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Abstract. We show the uniqueness, up to cocycle conjugacy, of an action of
a separable locally compact abelian group G on the hyperfinite type II; factor R,
which fixes a Cartan subalgebra of R elementwise and has the Connes spectrum
G. We also show the uniqueness, up to cocycle conjugacy, of an almost periodic
prime action « of a separable locally compact abelian group on the hyperfinite type
II; factor R with (R®)’ "R = CI, and the uniqueness, up to cocycle conjugacy,
of a quasi-free one-parameter automorphism group of R arising from the CAR

C*-algebra, which has the Connes spectrum R.

80 Introduction

In this paper, we show the uniqueness, up to cocycle conjugacy, of a one-
parameter automorphism group of the hyperfinite type II; factor R, which fixes
a Cartan subalgebra of R elementwise and has the Connes spectrum R. This re-
sult is valid for any separable locally compact abelian group G instead of R. As
its application, we also show the uniqueness, up to cocycle conjugacy, of an almost
periodic prime action « of a separable locally compact abelian group on the hyper-

finite type II; factor R with (R*)’ "R = CI, and the uniqueness, up to cocycle



conjugacy, of a quasi-free one-parameter automorphism group of R arising from
the CAR C*-algebra, which has the Connes spectrum R. Methods of computation
of the Connes spectrum in terms of the asymptotic range are also given. Several
examples are shown to be identical up to cocycle conjugacy as an application.

In the classification problem of group actions on the hyperfinite type I1; factor,
non-compact continuous groups have not been studied well. Thus we study the
classification problem for the real number group R. Note that the uniqueness of
the injective type II1; factor, which was finally solved by Haagerup [8], is equivalent
to the uniqueness of the trace scaling one-parameter automorphism group, troa; =
e~ 'tr, of the hyperfinite type Il factor Rg 1 by Takesaki [22]. The trace preserving
cases are still open.

We solved the classification problem for an action « of R up to stable conjugacy
in the previous paper [13] for the case I'(a) # R. In §1, we will deal with the case
I'() = R under the condition that an action « fixes a Cartan subalgebra of R. If an
action fixes a Cartan subalgebra elementwise, we can write down the explicit form
of this type of action by the work of Feldman-Moore [7] and Connes-Feldman-Weiss
[5], and we will classify this type of actions. We will use the technique of T-array
in Krieger [14], and reduce the general cases to infinite tensor product type actions.
The results in this section are stated for a general separable locally compact abelian
group G. The method in this section can also be applied to the hyperfinite type
11 factor.

In §2, we show uniqueness, up to cocycle conjugacy, of an almost periodic prime

action « of a separable locally compact abelian group on the hyperfinite type 113



factor R with (R®)’ "R = CI as an application of the result in §1. This type of
actions were studied by Thomsen [24].

In §3, we will use the construction in §1 and its modification to show that all
the ergodic flows actually occur as & on Z(M %, R), which was used as complete
invariants together with the type of the crossed product algebra for a classification
of an action a of R on the hyperfinite type II; or Il factor M with I'(a) # R
in Kawahigashi [13]. We also show a one-parameter automorphism group « has a
trivial relative commutant property R'NR xR = CI if « fixes a Cartan subalgebra
of R and I'(a) = R. We show examples of a one-parameter automorphism with
['(a) = R at the end of this section.

In §4, we use the result in §1 for quasi-free actions of R on R, which is a weak
extension of a one-parameter automorphism group on the CAR C*-algebra coming
from the Bogoliubov automorphism given by a one-parameter unitary group on
a separable Hilbert space. We reduce these actions to the above type of actions
by expansionals in Araki [1]. As an example, we can apply this result to “CAR-
flow” which is a type II; factor automorphism group version of the endomorphism
semigroup of £(H) in Powers-Robinson [20].

We would like to thank Prof. K. Schmidt for calling our attention to Oren [17],
Prof. R. Powers for raising our interest in the subject of §4, and Prof. M. Takesaki

for numerous suggestions and successive encouragement.

§1 Uniqueness result for locally compact abelian groups

We study actions of a locally compact abelian group G on the hyperfinite type

IT; factor R defined as follows. (Though our main interest lies in the case G = R,



the results in this section are valid for more general cases.) Let T be an ergodic
measure preserving transformation on a measure space (X,u), u(X) = 1. Then
o € Aut(L>°(X, u)) is defined by o(¢)(z) = (T tx) for ¢ € L>(X, u). The group
measure space construction L (X, u) X, Z gives us R. Let u be the implementing
unitary for this crossed product algebra. We denote L>°(X, 1) by A in the following.
For a separable locally compact abelian group G, take a measurable function h from

X to é, and we define an action a; of G, t € G by

ai(p) = @, for p € L™ (X, p)

a(u) = (t, h(z))u,

where (¢, h(z)) denotes the duality pairing of t € G and h(z) € G for € X. Note
that if « is an action of G which fixes a Cartan subalgebra of R elementwise, then
« is of this form. (See Definition 3.1, Theorem 1, Theorem 5 in Feldman-Moore [7]
and Theorem 10 in Connes-Feldman-Weiss [5].) In this section, a will denote this
action. Every set in the following is assumed to be measurable.

We use a groupoid X X7 Z for which the multiplication is defined by (z,n) -

(T~"xz,m) = (x,n + m), where x € X, n,m € Z.

DEFINITION 1.1. For the above measurable function h and an ergodic transfor-
mation T on X, we denote by r(h,T') the asymptotic range 7*(c) (Definition 8.2 in

Feldman-Moore [6]) for the following cocycle on a groupoid X xr Z.

h(z) +h(T tz) + -+ (T " lx), ifn>0,z¢eX,
c(x,n) =< 0, ifn=0,z€ X,
h(Tx) + h(T?z) + - - + h(T"x), ifn<0,zeX.



