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Abstract

We study (dual) Longo-Rehren subfactors M ® M°PP C R arising from
various systems of endomorphisms of M obtained from a-induction for some
braided subfactor N C M. Our analysis provides useful tools to determine
the systems of R-R morphisms associated with such Longo-Rehren subfactors,
which constitute the “quantum double” systems in an appropriate sense. The
key to our analysis is that a-induction produces half-braidings in the sense
of Izumi, so that his general theory can be applied. Nevertheless, a-induced
systems are in general not braided, and thus our results allow to compute
the quantum doubles of (certain) systems without braiding. We illustrate our
general results by several examples, including the computation of the quantum
double systems for the asymptotic inclusion of the Eg subfactor as well as its
three analogues arising from conformal inclusions of SU(3).



1 Introduction

There are various constructions analogous to the quantum double construction of
Drinfel’d [8] in subfactor theory. The first of such constructions is Ocneanu’s asymp-
totic inclusion (see e.g. [10]) which produces M V (M' N My ) C My from a given
hyperfinite II; subfactor N C M with finite index and finite depth. That is, if we
compare the system of M-M bimodules (or N-N bimodules) arising from N C M
and that of M,-Ms bimodules arising from M V (M’ N M) C My, then the latter
can be regarded as a “quantum double” of the former due to its categorical structure.
This viewpoint was noticed by Ocneanu in connection to topological quantum field
theory of three dimensions, and the categorical meaning of the construction has been
recently clarified by Miiger [23]. (A general reference for the asymptotic inclusions
and topological quantum field theories is [10, Chapter 12]. We actually need a con-
nectedness assumption of a certain graph for the above interpretation of “quantum
double.” See [10, Theorem 12.29] for a precise statement.) Popa’s notion of a sym-
metric enveloping algebra in [26] also gives a construction of a new subfactor from
a given one, and if the initial subfactor N C M is hyperfinite, of type II;, of finite
index, and of finite depth, then this construction gives a subfactor isomorphic to the
asymptotic inclusion.

Later, Longo and Rehren introduced in [20] another construction of a subfactor
from a given system A of endomorphisms, which is now called the Longo-Rehren sub-
factor. Masuda [22] has proved that the asymptotic inclusion and the Longo-Rehren
subfactor are essentially the same constructions, though the constructions arise from
very different viewpoints and appear rather unrelated at first sight. Izumi [14] has
developed a general theory on the structure of sectors associated with Longo-Rehren
subfactors. He introduced a notion of half-braiding and showed that the structure of
the quantum double system D(A) is closely related to half-braidings. Namely, any
morphism in D(A) is given by certain extensions of morphisms defined by means of
a half-braiding. This extension will be called n-extension in this paper. Moreover, he
presents various interesting applications in [15] with calculations involving Ocneanu’s
tube algebra handled in the setting of Longo-Rehren subfactors.

Longo and Rehren also introduced an extension formula for endomorphisms of a
smaller net to a larger net for nets of subfactors in the same paper [20]. Xu [30, 31]
obtained various interesting results by using essentially the same construction in con-
nection to conformal inclusions. Two of us [1, 3] systematically analyzed the extension
formula of Longo and Rehren for nets of subfactors. It was named a-induction in
[1, 2, 3] in order to emphasize structural similarities with the Mackey machinery
of induction and restriction of group representations and to distinguish it from the
different sector induction, nevertheless. We have further studied a-induction in the
very general setting of braided subfactors in [5, 6]. We identified it with Ocneanu’s
graphical construction of chiral generators and obtained several results by making
use of his graphical methods of double triangle algebras. Izumi’s work [14] shows
that the study of Longo-Rehren subfactors using a half-braiding is somewhat similar
to the study of a-induction. Moreover, a-induction produces interesting systems of



endomorphisms which come with various half-braidings, as we will demonstrate in
this paper. So it is quite natural to study their quantum doubles by means of associ-
ated Longo-Rehren subfactors and applying Izumi’s general theory, and this is what
we propose in this paper.

To be more specific, we start with a subfactor N C M with a finite braided
system of N-N morphisms allowing us to apply a-induction. Then the two chiral
a-inductions arising from the braiding produce chiral systems of M-M morphisms,
and together they generate the full induced system. We define a system A to be
(subsystems of) either the chiral or the full induced system and study their associated
Longo Rehren inclusions M ®@ M°P? C R(A). We construct half-braidings with respect
to such systems A for certain classes of endomorphisms, and this enables us to apply
Izumi’s theory for analyzing the structure of the quantum double system D(A) which
can be given by n-extensions. The important point is that a-induced systems are not
braided in general. (They can even be non-commutative [30, 31, 2, 3] and general
criteria for non-commutativity were given in [5, 6].) Thus our analysis is aimed at
going beyond the computation of quantum doubles of braided systems which has
been carried out in [24, 9], and avoiding at the same time complex constructions like
the tube algebra used in [15].

In fact, the rich structure of a-induced systems allows to derive fairly concrete
results concerning the structure of the quantum doubles. Namely, we derive concrete
formulae for the (dimensions of the) intertwiner spaces between various n-extensions.
It is crucial that we allow the braiding on the N-N morphisms to be degenerate. How-
ever, the situation simplifies considerably whenever this braiding is non-degenerate.
For example, in this case the quantum double of the full induced system is given as
the direct product of the original N-N system with itself. As a corollary we obtain
a new proof of Rehren’s recent theorem on “generalized Longo-Rehren subfactors”
in a typical case arising from a-induction. Similarly, the quantum double of the
chiral system is given by the direct product of the original N-N system with the
ambichiral system in the non-degenerate case. However, in the general, degenerate
case the situation is more involved. More precisely, the subsystem of degenerate mor-
phisms arranges the direct product of the N-N system with the ambichiral system
into orbits whose elements have to be identified whereas fixed points split, so that
the quantum double is now some kind of orbifold of the one we would have obtained
in the non-degenerate case.

An orbifold phenomenon has been encountered earlier in computations of dual
principal graphs and bimodule systems of asymptotic inclusions of SU (n), subfactors
which correspond to degenerately braided systems [24, 9]. Our results show that the
same phenomenon shows up for quantum doubles of (in general not braided) systems
arising from a-induction and having its origin in degeneracies of the braiding of the
original N-N system. We illustrate this by computing the quantum doubles of several
examples arising from conformal inclusions of SU(2) and SU(3). They correspond to
the asymptotic inclusions of subfactors with principal graph Eg and Eg as well their
three analogues from SU(3) conformal inclusions.



