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Abstract

We study the recent construction of subfactors by Rehren which generalizes
the Longo-Rehren subfactors. We prove that if we apply this construction
to a non-degenerately braided subfactor N C¢ M and a*-induction, then the
resulting subfactor is dual to the Longo-Rehren subfactor M ® M°P? C R
arising from the entire system of irreducible endomorphisms of M resulting
from a®-induction. As a corollary, we solve a problem on existence of braiding
raised by Rehren negatively. Furthermore, we generalize our previous study
with Longo and Miiger on multi-interval subfactors arising from a completely
rational conformal net of factors on S' to a net of subfactors and show that
the (generalized) Longo-Rehren subfactors and a-induction naturally appear in
this context.

1 Introduction

In subfactor theory initiated by V. F. R. Jones [11], Ocneanu’s construction of asymp-
totic inclusions [22] have been studied by several people as a subfactor analogue of
the quantum double construction. (See [5, Chapter 12] on general theory of asymp-
totic inclusions.) Popa’s construction of symmetric enveloping inclusions [23] gives its
generalizations and is important in the analytic aspects of subfactor theory. Longo
and Rehren gave another construction of subfactors in [19] in the setting of sector
theory [15, 16] and Masuda [21] has proved that the asymptotic inclusion and the
Longo-Rehren subfactor are essentially the same constructions. Izumi [8, 9] gave very
detailed and interesting studies of the Longo-Rehren subfactors. Recently, Rehren [25]
gave a construction generalizing the Longo-Rehren subfactor and we call the resulting
subfactor a generalized Longo-Rehren subfactor. This construction uses certain ex-
tensions of systems of endomorphisms from subfactors (of type III) to larger factors.
We will analyze this construction in detail in this paper. (This construction will be
explained in more detail in Section 2 below.)

Longo and Rehren also defined such an extension of endomorphisms for nets of
subfactors in the same paper [19, Proposition 3.9], based on an old suggestion of



Roberts [26]. The essentially same construction of new endomorphisms was also given
in Xu [27, page 372 and several very interesting properties and examples were found
by him in [27, 28]. We call this extension of endomorphisms a-induction. In this
paper, we study the generalized Longo-Rehren subfactors arising from a-induction
based on the above works, Bockenhauer-Evans [1] and our previous work [2, 3, 4].
In the papers of Longo, Rehren, and Xu, they study nets of subfactors and have a
certain condition arising from locality of the larger net, now called chiral locality as
in [2, Section 3.3], but we do not assume this condition in this paper. We assume
only a non-degenerate braiding in the sense of [24]. (See [2, Section 3.3] for more
on this matter. We only need a braiding in order to define a-induction, but we also
assume non-degeneracy in this paper. If we start with a completely rational net on
the circle in the sense of [13], non-degeneracy of the braiding holds automatically by
[13].) Izumi’s work [8, 9] on a half-braiding is closely related to theory of a-induction
and a theory of induction for bimodules generalizing these works has been recently
given by Kawamuro [14].

Results in [4] suggest that if we apply the construction of the generalized Longo-
Rehren subfactor to a®-induction for N C M, then the resulting subfactor N ® NP C
P would be dual to the Longo-Rehren subfactor M ® M°PP C R applied to the system
of endomorphisms of M arising from a*-induction. In this paper we will prove that
this is indeed the case. The proof involves several calculations of certain intertwiners
related to a half-braiding in the sense of Izumi [8] arising from a relative braiding in
Béckenhauer-Evans [1]. As an application, we solve a problem on existence of braiding
raised by Rehren [25] negatively.

Furthermore, we generalize our previous study with Longo and Miiger [13] on
multi-interval subfactors arising from a completely rational conformal net of factors
on S' to a net of subfactors. That is, we have studied “multi-interval subfactors”
arising from such a net on S*, whose definitions will be explained below, and proved
that the resulting subfactor is isomorphic to the Longo-Rehren subfactor arising from
all superselection sectors of the net in [13]. We apply the construction of multi-
interval subfactors to conformal nets of subfactors with finite index and prove that
the resulting subfactor is isomorphic to the Longo-Rehren subfactor arising from the
system of a-induced endomorphisms. We then also explain a relation of this result to
the generalized Longo-Rehren subfactors.

The results in Section 2 were announced in [12].

2 Generalized Longo-Rehren subfactors

Let N C M be a type III subfactor with finite index and finite depth. Let
NN, NXur, XN, X be finite systems of irreducible morphisms of type N-N, N-
M, M-N, M-M, respectively and suppose that the four systems together make a
closed system under conjugations, compositions and irreducible decompositions, and
the inclusion map from N into M decomposes into irreducible N-M morphisms within
NXu, as in [2; Assumption 4.1]. We assume that the system y Xy is non-degenerately



braided as in [24], [2, Definition 2.3]. Then we have positive and negative a-inductions,
corresponding to positive and negative braidings, and the system ;;X); is generated
by the both a-inductions because of the non-degeneracy as in [2, Theorem 5.10]. We
do not assume the chiral locality condition, which arises from locality of the larger
net of factors, in this paper. (See [3, Section 5] for more on the role of chiral locality.)

