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Abstract. We show a certain one-parameter automorphism group of the in-
jective II; factor R arising from the irrational rotation C*-algebra Ay is cocycle
conjugate to an infinite tensor product type action, hence, unique up to cocycle con-
jugacy. An SL(2,Z)-action on Ay, a Rieffel projection in Ay, and central sequence

technique in R are used.
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In the irrational rotation C*-algebra Ay with uv = e*™*“vu, consider the following

one-parameter automorphism group ay: az(u) = ey, ay(v) = ey, Here A
and p are non-zero real numbers with A\/u ¢ Q. We extend this one-parameter
automorphism group to the weak closure R of Ay with respect to the trace T,
which is the AFD (approximately finite dimensional) II; factor. We will show
this one-parameter automorphism group is cocycle conjugate to an infinite tensor
product type one-parameter automorphism group with full Connes spectrum R if

and only if A/p is not in the GL(2,Q) orbit of #. Then such a one-parameter

automorphism group is unique up to cocycle conjugacy by our previous result [12].
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Now we explain the motivation of investigating this one-parameter automor-
phism group. After Connes’ seminal work on the classification of single automor-
phisms of AFD II; factor [7], there have been remarkable progress in the cocycle
conjugacy classification of discrete amenable group actions on AFD factors. But
these developments are restricted to the discrete case. Without question, the co-
cycle conjugacy problem of continuous group actions on AFD factors is one of the
major problems in the theory of von Neumann algebras. In fact, the completion of
the cocycle conjugacy classification of one-parameter automorphism groups on the
AFD Il factor would give more insight into the structure of the AFD III; factor,
whose uniqueness was recently established by Connes [8] and Haagerup [9] — a deep
result of the subject whose proof is still considered difficult and mysterious beyond
the validity of the result. Note that Haagerup’s result can be formulated as follows:
One-parameter automorphism group « of the AFD type 11, factor is unique up to
conjugacy if it satisfies tr - a; = e~*tr. In the previous papers [11],[12], we started
to challenge the problem, and obtained positive partial results, completion of the
classification in the cases that the Connes spectrum I'(«) is not equal to R, and
that the action fixes a Cartan subalgebra of R elementwise. In the latter cases, the
condition I'(ov) = R implies uniqueness of a up to cocycle conjugacy. Note that
these cases include infinite tensor product type actions. In this paper, we consider
the above one-parameter automorphism group « of the AFD II; factor R which is
far from the infinite tensor product type, i.e., our actions are ergodic and almost
periodic.

The results in [11],[12] are analogous to the classification of the AFD type III

factors. Thus one might expect that I'(«v) = R would imply the uniqueness of o up



to cocycle conjugacy, as an analogue of the uniqueness of the AFD type III; factor,
but this is not the case. For the type III factors, the condition S(M) = [0, 00)
implies T (M) = {0}. (See Connes [6].) But now I'(or) = R for a one-parameter
automorphism group a of the AFD II; factor R does not imply {t € R|a; €
Int(R)} = {0}. Indeed, for the above one-parameter automorphism group « of
R, it is easy to see that we have I'(a) = R because of A\/u ¢ Q, but we have
{te R|ay € Int(R)} = {0} if and only if A\/u is not in GL(2,Q)-orbit of §. (Here
GL(2,Q)-action is given by a fractional transformation.)

Thus when we try to prove the uniqueness for the case I'(a) = R in more general
situations than in Kawahigashi [12], we have to use the condition {t € R|a; €
Int(R)} = {0} in an essential way. (Note that {t € R|a; € Int(R)} = {0} does not
imply I'(ar) = R, either.) But at this point, we do not know the method of making
use of this condition in general situations. Thus we are led to investigate the above
action « in detail as the next step of [11],[12]. Because infinite tensor product type
one-parameter automorphism groups with the full Connes spectrum R are unique
up to cocycle conjugacy by Kawahigashi [12], we can consider an action of this
type as a model action, and we compare it with our action a. Our one-parameter
automorphism group « has a delicate and interesting property, because when we
change parameters A, i by a very small number, we get a periodic action or an action
with I'(a) = R and {t € R|a; € Int(R)} # {0}. Another interesting property is
that it is an ergodic action. The key to the uniqueness in our previous result [12]
was the existence of a Cartan subalgebra in the fixed point subalgebra. That is,
it is a good condition that a fixed point algebra is large, from this viewpoint, and

the ergodic actions are clearly the most difficult ones. (The point is our group



R is, of course, non-compact.) Another important point of this action is that it
is almost periodic. That is, we can extend this action to a T? action. Because
compact abelian group actions have been classified in Jones-Takesaki [10], it would
be natural to try to use this extension to our problem. But Proposition 4.7 in
Olesen-Pedersen-Takesaki [14] says that we cannot get a non-ergodic action from
an ergodic action by a cocycle perturbation on T?. What we would like to get
is now a model, an infinite tensor product type action, which has a large fixed
point algebra. This means that we have to get out of the “compact world” to
obtain a large fixed point algebra, though the action is extended to a compact
group. Indeed, the hardest step in our proof is fixing countably many projections
by successive cocycle perturbations. (Fixing a projection by cocycle perturbation
was stated as a problem in the introduction of Takesaki [16]. We solve this problem
for our ergodic actions.)