This paper is organized as follows. In Section 2 we recall basic facts on a-induc-
tion, state our main assumption and review the results of [14] we use in the sequel.
In Section 3 we consider the quantum doubles of full induced systems. We introduce
half-braidings for the induced morphisms af\E and obtain formulae for the intertwiner
spaces of their n-extensions and finally consider the non-degenerate case. In Section
4 we propose the same analysis for the quantum doubles of chiral systems. Finally
we treat examples arising from conformal inclusions in Section 5.

2 Preliminaries

2.1 Braided systems of morphisms and a-induction

Let A and B be type III von Neumann factors. A unital x-homomorphism p: A — B
is called a B-A morphism. The positive number d, = [B : p(A)]'/? is called the
statistical dimension of p; here [B : p(A)] is the Jones index [16] of the subfactor
p(A) C B. If p and o are B-A morphisms with finite statistical dimensions, then the
vector space of intertwiners

Hom(p,0) = {t € B : tp(a) = o(a)t, a € A}

is finite-dimensional, and we denote its dimension by (p, o). An A-B morphism p is a
conjugate morphism if there are isometries r, € Hom(id4, pp) and 7, € Hom(id g, pp)
such that p(r,)*7, = d '1p and p(7,)*r, = d;'1a. The map ¢, : B — A, b
75p(b)rp, is called the (unique) standard left inverse and satisfies

¢p(p(a)bp(d’)) = agy(b)a’, a,a’€ A, beB. (1)

We work with the setting of [5], i.e. we are working with a type III subfactor
and finite system yAXy C End(N) of braided morphisms which is compatible with
the inclusion N C M. Then the inclusion is in particular forced to have finite Jones
index and also finite depth (see e.g. [10]). More precisely, we make the following

Assumption 2.1 Let N C M be a type III subfactor together with a finite system
of endomorphisms yXy C End(N) in the sense of [5, Def. 2.1] which is braided
in the sense of [5, Def. 2.2]. For a given subsystem y)Yy C yAXn we assume that
0 = v € X(nYn) for the injection M-N morphism ¢ : N < M and a conjugate N-M
morphism 7.

Here ¥(yYn) denotes the set of finite sums of morphisms in yYx, and we will use a
similar notation for other systems.

With the braiding € on y Xy and its extension to X(yAXn) as in [5], one can define
the a-induced morphisms aF € End(M) for A € %(yXy) by the Longo-Rehren
formula [20], namely by putting

oy =7 ' oAd(sF(\,0)) oo,
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where 7 denotes a conjugate morphism of the injection map ¢ : N < M. Then aj\L and
a, extend A, i.e. af ot = to\, which in turn implies dait = d) by the multiplicativity
of the minimal index [19]. Let v = «z denote Longo’s canonical endomorphism from
M into N. Then there is an isometry v € Hom(id,~) such that any m € M is
uniquely decomposed as m = nv with n € N. Thus the action of the extensions af\E
are uniquely characterized by the relation i (v) = (A, #)*v which can be derived
from the braiding fusion equations (BFE’s, see e.g. [5, Eq. (5)]). Moreover, we have
: o if also p € Y(nv&N), and clearly aféN = idps. In general one has

Od)xu = OéA Oéu

Hom(\, 1) € Hom(ay, &f) C Hom (e, ep), A€ N(nvAN) . (2)

The first inclusion is a consequence of the BFE’s. Namely, ¢ € Hom(A\, i) obeys
te®(0,\) = (0, n)0(t), and thus
tax(v) = teT(\, 0) v = e (1, 0)*0(t)v = e (u, 0)*vt = &f(v)t.

The second follows from the extension property of a-induction. Hence af—\E is a conju-

gate for i as there are ry € Hom(id, A\) C Hom(id, &?\Eaf\[) and 7, € Hom(id, \\) C

Hom(id, &f\taf—\t) such that A(ry)* 7y = A(7\)*rx = d;'1. We also have some kind of
naturality equations for a-induced morphisms,

ze*(p, N) = e (p, p)a () (3)

whenever © € Hom(t, i), p € E(nvXn).
Recall that the statistics phase of wy for A € yXy is given as

drdr (T (A ) = wal.

The monodromy matrix Y is defined by

WAW,,
Y)x,,u = Z :\j : N)l\)hudpa )\,,U/ € NXNa (4)
)

pPENXN

with NY , = (p, \i) denoting the fusion coefficients. Then one checks that Y is

symmetric, that Yy , = Yy as well as Y o = d, [27, 12, 11]. (As usual, the label “0”

refers to the identity morphism id € yXy.) Now let 2 be the diagonal matrix with
entries 2y , = wxdy . Putting

Z)x,u = <CK;\F,04;>, )\a,u € NXNa (5)
defines a matrix subject to the constraints

Z>\7u:0,1,2,..., and Z070:1,

and commuting with Y and Q [5]. The Y- and 2-matrices obey QY QY Q) = zY where
z =Y, d3wy [27, 12, 11], and this actually holds even if the braiding is degenerate
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(see [5, Sect. 2]). If z # 0 we put ¢ = 4arg(z)/m, which is defined modulo 8, and call
it the “central charge”. Moreover, S- and T-matrices are then defined by

S=lz7Y, T =e /2

and hence fulfill TSTST = S. One has |2]? = [[yXy]] with the global index [[yXy]] =
> d3 and S is unitary, so that S and T are indeed the standard generators in a
unitary representation of the modular group SL(2;Z), if and only if the braiding is
non-degenerate [27]. Consequently, Z gives a modular invariant in this case.

Let Xy C End(M) denote a system of endomorphisms consisting of a choice
of representative endomorphisms of each irreducible subsector of sectors of the form
[LAT], A € nXy. We choose id € End(M) representing the trivial sector in pX.
Then we define similarly the chiral systems ,,X;; and the a-system ,,X§ to be
the subsystems of endomorphisms § € Xy such that [3] is a subsector of [af\t]
and of of [&j\La;], respectively, for some A\, u € yXn. (Note that any subsector of
[ay ] is automatically a subsector of [wvi] for some v € yXy.) The ambichiral
system is defined as the intersection ,, XY, = ,,X3; N 1, X5, 0 that ,, XY, C ;X5 C
u Xy € mXy. Thus their “global indices”, i.e. the sums over the squares of the
statistical dimensions of their morphisms, fulfill 1 < [, XY]] < [[,X:5]] < (LX) <
[mXMm]] = [[NXnN]]. (Throughout this paper we denote the global index of a system
by use of double rectangular brackets.)