Now recall a new construction of subfactors due to Rehren [25] arising from two
systems of endomorphisms and two extensions to the same factor as follows.

Let A be a system of endomorphisms of a type III factor NV and consider a subfactor
N C M with finite index. An extension of A is a pair (¢, a) where ¢ is the embedding
map of N into M and « is a map A — End(M), A — «, satisfying the following
properties.

1. Each a), has a finite dimension.
2. We have t\A = ay¢ for A € A.
3. We have ¢«(Hom(Ap,v)) C Hom(aya,, ay) for A, p,v € A.

Next let Ny, Ny be two subfactors of a type III factor M, (11, ') and (12, @?) be two
extensions of finite systems Aj, Ay of endomorphisms of Ny, Ny to M, respectively.
For A\ € Ay and pu € Ay, we set Zy, = dimHom(a},a’). Then Rehren proved in
25] that we have a subfactor N1 ® Ny*® C R such that the canonical endomorphism
restricted on Ny ® N, has a decomposition @, Ay e, ZauA® pPPP by constructing
the corresponding ()-system explicitly. This is a generalization of the Longo-Rehren
construction [19, Proposition 4.10] in the sense that if N; = Ny = M, Rehren’s Q-
system coincides with the one given in [19]. We call it a generalized Longo-Rehren
subfactor. The most natural example of such extensions seems to be the a-induction,
and then we can take A = yXy, o' = o, o? = a~ for a-induction from N to M
based on a braiding e on the system yXy and then Z \p 18 the “modular invariant”
matrix as in [2, Definition 5.5, Theorem 5.7].

Our aim is to study the generalized Longo-Rehren subfactor arising from yXx and
a*-induction in this way. The result in [4, Corollary 3.11] suggests that this subfactor
is dual to the Longo-Rehren subfactor arising from »; X, and we prove this is indeed
the case. For this purpose, we study the Longo-Rehren subfactor arising from ;X
first as follows.

Let M @ M°P? C R be the Longo-Rehren subfactor [19, Proposition 4.10] aris-
ing from the system Xy on M and (I', V, W) be the corresponding Q-system [17].
(Actually, the subfactor we deal with here is the dual to the original one constructed
in [19, Proposition 4.10]. This dual version is called the Longo-Rehren subfactor in
[4], [13].) That is, we have that I' € End(R) is the canonical endomorphism of the



subfactor, V' € Hom(id, ') C R, and W € Hom(T',I'?). We also have

W € M® Me"P,
R = (M®&M™)V,
WV = DVHYW =w /2
W T(W) = WW*,
rwWYw = w2

where w = > B urXns d% is the global index of the system ,;X); and equal to the index
[R: M ® M°PP]. By the definition of the original Longo-Rehren subfactor in [19], the
Q-system (©, W, I'(V)) is given as follows. We have

> Ws(B@ BP(x)W;, forx e Mo M,

BeEMXMm

where © is the dual canonical endomorphisms, the restriction of I' to M ® M,
the family {Wj3} is that of isometries with mutually orthogonal ranges satisfying
> pexy WsW5 =1, and also have

vy )

F(V) - Z wd F(W/@2>W/31Tﬁ1ﬁ2w/@3’ (1)
B1, 52 B3€ X 3

Tos, = Z 5520 © §(This, 5) € M @ MOPP, (2)

by definition of the Longo-Rehren subfactor [19], where {7 ,51 °5,.J1 18 an orthogonal basis
in Hom(f3, 5162) C M, Ni’} is the structure constant dim Hom(By, 3;5;), d; = dg, is
the statistical dimension of 3;, and j is the anti-isomorphism z € M — z* e MePP,
Starting from this explicit expression of the Q-system (O, W,I'(V)), we would like to
write down the @-system (I', V, W) explicitly and identify it with the @Q-system given
by the construction of Rehren [25].

First, by [4, Theorem 3.9], we know that

= @ Zunhef,+n" (e, -,
A, A2ENXN
where [ | represents the sector class of an endomorphism, n( , ) is the extension
of an endomorphism of M ® M°PP to R with a half-braiding by Izumi [8], o is the

a-induction, the notations here follow those of [4], and Zy,», = dim Hom(a} ,a})
is the “modular invariant” as in [2, Definition 5.5]. (Recall that we now assume
non-degeneracy of the braiding on yXy.) Furthermore, by [4, Corollary 3.10], w

have equivalence of two C*-tensor categories of {n(a;, +)77°pp( a,,—)} on R and {\ ®
uPP} on N ® N°PP| thus the canonical endomorphisms of the two @-systems are

naturally identified. So we will next compute V., W explicitly and identify them with
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the intertwiners in Rehren’s @-system. (Note that it does not matter that two von
Neumann algebras R and N ® N°PP are different, since only the equivalence class of
C*-tensor categories matters in the construction of the (generalized) Longo-Rehren
subfactors.)

We next closely follow Izumi’s arguments in [8, Section 7]. First we have the
following lemma.

