- / i) @ / ()

XA X\X;

which is not possible since 7(2)” is a factor. O

Corollary 58. If there exists a localizable representation m of C*(A) with w(C*(A))"
a factor not of type I, then there exist uncountably many inequivalent irreducible
localizable representations of C*(A).

Proof If the representation 7 is factorial not of type I, then the family of the m)’s in
the above proposition contains an uncountable set of mutually inequivalent irreducible
localizable representations as desired. 0

Corollary 59. Let Ag be a strongly additive, split net of von Neumann algebras on
the intervals of R which is Haag dual as in (21). If there exists a DHR localized endo-
morphism p of Ao with p(Ao(R))" a factor not of type I, then there exist uncountably
many inequivalent irreducible DHR localized endomorphisms of Ajg.
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Proof Immediate by Corollary 58 and Corollary 51. O

Before concluding this appendix we have to prove a Lemma that has been used.
Let 2 be any separable C*-algebra and ¢ a representation of 2. Choose a sequence
of elements ay, € A dense in the unit ball (;, a sequence ; € A* dense in the Banach
space of normal linear functionals (o(2()”). associated with o. A linear functional
@ € A* is then normal with respect to ¢ if and only if

Vk €N, Ji € N:|p(ar) — gilar)] < =, V€€ N, (23)

wl»—‘

We thus have the following.

Lemma 60. Let 2 be a separable C*-algebra, m a representation of % on a separable
Hilbert space and m = ff madp(A) a direct integral decomposition into a.e. irreducible
representations wy of ™A. For any irreducible representation o of A, the set X
{\, 7\ ~ o} is measurable.

Proof Let ¢ = ff E(N)dp(A) be a vector with £(X) # 0, for all A € X, and consider
the functional of 2 given by ¢y = (mA(-)€(A), £(N)).

As both ¢ and 7, are irreducible, we have ¢ ~ 7, if and only if ¢, is normal with
respect to 0. With the previous notations, we then have by eq. (23)

Xy, = ﬂ U ﬂ Xike
E i 0
where

}

As Xk is measurable, also X, is measurable. O

w|>—~

Xive = {X € X t|pa(ar) — @i(ar)] <
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