Let us now consider the subsystem x)y appearing in Assumption 2.1. If the
inclusion y)Yy C nyAXn is proper, then we may play the same game considering a-
induction for exclusively A € y)Yy. This way we will obtain a-induced systems which
are contained in the a-induced systems associated to y X, i.e. we have the following
scheme of inclusions:

uXy C Xy C XS C ouXy
U U U U
Vi C Myii C wVyu C mMIm

We will use these systems for the construction of Longo-Rehren subfactors and for
the analysis of sectors associated to them. We are particularly interested in examples
where (at least) the braiding on the subsystem y)xy may be degenerate. Let ]C\l,eg
denote the system of degenerate morphisms, i.e.

WVE —fy e Ny et (v p) = (v.p) forall pe yInt.
Clearly, the braiding on y)Yy is non-degenerate (in the sense of [27] or [5, Def. 2.3]) if
and only if V5% = {id}. Note that since # decomposes by Assumption 2.1 only into
morphisms of yYy and since o (v) = e*(),0)*v for any A € yXy we find af =a;

whenever p € V8. Finally we introduce
AT ={Ne Ny et (N p) = (\,p) forall peyIy}

and call it the relative permutant of yYy in yXy. Clearly, aj\L = «a, whenever
per

AE VYN -



2.2 Longo-Rehren subfactors, half-braidings and n-exten-
sions

Let M be a type III factor with a finite system A C End(M) of endomorphisms. Let
MP°PP denote the opposite algebra of M and consider M ® M°PP. By constructing
a “Q-system”, Longo and Rehren showed in [20, Prop. 4.10] that there is a (type
III) subfactor B C M ® M°PP with canonical endomorphism © € End(M ® M°PP)
decomposing as a sector as

0] =P B s

BeA

Here 3°PP = jo B0 ;7! where j : M — M°PP is the anti-linear isomorphism. The
subfactor B C M ® M°PP is now called the Longo-Rehren subfactor. For reasons of
convenience, we consider in this paper the dual subfactor M ® M°P? C R and call
it the Longo-Rehren subfactor as well. (This convention is compatible with [17].)
That is, B C M ® M°P C R is a Jones extension and © is then the dual canonical
endomorphism of M @ M°PP C R.

The following is a slight variation of Izumi’s definition [14, Def. 4.2] of a half-
braiding.

Definition 2.2 Let ® be a system of morphisms in End(M) and A C & a subsystem.
For o € ¥(®) we call a family of unitary operators &, = {&€,(03)}gea a half-braiding
of o with respect to A if it satisfies the following two conditions:

1. &(B) € Hom(op, fo) for all 5 € A.
2. Whenever 3, 82, 03 € A then

XE;(B3) = L1(E5(B2))Ex(Br)a (X)
holds for every X € Hom(fs, 512),

Two pairs (0,&,), (0/,&.,) of morphisms 0,0’ € ¥(®) with respective half-braidings
&, &L, are said to be equivalent if there is unitary v € Hom(o’, o) such that

& (B) = B(u)E(B)u”
for all g € A.

Note that our definition of equivalence is slightly more general than the one in
[14, Def. 4.2] because we choose the o’s from a generically larger set & D A. We
then define an extension 7(o, &) of the endomorphism o ®id of M ® M°PP to R as in
the following definition, which is just the dual version of Izumi’s definition of (c,E,)
in [14, Def. 4.4]. This extension is somewhat similar to a-induction. Izumi’s impor-
tant observation is that we need only “half” the properties of a usual braiding for this



extension. We need some preparation. Let W € Hom(8® 5P, ©), 3 € A, be isome-
tries so that W;Ws = 6551 and 5., WsW5 = 1. (Note that for a Longo-Rehren
subfactor with given © each Wj is unique up to a phase.) Let ¢y g : M ® M — R
denote the inclusion homomorphism so that the dual canonical endomorphism is
given by © = i ripr, and then I' = ¢ gipRr is a canonical endomorphism. Then there
is [18] an isometry V € Hom(id,T') such that W3V = [R : M ® M°PP]~1/21  and
note that [R: M ® M°PP] = 3.\ d}. Moreover, for each X € R there is a unique
a € M ® M°PP such that X =aV.

Definition 2.3 For 0 € X(®) with a half-braiding & = {&,(5)}sea, we define an
extension 7(o, &,) € End(R) by putting

n(0,&)(a) = (o @id)(a), a€ M ® M,
n(0,&)(V) =U(0,.&)V.

where the unitary U(o, &,) is defined as

(6)

U0, &) =Y Ws(&(B) @ 1)(0 @id™™)(W}) . (7)
BeEA
Using
U (0, &) ZWa 1® j(&(8)))(id ® o) (W) (8)

we similarly define an extension 77°pp(0, &;) € End(R) of id ® o°PP

Let D(A) be the system of irreducible endomorphisms of R arising from a choice
of representative morphisms of irreducible subsectors of (1 r o §/ ® (G°PP o iy g for
8,0 € A. Following [14, Def. 4.4], we call D(A) the quantum double system of
A. (Note that Izumi’s notation D(A) for the quantum double includes reducible
morphisms and thus corresponds to X(D(A)). Also note that the system D(A) may
be strictly larger than that arising from the Longo-Rehren subfactor M @ M°PP C R
in the usual sense, i.e. arising from the decomposition of all powers of I'. See Remark
after [14, Thm. 4.6].) Izumi has proved in [14, Lemma 4.5, Thm. 4.6] that 7(o, £)
gives an endomorphism in 3(D(A)) if we consider o € 3(A) only, and then any
endomorphism in ¥(D(A)) arises in this way. Note that this will no longer be true
if we consider generic o € 3(®P).

The following is nothing but Izumi’s [14, Thm. 4.6 (ii)]. We only provide a proof
for the reader’s convenience and in order to demonstrate that the arguments are the
same though we work in a picture dual to Izumi’s and extend o € 3(®) D X(A).

Theorem 2.4 Let 0,0 € X(®) with half-braidings & = {E:(0)}pen, & =
{&€..(8)}pen. Then we have

Hom(U(Ua 80): 77(0/7 8{#)) =
={X®1|X € Hom(o,0'), E.,(0)X = B(X)E(B) for all € A}.

In particular, n(o, &) and n(c’,E,) are unitarily equivalent as morphisms of R if
and only if pairs (0,&;) and (0’,E.,) are equivalent in the sense of Definition 2.2.