The asymptotic range r*(c) is a closed subgroup of G by Proposition 8.5 in Feldman-

Moore [6].

For the Connes spectrum I'(a) (see Définition 2.2.1 in Connes [3]), we get the

following, as expected. (See Proposition 2.11 in Feldman-Moore [7].)
Proposition 1.2. For the above action o, I'(a) = r(h,T).

Proof. By IV.5.4 in Takesaki [23] and Z(R®) C A C R* we get

[(a) = 0{Sp(a®) | e € Proj(R*)} € N{Sp(a®) | e € Proj(A)}

C N{Sp(a®) | e € Proj(Z2(R*))} = I'(a).

(Here the symbol Z means the center.) Thus A € I'(«) if and only if A € Sp(a®)
for every e = xp € A, where B C X, u(B) > 0.
Suppose A € r(h,T). Choose an arbitrary B C X, u(B) > 0, and set e = xp €

A. We have to show f()\) = 0 if we have an f € L}(QG) such that

(%) / f(=t)ai(y)dt =0, for every y € R..

G
Assume f()\) # 0, and take an open neighborhood U C G of \ so that f #0onU.
Now by the definition of the asymptotic range, there exists an integer n such that

we have u(B") > 0 for

B'={xe B|T "x € B,c(x,n) e U},



where we used the cocycle ¢ as in Definition 1.1. Take y = eu”e in (x). We have

| fetxmauadi= [ fOxa@) o)l dt-on =0
G G
This implies
/ f(@){t, c(z,n)) dt =0, for almost all =z € B'.
G

This contradicts ¢(x,n) € U for z € B and f # 0 on U.
Conversely, assume A € Sp(a€) for every e = xp, B C X, u(B) > 0. Suppose
A ¢ r(h,T). Then there exist B C X, p(B) > 0, and a neighborhood U C G of A

such that
(%) u({z e B|T "z € B,c(x,n) € U}) =0, for every integer n.

Take an f € L'(G) such that supp(f) C U and f()\) # 0. Then for every integer n

and ¢ € L>®(X,u), we have

/f(—t)&t(ecpu”e)dt:/f(t)x3g0<t,c(x,n)>XTant~u”.
G G

A

But the right hand side of this is 0 because of (%) and supp(f) € U. Thus by

the definition of Sp(a®), we get f (\) = 0, which contradicts the construction of

f. Q.E.D.

We get the following for the Poincaré flow. (See Definition 8.1 in Feldman-Moore

[6].)



Proposition 1.3. For the above action «, the flow on Z(R Xo G) given by the

dual action & oféY 1s the Poincaré flow of the cocycle c.

Proof. By considering the dual action & on Z(L>®(X,u) s Z x4 G), it follows

easily from the definition of the Poincaré flow. Q.E.D.

N

We are interested in the case r(h,T) = I'(a) = G. Thus in the rest of this
section, we assume this equality. In the following we use the notation [T'] for the

full group of T'.

DEFINITION 1.4 For S € [T] and a measurable function h from X to G, we
define
h(z) +h(T tz) + -+ (T " lx), if n >0,

F(h;z,5) =1 0, if n =0,
h(Tz) + h(T?z) + -+ + (T "x), if n <0,

on the set {z € X | Sx =T "x}.

Lemma 1.5. For every A,B C X, u(A) = uw(B) > 0, A € G and a neighborhood
W C G of A, there exists S € [T] such that S(A) = B, F(h;x,S) € W for almost

allz € A.

Proof. Because T is ergodic, there exist 41 C A, By C B, u(A41) = u(B1) > 0
and an integer n such that 77" A; = B;. By considering ¢(z,n) on Aj, there exist
Ay C Ay, By C By, pu(As) = pu(Bz) > 0, X € G, an open neighborhood W’ C G
of X, and an open neighborhood W” C G of A — X such that ¢(x,n) € W’ for
almost all z € Ay and W/ + W” C W because G is second countable. Then by the

definition of the asymptotic range, there exist Bs, B4 C Ba, u(Bs) = pu(Bs) > 0,



and an integer m such that T~ Bs = By and c(x,m) € W' for almost all x € Bs.
Now set Az = T"Bs. Then we have c¢(z,n +m) € W for almost all z € As.

Now let F be the set of family {A;, B; }icr, where pu(A;) = u(B;) > 0, A;’s are
mutually disjoint subsets of A, B;’s are mutually disjoint subsets of B, and for each
i € I, there exists an integer n; such that T-" A; = B; and ¢(x,n;) € W for almost
all z € A;. Consider the usual order on F, then it is inductively ordered. Thus take
a maximal {A;, B; }ier in F, then u(UA;) = p(UB;). If n(A—UA;) = p(B—UB;) >
0, then we can find another A" and B’ by applying the above argument to A —UA,,
B — UB;, which contradicts the maximality of {A4;, B;}icr. Thus A = UA;, and
B = UB,, hence we are done. (The transformation S is defined to be T~" on

Ai) Q.E.D.

While this Lemma 1.5 is similar to Lemma 2.7 in Krieger [14], the important
difference is that A is arbitrary here.

Take an action 3 of G on R of the form §; = ®;’°:1 diag((t,ué%...,(t, 1/%})),
where diag((t,17),..., (t, l/f‘v])) stands for the (N, 4+ 1) x (N; + 1) diagonal matrix
with diagonal entries (t, 1/8}, o (t V%j}, and I/f’s are in G. We say this action is of
the infinite tensor product type. In this expression, we may assume 1/8 = 0 for all 7,
thus we assume this in this section, and fix 5. We will prove the following theorem
on the uniqueness of actions up to cocycle conjugacy. (See p. 215 of Jones-Takesaki

[10] for a definition of cocycle conjugacy.)