The contents of the sections are as follows. We show existence of a solution
of a certain system of inequalities for Diophantine approximation in order to get
a desired automorphism of Ay coming from an SL(2,Z) action. We also need a
well-behaved Rieffel projection and a well-behaved unitary in Ay, and the choice
is made in §1. By these, we will make a central sequence of almost 2 x 2 matrix
units which are well-behaved with respect to the derivation in Ay. (Note that we
cannot make a matrix unit in Ay because the range of the trace of the projections
does not contain any rational number.) In §2, we prepare several lemmas for norm
estimates of a derivation in holomorphic functional calculus. We have to change
projections and unitaries from given ones to better ones while keeping estimates

of a derivation. In §3, we will show the splitting of a model action. That is, our



action « is cocycle conjugate to the tensor product of o and a model. This is
done by central sequence technique. The key point is making almost matrix units
commute with each other while they only almost commute at first. We also have to
make a central sequence of true matrix units in R from almost matrix units in Ag.
In §4, the main theorem, Theorem 16, and a corollary is given by showing that a
model action can absorb our action « as a factor of tensor product: a model action
is cocycle conjugate to the tensor product of a model action and «. The almost
periodicity is used for this statement to reduce the case to our previous result [12].
(The key to our result in [12] for almost periodic action with the irreducible fixed
point algebra was Ocneanu’s theorem [13].)

This work was started at Institut Mittag-Leffler, and completed at Institut des
Hautes Etudes Scientifiques. The author is thankful to the both institutes for their
hospitality. The author acknowledges with gratitude the financial support from the
Sloan Foundation, Institut Mittag-Leffler, Phi Beta Kappa Alumni in Southern Cal-
ifornia, and Hortense Fishbaugh Memorial Scholarship. He also expresses thanks to
Prof. A. Connes for suggestions, to Prof. M. Rieffel and the referee for simplification
of the proof of Lemma 1, and to Prof. M. Takesaki for constant encouragement and

helpful suggestions including several simplifications of the proofs.
§1 An SL(2,Z)-action on Ay

We will have to solve a certain system of inequalities for Diophantine approxi-
mation for constructing well-behaved elements in a C*-algebra Ay. We show in this
section that it is possible to solve the system. This enables us to find a desirable

automorphism of Ay arising from SL(2,Z)-action.



We fix some notations. Let Ay be the C'*-algebra generated by two unitaries
u,v with the relation uv = e**%vu, § € [0,1]\ Q. Note that if an element x is in
Ap, then it can be expressed as an £%-sum z = Zn mez nmu" V" anm € C. We

define a subalgebra Ag° of smooth elements by

A = { Z an.mu™v™ € Ag | (In|* +|m|*)anm) € £2(Z?) for any integer k > 0}.
n,meZ

We write 7 for the unique normalized trace on Ag. We consider the derivation § of
Ap defined by §(u) = idu, 6(v) = iuv, where A and p are non-zero real numbers.
(This is the generator of a one-parameter automorphism group of Ap.) We assume
A p ¢ Q, and A/u is not in the GL(2,Q) orbit of §. (A matrix A = (Cé Z) acts
on 0 by A0 = (af + b)/(c + d).) We identify the one-dimensional torus T with
R/Z and [0, 1], and for x € R we use the notation {z} = x mod Z € T, and ||z||
for the distance between x and the nearest integer. The following Lemmas 1 and 2

are preliminaries for Lemma 3, which is the key lemma in this paper.

Lemma 1. Let the real numbers 6, A\, u be as above. Let € > 0, and I, J be open
intervals in T with the width 2¢. Then there exist integers a,b such that {af} € I,

{0} € J and |a\ + bu| < e.

Proof. Set

A= {(af,b0,a) +bu) | a,b € Z} C T? x R.

It is enough to show A = T2 x R. Suppose A is not dense. Then there exists

n,m € Z and v € R such that (n,m,v) # (0,0,0) and

exp 2mi(naf + mbh + v(a\ + bu)) =1, for a,b € Z.



Taking a = 0,b = 1 and a = 1,b = 0, we get mf + pv = m’ and nf + \v = n’
for some m’,n’ € Z respectively. Because 6 ¢ Q, we get v # 0, and A\/u =

(n" —n@)/(m' —m#@), which is a contradiction. Thus we are done. Q.E.D.
In the next step, we take the above a,b so that they are relatively prime.

Lemma 2. Let the real numbers 0, \, u be as above. Let ¢ > 0, and I,J be open
intervals in T with the width 2e. Then there exist integers a, b such that (a,b) =1,

{ab} € I, {b8} € J and |a)\ + bu| < e.

Proof. We may assume the transfomation S on T? defined by a translation by
(¢,€/v/2) is ergodic by replacing € by a smaller number, if necessary. (Choose & so
that e ¢ {V/2k/(v/2n +m) | k,n,m € Z, (n,m) # (0,0)}.)