(9)
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Proof. Let T € Hom(n(o,&,),n(0’,EL)). Then it is decomposed as T' = aV with
a € Hom(©o (0 ®1d°*?), o’ @1d"?). Consequently aWps € Hom(f8o ® B°PP), o’ @ 1dPP)
can be non-zero only for 3 = id. Hence a = bW} with

b= aWi € Hom(o ® id°*?, ¢’ ® id°??) = {X ® 1 | X € Hom(o,0")}.

Since WiV is a (non-zero) scalar we have found 7' € {X ® 1 | X € Hom(o, 0')}.
For such a T'= X ® 1 the condition TU(0,&,)*V = U(o’,EL)* VT is equivalent to
O(X®1)U(0,&) =U(o', &)X @1. Sandwiching with W and (¢ ®id?)(Wj) gives
the desired intertwining relations for all 3 € A. Conversely, any T" = X ® 1 with
X € Hom(o, 0) satisfying these relations intertwines n(o, &) and n(o’, E.,). O

Since n(0,&,) is an extension of ¢ ® id°*? and since [R : M ® M°PP] < oo we
also find that its statistical dimension is d,, i.e. 1 preserves statistical dimensions.
We have even more than that. Namely, for pairs (0,&,) as above, we have natural
notions of addition and multiplication extending those of the endomorphisms o. Let
0; € X(®) with half-braidings &, i =1,2,...,n. Let {t;}/_, be a set of isometries in
M satisfying the Cuntz relations and let o € X(®) be given by o(m) = ). tio;(m)t;
for all m € M. It is routine to show that putting

E(B) =) _Bt)EL B,  BEA,
=1

defines a half-braiding for ¢. Similarly, putting

E(8) =&, (B)oi(&,(B)),  BEA,

defines a half-braiding {&, () }gea of products ¢’ = 0109, as used [14]. It is straight-
forward to show that we have exact multiplicativity for the n-extensions,

77(0/7 8(7/> = 77(017 8;1>77(0-27 832) )

with this product half-braiding. Finally, conjugates were defined in [14, Thm. 4.6
(iv)] as follows. For a pair (o, &,), operators

&(8) = doRy5(E(B)"B(R,)),  BEA,

where R, € Hom(id,50), R, € Hom(id,o5) are isometries with R:o(R,) =
R:5(R,) = d;*, give a half-braiding for the conjugate morphism &. The half-braiding
{€5(B)} sea depends on the choices of R,, R, in general, however, its equivalence class
does not [14]. Then Izumi’s results give the following

Proposition 2.5 The extension map n : (0,E;) — n(0, &), regarded as a map from
equivalence classes of pairs to sectors of R, preserves the operations of addition,
multiplication, and conjugates.



Proof. The preservation of addition and the multiplication is a straight-forward
corollary of Theorem 2.4. The statement for the conjugates is derived in the same
way as [14, Thm. 4.6 (iv)]. O

Next, [14, Prop. 6.4] gives the following

Proposition 2.6 For a pair o € X(®) with a half-braiding {E;(B)}sea, the exten-
sions n(o, Ey) and n°PP(a, &) are unitarily equivalent.

Finally, [14, Thm. 4.1] and the remark at the end of [14, Sect. 4] give the following

Proposition 2.7 Let G be the bipartite graph with odd vertices labelled by A and
even vertices labelled D(A), and the number of edges between a vertex labelled by
B € A and a vertex labelled by Q@ € D(A) such that [Q] = [n(0,&,)] for o € L(A)
with some half-braiding &, is given by (B,0). Then the connected component Gy of G
containing id € A is the dual principal graph of the inclusion M ® M°PP? C R.

This completes our review of [14].

3 Quantum doubles of full induced systems

In this section we study Longo-Rehren subfactors M ® M°P? C R(A) arising from
the system A = ,, )7, the full a-induced system associated to the subsystem yYVy C
NAN. In order to proceed with n-extensions we first introduce some half-braidings.

For § € ,,X% choose an isometry T € Hom(f, o)) with some v,/ € yXy.
(These exist by definition.) For any A € ¥(yXx) we now put

E£(8) = T'e*(\ v/ )ak(T) (10)
We then have the following

Lemma 3.1 The operators Sf(ﬁ) are independent of the choice of T and v,V in
the sense that, if £, € yXn and S € Hom(f3, 0420457) is an isometry, then Ef(ﬁ) =
S* e (N, €€ a5 (S). Moreover, for each A € Y(y&XN), the family {E(B)}sea is a
half-braiding for the morphism af\E with respect to the system ® = ,, X};.

Proof. Note that if 8 € ,, X%, v,/ € yXy and T € Hom(f, afa,) is an isom-
etry, then TT* € Hom(wv/',wv') since ofa 0 = wr/. Hence TT*sE(\, /) =
et(\, v (TT*) for any A € ¥(yXy). With this it is easy to check that & (3) is
unitary. The first inclusion of Eq. (2) together with [1, Lemma 3.24] imply that
ef(\,vv/) is an intertwiner from afafa;, to afaj,ay. With that it is easy to
check that & (3) € Hom(ai 3, Ba;y) (cf. the proof of [3, Lemma 3.20]). Next, for
Bi € uXip, vi,v; € nXy and T € Hom(ﬁj,&;;a;}) isometries, j = 1,2,3, and
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X € Hom(fs3, 31/32) one has &jlozy/ (T)ThW XTy € Hom(wwsv}, tnviversh), and hence we
can compute

XEX(B3) = XTiet(\ vsh)ay (1) = Ta, a, o, (T Ty) L X Tie* (N, vsid)ai (Ts)
—T*&Vlay/ (Ty)* v} (e (N, varsy))eT (), 1/11/1)05\[(04;204”/ (T2)T1 X))
= Tiajay, (To) m (£ (\ varh))af, a5 (To)e (N mif)af (T1X)

= Bu(T5et (N, varh)ay (To)Trex (A, iy oy (T1 X)
= Bi(Ex (B2)Ex (Br)ay (X)

establishing 2. of Definition 2.2. Finally, putting v, = 15 = id so that consequently
B2 = id and T3 = 1, and choosing X = 1 gives the desired invariance properties of

Ex(B) with = fy = . O

Restricting the half-braidings to A = Vi C Xy = @, ie. putting
E = {& (8)}se,, e, we conclude that there are extensions n(ex, ) whenever
A € X(nXy). Note that

Ex(B)ax (E:(8)) = T (N v )ax (TT)NE™ (n, vv) oy (T)) = &3,,(5)
for all g € ,, X}, and consequently
n(ay,, €5,.)) = nay, &))nlag;, £)) (11)

for all A, p € X(nAn).
We now state an inclusion of intertwiner spaces which is similar to the first inclu-
sion in Eq. (2).