Lemma 2.1. For an operator X € M @ M°P?, XV € R is in
Hom(n(ey,, +)n""(ay,, ). T)
if and only if we have the following two conditions.
1. X € Hom(O(of, ® a, "), 0).
2. XI(UMI(V) =T(V)X, where

U= Y Ws(&(8) @ (&, (8)))(af, ® a3, ) (W),

BemXm

and E* is the half-braiding defined in [4, Section 3].

Proof. By a standard argument similar to the one in the proof of [8, Proposition 7.3],
we easily get the conclusion. Q.E.D.

Next, we rewrite the second condition in the above Lemma as follows. Using the
definition of I'(V') as in (1), we have

o [ds .
D, XDy =T (Wa,) Wi, T, Wi,
B1,62,03€ v Xns 3

dads 3 .
=Y STV )WL T W X,

B4,85,86€ v Xns

which is equivalent to the following equations for all (s, B4, 05 € pXas-

. ~ [did X
> W5e(Ws)XeUr) %@(W@)W&Tbgb@g

3
B1,82€ M X

dyds .
= 2 T WX W,

Be €M Xt



Assuming the first condition in Lemma 2.1, we compute the left hand side of this
equation as follows.

dids o .
Do T WEXO((af, ® ay ) (W, U W, Wi Thi,

d3
B1,82€ M X

d d O —,0 * *
= > — Wi X W, (81 ® B (0, © ) (Wi U W) T35,

B1,82€m Xns ds
d1d2 ,0 5O
= Z \/ d W,@4XW,81 (51 ® BY"P)( Z (04,\1 ® ay; pp)(W,@J(O‘,\l ® a,, *P)
B1,82€m Xns 3 BeEMXMm

X (W) (€5, (8)" @ J(Ex, () )W W5, ) T,

=SBy W, (310 ) (55)° @ J(En(5) )T

d3
B1E€EM X

That is, our equation is now

2. \/dT W5 X W, (51 @ B1™°) (&5, (05)" @ (€5, (55))) T,

BrE€nm X ds
Do
= > /5 i T Wi X W, (3)

Be€n Xt

for all B3, B4, B5 € yXy. Now set B, = id in this equation. Then on the left hand
side, we have a term W XWp,, which is in Hom((3, ® 67" (of, ® a°""), idarearorr ).
Now setting Xg, = Wi XWs,, we get

d
3 B, (5 AIEL () © (5 B VT, = | W X W,

BrE€EM X

for any f3s, B5 € p Xy from the equation (3), and this implies

did opp .
X= > WaXa (5@ 07)(E (5)" @ (&, (5) ) 5 Wa,e (1)

B1,03,05E€m Xns

Consider the linear map sending X € M ® M°PP with
XV e Hom(n(ay, , +)n°(ay,, —).T)

to
(WgXWp)g € @ Hom( ﬁoa/\ ,id) ® Hom(3°PPary PP, id).
BEM XM

The dimensions of the space of such X and the space

@ Hom(for ,id) ® Hom(Boppa, ™", id)

BeEMXMm



are both equal to Zy,),, and this map is injective by the equation (4), so this
map is also surjective. That is, a general form of such an X is determined now
by the equation (4), where Xg’s are now arbitrary intertwiners in Hom(ﬁ@j\Ll, id) ®
Hom(ﬁ"ppa;fpp,id). Fix A, Ay € yXN,0 € yXy and 17 and Il be indices in the
set {1,2,...,dim Hom(ﬁozj\Ll, id)}, {1,2,...,dim Hom(Ba, ,id)} respectively. Follow-
ing [25], we use the letter [ for the multi-index (A1, A, 3,11,12). Note that in order
for us to get a non-trivial index, that is, [y > 0,lo > 0, the endomorphism [ must
be ambichiral in the sense that it appears in irreducible decompositions of both a*-
induction and a-induction as in [2]. Let {7, };, and {T}, };, be orthonormal bases of
Hom(aj{l,ﬁ) and Hom(a, , 32), respectively.

B3 OC\LI B3 OC\LI B3 OC\Ll

VA

\

Bs Bs Bs

Figure 1: An application of the braiding-fusion equation

We now study some intertwiners using a graphical calculus in [2, Section 3]. First
note that we have identities as in Fig. 1 by the braiding-fusion equation [8, Definition
4.2], [4, Definition 2.2 2| for a half-braiding, where crossings in the picture represent
the half-braidings and the black and white small circles represent intertwiners in
Hom(ﬂ&j{l, id) and Hom(aj\Ll,B) respectively. (See [2, Section 3] for interpretations of
the graphical calculus. Here and below, a triple point, a black or while small circle
always represents an isometry or a co-isometry. One has to be careful that we have
a normalizing constant involving the fourth roots of statistical dimensions as in [2,
Figures 7,9]. From now on, we drop orientations of wires, which should causes no
confusions.) We also have the following lemma to relate these two intertwiners.

Lemma 2.2. Let T; € Hom(B, af) and define T; € Hom(B, ) by the graphical
expression in Fig. 2. Then we have T;T; = T}T;.