Choose a positive integer N such that for every (z,y) € T? there exists j with
0<j<N,|x—je| <e/2 and ||y — je/V2|| < £/2v/2. This is possible because of

the ergodicity of S. Choose integers a’ and b’ by Lemma 1 so that

e—¢/2N < {d'6} <,
(e —e/2N)/V2 < {V0} <e/V?2,

0<|a'A+bu|l<e/2N.

Let k = (a’,V’). Because k # 0 and (a'/k,b' /k) = 1, there exist integers ¢, d such
that a’d/k —V'c/k = 1. We may assume |cA + du| < /2N by replacing ¢, d by
¢+ ld',d + IV respectively for an appropriate [, if necessary. Let I’ and J’ be the
open intervals in T which have the same centers as I and .J respectively, and have

the width €. Then by the definition of N, there exists a positive integer j < N such



that {cf + je} € I' and {df + je/v/2} € J'. By the choice of a’ and ¥/, this implies
{ch + ja'0} € I and {df + jb'6} € J. It suffices to set a = ¢ + ja’ and b = d + jV/
because we have (a,b) = 1 by (a’'/k)b— (b'/k)a = 1, and |[aA+bpu| < /2N +¢/2 < e.

Q.E.D.
Now we can prove the key lemma.

Lemma 3. Let the real numbers 0, \, i be as above. For any e > 0 and v € R,

there exist integers a,b,c,d such that

ladl], 101, [[c01], || < e,
ad —bc =1,

laX + bul, |eA + dp — v| < e.

Proof. The proof is very similar to that of Lemma 2. We may assume again that
the transfomation S on T? defined by a translation by (g,&/v/2) is ergodic. Choose
a positive integer N such that for every (z,y) € T? there exists j with 0 < j < N,
|z — je|| < /2 and ||y — je/v2|| < £/2v/2. Choose integers a and b by Lemma, 2

so that

(a>b) =1,
e —¢/2N < {ab} <,
(e —e/2N)/V2 < {b0} < /V/2,

0 < |aX +bu| < e/2N.



There exist integers ¢’,d’ such that ad’ — bc’ = 1. We may assume |¢/\ + d'p —
v| < /2N by replacing ¢’,d" by ¢ + la,d" + Ib respectively for an appropriate [,
if necessary. Then by the definition of N, there exists a positive integer j < N
such that ||’ + je|| < &/2 and ||d’'0 + je/v/2|| < £/2. By the choice of a and b,
this implies ||¢'8 + jaf|| < € and ||d'8 + jbO|| < €. It suffices to set ¢ = ¢/ + ja and
d = d' + jb because we then have ad —bc =1 and |cA+dpu —v| <e/2N +¢/2 <e.

Q.E.D.
We introduce a new definition here.

Definition 4. Let A be a unital C*-algebra with a normalized trace 7. For a
positive number ¢, a pair of a projection e and a unitary w in A is called an e-pair

if e and wew* are orthogonal, and 7(e + wew*) > 1 — ¢.

Note that this gives us an “almost” 2x2 matrix unit in the sense that e, ew™*, we, wew*|i

make a 2 X 2 matrix unit of (Ap) . and 7(e + wew*) > 1 —e.

et+wew

Lemma 5. For any positive €, there exists an e-pair (e,w) in AZ° in the form

e =f(u) + g(w)v + v g(u),

w=v",

where f and g are C*°-functions on T. Moreover, for a given positive integer my,

m can be chosen so that m > my.

Proof. We identify the unit circle in the complex plane, R/Z and the unit interval

[0,1]. (The points 0 and 1 are identified.) By the functional calculus, we identify u

2mit

and the function e*™ of ¢ on the unit interval. Then for a continuous function f(t)



on the unit interval, we get the relation v fv*(t) = f(t — 6). Take a positive integer
n such that (1 —¢)/2 < {nf} < 1/2, and take &’ > 0 such that {nf} +¢&’ < 1/2.
First we assume n = 1 for simplicity. Choose a Rieffel projection e as follows.
(See Theorem 1.1 in Rieffel [15].) Set e = f(t) + g(t)v +v*g(t), where 0 < f(¢) <1
on the interval [0,&], f(t) = 1— f(t —0) on [0,6 + €], f(t) = 1 on [¢/,0], and
f(t) = 0 elsewhere, and g(t) = ((1 — f(t))f(t))'/? on the interval [0, 6 + £'], and
g(t) = 0 elsewhere. We can take f and g among C'*°-functions here. We choose a
positive integer m > mg such that 1/2 < {mf} <1—60 —¢’. Set w = v™. First we
show wew*e = 0. Because wew* = f(t —mb) + g(t — m@)v + v*g(t — mb), we get,

by a direct computation,

wew*e =f(t —ml) f(t) + f(t —mb)g(t)v +v* f(t — 0 —mb)g(t)
+ gt —m) f(t — O)v + g(t —mb)g(t — O)v® + g(t — mb)g(t)

+v*g(t —mO) f(t) + g(t — mb + 0)g(t + 0) +v*3g(t —mb — 0)g(t).
Then all the nine terms on the right hand side turn out to be zero. We also have
T(e + wew™) =27(e) =20 > 1 —¢.