Lemma 3.2 We have
Hom(A, p1) @ 1 C Hom(n(a3, £5), n(ay,, &) (12)
for any A\, pp € E(nXn).

Proof. Thanks to Izumi’s result, Theorem 2.4, and due to the first inclusion in Eq.
(2), all what we have to verify is the relation 3(z)EF(8) = Ef(B)x for all B € Vi
whenever € Hom(\, ). For 5 € , V5 there is some isometry T' € Hom(f, oif o)
with some v,/ € y)Yy. Then this is just

B(x)EE(B) = Bx)Te* (N, w)af (T) = T/ (z)e* (A, v/ (T)
= T e*(p, v/ )xay (T) = T*e*(p, v/ )ay (T)x = EX(B)x

thanks to naturality. O

Immediately we obtain the following

11



Corollary 3.3 The map \ — n(&f,é’f), A € X(n&XN), preserves sums, products,
and conjugate sectors.

Recall from [4, Sect. 4] that Hom(id, o) = {wjv : w, € b} where b C
Hom(p, 0) is the Hilbert (sub-) space

f)f = {w, € Hom(p,0) : wyy(v) = wye™(0,0)y(v)}

for p € yXn. Note that by Assumption 2.1 the spaces Hom(p,#) and in turn bﬁjf
can only be non-zero if p € yYy. For any A\, u € yXn, p € VN, Wwe may choose
orthonormal basis of isometries ¢(} \); € Hom(u, pA), i = 1,2, ..., NJ'y and wy,;;+ € f)
where 7 = 1,2, ..., Z,0 = (id, o) respectively r = 1,2, ..., Zy , = <1d ).

Lemma 3.4 A basis of Hom(af\t, &fj) is given by
{t(h Jiws v peNIN, i=1,2,... N\ r=1,2,...(ida,)} (13)
for any A\, u € NXn.

Proof. Tt follows from w,,+ € bF and the first inclusion in Eq. (2) that
t()iwy v € Hom(af,afj) The elements are clearly linearly independent as
t(" o2 A)*w;,ﬂ . are orthonormal isometries in N. Now the statement follows since

af, a id, 04 by Frobenius reciprocity. O
A >\

Next we define a subspace L(\, 1) C Hom(a/\, =) by putting

L\, p) = span{t(),)jw; . v: p€ y e i=1,2,.., NPy, =12, 2,0}

(14)
Note that there is no distinction between “4” and “—” anymore because a;L =a,
whenever p € y)V5e.
Lemma 3.5 We have
Hom(n(ai, &), n (04 Ei)) LA, pn) ® (15)

and consequently (n(ax, &), n(a af, E7)) = ZpeNy]dVeg NI\ Zpo for all A\, € NXn.
Proof. By Theorem 2.4 we have to show that

LA 1) ={X € Hom(ay, )« £ (0)X = B(X)Ex () for all B € ,V5}.
So first we assume that X 1s in the right-hand side, and such an X € Hom(af, ai)
satisfies ££(8)X = B(X)Ex (B) in particular for all B € ,V;y; C 4, V5. So choose an
isometry T € Hom(3, o) Wlth some v € yYy. Then, by Eq. (3),

EX (D)X = T (uv)ad (T)X = T4 (u, )Xok (T) = T*af (X)e* (A v)ai (T)

12



whereas
BX)EN(B) = BT X (A v)ay (T) = T oy (X)e* (A, v)ay (T) -
Equating these and multiplying by T" from the left and T™ from the right we obtain,
using again Eq. (3),
TT*aF (X)e*(\,v) = TT a5 (X)e*(\,v).
Since this is supposed to hold for any G € Myj; we may now take the sum over full

orthonormal bases of Hom(3, af) so that we find o, (X) = o (X) for all v € yYn.
Now recall that X € Hom(ajy', a¥) is a linear combination

,,)\ (1dap

Z Z Z CP“" p>\ pr;:ﬁ:v

pENYN =1 r=1

with ¢,;, € C. But

Oélzzt (t(g,kﬁw;,r;:tv) = l/(t(g,k)jw;,r;ﬂJg:F(e? I/)U = V(t(g,/\);‘k)ﬁ (p7 l/)w;,r;:tv :

Therefore, using nv = 0 implies n = 0 as well as orthonormality of the w,,.+’s, we
find that o (X) = o (X) for all v implies

ZC/’“"V ( (p> ) (VHO)_]-):O

forall v,p € Yy and all r =1, ..., (id, a,ﬂ. Taking the adjoint and applying the left
inverse ¢, yields

Zszr( v,p —1)’5(,”) 0, v,pENYN, rzl,...,(id,aﬁ,

as the monodromy matrix Y is obtained [27, 12, 11] from d,d,¢, (e " (p,v)e™ (v, p))* =
Y, ,1. Hence we have (¥, —dyd,) = 0 for all v,p,i,r. But Y,, = d,d, for

(Y,
0,8,T
all v € yYy if and only if p e N deg by [27]. Consequently (,;, = 0 whenever
p & NVVE, so that indeed X € E()\,,u).
Conversely, if we start with X € L(A, p), i.e

/7)\ (1d0£p

Z Z Z szr p>\ pr;:i:v7 Cp’iﬂ»ec,

PEN ydegzl r=1

then we find o (X) = of(X) for all v € yYn. Hence, if § € ,, Y and T €
Hom(53, af a,) is an isometry with some v,/ € y)y, then

EE(B)X =T e* (/) (T)X = Te*(u, /) X (T)
= T*af,, (X)e* (A w/)ak(T) = Taffay (X)e*(A v/ )ai (T)
= BT (A w/)a3 (T) = BX)ES(B)

13



by Eq. (3). Thus X satisfies the desired intertwining relations. a

Next we compare n-extensions with different signature.

Lemma 3.6 We have

Hom(n(a,£5). m;,s;)):{m’“)@l COAENE )

{0} : otherwzse
for all A\, p € yXn.

Proof. Again by Theorem 2.4, we only need to show that for A\, u € yAXn the linear
space of intertwiners X € Hom(aj,a;) satisfying £, ()X = B(X)EF(B) for all
B € VY is given by L(\, 1) whenever A\, u € yY&" and vanishes otherwise. Thus
suppose that X € Hom(af\[,ai) satisfies 7 (8)X = B(X)ES(B) for all B € V5.