Proof. We compute as in Fig. 3. Q.E.D.



Vﬁ T
@&I dﬂ& dﬁﬁk@&jwj

Figure 3: The inner product T,j Tj

Based on this, we set
N3s
B283 __ B * Al *
S5 = Y (Tais, )" ®3(Tils, )" € M © MO
k=1

and we now define X; € M ® M°PP as follows.
d 3 . — * co— * *
Xi=vdydy, Y ﬁwﬂssgﬂéﬂs(ﬂf ® J(T;))(ES (B3)* @ j(E, (B3) )W,
B3,85€ M X1 1%5
(5)

Then by the equation (4), the operator U; € R defined by U; = X;V is in

Hom(n(&ia +)770pp(04;27 _)7 F)

and {U;}3,,., is a linear basis of this intertwiner space. We next prove that {U;} 3., 1,
is actually an orthonormal basis with respect to the usual inner product. Recall that

for
s, t e Hom(n(ozj\Ll, +InPP(ay,, —), 1),
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we have

OZ,\ld,\2
w
_y =dy,dy,. (See [8, Lemma 3.1 (i)].) We then have

EM@MODP(St ) seC

because dn(ail )PP (o,

1
E]\/[@J\/[Opp(U[Uﬁ) = EXZX;
dy, dy, ds
= G N N,
B3,85€ M X

dy,dy,

= Ow

and this proves that {U;}z,,,, is indeed an orthonormal basis. This also shows that
we have

b (X5 X)) = W*Epp (X5 X)W = WT(ULUYW = G,

where ¢g is the standard left inverse of ©. (See [20] for a general theory of left
inverses.)

Let | = (Ala)‘27517m17m2>7 m = (Mhﬂ%ﬁf:ml:mﬁ: n = (Vlal/?:Bl:nl:n?) be
multi-indices as above. We compute Epg) (X7, X/ X,,) as follows.

Err) (XX Xn) = T(V
= T
= T
= T

“X* XX,V
w2V XET(VW XX, V)
2y Xx D(V X)W X, V)

vV
(
(w
(w!2U, (U)W Uy).

Based on this, we set

YR =w VXXX,V = UST(UN)WU, € R
and then this is an element in

Hom(n(ay, , +)n° (o, =), nag,, £)n°P (o, —)nlay,, +)n° (ay,, —)),
which is then contained in
Hom(v1, pn A1) ® Hom(ve, pede)P? € N @ N°PP € M ® M°PP

by [4, Theorem 3.9]. That is, we now have

Eriny (X3, X7 X,) = w'?O(Y;2,) € O(M @ M)
and

bo( X X[ Xn) = V"X X[ X, V. (6)



Proposition 2.3. In the above setting, the Q-system (I',V,W) is given as follows.

L(z) = Y Ulnef, +)n(as,, =) @)Uy, forx € R, (7)
]

Vo= U001, (8)

W= Y T(U)U.Y U (9)
I,m,n

Proof.  Since {U,}g, 1,1, is an orthonormal basis of
Hom(n(&ia +)770pp(04;27 _)7 F)’

we get the fist identity (7). By the definition (5) of Xj, we have X(00,0,1,1) = 1, hence
U(070707171) = V, which is (8) Since YEZ% = U:HF(UZ*)WUn, we get (9) QED

Next we further compute Y} . We first have

Yim = W'o)W
= wVPW* Brpy (X2, X7 X)W
= w 0o (X X X,)

d2 o
= Z 3/2 (¢ ® ¢ pp)(W,@Xle XnWﬂ):

BeEmXMm

where ¢3 is the standard left inverse of 3. In this expression, we compute the term
W35 X5, X[ X, Wy as follows.

WiX5 X)X, W

d
\/d,\ldx\gdm Ay Ay oy Z ds \/d;dw
5 1 1

B5,85€ M X

X(&5(8) @ 1 (En (AT © i(T, ) ) (S
(

X(E5.(85) @ J(EL (BN (T @ (T ) (SE%)"
xSEP(TE © J(T)EL(B) © (6, (8))

Our aim is to show that our Y;? coincides with Rehren’s 7, in [25, page 400].
Our Y;? is already in Hom(vq, 1 A1) @ Hom(vg, e A2)°P as in Rehren’s 7,7, So we
expand our Y, with respect to the basis {1, = T ® j(T2)}ee(e; es), Where {T1 }e,,
{12}, are bases for Hom(vy, 1 A1), Hom(va, pia2), respectively. We will prove that
the coefficients of Y, for such an expansion coincide with Rehren’s coefficients (j;, .. .,
in [25, page 400].

Let S;" = S, 5,4, € Hom(31,ay,) be isometries so that {S7 , ; }i, gives an or-
thonormal ba51s in Hom(/, 04/\1) Similarly we choose S;” = S5 ;€ Hom(S1, ay).