In general cases n > 1, we can apply the same technique as in the proof of
Theorem 1.1 in Rieffel [15]. Q.E.D.

Next we consider an action of SL(2,Z) on Ay. Let g = (CCL € SL(2,Z). We

define the automorphism o, of Ag by o,(u) = u®® and o,(v) = uv?. (This action

10



was considered in Brenken [5] and Watatani [17].) Note that this actually defines an

automorphism because we have (u®v®)(u¢v?) = e** (uv)(u®v®) by ad — be = 1.

We need easy lemmas for norm estimates for the SL(2,Z)-action. Let 41,02
be the canonical derivations of Ay defined by 01 (u) = iu,d1(v) = 0 and J2(u) =

0,02(v) = dv. For o =% zanmu™v™ € AF, we set |z[1 = 3, ez lanml-

Note that this is bounded because x € Ag° and also note that ||z| < ||z||;.

Lemma 6. Let the real numbers 0, \, u and the derivation d be as above. For

b

x € Ag° andg:(ccb d

) € SL(2,Z), we get

log" 8- og(@)lli < max(JaX + by, [eX + dpl) (|61 (2)[[1 + [[62(2) 1)

Proof. Let z =) Ap,mu"v™ € Ag°, anm € C. Because

n,meZ

o b6 og(x) = Z an,m(n(aX + bu) +m(ch + dp))u™v™,

n,meZ

we get

logt-6-ag(@)lh < D lanml(nllad +bul + [mlleA + dul)
n,meZ

< max(|aA + bpl, [eA + du[)([|01(z) |1 + [|02(2)[1)-
Q.E.D.

11



Lemma 7. Let the real numbers 0, )\, u and the derivation o be as above. For

a b

x,y € A3° and g = (c d) € SL(2,Z), we get

llog (), il

< 2m max({|af}, [[60]], [|cO]l, [|a8[)([|01 ()]l + |62(2) [ ) ([[or (W) llx +[162()[1)-

Proof. Let xz = Zn,mez A mu™v™ € AP,y = Zn,mez br,m 0™ € AP, Ay brm EI

C. By direct computation, we get

llog (), il

/! /!
< 3 Janml b )" (@)™ ™ o™ |y

n,m,n’,m’'cZ

< Y anmllba ||l = exp(2mif(—n/md — n'mb + m'mc + m'na))|

n,m,n’,m’'cZ

< Z @ ||bns me 127 ]| (—n/md — n'mb + m'me + m/na)é)|

n,m,n’,m’'cZ

< > lanmllow |27 [[ml[[d6]] + [/ [|m] [68] + | llml[[e8] + [m||n]]|ad]|)

n,m,n’,m’'cZ

< 2m max([lad|l, 6], <81, 196]) D lanmllbur (Il + fm]) (|| + [m])

n,m,n’ m' €z

< 2m max({|af}, [[60]], [|cO]l, [|aB[)([|01 ()]l + |62 () [ ) (l[or (W) lx +[1d2(¥)[1)- |

Q.E.D.

The next lemma will give us an almost matrix unit which is well-behaved with
respect to the derivation and almost commutativity. This can be regarded as a
variant of the non-commutative Rohlin Theorem in the sense that it produces a

piece of a model action. (See §6.1 in Ocneanu [13].) This is also related to property

L'\. (See Araki [1].)
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Lemma 8. Let the real numbers 0, \, i and the derivation  of Ag be as above. Let
F C Ag° be a finite set, v € R and € > 0. Then there exists an e-pair (e,w) such

that

e, wlll, llw, yll < e, for every y € F,

15(e)l; [16(w) = ivwl]| <e.

Proof. Choose a Rieffel projection e as in Lemma 5. Set

e1 = e/ max(|[61(e)[1 + [|62(€)]l1, 1)-

We choose w = v™ by Lemma 5 so that m > (|v| + e1)/e1. We also set

K = max(([d1(y)[[1 + 162(¥) |1, 1),
yeF

and

2K max([[61(e)[l + [82() 1, 10 (w) [ + [[62(w)][1, 1)

€2

Choose integers a, b, ¢, d by Lemma 3 so that

labl[, [[661], [l |d6]] < &2,
ad —bc =1,

laX + bpl, |eA + dp — v/m| < e1/m,

13



and let g = (CCL Z) € SL(2,Z). Note that |a\ + bu| < 1 and |eA + dp| <

(e1+v|)/m < e1. We will show o4(e) and o, (w) satisfy the desired properties. By

Lemma 6, we have
16(ag ()l < ex(lor(e)llr +[162(e)[l1) < e
We also have
16(0g(w)) —ivwl]l = [m(cA + dpu) —v| < e <e.
For commutators, we have, by Lemma 7,

llog(e), ylll < 2mex([|d1(e)llr + [[o2(e) 1) (161 (W)l + 192(y)[11) < e,

and similarly ||[og(w),y]|| < € for every y € F. Thus we can replace e,w by

o4(e),04(w) respectively. Q.E.D.