Theorem 1.6. If an action « of a locally compact abelian separable group G on
the hyperfinite type 11, factor R fixes a Cartan subalgebra elementwise and I'(a)) =

G’, and another action 3 is of the infinite tensor product type, then « is cocycle



conjugate to an action of the infinite tensor product type, and o ® (3 is cocycle

conjugate to a.

Note that the infinite tensor product type actions are particular cases of the
actions in this theorem.

We need some lemmas for the proof of this theorem. We will use the technique of
T-array of Krieger. (See p. 166 in Krieger [14] and V.5 in Takesaki [23] for definitions
and notations.) In our convention here, we assume U(a,b)Z(a) = Z(b), the index
set A is finite, and UgeaZ(a) = X for a T-array A = {Z(a),U(a,b) | a,b € A}. We

use a notation Ok(x) = k(z) — k(T 'z) for a measurable function k from X to G.

Lemma 1.7. Suppose a T-array A1 = {Z1(a),U1(a,b) | a,b € A1}, B1,...,Bm C
X, a measurable function hy from X to G’, e > 0, and an open neighborhood
W C G of 0 are given. Moreover, we assume that F(hy;2,U1(a,b)) is an almost
everywhere constant function on Z1(b). Then there exists an integer ng such that
for every integer n > ng, and Ao, ..., Ap—1 € G’, where A\g = 0, there exist an

extension T-array of Ay

Ay ={Z5(a),Uz(a,b) | a,b € Ay = A1 X Z,,}

and a measurable function ho from X to G such that

ho(x) € W, for almost all x € X,

BkéB{Zg(a) |a € As}, for every 1 <k <m,

F(hy;2,U1(a,b)) = F(h1 4+ Ohg; x,Uy(a,b)), for almost all x € X,

F(hi 4+ 0ha;x,Uz((a,j), (a,0))) = Aj, a € Ay, for almost all x € Zs(a,0).



Proof. Take ng as in Lemma V.5.7 in Takesaki [23], and for n > ng, take Zs(a, j)
for (a,7) € A1 x Z,, as in the proof of Lemma V.5.7 in Takesaki [23] so that
BreB{Zs(a) | a € Ay}, where the right hand side means the o-algebra generated
by Za(a), a € As. Fix ag € A. Now take Us((ag,j), (ao,0)) € [T] by Lemma 1.5 so

that

F(hi;2,U2((ao, j), (ao,0))) € \; + W, for almost all x € Z3(ap,0).

(For j = 0, take Us((ao,0), (ap,0)) = id.) Now define

Us((a0,%), (a0, 7)) = Uz((ao, ), (a0, 0))U2((ao, j), (ao, 0)) ",

and extend this as usual. (See V.5.6 in Takesaki [23].) We define

ha(x) = F(h1;Uz((a,0), (a, 7))z, U2((a, 5), (a,0))) = X

on Zs(a,j), (a,j) € A1 x Z,,. Then ho(x) € W for almost all x € X. For almost

all x € Zs(a,0), we have

F(hy + Ohz; x,Uz((a, j), (a,0)))
=hy(2) + h (T 2) + -+ hy (T " a) + ho(x) — ho(T ")
:hl(ilj‘) + h1(T71.77> + -+ hl(TinJrlx) - F(hl;x7 UQ((aaj)v (a70))) + )‘j

=)\,

10



where n is given by Us((a, ), (a,0))x = T~™z. Thus by construction of hg, we have

the desired equalities. Q.E.D.

We use a notation Orby (z) = {U(a,b)z | a,b € A} for a T-array A = {Z(a),U(a,b) ||}

a,be A} and z € X.

Lemma 1.8. For a given T-array A1 = {Zi(a),Ui(a,b) | a,b € A1}, € > 0, an
open neighborhood W C G of 0, and a measurable function hy from X to G such that
F(h1;Ui(a,b),z) is an almost everywhere constant function on Z1(b), there exist
an integer n, an extension T-array Ay = {Z2(a),Us(a,b) | a,b € As = A1 X Zy}, a

measurable function ho from X to é, and po,...,Pn-1 € G such that

pu{rx e X | Tx ¢ Orby,(x)}) <e,
pw{x € X | ho(x) e W}) > 1—¢,
F(hy;2,U1(a,b)) = F(h1 + Ohg; x,Uy(a,b)), for almost all x € Z1(b),

F(hi 4+ 0ha;x,Uz((a,j), (a,0)) = pj, a € Ay, for almost all x € Zs(a,0). |

Proof. First, take an extension T-array A} = {Z{(a),Uj(a,b) | a,b € A} = Ay X

Z,,} for some integer m by Lemma V.5.8 in Takesaki [23] such that

p({r € X | Tz ¢ Orby, (z)}) <e.

We make an extension of this by technique on p. 168 in Krieger [14]. Fix ag €
A;. Then there exist E C Zi(ap,0), an open neighborhood W' C G of 0, and

pY,...,p% | € G such that u(E) >0, W + W' C W, and

F(hy;2,U{((ao, j), (ap,0))) € ,0? + W, 0<j<m~-—1,for almost all z € E.

11



By maximality argument, we can find a family of mutually disjoint sets {E}}ien
in Zj(ao,0) and elements {p; ;}ieN,0<j<m—1 of G such that Pio = 0, p(E}) >0,

u(Z1(ao,0) — UienE}) = 0 and

F(hy;2,U1((ao, ), (a0,0))) € p; ; + W', for all j and almost all z € E].

Take lp € N such that u(U;>i, El) < eu(Zi(ap,0))/2. By approximating U;>;, E;
and E!’s (0 < i <lp— 1) by unions of smaller sets, we get integers [y, [, a family
{E;}o<i<i—1 of mutually disjoint sets in Z1 (ag, 0) and elements {p; ; }o<i<i—1,0<j<m—1l}

of G such that

1(Zy (ao,0) — Up<i<i—1E;) =0,
p(Un, <i<i—1Es) < ep(Z1(ao,0)),

F(hi;2,U1((a0,7), (a0,0))) € pi; + W', 0<i<l —1, for almost all x € F;.