Then in particular
T*e™(p,v)af (T)X = B(X)T*e* (N, v)ay (T)

whenever T' € Hom(f3, o;f) is an isometry and v € y)Yy. Sandwiching this with 7T
and o3 (T)* yields by use of Eq. (3)

e (u,v)af (TT)X = o (X)e* (X, p)oy (TT),

and since this is supposed for any subsector [3] of any [a;f] we can sum over orthonor-
mal bases of Hom([, o) so that we arrive at

T (u, )X = aF (X)eF(\,v) =¥ ()X for all v e nYn.

If X # 0 then X = t*v with ¢ € Hom(u,6\) some necessarily non-zero multiple
of an isometry. Therefore we have found that e (u,v)t* = e (u,v)t* for all v €
~Yy implying 1 € yVX. Now note that if X ® 1 € Hom(n(af, &), (e, E))

e

then X* ® 1 € Hom(n(a,,,&,),n(ay,E)) so that our calculation also yields )\ €

wo

NN We conclude that the intertwiner space on the left-hand side of Eq. (16) is

per

zero unless A\, p € Yy But if g€ yIR7, then of = o as well as £F = &,

so that clearly Hom(n(o, £Y),n(a;;, &) = Hom(n (04/\,8+) n(egf, EF)). Then the

mo mo
conclusion follows from Lemma 3.5. O

For A € yXn conjugate half-braiding operators are given by
E () = oy (EX(B)'B(r) . B € uXiy,
where 7y € Hom(id, A\) and 7, € Hom(id, A\) are the R-isometries, i.e. satisfying

Ara) 7y = A(F2)*ry = d;ll. (Recall that these isometries also serve as R-isometries
for the a-induced morphisms due to the first inclusion in Eq. (2).)
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Lemma 3.7 We have £ (3) = E(B) for all B € X5 and all A € yXy.
Proof. Let T € Hom(3, afa,) be an isometry, v,/ € yXn. Then

EX(B) = damiai (€5 (8)"B(ry)) = diriei (a5 (T) e* (A, v/ ) TH(ry))
= \T* AT (v, N/ (r2) o (T) = AT NN T (v, \)*)ra)ai (T)
= AT\ v/ )BA e (T) = E(8)

where we used the BFE 7y = AT (vv/, \)eT (v2/, N/ (ry). O

Considering only 3 € ;,)4;, Lemma 3.7 yields with Proposition 2.6 the following
Corollary 3.8 We have [°°P(ai, )] = [77(04 Ei)] for all A € NXy.
We are now ready to state the main result of this section in the following

Theorem 3.9 We have

(. ENmlag &) nlad ENnlap € = D D NENwNoeZpo

v€e NIy PENydeg

(17)
for all X\, N, (€ NXy.
Proof. Using Proposition 2.5 and Lemma 3.7, we can compute
(n(ox, E)n(ag,, E7) o, EXm(ey, €,)) =
= (n( I~5+) (%a BR/CH /75 (e, E7))
= ZV,{ENXN lL H(?”](Od;’—,(c/‘:—) (&g7gg)> )
and now the result follows by Lemma 3.6 and since dimL(v, &) = > pe Vs NY Zpo
O

Theorem 3.9 has some simple consequences in the non-degenerate case. Let us
review a bit of category language first. A system & C End(Q) for some type III
factor @ gives a strict C*-tensor category (with conjugates, subobjects, and direct
sums) in the sense of [7, 21], whose objects are in 3(S). There is a natural notion of
equivalence of such categories, and two such categories C and C’ are equivalent [13,
Prop. 1.1] if and only if there is a C*-tensor functor F' : C — C’ such that any object
in C’ is isomorphic (unitarily equivalent) to an object in the image of F', and the arrow
functions F,, : Hom(p, 0) — Hom(F'(p), F'(0)) are isomorphisms for any p and o in
C. We also have a notion of direct product for two such strict C*-tensor categories.
That is, if we have two systems of irreducible endomorphisms of two (type III) factors
@ and R, we have a system of irreducible endomorphisms arising as tensor products
of pairs of irreducible endomorphisms on () ® R. Moreover we can pass from one
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system of such endomorphisms on R to another “opposite” system on the opposite
algebra R°PP naturally.

Note that the right-hand side of Eq. (17) collapses dramatically in case that
~NYn = nvXn and if the original braiding is non-degenerate, i.e. if yVy deg = {id}: Then
we are simply left with Kronecker symbols 0y x/d,, ,,. As shown in [5] non-degeneracy
of the braiding implies ,,; X}; = » X, and then the global index of A = ,, X}, is equal
to the global index nXn, [[A]] = [[nXn]]. Theorem 3.9 and Corollary 3.8 imply that
{n(af, ENnPP(a;,, €, ) Iapenxy gives a system of irreducible R-R morphisms. Note
that each of the morphlsms in this system gives a sector arising from D(A), and with
a suitable choice of representatives in D(A) we may assume that this system is a
subsystem of D(A). As the statistical dimension of n(a, £y ) (cy,, €, ) is dad,,,
we know that its global index is equal to [[yXy]]?. But since [[D(A)]] = [[A]]?, it
follows that our system is in fact the entire D(A). With non-degeneracy, Theorem 3.9
implies that (n(o, €Y), n(a;r,EF)) = (X, p) for any A, u € (yXy) and consequently
Lemma 3.2 gives equalities

Hom(\, 1) ® 1 = Hom(n(oy, EF), n(a), &) for all A\ pe X(yAn).

A similar statement holds for Hom(n°P®(ay, £5), n°PP(a;,, £, )) and we thus have

o
Hom(X', 1) @ Hom(A°PP, pi°PP)
= Hom(n(ay, E3)nPP(ay, £ ), nlag,, ) (a;,, € ))

wo

for all N,/ A\, pn € E(nyAN). Let now C be the strict C*-tensor category aris-
ing from the direct product of yXy and (yAXN)°PP and C' be the one arising
from D(A). We may now introduce a functor F' : C — C’' which maps any
pair (XN, \°PP) to the R-R morphism n(aj,, £5)n°PP(ay, £y ), and with arrow func-
tions Fiy xoer),(u uorey mapping z ® y € Hom(N, p') @ Hom(APP, u°PP) to x @ y €
Hom(n(ay, E5)n°PP(ay, €5 ), (e, £5)n°PP (o, €;)), which is obviously a (rather
trivial) C*-tensor functor. It is similarly clear that any object in C’ is unitarily
equivalent to some object in the image of F', and that the arrow functions are iso-

morphisms. Therefore we have the following

Corollary 3.10 If the braiding on yXy is non-degenerate, then the strict C*-tensor
category given by the system of irreducible R-R morphisms for the Longo-Rehren
subfactor M @ M°P? C R arising from the system p; Xy and that given as a direct
product of those arising from the systems yXn and (NyXn)°PP are equivalent.