10



Rehren puts an inner product in Hom(aj\Ll, a,,) in [25, page 400]. When we decompose

this space as P, X0, Hom(o , ) ® Hom(, vy, ), Rehren’s normalization implies

that his orthonormal basis consists of intertwiners of the form +/dy, /dgS; S;"", where
SljE are isometries as above. This implies that Rehren’s (7}, . ., is given as follows.

d)\ d)\ dli dli d/@//
1T BT G (P2 Y5 (S S7F) x (SHSTNTL S 10
\/wdmduzd,&dﬁi " ( e1> (( bl >X( mem >) 2 mn ( )
Note that we have
~ 0
EM@MODP(XWVTEV*X:RXZ*) = 1—7-'8‘/ Xle XTLV, (11)
w

where we have T, = T ® j(T?2) as above. (See [8, Lemma 3.1].)
We expand our Y} with respect to the basis {T¢.}.. Then the coefficient is given
as follows using the relations (6), (11).

Yy T, = w20e(X: X1 X0)T,
w VXX X, VT
wl/? N
- d d EM@Mopp(XleVTeV*X:L>
1 T *
- wl/zddeQXle@(Te>X” (12)

We represent X; graphically as in Fig. 4, where we follow the graphical convention
of [2, Section 3|, and {7;}; is an orthonormal basis of Hom(/35, 31/5). After this figure,
we drop the symbols T}, Sli*, and the summation ZTi for simplicity.

Figure 4: A graphical expression for X

We next have a graphical expression for X;X,, as in Fig. 5, where we have used a
braiding-fusion equation for the half-braiding.
Here we prepare two lemmas.

Lemma 2.4. For an intertwiner in Hom((1 02, 03) @ Hom(Bs, 5132), the application
of the left inverse ¢g, is given as in Fig. 6.

11



B 51 Oé)q B:/), &;2 Oé>\2
1
1

F ot +
3
N V%
AN
/ /
. dx, dy, dltl dltz g . Bl 4 "
03,05,85 1 T;
B3 B3
B i
s

s
Figure 5: A graphical expression for X;X,,

Proof. Immediate by [8, Lemma 3.1. (i)] and our graphical normalization convention.
Q.E.D.

pr B B2
1
& % . dﬁ&Cé
B B B2

Figure 6: A graphical expression for the left inverse

Lemma 2.5. For a change of bases, we have a graphical identity as in Fig. 7, where
we have summations over orthonormal bases of (co)-isometries for small black circles.

Proof. The change of bases produces quantum 6j-symbols, and their unitarity gives
the conclusion. Q.E.D.

Then next we compute X;X,,0(T,)X*. It is expressed as
XiXnO(T) X},

. \/d>\1 d>\2 dm dltz dV1 de dV1 de e
- dﬂl dﬁ{ dﬂ{/ d>\1 d>\2 dltl dltz

X Z Wi, (graphical expression of Fig. (8))Wj, (13)
84,8503

12



b B BB Bi B

/33

4 BS Bﬁl BS Bﬁl BS

Figure 7: A change of orthonormal bases

where small white circles represent intertwiners corresponding to 7| ell,T 622 regarded
as elements in M, we have applied ¢g graphically using Lemma 2.4, changed the
orthonormal bases in the space Hom(310] 05, B5) using Lemma 2.5 and thus we now
have a summation over Bg rather than over (3.

Figure 8: A graphical expression for Xle@(Te)X

Then the complex number value represented by Fig. 8 can be computed as in
Fig. 9, where we have used the braiding-fusion equation for a half-braiding twice.
Here we have the following lemma.

Lemma 2.6. Let 3,3 be ambichiral and choose isometries T € Hom(B,ay), S €
Hom(f', ocf). Then we have the identity as in Fig. 10.

13



Figure 9: The value of Fig. 8

Proof. We compute the both hand sides by the definitions of the half and the rel-
ative braidings in [4, (10)] and [1, Subsection 3.3|, respectively, and then we get
B(T*)S*et(\, p)TT*, where we have used et (\, p)ay (SS*) = SS*et(\, ), which
follows from the arguments and the figure in [27, page 377]. (The chiral locality is
not used in the argument in [27, page 377].) Q.E.D.

Then the value (Y;2)*T, is computed with the coefficients in the equations (12),

14



+

o
Ve

s//

g 8 B’

Figure 10: A naturality equation

(13), and Fig. 9. The coefficient is now

w1/2 \/d>\1 d>\2 dltl d[LQ dVl dy2 dyl dV2 1/4
dV1 dV2 dﬁl dﬁi dﬁi/ d>\1d>\2 dlil dlLQ

y \/ dgy dg, dg; \/ dgy dg, oy
dﬂs dﬁé '
/2 dx, dx, dm dltz dﬁi/ ( dy, dy, ) VA (14)
dV1 de d/@1 d,@{ d>\1 d>\2 dltl dltz
and this is multiplied with the intertwiner in Fig. 11, where the two crossings of
the two wires labeled with (31, 3] represent the “ambichiral braiding” studied in [1,
Subsection 3.3].