62 Holomorphic functional calculus and norm estimates of a derivation

We need some preliminaries for norm estimates of a derivation for holomorphic
functional calculus and inner perturbation of a derivation. These will be used for
getting a unitary or a projection which commutes with given elements when we
have a unitary or projection which almost commutes with them. We have to keep
the estimate of a derivation for this change.

The first lemma is for inner perturbation of a derivation.

14



Lemma 9. Let A be a C*-algebra, and 6 be the generator of a one-parameter
automorphism group on A. Let A> be a subalgebra of C°°-elements with respect
to §. If an e-pair (e,w) in A satisfies ||6(e)|| < €', ||[d(w) — ivw| < & fore’ >0
and v € R, and e,w € B’, the commutant of B, for a subset B C A with § =0
on B, then there exists a self-adjoint element h € A N B’ such that ||h|| < 100¢’,
(0 4 ad(ih))(e) = 0 and (6 + ad(ih))(we) = ivwe.

Proof. Set e11 = e, e12 = ew™, ea; = we, and ez2 = wew™. Note that these make a
matrix unit of Ae,, te,,. Set thy = (ive;; —ivess)/2, and ihy = [e11 + e22,0(e11 +
e22)]. Then it is well known and easy to see that (6 +ad(iho + ih1))(e11 + e22) = 0.

Now we set

ihg = 611((5 + ad(iho + ihl))(eu) + e21 ((5 + ad(iho + ihl))(elg).

It is well known that (§ + ad(iho) + ad(ih1 + ih2))(ejx) = 0 for all j,k =1,2. (See
Remark 1.6.7 in Bratteli [4]. We can apply it because (§ + ad(ihg + thi))(e11 +
e22) = 0 though e1; + €22 # 1 in general.) We can set h = h; + ha. Because

|hi]| <2-2-4e" = 16€, we get

1holl < &+ 2|[ha| + 2[hall + [[6(ex2) + [iho, ex2]|| < 67",

and ||h]| < [|ha||+||he2|| < 100&’. Tt is easy to check h € A NB’, (§+ad(ih))(e) =0

and (6 + ad(ih))(we) = ivwe. Q.E.D.

The following three lemmas deal with unitaries and projections. We will change
almost unitaries and projections into true unitaries and projections with norm

estimates.
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Lemma 10. Let A be a C*-algebra, and 6 be the generator of a one-parameter
automorphism group on A. Let A> be a subalgebra of C°°-elements with respect
to 6. Suppose we have a unitary u € A, and a subset B C A°°. If we have
0<e<1/12,¢ >0, ve R,z € A°NB, ||lxr—u|| <e, and ||§(z) —ivz| < €,
then there exists a unitary v € A*° N B’ given by the polar decomposition of x with

|lv — || < 5e and ||6(v) — ivv|| < 30¢’.

Proof. First note that ||z|| <1+ ¢, and

|lz*z — 1] < |[(z* —u®)z|| + [[u"(z —u)|| <e(1+¢€) +e < 3e.

Thus 1 — 3¢ < z*z < 1+ 3¢, which implies 1 — 3¢ < |z|] <1+ 3¢ and 1 — 4e <

|z|~t < 1+ 4e. Now set v = z|x|~1. Clearly this is a unitary in A N B’. We have

lv =] < [la(1 = |2[7H)] < (1 +e)de < Be.

Let C be a circle with the center 1 and the radius 1/2 on the complex plane. By

holomorphic functional calculus, we get the equality

1
2|7t = - V2 —a*a) "l dz.
™ Jo

Because ¢ is a closed derivation, by differentiating this under the integral sign, we

16



get

I3l =l < 521 [ 6672 = a") ) e
< %H /021/2(2 — ) o) (s — )L |
< D /5 2ot
< 8v2(|§(z")x + 2*5(x)|
= 8V2||(8(x*) + iva*)x + 2* (6(x) — ivz)||

< 16v2(1 +¢)e’ < 25¢'.
Finally, we get

l6(v) —ivvll < 3(@)]2| " + zd(|2| ") — ivalz| |

<e'(1+4e) + (1+¢e)25e" < 2e’ 4 28" = 30¢.

Q.E.D.

Lemma 11. Let A, A6 be as in Lemma 10. Let 0 < ¢ < 1/12, ¢’ > 0 and
B C A>®. Let e, f be projections in A N B with |le — f]| < g, |0(e)]] < €,
and ||0(f)|| < &'. Then there exists a unitary u in A N B’ such that ufu* = e,

|lu—1]| < 5e, and [|§(u)|| < 60e’.

Proof. We use the method of Propositions 4.3.2 and 4.6.5 in Blackadar [3].

Set x = ((2¢ — 1)(2f — 1) + 1)/2. Then

1 —zf| = [|(2e = 1)(e = f)l| <e <1/12

17



and

16()II < [128(e)[[l12f = 111/2 + [12e = L{HI26(f)11/2 < 2¢".