We define ZQ(a07j7 Z) = U{((ao,j),(ao,O))Ei, choose UQ((CL0,0,'L.),(CZ0,0,0)) S [T]

such that

Ug((ao,O,z'), (ao,0,0))ZQ(ao,0,0) = Zg(ao,o,i),
UQ((CL(), 0, 0), (ao, 0, 0)) = id,

F(hy;2,Uz2((agp,0,14), (ap,0,0))) € W, for almost all x € Zs(ag, 0, 0),

12



by Lemma 1.5. Now we can define

UQ((a07j7 i)? (ao,0,0)) = U{((ao,j), (ao,O))UQ((ao,O,i), (ao,0,0)),

and extend this as usual. Now we define

hg(:lj‘) = F(hl;UQ((aovovo)a (a07j7 i))'z?UQ((aOvj? i)? (ao,0,0))) — Pi,j

on Zs(ag,j,1). Thus this ha(z) is defined on Z;(ag). We extend this to the entire
set X by ha(z) = ho(Ui(ap,a)x) on Z1(a). Then we know that u({x € X | ho(x) €
W}) >1—e. Set n = Im. Because two equalities for F' are proved as in the proof
of Lemma 1.7, Ay = {Z3(a),Uz(a,b) | a,b € Ay = Ay X Z, }, p’s and hg satisfy the

desired properties. Q.E.D.
Now we can prove Theorem 1.6.

Proof of Theorem 1.6. Let § be the infinite tensor product of copies of 3. Because

B is also of the infinite tensor product type, we represent this as

oo

® d(diag((t, X)), -, (t: X)), M €@.

Let {B,}nen be a sequence of Borel sets which generates the o-algebra of X.
Choose a sequence {W;},en of open neighborhoods of 0 in G such that D s N
always converges for an arbitrary sequence {\;}jen, A; € W;. We can construct a
sequence of T-arrays, A}, A2, Al, A3, ..., a sequence of measurable functions from

X to G, {hl, N, a sequence of integers {n!, cN, a sequence of elements
J J J 8 j g J

13



{pj 1> P31 }ieN0<k<n;—1 Of G, (pjo = P50 =0), and a strictly increasing sequence
of integers {m }jen, (mo = 0), by applying Lemma 1.7 and Lemma 1.8 alternately

so that the following conditions are satisfied.

(1) A5 ={Zj(a),Uj(a,b) [a,b€ Aj},  i=1,2,j€N,
2 . : 1

(2) A5 is an extension of A7,

(3) Aj,, is an extension of A3,

J

1><Zn2><~~-><Z1
1 1

-9
'T'L]

2 _ g1l

/27

(6) By € B{Z)a)|ac A}}, k<j

(7) p({z € X | Tz € Orbyz(2)}) > 1 - 1/27,

(8) hj(x) € Wj, for almost all x € X,

(9) u(fw € X | W) € W) = 1-1/2,

(10) F(h+8(hy + hg 4+ h1 + hi + -~ 4+ hj); 2, U} ((a,k), (a,0))) = pj 4, for

a € A?fl, 0<k< njl — 1, and almost all z € Z}(a,0),
(11) F(h+0(hg + hi + hi +hi+ -+ h3);2, U ((a,k), (a,0))) = pf,,  for
a € Ajl-, 0<k< n? — 1, and almost all z € Z?(a,0),

(12) diag({t,pLo).- - {1:0),0) = @rsie ™ diag({t.35), . (0 7,)).

Note that there exists a measurable function h’' = Z‘;’;O(h} + h%) on X by
(8) and (9). By (2), (3), (4), (5), (6) and (7), L>°(X,u) X, Z is isomorphic to
LOO(H;ZO(ZR; X Zpz),v) X @‘;’;O(Zn; ® Z,2), where the action is given by the
natural addition, and the measure v is the product measure of v} on anl, and I/J2

J

1 o 1 o . . . .
on Zyz, vi(pt) = 1/nj, vZ(pt) = 1/n?. Under this isomorphism, Ad((t,h’))oy is

14



conjugate to

oo

QAd(diag((t. plo). - (t.p} ) @ Ad(diag({t. p2o). .- (1.2 ,2))).

=0

by (10), and (11). Setting
ap = Q) Ad(diag((t. o). - - -+ (t. 0} ,2)));
j=0

we know by (12) that « is cocycle conjugate to B®@a’, which is of the infinite tensor
product type. We also know a ® [ is cocycle conjugate to § ® B ® o = B ® o,

which is cocycle conjugate to a. Q.E.D.

Corollary 1.9. If an action « of a separable locally compact abelian group G on
the hyperfinite type I, factor R fizes a Cartan subalgebra and I'(«) = G, then this

a 15 unique up to cocycle conjugacy.

Proof. Suppose «, 3 be actions as in the statement. We may assume these are of the
above type, and by Theorem 1.6, we may also assume these are of the infinite tensor
product type by changing these within their cocycle conjugacy classes if necessary.
Now again by Theorem 1.6, both o and (8 are cocycle conjugate to a ® 3, thus «

and [ are cocycle conjugate. Q.E.D.
We can apply the above technique to the hyperfinite type II factor R, 1, too.

Proposition 1.10. If « is an action of a separable locally compact abelian group
G on the hyperfinite type Il factor Ro1 which fixres a Cartan subalgebra and

[Na) = G’, then this a is unique up to cocycle conjugacy.