Then the monodromy of 8] and f; in Fig. 11 acts on Hom(/3; /51, 8]) as a scalar
arising from “conformal dimensions” of 3y, 81, 57 in the ambichiral system. (See [5,
Figure 8.30].) So up to this scalar, we have Fig. 12. Since the fourth root in (14)
comes from our normalization for the graphical expression (see [2, Figures 7, 9]) and
we can absorb the above scalar arising from the conformal dimensions by changing
the bases {T.}., our coefficient multiplied with the number represented by Fig. 11
now coincides with Rehren’s coefficient computed as in (10). (Actually, \; and g,
are interchanged and also at and o~ are interchanged, but these are just matters of

convention.)
Now with [4, Corollary 3.10], we have proved the following theorem.

Theorem 2.7. The generalized Longo-Rehren subfactor arising from o™ -induction
with a non-degenerate braiding on Xy is isomorphic to the dual of the Longo-Rehren
subfactor arising from pXy.

At the end of [25], Rehren asks for an Izumi type description [8] of irreducible en-
domorphisms of P arising from the generalized Longo-Rehren subfactor N® N°PP C P
and in particular, he asks whether a braiding exists or not on this system of endo-
morphisms of P. The above theorem in particular shows that the system of endo-
morphisms of P is isomorphic to the direct product system of 5, X, and MX](\’/[pp and
thus we solve these problems and the answer to the second question is negative, since
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1
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1

Figure 11: The remaining intertwiner

"
1

Figure 12: The new form of the remaining intertwiner
this system does not have a braiding in general and it can be even non-commutative.
(Note that [2, Corollary 6.9] gives a criterion for such non-commutativity.)

Remark 2.8. If N = M in the above setting, our result implies [8, Proposition 7.3], of
course, but a remark on [8, page 171] gives a “twisted Longo-Rehren subfactor” rather
than the usual Longo-Rehren subfactor. This is due to the monodoromy operator
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similar to the one in Fig. 11, but as pointed by Rehren, one can always eliminate such
a twist and then the “twisted Longo-Rehren subfactor” is actually isomorphic to the
Longo-Rehren subfactor. (See “Added in proof” of [8] on this point.) We also had a
similar twist in our results here, originally, but we have eliminated it thanks to this
remark of Rehren.

In the above setting, we can also set Ny = N, Ny = M, A; = yXn, Ay = 1 X,
a) = af, a2 = 7 in the construction of the generalized Longo-Rehren subfactor.
Then the resulting subfactor M @ N°P? C R has a dual canonical endomorphism
DB vrnrey oy, bk © PP, where bl = dim Hom(ay,7) is the chiral branching
coefficient as in [3, Subsection 3.2]. Now using the results in [4, Section 4] and

arguments almost identical to the above, we can prove the following theorem.

Theorem 2.9. The generalized Longo-Rehren subfactor M @ N°PP C R arising from
at-induction as above with a non-degenerate braiding on nXy is isomorphic to the
dual of the Longo-Rehren subfactor arising from y X .

3 Nets of subfactors on S!

In this section, we study multi-interval subfactors for completely rational nets of
subfactors, which generalizes the study in [13].

Let {M(I)};cst be a completely rational net of factors of S' in the sense of [13],
where an “interval” [ is a non-empty, non-dense connected open subset of S'. (That
is, we assume isotony, conformal invariance, positivity of the energy, locality, existence
of the vacuum, irreducibility, the split property, strong additivity, and finiteness of the
p-index. See [6, 13] for the detailed definitions.) We also suppose to have a conformal
subnet {N(I)};cs of {M(I)};csr with finite index as in [18]. The main result in [18]
says that the subnet {N(/)};cs is also completely rational.

Let E = I U I3 be a union of two intervals I;, I3 such that I; N I3 = @. Label
the interiors of the two connected components of S \ F as I, I4 so that Iy, I, I3, I4
appear on the circle in a counterclockwise order. We set N; = N([;), M; = M(I;), for
j =1,2,3,4. (This numbering should not be confused with the basic construction.)
We also set N = Ny, M = M;.

We have a finite system of mutually inequivalent irreducible DHR endomorphisms
{A} for the net {N(I)} by complete rationality. We may and do regard this as a
braided system of endomorphisms of N = N;. By [13, Corollary 37|, this braiding
is non-degenerate. We write yXy for this system. As in [2], we can apply a*-
induction to get systems yXas, i X ar, X " ar, X0 of irreducible endomorphisms
of M. That is, they are the systems of irreducible endomorphisms of M arising from
a*-induction, a*-induction, a~-induction, and the “ambichiral” system, respectively.
Since the braiding on yXy is non-degenerate, [2, Theorem 5.10] and [1, Proposi-
tion 5.1] imply that the ambichiral system »;X°)/ is given by the irreducible DHR
endomorphisms of the net {M([)}. By the inclusions X%y C yX*y C u&Xu
and the Galois correspondence of [8, Theorem 2.5] (or by the characterization of the
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Longo-Rehren subfactor in [13, Appendix A]), we have inclusions of the corresponding
Longo-Rehren subfactors M @ M°P C R, M ® M°P C R*, M @ M°? C R with
R C R* C R. We study these Longo-Rehren subfactors in connection to the results
in Section 2.