Note that ex = ef = xf. Because x € A N B’, we can apply Lemma 10 with
v =0, and set u = z|z|™! € A% N B’. Then |ju — 1|| < 5¢ and ||§(u)| < 60¢’. By
ex =xf, we get uf = eu. Q.E.D.
Lemma 12. Let A, A6 be as in Lemma 10. Let 0 < € < 1/48, ¢ > 0 and
B C A®°. Suppose x = z* € pA®p N B’ for some projection p € A, ||§(z)| < &,
and ||x — f|| < e for some projection f € A. Then there exists a projection e €

pA®pN B' such that ||z — e|| < 6e and ||§(e)|| < 8¢'.

Proof. First we have

2% =z < ll(x = f+ f)? = (@~ f) = ]l

<|@—-Hf+fla=H+@—f)F—(x—f)| <e*+2 < 3e.

This implies Sp(x) C [—6¢,6e] U [1 —6¢,1+ 6¢]. Let C be a circle with the center 1
and the radius 1/2 on the complex plane. By holomorphic functional calculus, we

can define a projection

1
e=— [ (z—x)"tdz e pA®pn B'.
21 C
(Note that this is a functional calculus by a function ¢ with ¢(0) = 0.) We know

le — z|| < 6¢, and by a similar computation to the proof of Lemma 10, we get

18(e)]l < 2m(1/2)/(2m) - 42]|6()]| < 8¢ QE.D.
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83 Splitting of a model action

We will show splitting of a product type action from our action « arising from
Ap. The next lemma is the key to our inductive construction. We first take a well-
behaved projection and a unitary which almost commute with given almost matrix
units. Then by the Lemmas in §2, we can change these so that they actually

commute with given almost matrix units, while keeping estimates of a derivation.

Lemma 13. Let 6 be the derivation of Ag as above. Suppose we have a unital
finite dimensional x-subalgebra F' in Ag° and a self-adjoint element h € AZ° such
that (6 + ad(ih))(y) = 0 for every y € F. Suppose € >0, v € R and a finite subset
B C A are given. Set §' = § + ad(ih). Then there exists an e-pair (e,w) in Ag°

such that

e, ]Il [[[w, 2]l <&, for every x € B,

19" (eI, 116" (w) — ivw]| < e.

Proof. Let G be a finite group of unitaries which generates the finite dimensional
algebra F. Let 1 be a small enough positive number whose value will be specified

later. Choose an e-pair (eg,wp) in A3° by Lemma 8 so that

16Ceo) I [16(wo) — ivwol| < ex,

T, ahll, [|Two, ih]]l < e,
Ifeo, UMl [[[wo, Ul < €1, for every U € G,
Ifeo, ]|, [[[wo, z]|| < €1,  for every € B.
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Note that we get ||d’(eo)||, [0’ (wo) — ivwol|| < 2e1. First we set

1
élz_a_E:(th*efQOmft
Sl
1
wlz_a_E:meU*eAgWWFh
Sl

Then, we have |eg — é1]] < €1 and ||wyp — w1|| < €1. We also have estimates
10" (1) — iva|| < €1 and [|§'(é1)|| < e1. Then by Lemma 12 and Lemma 10, we

get a projection e; € A3° N F’ and a unitary wy € Ag° N F' with

ler — é1]] < 6eq,
10" (ex) || < 16ey,
|w1 — w1 < beq,

16" (w1) — ivw: || < 60ey.

Now by eqwoeqwy = 0, we get

lerwierwy]]
<[[(ex — eo)wrerwy|| + [leo(w1 — wo)erwy]]
+ [[eowo(e1 — eo)wr|| + [leowoeo (wy — wy)|

<(7+6+ 7+ 6)e1 = 26¢1.

Setting

fl =(1—e)wieqwi(l—e1) € (1 —e1)A°(1 —er) N F,
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we have

lwierw; — fill < || — ex(wierw])(1 = er)|| + || = (wierw})er|| < 52y,

and

16"(F)|| < (16 + 60 + 16 + 60 + 16)e1 = 168¢;.

By Lemma 12, there exists a projection fi € (1 —e1)A°(1 —ey) N F such that

If1 — fill <6521 < 400e1,

16"(f1)]| < 8- 168e1 < 1400 .

Because

|wieiwy — fi| < 500e1,
16"(f1)| < 1400¢q,

16" (wierw?)|| < (60 + 16 + 60)e; < 200e1,

by Lemma 11, there exists a unitary wo € A3° N F’ such that

16 (ws)|| < 90000¢1,
ng — 1” S 250061,

* *
Wwaw 1wy Wy = fi.
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Now finally set e = e; and w = wow;. These are in Ag° N F’, and we have now

ewew® =0
le — eol| < Teu,
Jw —wol| < [lwz2(wr —wo)| + [[wz — 1||lwol|

< 6e1 4 2500e1 < 2600¢; .