15



Proof. We may assume Rg1 = L®(X,u) X Z, where T' is a measure preserving

transformation on a measure space L™ (X, u), u(X) = oo, and « is given by

ai(p) = @, for p € L>(X, )

a(u) = (t, h(z))u,

Then choose a sequence of mutually disjoint measurable sets {X,,},en in X such
that X = UpenXn, #(X,) = 1. Choose an open neighborhood W C G of 0. Then
by applying Lemma 1.5, we get S,, € [T] such that Sy = id, S,(Xo) = X, and
F(h;x,8,) € W for almost all z € Xo. Define hy(z) = F(h; S, x,x) for z € X,,,
and consider the induced transformation 7p on Xy, the reduced cocycle cx,, and
the action o/ given by cx, on the hyperfinite type II; factor L>°(Xo,u) X1, Z as
above. Then Ad((t, h;))a is given by o/ @i and T'(o/) = G, where i stands for the
trivial action on the type I, factor. If 3 is another action as in the proposition,
we get (' similarly. Now o’ and 3’ cocycle conjugate, hence we know that o and 3

are cocycle conjugate. Q.E.D.

62 Almost periodic prime actions of locally compact abelian groups

As an application of the result in §1, we consider almost periodic prime actions
of separable locally compact abelian groups. We keep denoting a separable locally
compact abelian group by G, and consider an action « of GG on the hyperfinite type
IT; factor R. We say « is prime if the fixed point algebra R is a factor. We define

an eigenspace R(p) for p € G by

R(p) = {a € Rlay(z) = {g.p)a, for all g € G},

16



and the pure point spectrum Sp,(«) by

Spy(a) = {p € G|R(p) # 0}.

We say « is almost periodic if the linear span of the subspaces R(p), p € é, is
weakly dense in R. (Definition 7.3 in Olesen-Pedersen-Takesaki [16] and Definition
7.1 in Thomsen [24].) Note the assumption of the existence of a faithful normal
a-invariant state in definitions of Olesen-Pedersen-Takesaki [16] and Thomsen [24]
is unnecessary here because we consider the type II; factor. In this section, we
assume « is a faithful, prime, almost periodic action of G on the hyperfinite type
II; factor R with (R®)' "R = CI, and we will show the uniqueness up to cocycle

conjugacy of this type of action.

Lemma 2.1. Let H be a separable compact abelian group, and let H= {An|n € N}.
Define the infinite tensor product type action o of H on the hyperfinite type II;

factor R by

"= & Ad((l) <h,gn,g~>)’

JmeN

where N j = Ay, for all j € N. Then this action is faithful and we have (R7)' NR =

CI.

Proof. 1t is trivial that this o is faithful.
First we calculate the Connes spectrum I'(o). Although it will follow from
(R°) N'R = CI that T'(¢) = G by Corollary 4.7 in Paschke [18], we need this

type of computation later.
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Make a sequence { (i, fnen by renumbering the double sequence {\, ;}n jen. Set
X =T1,2,{0,1}, and let p be a product measure of a measure v on {0, 1}, v({0}) =
v({1}) = 1/2. We define an equivalence relation x ~ y for z = (x,),y = (yn) € X
by

T~y <= x, =y, for all sufficiently large n’s.

Then this induces a groupoid, and we can define an H-valued 1-cocycle ¢ by
c(x,y) = Yoo (Yn — Tn)py for  ~ y € X. (Note that the sum is actually a
finite sum.) Because this groupoid is amenable, this cocycle is of the type con-
sidered in §3.2, and the obtained one-parameter automorphism group is exactly o.
Thus it is enough to show 7*(c) = H by Proposition 1.2, and it is also enough
to show that for every £ C X there exists an integer k such that if n > k, then
tn € 7*(cg). (Here cg is the restriction of the cocycle ¢ above to E. See Proposition
7.6 in Feldman-Moore [6].)

Fix E C X, u(E) # 0 and take ¢ = pu(E)/9. Then there exist an integer k
and F C H;c:l{O,l} C X such that u(E A F) < e. (We identify a set A C
H;C:l{O, 1} with AXH;O:k+1{O, 1}.) Let F = |_|f:1 F}, where each Fj is a singleton in
H;C:l{O, 1}. Note that each F; has measure 1/2%. We show u(g,(ENG2)NENGY) #

0 for n > k, where

(1 is at the n-th entry),

6o =TT < (0 x ] o1

j=n+1
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and

Gl = 1:[{0,1} < {1} x [] {0,1}.
Jj=1 j=n+1

Suppose it was zero. Setting E; = EN Fy, we get u(g,(E;NG2) N E;NGL) # 0 for

each [. It implies p(E;) < 1/2%+1, Thus pu(F, — E;) > 1/2F1 and we get

L L
WENF) > (B —E) > 1/25 = u(F)/2,
=1

=1
which implies

(V24 Du(E)? /3 > p(E)'2,

but it is a contradiction. Thus u(g,(ENG2)NENGL) # 0. Because c(x, gnx) = pn,
for z € ENG% Ng-'(ENGL), we get yu, € r*(cg). Thus we now have I'(0) = H.
It is known that the dual action of the free action of Z on R is conjugate to the

1 0

infinite tensor product type action ®;’°:1 Ad ( 0 z) ,2 € T, of T. Because each

element of G appears for infinitely many times in {ptn}, we can write R = ®;’°:1 R;,
®§O:1 Pj € R?, where R; = P; = R, P;NR; = CI for all j. This implies

(R?) NR =CI. Q.E.D.
Now we can prove the following theorem.

Theorem 2.2. For a separable locally compact abelian group G, a faithful almost

periodic prime action o with (R*)' N R = CI is unique up to cocycle conjugacy.

Proof. By Proposition 7.3 in Thomsen [24], Sp,(«) is a countable dense subgroup

of G, and if we set H = Spy ()7 there exists an action 3 of the separable compact
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abelian group H on R such that oy = §,(,), where ¢ is a natural dense embedding
G C H. Because R is a factor by assumption and ¢ is a dense embedding, R” = R
is also a factor, and we have (RP)’ "R = CI. By Theorem 5.2 in Thomsen [24],
this 3 is conjugate to the action o in Lemma 2.1. By ay = f3,(4), @ is also of infinite
tensor product type. Because I'(a) = G by the almost periodicity and primeness,

we know that « is unique up to cocycle conjugacy by Corollary 1.9. Q.E.D.