As in [13], we make identification of S* with R U {00}, and as in [13, Proposition
36], we may and do assume that I, = (=b, —a), I3 = (a,b), with 0 < a < b. Take a
DHR endomorphism A localized in I; for the net {N(I)}. Let P = M(I), where I =
(—00,0). Let J be the modular conjugation for P with respect to the vacuum vector.
We consider endomorphisms of the C*-algebras ;- ooy M (1) and ;o o) N ().
The canonical endomorphism 7 and the dual canonical endomorphism 6 are regarded
as endomorphisms of these C*-algebras. We regard o as an endomorphism of the
former C*-algebra as in [19], and then it is not localized in [; any more, but it is
localized in (—oo, —a) by [19, Proposition 3.9]. We study an irreducible decomposition
of aj\L as an endomorphism of M; and choose [ appearing in such an irreducible
decomposition of «f regarded as an endomorphism of M. That is, we choose an
isometry W € M; with W*W € af (M) N M, B(x) = W*a ) (x)W. Using this
same formula, we can regard [ as endomorphism of the C*-algebra | I (—o0000) M (I).
We next regard 3 as an endomorphism of P and let V3 be the isometry standard
implementation of 3 € End(P) as in [6, Appendix]. We now set 3 = J3J. Then
for any X € PV P, we have 33(X)Vs = V3X as in the proof of [13, Proposition
36] since JV3J = V3. By strong additivity, we have this for all local operators X.
Since A\, A = J\J, 3, 3 are localized in (—00,a), (a,00), I1, I3, respectively, we know
that Vg € (My Vv Ny)'. Consider the subfactor M; vV Ms C (M V Ny)'. By Frobenius
reciprocity [7], we know that the dual canonical endomorphism for the subfactor
My Vv Ms C (My VvV Ny)' contains 3 ® (°PP, where M; = JM;J is now regarded as
M{PP and My V Mj is regarded as My @ M7, for all 8 € ;X1 ). We now compute
the index of the subfactor M; V M3 C (My V Ny)' in two ways. On one hand, it
has an intermediate subfactor (M, V M,)" and the index for My VvV M3 C (M VvV My)'
is the global index of the ambichiral system by [13, Theorem 33]. The index of
(My Vv My) C (M V Ny)' is simply that of the net {N(I) C M(I)} of subfactors. We
also have

== Y

— = —= dxZxo = dg = [M(I) : N(I)],

Wo w+ AENXN
where w,wy,wqy are the global indices of yXas, ;X ar, X%, Tespectively, by [3,
Theorem 4.2, Proposition 3.1], [27, Theorem 3.3 (1)]. (Here we have used the chiral
locality condition arising from the locality of the net {M(I)}. Without the chiral
locality, the results in this section would not hold in general.) These imply that

[(Mg vV N4)/ : M1 vV Mg] = W+. (15)
On the other hand, the dual canonical endomorphism for the subfactor M;V M3 C

(M V Ny)' contains P ,c 1+, B @ B°PP from the above considerations since each 3 is

. . . . . 2 o
irreducible as an endomorphism of M, thus the index value is at least » Bea Xty d =
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wy. Together with (15), we know that the dual canonical endomorphism is indeed
equal to D yc, v+, 0@ BPP.

Put Rz = \/dsVs € (My V Ny)'. As in the proof of [13, Proposition 36], we
now conclude that the subfactor M; V M C (M vV Ny)' is isomorphic to the Longo-
Rehren subfactor M ® M°PP C R*. Similarly, we know that the subfactor M; V M3 C
(N2 V My)" is isomorphic to the Longo-Rehren subfactor M ® M°P? C R~. These
two isomorphisms are compatible on (M, V M,)" and they give an isomorphism of
M,V M3 C (M, V M) to the Longo-Rehren subfactor M @ M°PP C R°. We finally
look at the inclusions

M® MP c R C RT
N N
R~ C R.

The right square is a commuting square by [18, Lemma 1] and thus R is generated
by RT and R~. (Or [2, Theorem 5.10] and [8, Proposition 2.4, Theorem 2.5] also give
this generating property.) It means that the above isomorphisms give the following
theorem.

Theorem 3.1. Under the above setting, the following system of algebras arising from
four intervals on the circle is isomorphic to the system of algebras (16) arising as
Longo-Rehren subfactors.

MiVM; C (MyV M) C (MyVNy)
N N
(NaV My C (NaV Ny

Remark 3.2. Passing to the commutant, we also conclude that the subfactor N; v
N3 C (M3 Vv My)' is isomorphic to the dual of M ® M°P? C R and thus isomorphic
to the generalized Longo-Rehren subfactor arising from the a*-induction studied in
Section 2. In the example of the conformal inclusion SU(2);9 C Spin(5); in [27,
Section 4.1], this fact was first noticed by Rehren and it can be proved also in general
directly by computing the corresponding @)-system.