Setting C' = maxgep(||z|,1), we get

Ile,z]|| < e1+2C - Ter < 15Ce;,

and |[[w,z]|| < 5201Ceq, for every z € B. We may assume ¢ < 1/48, and set

g1 = £/(100000C"). Then we get

e, z]|| <, for every x € B,
[[w, z]|| <, for every x € B,
16" (e)]| < 16e1 <,

16" (w) — ivw|| < 60e1 + 900001 < e.

Because now e, w € Ag° N F’, we are done. Q.E.D.

Now we can prove the splitting in two steps.
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Theorem 14. Let R be the weak closure of Ag with respect to the trace T, which is
the AFD II; factor. Let o be the one-parameter automorphism group of R defined
by as(u) = eMu and oy (v) = e*v. We assume N/ & Q, and \/u is not in the
GL(2,Q) orbit of 0. Let B, be an infinite tensor product type action of R on R

with T'(8) = R. Then ay is cocycle conjugate to ay @ [y.

Proof. Let

{zp |p>1} = {Z Cn,mu 0" | finite sum, ¢, € Q + Qi}.

We set Cp, = max,<y(||zp|],3) and &, = min(1/(2" - 100),1/(9C? - 4™)). Choose
a non-zero real number v. By a repeated use of Lemma 13 for ¢,, and Lemma 9,
we get an e,-pair (e,,wy) and h, € Ag° with the following properties: Setting

fi1(n) = ep, fi2(n) = eqw}, fa1(n) = wpen, and faa(n) = wpe,w},

[fjk(n)7fj’k’(n/)] = 07 for j?klvj/v k, = 1727 n 7é TL,,

[[fir(n), zp]|| < 3en, forp=1,...,n,
1
Jhall < 5

(6 + ad(ihy + - + ih))(Fi (1) = (G — k)ivfi(l),  forl=1,...,n,

1

T(fi1(n) + fa2(n)) > 1 — yex

(When we have fjx(1),..., fjr(n), let F be the finite dimensional subalgebra gen-

erated by 1 and f;x(1),..., fjx(n), j,k = 1,2 and set
h= it b+ (S f(1) = 3 foa(1) + -+ (S fua(n) = S faa(n)):
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Then we get an &,,41-pair (41, wn41) by Lemma 13.) Set h = > 7 | hy, € A,

and let

t oo t tn—1
ut:EXpT(/ ;as(ih)ds):Z/ / ar (ih) - -y, (ih) by . .. dt1.
0 —Jo 0

(This is an expansional. See §2 of Araki [2].) We also set a; = Adu; - o. Now our
almost 2 x 2 matrix units behave well with respect to the generator of a without
error terms.

So far, we have made a central sequence of mutually commuting almost 2 x 2
matrix units. We will make a central sequence of mutually commuting true 2 x 2
matrix units from them. Because our matrix units have to behave well with respect
to ay, we need a careful choice. We make a matrix unit by composing small pieces
from countably many almost matrix units. For this purpose, we will make a double
sequence as follows. Choose a bijection ¢ from N? to N such that p(n,m) <

o(n,m+1) and n < ¢(n,1). We set

ejk(n, 1) = fir(p(n, 1)),
ejk(n,m+1) = (1 —ey(n, 1) —exn(n,1) — - — e1n(n,m) — ezn(n,m)) fjx (p(n, m + 1))

ejr(n) =Y ej(n,m).

Note that the right hand side formula of the definition of e;;(n) does not converge
in operator norm, but does converge in L? norm. Thus our matrix units are not

any more in the C*-algebra Ay, but in the von Neumann algebra R. (Because the
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range of the trace of projections in Ay does not contain any rational number, we

cannot make a matrix unit in Ag.) If I < n, we have

oo

llzt, e (2 < N, eu(n, Dllz + zr, Y ejp(n,m)]|2

m=2

2 - 3071571/2 < —

< 3590(”71) + 20”5<p(n,1) < on

Thus ejr(n)’s form a central sequence of mutually commuting 2 x 2 matrix units

in R. By Lemma 2.3.6 in Connes [7], we get a factorization a; = a} ® ﬁt(y), where

and «} is some action of R. Because B @ B =~ 3 we know a; is cocycle
conjugate to a; ® ﬁt(y). By repeating this procedure for another v' with v/ /v ¢ Q,
we know that oy is cocycle conjugate to oy ®ﬁt(y) ®ﬁtyl). We know that ﬁt(y) ®ﬁtyl)
is cocycle conjugate to B; by Corollary 1.9 in Kawahigashi [12], thus we are done.

Q.E.D.

84 Uniqueness up to cocycle conjugacy

In this section, we prove the main result. The next theorem says that a model
action can absorb a general almost periodic action. (See §7 of Olesen-Pedersen-

Takesaki [14] for related definitions.)

Theorem 15. Let R be the AFD II; factor. Let o be an almost periodic one-

parameter automorphism group of R. Let (B; be an infinite tensor product type
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action of R on R with T'(3) = R. Then ay ® B¢ is cocycle conjugate to the B, on

R.