REMARK 2.3. A faithful almost periodic ergodic action is a particular case of al-
most periodic prime actions. A classification of this type of actions up to conjugacy
was given by Theorem 7.4 in Olesen-Pedersen-Takesaki [16], and this result was ex-
tended to faithful almost periodic prime actions by Theorem 7.4 in Thomsen [24].
Their invariants are Sp,(a) and a symplectic bicharacter x, in Olesen-Pedersen-
Takesaki [16], and a fixed point algebra M and N(a) = Spy(a|pe)ynam) in addi-
tion to these two in Thomsen [24]. Theorem 7.5 in Thomsen [24] claims that there
is only one action of the type of Theorem 2.2 up to conjugacy for each Sp,;(«). Our
Theorem 2.2 shows cocycle conjugacy class of the action does not depend on the em-
bedding into H = Sp,(a)”, and these actions are unique in the case (R*)'NR = CI

if we consider the cocycle conjugacy.

§3 One-parameter automorphism groups of R.

In this section, we study the case where the group G in §1 and §2 is the real
number group R.
In Theorem 0.1 in Kawahigashi [13], we classified one-parameter automorphism

group « of the hyperfinite type II; and Il factors R, Ro,1 up to stable conjugacy
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under the assumption I'(a) # R. Thus we have a complete classification for one-
parameter automorphism groups of R, R, fixing a Cartan subalgebra by this
result, Corollary 1.9, and Proposition 1.10. In Kawahigashi [13], we considered
the ergodic flow on Z(M x, R) given by & and the type of M x, R as complete
invariants for M = R,Ro,1. In this section, we show all the ergodic flows occur as
this invariant by a similar construction to actions in §1. Note that we showed in
Kawahigashi [13] the type of the crossed product algebra is of 11, or I, unless oy
is inner for every t € R. Because we have an invariant trace on the crossed product
algebra, if the crossed product is of type I, only measure preserving ergodic flows
can occur. In the following, we show this is the only restriction on these complete

invariants.

Proposition 3.1. In the above context, all the measure preserving ergodic flows
occur as & on Z(M x4 R) if M x4 R is of type I, and all the ergodic flows occur

as & on Z(M x4 R) if M x4 R is of type Il.

Proof. Suppose an ergodic flow T} on a measure space (Y, v) is given. First assume
this is measure preserving. Then by the Theorem of Ambrose-Kakutani (see Katok
[12]), there exist an ergodic measure preserving transformation 7" on a measure
space (X,u) and a positive measurable function h on X such that 7; on Y is
conjugate to the flow under the ceiling function h over the base X. Construct a
one-parameter automorphism group « for this X, T, and h as in §1. Then by
Proposition 1.3, we know that & on Z(R x, R) is conjugate to T;. It can be shown
as in the argument after Lemma 1.1 in Kawahigashi [13] that the crossed product

R xo R is of type I,. If we consider a ® i on RQ®R, where i is the trivial action
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of R on the second copy of R, we get a type Il crossed product algebra and the
same flow as & on Z(M x4, R).

Next assume there is no measure on Y that is equivalent to v and preserved by T}.
By the Theorem of Ambrose-Kakutani-Krengel-Kubo (see Katok [12]), there exist
an ergodic measurable transformation 7" on a measure space (X, 1) and a positive
measurable function h on X such that 7; on Y is conjugate to the flow under the
ceiling function h over the base X. Take and fix an action 6 of R on R, such that
we have tro#, = e'tr where tr is the trace on Ro,1 and t € R. (See Takesaki
[22].) We define an automorphism o of L>(X,u)®Ro,1 by 0(y) = 0_10gm() for

x € X, where this define a map from R 1(x) to Ro,1(Tx) in
B @
LOO(X,,U)@ROJ = / Ro,l(ilj‘) d.fl?, Ro,l(ilj‘) = R0,17
X

and m(z) is the value of Radon-Nikodym derivative of 7" at x € X. Then this o
is trace preserving on L™ (X, )®Ro,1, where the trace is given by p and tr. By
Lemma 7.11.10 in Pedersen [19] and the ergodicity of T', we know that (L*° (X, u)®@Ro,1) %[}
Z is a factor. Because it has a trace and it is infinite, it is isomorphic to Rg 1. On
this (L>°(X, u)®Ro,1) Mo Z = Rp,1, we can define a one-parameter automorphism

it by
at(p) = ¢, for p € L>(X, 1)®Ro,1

ai(u) = (t, h(z))u,

where wu is the implementing unitary in the crossed product. Then by a similar
argument to Proposition 1.3, we know that & on Z(Ro 1 X R) is conjugate to T;.

By choosing an invariant projection e with finite trace in L>°(X, u)®Ro,1, we can
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also consider a® which is a one-parameter automorphism group of the hyperfinite

type II; factor R and has the desired property. Q.E.D.

In group actions, the trivial relative commutant property R’ "R x G = CI has
been important. We prove this property for one-parameter automorphism groups

of the type in §1.

Proposition 3.2. If a one-parameter automorphism group « of the hyperfinite type
II, factor R fizes a Cartan subalgebra and I'(a) = R, then this a has the trivial

relative commutant property, R’ N R xo R = CI.