Acknowledgment. The author thanks K.-H. Rehren for his remarks mentioned in Remarks 2.8, 3.2
and detailed comments on a preliminary version of this paper. We also thank F. Xu for his comments
on the preliminary version. We gratefully acknowledge the financial supports of Grant-in-Aid for
Scientific Research, Ministry of Education and Science (Japan), Japan-Britain joint research project
(2000 April-2002 March) of Japan Society for the Promotion of Science, Mathematical Sciences
Research Institute (Berkeley), the Mitsubishi Foundation and University of Tokyo. A part of this
work was carried out at Mathematical Sciences Research Institute, Berkeley, and Universita di Roma
“Tor Vergata” and we thank them for their hospitality.

References

[1] J. Béckenhauer, D. E. Evans, Modular invariants, graphs and a-induction for nets of subfactors.
ITI, Commun. Math. Phys. 205 (1999) 183-228.

19



2]

[12]

[13]

J. Bockenhauer, D. E. Evans, Y. Kawahigashi, On a-induction, chiral generators and modular
invariants for subfactors, Commun. Math. Phys. 208 (1999) 429-487.

J. Bockenhauer, D. E. Evans, Y. Kawahigashi, Chiral structure of modular invariants for sub-
factors, Commun. Math. Phys. 210 (2000) 733-784.

J. Bockenhauer, D. E. Evans, Y. Kawahigashi, Longo-Rehren subfactors arising from o-
induction, Publ. RIMS, Kyoto Univ. 31 (2001) 1-35.

D. E. Evans, Y. Kawahigashi, Quantum symmetries on operator algebras, Oxford University
Press, 1998.

D. Guido, R. Longo, The conformal spin and statistics theorem, Commun. Math. Phys. 181
(1996) 11-35.

M. Izumi, Subalgebras of infinite C*-algebras with finite Watatani indices II: Cuntz-Krieger
algebras. Duke Math. J. 91 (1998) 409-461.

M. Izumi, The structure of sectors associated with the Longo-Rehren inclusions I. General
theory, Commun. Math. Phys. 213 (2000) 127-179.

M. Tzumi, The structure of sectors associated with the Longo-Rehren inclusions II. Examples,
Rev. Math. Phys. 13 (2001) 603-674.

M. Izumi, R. Longo, S. Popa, A Galois correspondence for compact groups of automorphisms
of von Neumann algebras with a generalization to Kac algebras, J. Funct. Anal. 155 (1998)
25-63.

V. F. R. Jones, Index for subfactors, Invent. Math. 72 (1983) 1-25.

Y. Kawahigashi, Braiding and extensions of endomorphisms of subfactors, to appear in Pro-
ceedings of “Mathematical Physics in Mathematics and Physics” at Siena, 2000.

Y. Kawahigashi, R. Longo, M. Miiger, Multi-interval subfactors and modularity of representa-
tions in conformal field theory, Commun. Math. Phys. 219 (2001) 631-669.

K. Kawamuro, An induction for bimodules arising from subfactors, preprint 2001.

R. Longo, Index of subfactors and statistics of quantum fields. I, Commun. Math. Phys. 126
(1989) 217-247.

R. Longo, Index of subfactors and statistics of quantum fields. II, Commun. Math. Phys. 130
(1990) 285-309.

R. Longo, A duality for Hopf algebras and for subfactors I, Commun. Math. Phys. 159 (1994)
133-150.

R. Longo, Conformal subnets and intermediate subfactors, preprint 2001, math.OA /0102196.
R. Longo, K.-H. Rehren, Nets of subfactors, Rev. Math. Phys. 7 (1995) 567-597.
R. Longo and J. E. Roberts, A theory of dimension, K-theory 11 (1997) 103-159.

T. Masuda, An analogue of Longo’s canonical endomorphism for bimodule theory and its ap-
plication to asymptotic inclusions, Internat. J. Math. 8 (1997) 249-265.

A. Ocneanu, Quantized group, string algebras and Galois theory for algebras, in Operator
algebras and applications, Vol. 2 (Warwick, 1987), (ed. D. E. Evans and M. Takesaki), London
Mathematical Society Lecture Note Series 36, Cambridge University Press, 1988, 119-172.

S. Popa, Symmetric enveloping algebras, amenability and AFD properties for subfactors, Math.
Res. Lett. 1 (1994) 409-425.

20



[24] K.-H. Rehren, Braid group statistics and their superselection rules, in The algebraic theory of
superselection sectors. (ed. D. Kastler), Palermo 1989, World Scientific 1990, pp. 333-355.

[25] K.-H. Rehren, Canonical tensor product subfactors, Commun. Math. Phys. 211 (2000) 395-406.

[26] J. E. Roberts, Local cohomology and superselection structure, Commun. Math. Phys. 51 (1976)
107-119.

[27] F. Xu, New braided endomorphisms from conformal inclusions, Commun. Math. Phys. 192
(1998) 347-403.

[28] F. Xu, Applications of braided endomorphisms from conformal inclusions, Internat. Math. Re-
search Notices, (1998) 5-23.

21