Proof. Denote by Ry the AFD II; factor on which « acts. Because Sp,(«) is
countable, we set {\; |k > 1} = Sp,(a). Consider the AFD II; factor Ry and a
free action on it of a countable direct sum of copies of Z. Let Ry = R1x®2,Z =R
be the crossed product by this action, and let ug’s, & > 1, be the implementing
unitaries of this crossed product algebra. By Theorem 2.1 in Kawahigashi [12], we

may assume (3 on Rq is of the following form:

Bi(z) = x, for x € Rq,

Be(up) = e~ Mty
Because (R5) NRy = C, we get
((R()@Rg)a(gﬁ)/ NREAR2 C Ro®(R2 N (’Rg)/) = Ro®C.

But we know that x ® ux € (Ro@R2)*®” if 2 € R§(\r). Thus by the almost

periodicity of a, we get

(Ro®R2)*®?)' N Re@R2 C (Ro@C) N (| RE (M) @ us)' = C.
k>1

Because a ® 3 and (3 are both almost periodic actions, we can apply Theorem 2.1

in Kawahigashi [12] to conclude a ® (3 is cocycle conjugate to 3. Q.E.D.

Note that we can apply this theorem to our action a arising from Ay. We do
not need the assumption that A/u is not in the GL(2,Q) orbit of 6 here. Thus this

theorem is valid even if «; is inner for some ¢ # 0. The next is the main theorem.
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Theorem 16. Let R be the weak closure of Ag with respect to the trace T, which
1s the AFD I, factor. Let o be the one-parameter automorphism of R defined by
ai(u) = ey and ay(v) = e, We assume N\ ¢ Q, and N/ p is not in the

GL(2,Q) orbit of 0. Then oy is cocycle conjugate to an infinite tensor product type

action § of R on R with I'(8) = R, which is unique up to cocycle conjugacy.
Proof. Immediate by Theorems 14 and 15. Q.E.D.

For the relative commutant, we get the following. (See Proposition 3.2 in

Kawahigashi [12].)

Corollary 17. For the action o in Theorem 16, we have the trivial relative com-

mutant property: R' N (R xo R) = CI.

Proof. This is immediate by Theorem 16 and Proposition 3.2 in Kawahigashi [12].
It is also possible to give a direct proof of this statement by a similar computation

to the proof of Lemma 1. Q.E.D.

85 A remark on C'*° projections

Set

T ={7(p)|p is a C* projection with respect to J}.

We know that (Z+60Z)N[0,1] C T C [0,1]. And the fact that T is dense in [0, 1] was
the key in §3. In this sense, it is a desirable property that 7" is a large set in [0, 1].
It is a problem how large this set T' is for a general one-parameter automorphism
group. Here we will show T" = [0, 1] for our one-parameter automorphism group.

It is enough to show h = 3" | h, in the proof of Theorem 14 is C*° with respect
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to our 4. Because each h, is in Ag°, the only problem is the validity of termwise

differentiation. We claim h,, in the proof of Theorem 14 can be chosen so that

(+ Il 18- 187 ()] < 5

It is easy to see this implies we can apply 0 to A term by term for arbitrarily many

times. We provide the outline of the proof of this claim in four steps.

STEP 1. Suppose hi,...,h,_1 are given, and we set

W' =hi+- +hpo1+

(3111 = 5 h2 (V) 4+ (G fu(n—1) = S foa(n— 1))

as in the proof of Theorem 14. We choose e, w with the additional conditions:

loe),- - 8™+ (e)ll <e,

16(w) = avwll,..., [[6" (6(w) —ivw)|| <e,

- 1A elll, 116 (A7) el - -, 118" (h), el | <,
1A wlll, (1S (R, will, -, 118" (A1), wlll < e,

where ¢ is some small positive number whose value will be specified later. This is

possible by the essentially same proof as that of Lemma 8.

STEP 2. Set ¢’ =6 + ad(ih’'). Then by Step 1, we get

18 @), -, 16" ()] < Ce,
(***)

16" (w) — ivwl],....,[|6" (8" (w) — ivw)|| < Ce,
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for some positive number C. We change e, w as in the proof of Lemma 13 so that
these commute with the given n — 1 almost matrix units. Because holomorphic
functional calculus can be carried out with estimates of higher derivatives, we get
the same type of estimate as (x#x) for a different positive number from C, which

we denote by the same symbol C. (The proof is essentially same as that of Lemma

13.)

STEP 3. For a new pair (e, w), we still have the same type of estimates as (xx), if

we replace € on the right hand sides by Ce for another different positive number C.

STEP 4. Our h, is defined by the formula in the proof of Lemma 9 for ¢’. Then
each of hy,,...,d"(hy) can be expressed by a finite sum, each term of which contains

one of the following:

5(e),..., 0" (e),
S(w) —ivw,...,0"(6(w) — ivw),
[, €], [0(h") e], ..., [0" (h'),el,

0, w), [5(), wl, .., [6"(K), w].

Thus we have estimates

1Bonlls [0 CRR, - s 167 (Rn)| < C,

for another positive number C. Thus if we choose € small enough at the beginning,

the estimates (*) can be achieved.
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