Proof. Because the trivial relative commutant property is invariant under cocycle
conjugacy, we may assume « is of the infinite tensor product type by Theorem
1.6. Thus we have an increasing sequence M, of matrix algebras in R such that
a(M,) = M, and \/, M,, = R. Suppose z € R' N R x4 R. Let &, be the
conditional expectation from R X, R onto M,, X, R. Now 2 € R'NR x, R implies
En(x) € M), N M,, xqo R =A(R), where A\ denotes the representation of R in the
crossed product algebra. (Note that a|M,, is inner.) Thus z = lim, . E,(x) €
A(R) = A(R)’, hence we have z € R’ N A(R)" = CI because R x, R is a factor by

I'(a) =R. Q.E.D.
In general, it is not very easy to compute the asymptotic range in Proposition
1.2. But we have the following example for one-parameter automorphism groups.

ExAMPLE 3.3. Let 6 be an irrational number, 0 < # < 1, and consider the

torus T = [0,1) with the Lebesgue measure, and an ergodic transformation 7" on

X defined by Tz = x + 6. Take a number ¢, 0 < ¢ < 1, ¢ ¢ Q + Q0, and define
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a function h(z) = xjo,¢(z) — ¢. Define an action a on R = L>(T,u) x Z by h
as above. Then by Theorem A in Oren [17], we have r(h,T) = E, where E is the
closed subgroup of R generated by 1 and ¢, which is R, and we get an example for
['(a) = R. Corollary 1.9 shows that the cocycle conjugacy class of this action does

not depend on choice of an irrational c.
We also have the following for almost periodic prime actions of R.

Corollary 3.4. For an almost periodic prime one-parameter automorphism group
a on the hyperfinite type II; factor R with (R*) N R = CI, we have the trivial

relative commutant property R' NR xo R = CI.
Proof. Immediate by Theorem 2.2. Q.E.D.

We consider the next example of an almost periodic prime one-parameter auto-

morphism group on the hyperfinite type II; factor R.

EXAMPLE 3.5. Take a free action 3 of Z% on R, and make the crossed product
algebra R x3 Z?, which is isomorphic to R. A one-parameter automorphism group
a can be defined by ay(z) = = for 2 € R, ay(u) = e® "y and ay(v) = >y,
where v and v are the implementing unitaries for Z%, and \ and p are nonzero
numbers with A\/u ¢ Q. Then it is easy to show this is faithful, almost periodic,
and (R*) "R = CI. Thus by Theorem 2.2, this is cocycle conjugate to the

one-parameter automorphism group in Example 3.3.
84 The CAR C*-algebra and quasi-free actions of R

As an application of the theorem in §1, we will classify quasi-free actions arising

from the CAR C*-algebra.

24



We introduce a quasi-free action of R on the hyperfinite type II; factor R as
follows.
Take a separable Hilbert space H. There exists the Fock representation f —

a(f) € L(K) on another Hilbert space K, which satisfies

(1) alaf + Bg) = aa(f) + falg),  «,B€C,

(2) a(f)alg) +alg)a(f) = 0,

(3) a(f)*alg) + al(g)a(f)* = (flg)nix.
Then a(f)’s generate a C*-algebra, and if { f,, },>1 is a complete orthonormal basis
for H, we get the following correspondence between this C*-algebra and the 2*°

UHF algebra.

We get the hyperfinite type II; factor R by taking a weak closure with respect to

the trace. If we have a one-parameter unitary group {U;};cr on H, then

ar(P(a(fr), .. a(fa)")) = P(a(Uif1), ., a(Utfn)"),

where P is a (non-commutative) polynomial, defines a one-parameter automor-
phism group on the CAR C*-algebra. This extends to a one-parameter automor-
phism group on R, and we denote it by «, too. We call this a quasi-free action of

R on R, and classify this type of actions in this section.
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In the above context, let H be a self-adjoint operator such that e’* = U,. Then
by von Neumann’s theorem (see Theorem X.2.1 in Kato [11]) there exists a Hilbert-
Schmidt class self-adjoint operator V' such that a self-adjoint operator K = H +V
has pure point spectrum. Then one-parameter unitary group e*%* defines another
one-parameter automorphism group § on R. We have the following for these two

actions. (See also p. 315 in Saka [21].)

Theorem 4.1. Let o and 3 be quasi-free actions of R on R corresponding to e*t

and e'5t respectively as above. Then « is cocycle conjugate to 3, and (3 is of the

infinite tensor product type.

Proof. Let V = 220:1 M E,, where E,, is a mutually orthogonal rank-one pro-
jection onto a subspace spanned by f,. We may assume {f,},>1 is a complete
orthonormal basis of H. We know that \,’s are real and y - A2 < co. Let aﬁ”)
be the one-parameter automorphism group on R corresponding to a one-parameter
unitary group expit(H + 3 7, A\;F;). (We use a convention % = o.) We use the
above correspondence between the CAR C*-algebra and the infinite tensor product
of copies of the 2 x 2 matrix algebra for the orthonormal sequence { f,, },,>1. Define

for n > 0,

t .
n n n 2
0 n

where Exp, means an expansional. (See §2 in Araki [1].) By Theorem 2 in Araki
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[1], it is an a(™-unitary cocycle. If g is in Dom(H) = Dom(K) C H, then we have

S (a(g))

=a(i(H + Y NEj + Ans1Eni1)g)

j=1

=S (al9)) + (Ad (expit (1 ® - ®1® (A”{;/Q —Ano+1/2)>) a(g))

=0, (a(g)) + ll ®--21® (Mngl/z —iA7?+1/2) ,a(g)] :

t=0

where ¢’s stand for derivations. Thus agnﬂ)(a(g)) = Ad(ugn))agn)(a(g)) by The-

orem 2 in Araki [1], and thus we get o!"™ = Ad(u{™)a{™. Hence if we set

OB ORI

t
(n) _ . . )\1/2 0 )\n+1/2 0
v; = Exp, (/0 Qg (z ( 0 —A\/2 OXRRNO) 0 Ant1/2 ds |,

where the operation © is define by

, it is an a-unitary cocycle. Note that we have

a+c 0 0 0
a 0 c 0\ _ 0 a+d O 0
(o b)®(0 d)_ 0 0 b+c 0
0 0 0 b+d

(This operation is defined similarly for higher dimensional matrices.)