By Izumi’s result, Proposition 2.7, we find that the irreducible M ® M°PP-R
morphisms arising in our system are labelled with 3 € A = ,, X}, and the multiplicity
of the edges between this morphism and n(af, E¥)n(a;, Er) is given as (8, afay),
A, i € yXy. Consequently the canonical endomorphism I' € End(R) for the subfactor
M ® M°PP C R decomposes as

T= @ Zu. laf, & (. &),

AHENXN
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as Zy, = (id, o@faﬁ} and by Corollary 3.8. Using the isomorphism of the tensor
categories of Corollary 3.10 gives another

Corollary 3.11 Assume that the braiding on NyXyx is non-degenerate.  Then
@/\,NENXN ZyulA ® pPP] is the sector of a canonical endomorphism for some sub-
factor of B C N @ N°PP,

This is a special case of a recent result of Rehren [28, Cor. 1.6], and our method
gives a new proof of this statement by looking at the dual of the usual Longo-Rehren
subfactor arising from ,,Xf;. (Note that a canonical endomorphism does not deter-
mine a subfactor uniquely. So our construction and Rehren’s might produce non-
isomorphic subfactors, while they give the same canonical endomorphism. We expect
that these two subfactors are related by an “E-twist” in the sense of Izumi as in the
remark after [14, Prop. 7.3].)

4 Quantum doubles of chiral systems

In this section we study the Longo-Rehren subfactors arising from chiral subsystems
A = Vi € yXi&i = ®. Recall from [3, Subsect. 3.3] that for fo € X3 the
operators

& (B, B-) = ST (T)e™ (A, )X (9)T

are unitaries in Hom(8,6_, 8_3;) whenever A\, € yXy and T € Hom(f;, o)) and
S € Hom(fG-, 04;) are isometries, and they do not depend on the special choices of A, i
and S,T which realize .. Moreover, they constitute a “relative braiding” between
the chiral systems ,,;X;; and ,;X;;. Recall that the ambichiral system is defined as
XY = XN &y, Forany 7 € $(,,X),) we now put

E(B,1)* for all B € ,,X,;,
& (1, 0) forall g€ X, -

o,
SS

Then the following lemma plays the role of Lemma 3.1.

Lemma 4.1 For each 7 € X(,,XY,), the family {EF(B)}see is a half-braiding with
respect to the system ® = MXAi/[.

Proof. Immediate from [3, Prop. 3.12]. O

The restricted half-braidings £&F = {€F(8)}gen With A = Vi € X5 = @
will provide n-extensions. Thanks to the composition rules of the relative braiding
operators we have multiplicativity for the n-extensions,

n(rr',€50) = n(r, EX (7', £2)) (18)

17



for all 7,7’ € ©(,;XY). Let us now consider such n-extensions using only 7 € ,, X3,
(rather than in X(,,XY)). Then it is trivial by Theorem 2.4 that

Hom(n (7, E7), n(v', €%)) = 6--C,

so that all such n-extensions are irreducible and disjoint. Note that for R = R(A)
with A = ;X ]\jj we also have extensions for 04/\, A € y&Xw, using the restrictions of
their half-braidings {5 (5)} se,,xe, of Section 3 to the subsystems wXi. By a slight
abuse of notation, we also denote them by n(ai X 8 ) In order to avoid too confusing

+-indices, we now better focus on the case A = MX The other case, A = ,,X,,, is
of course completely analogous. The following lemma is the analogue of Lemma 3.5,
now addressing the extensions n(ay, &) for A = |, X

Lemma 4.2 We have
Hom(n(ay, &), n(a;, E5)) = L\, 1) ® (19)

and consequently (n(of, E¥),n(af, EF)) = ae NP\ Z, o for all \, p € nXn.
A PENINE TP AT

B

Proof. Literally the same as the proof of Lemma 3.5, apart from the simplification
in the second half that we now only have to consider v/ = id. O

Next we compare our different kinds of n-extensions.

Lemma 4.3 We have

o) ®1 : Ae NI

20
{0} : otherwise (20)

Hom(
Hom(n(r,E7)), n(ay, €Y)) = {

for all T € ,, X, and all X € NXy.

Proof. Using once again Theorem 2.4, we first show that if a non-zero X €
Hom(7, o) satisfies Ef (8)X = B(X)E-(B) for all B € ,,V);, then this implies

A € NN So suppose we have such an X # 0. Since 7 € ,,X}; there will also
be some y € yXy and an isometry @@ € Hom(7,a; ). Then the intertwining condi-

tion reads
T (A v)ai (T)X = BT 0 (Q)'e (n,v)ay (T)Q

whenever v € y)Yy and T € Hom(f, o)) is an isometry. Multiplication with 7" from
the right yields

eVl (T)X = o (XQ)e™ (1, v)a, (T)Q = e~ (A, v)a(T)X,

where we exploited XQ* € Hom(a,,, af) C Hom(tu,t\) to apply Eq. (3). Now we
can multiply by 7(7")* from the right, and then we may use a summation over full
orthonormal bases of Hom(3, o)) to obtain e™(\, )X = e~ (\,v)X for all v € yYn.
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Now note that a non-zero X € Hom(7, ) is necessarily of the from X = t*v with

t € Hom(\, 77¢) a non-zero multiple of an isometry. Hence we find e™(\,v) =&~ (\,v)
for all v € yYu, proving that the left-hand side of Eq. (20) is zero unless A € y VN .
On the other hand, if A € yY¥" then af = «;. Hence, for an arbitrary X €
Hom(7, o) we find X* € Hom(a,,7), and therefore the naturality of the relative
braiding of [3, Prop. 3.12] gives us &(3,7)3(X)* = X*& (B, ay) for any 8 € 4, X5
By taking adjoints this reads
BX)ES(B) =T " (A v)oy (T)X =T (A, v)ay (T)X = £ (B) X,

so that the desired intertwining relation is automatically fulfilled in particular for
B € yVi;- This completes the proof. O

Conjugate half-braiding operators are given for 7 € ,, X3, by
& (B)=d: Rir(E-(B)B(R:)), B € yXy,
with R-isometries R, € Hom(id, 77) and R, € Hom(id, 77) satisfying 7(R,)*R, =
7(R,)*R, = d'1.
Lemma 4.4 We have E- () = E7(B) for all B € X3, and all T € ;XY

Proof. We compute

£ (B) = d-Ryr(&:(8,7)B(R:)) = d- Ri7(7(&:(B,7)"R:) = £7(B),

where we used the BFE for the relative braiding [3, Prop. 3.12], R,
7(&(8,7)E(8,7)B(Ry). =

Considering only 8 € ,,)5;, Lemma 4.4 yields with Proposition 2.6 the following
Corollary 4.5 We have [n°P(7,E7)] = [n(7,EF)] for all T € 1, XY,

Recall from [6] that bf_f/\ = (7,a5) denote the chiral branching coefficients for
ambichiral 7 and A € yXy.