Now we claim that there exists an a-unitary cocycle v; such that vﬁ”) — vy as

n — oo uniformly for ¢ on every compact set in R.
For a given ¢, choose N such that (Z )\2)1/2 < 2¢. We will show that

n>N 'n

Hvﬁ”) - v,gm)Hg < et for n>m > N. Set

— Am+2/2 0 Any1/2 0
Appn =00 ®0®( 0 —Am+z/2)® @( 0 /2 )
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Then by Theorem 1 in Araki [1]

t
[l — o™ ||, = || Exp, ( ol ds) TR
0
t S
I [ B, (/ ™ (A,,) dr) " (A,) ds]la
0 0

t
< / | Az ds
0

1/2
n—+1 /

= Y M| t2<et

j=m-+2

Thus v* converges to an a-unitary cocycle v;. Letting n — oo in

Ad(v")au(alg)) = oy (alg)) = alexpit(H + Y N E;)g),
j=1
we get Ad(vy)ay = fy.
Because K has a pure point spectrum, we may assume K = 220:1 nFy, where

un’s are real numbers, F,’s are mutually orthogonal rank-one projections, and

> By = Iy. Thus j; is of the form @, -, Ad (exp it (’U”O/Q —,uo /2)>

Q.E.D.
Thus we can apply the result in §1 to quasi-free actions. In the following, we
consider the above «, and 8 which arises from K = 3> |y, F},. Define a groupoid

whose unit is X = H;’il{o, 1} as in the proof of Lemma 2.1. We also define an

R-valued 1-cocycle ¢ by c(z,y) = 377, (v; — y;)p; for x ~ y € X. The obtained
one-parameter automorphism group as in §1 is 3, hence we get the following by

Corollary 1.9 and Proposition 1.2.

28



Corollary 4.2. A one-parameter automorphism group o on R arising from the

CAR C*-algebra in the above way is unique up to cocycle conjugacy if I'(a) = R.

Proposition 4.3. In the above contest, the Connes spectra I'(a) and T'(B3) are

equal to the asymptotic range r*(c).

We can also show the trivial relative commutant property (Proposition 3.2) for
this type of «v if I'(a) = R.

For the computation of examples, we prove the following.

Proposition 4.4. For a one-parameter automorphism group o on R arising from

one-parameter unitary group et in the above way, the essential spectrum o.(H)

is contained in I'(«a).

Proof. By von Neumann’s theorem again, we get H + V = K as above. Because
oc(H) = 0.(K), we consider K =Y | j1,,P, and (3 instead of H and «.
Then we can prove the statement exactly as in the proof of Lemma 2.1.

Q.E.D.

In particular, if the spectrum of H contains a continuous part, it implies I'(«) =

R for o coming from e*#?, and this type of a is unique up to cocycle conjugacy.

EXAMPLE 4.5. Let H = L?*(R), and define a one-parameter unitary group U,
by Uif(x) = f(z —t) for f € L?(R). Then we can define a one-parameter auto-
morphism group a on R. (See pp. 4-5 in Powers-Robinson [20]. They construct a
similar endomorphism semigroup for the CAR C*-algebra.) In this context, above
H is i%, which has spectrum R. Thus by Proposition 4.4, we know I'(a) = R.

Take another H' = H1 @ Ho, where H; and Hs are infinite dimensional separable

Hilbert spaces. We consider H = A\j1Iy, @ A\alp,, where A\ and A2 are non-zero
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real numbers, and \;/Ag is irrational. Then we can consider one-parameter unitary
group e'!? /t, and it induces a one-parameter automorphism group o’ of R as above.
Because o.(H') = {A\1, A2}, A1/A2 is irrational, and I'(«) is a closed subgroup of

R, we know I'(¢/) = R again by Proposition 4.4. Note that this o’ is of the form

S (A0 S (A 0
®Ad (expzt ( 0 0)> ® ®Ad (expzt ( 0 0)> .
j=1 k=1
Then by Corollary 4.2, we know that o and o are cocycle conjugate. We also

know that these are cocycle conjugate to the one-parameter automorphism groups

in Examples 3.3 and 3.5.

REMARK 4.6. The inclusion in Proposition 4.4 is not the best possible. Actually
by the very similar arguments to Lemma 4.2, Lemma 4.3, Lemma 5.4 in Araki-
Woods [2], and Théoréme 1 in Connes [3] with Corollaries 4.2 and 4.3 here, we get
the following characterization. (This corresponds to writing the asymptotic range
in the original formulation of the asymptotic ratio set of Araki-Woods.)

A real number X\ is in I'(«) if and only if the following conditions are satisfied.

(1) {In}nen is a family of mutually disjoint finite subsets of N,
(2) K}, K2 are mutually disjoint subsets of {3 iep tj | F1C I},
(3) %y, is a bijective map from K} onto K2,

(4) 2oL, [Kql/2 = oo,

(5) limy—oo maxpers [A — (¥n(p) — p)| = 0.

In (2), p;’s are eigenvalues of K as above.
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By this criterion, we can show that the following H has o.(H) = {0}, but the
one-parameter automorphism group it induces has the Connes spectrum R. (Hence
it is cocycle conjugate to the actions in Example 4.5.)

Let {a, }nen be the following sequence.

11 1 1 1 1

’ 727- 727- 7n7---7n7-
—_—— ———
8 times n2m times

1
Define ap m = Ean. We define H = Zn,m an,mEn m, where E, p,’s are mutually
orthogonal rank-one projections in H. Then H is a compact operator, and o.(H) =
{0}, but by the above criterion, we can show 1/m is in I'(«) for every positive integer

m. Thus we have I'(a) = R.
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