Theorem 4.6 We have

(o, &M, &) n(oss ENn( €00y = Y > NILNLbL, (21

€\ XRp PENIR
for all \, u € yXy and all 7,7 € ,, X

Proof. Analogous to the proof of Theorem 3.9, this is reduced to Lemma 4.3 by use
of Proposition 2.5. O
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Let T C D(,,;);;) denote the subset of morphisms Q € D(,,;);;) which correspond
to subsectors of [n(a), & )n(r,E7)] considering A € yYy and 7 € V%, only. Now
the question arises whether T is a proper subsystem or whether it may exhaust the
entire quantum double system and therefore we would like to measure its size. For
this purpose we compare the global indices [[Y]] and [[D(,,; Vi)l = [[aYVi)l?

Proposition 4.7 The global index of Y is given by
2 pe s dpZpo0

[ VN

) = (DG I5)N- (22)

Proof. Let Rz, T € Vi, A € nYn, denote matrices with entries

RY\ o= (e, ENn(T,E7),), Q. eT.

T

Further let d denote the column vector with entries dg, 2 € Y. Then d is a simul-
taneous eigenvector of the matrices IR,y with respective eigenvalues d,dy. We define
another vector ¢ by putting

va= > Y dedi(Qn(ef.ENn(r.E)),  QeT.

7€YY AENIN

Then we have R, \U = d.d\v, as we can compute

(Rrat)e =D ger Zr/eMyg{ Z;LEN)]N <Q77(O‘—A|—7 8;)77(7'7 &), Q)
xdpid, (Y (o, EFn(T', E))
S e, Sy el E et (T E (7 E7)
e S AN N, et £, E5)

= ZT”EA{)}]OM ZVENXN de,\dT//dy(Q, 77(04;’—, 8;)77(7’”, 87__//)> = de)\/l)Q .

Because the sum matrix ), R, is irreducible it follows ¢ = Cd_: ¢ € R, by the
uniqueness of the Perron-Frobenius eigenvector. Note that

drdy =Y _(n(af, ENn(r. 7)) da,
QeT

and hence [[NIN]][[ YY)l = Yqvada = ([[T]]. We next notice that ¢ = viq as
diq = 1. But v;q can be computed as

va= > Y s E ) e, EN) = Y A Y bhde= > &,

TE Vi AENYN XGNy](beg €V XGNy](beg
where we used Lemma 4.3. Hence [T]] = [[vIn][[1 %]/ [[x V%], and now the
claim follows since [[,,),]] = (X e, s dyZ, o)V 112/ v Y]] by [4, Prop. 3.1].

O
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Similar to Theorem 3.9, the degenerate morphisms p appearing in Eq. (21) are
responsible that some of the n(a), & )n(r,E7)’s will be equivalent or are reducible,
and this will cause some kind of orbifolding as we will show in Section 5 by examples.
Note, however, that also the right-hand side of Eq. (21) simplifies considerably if the
original braiding is non-degenerate and if we have yXn = yYn: We are just left
with Kronecker symbols 65,0, . Since the statistical dimension of n(7,&-) is d, and
as [[NXN]|[[ XY = [[Xar]]? thanks to [6, Thm. 4.2], we conclude that the family
of morphisms 7(a, & )n°PP(7,E7) serves as a system D(A). In the non-degenerate
case, it is derived similarly from Theorem 4.6 and Corollary 4.3 that then

Hom(\, 1) ® 1 = Hom(n(ay, &), n(ay, &) forall A pue X(yvAn),

wo

as well as
1 ®@ Hom(7°P?, 7/°"") = Hom(n* (1, £ ), n°P (7', E2)) for all 7,7 € ©(,, X5y -
By the same arguments which lead to Corollary 3.10 this gives the following

Corollary 4.8 If the braiding on Xy is non-degenerate, then the strict C*-tensor
category given by the system of irreducible R-R morphisms for the Longo-Rehren
subfactor M @ M°PP? C R arising from the system MXAjj and that given as a direct
product of those arising from the systems yXn and (,,X3)°PP are equivalent.

This corollary seems to be a precise statement of an announcement by Ocneanu.
Namely, at the Taniguchi Conference in Nara, Japan, in December 1998, he an-
nounced as a part of his “big sandwich of theorems” that “the quantum double of
a quantum subgroup® of a non-degenerately braided quantum group is equal to the
quantum group x ambichirals” (in whatever sense).

Note that the braiding on the “quantum double” system of R-R morphisms is
given by the direct product of the original one on yXy and the one on ,,XY; in the
above theorem. Since [14, Thm. 5.5] implies that this braiding is non-degenerate and
since we assumed non-degeneracy of the original braiding on y X here, Corollary 4.8
implies that also the braiding on the ambichiral system ,;X}; is non-degenerate, in
perfect agreement with our result [6, Thm. 4.2].

The A-D-E cases studied in [25, 30, 2, 6] provide the following examples.

Corollary 4.9 As strict C*-tensor categories, the quantum double systems of the
chiral systems Eg, Eg, and Da, are equivalent to Ayy X (A3)°PP, Agg x (AJ™)PP and
Ayp—g x (DSYem)OPP - respectively.

By the same arguments used in Section 3 we now find for the non-degenerate case
and NXN = N)/N that

M= @D D b blal ™ e

AENXN TE,, XY,
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is the canonical endomorphisms sector of M ® M°PP C R arising from A = ,, X}
However, if one considers the Longo-Rehren subfactor arising from A = ;,V;; where
NV is now a proper and degenerate subsystem of yXy, then the computations for
the structure of D(A) and the dual principal graph become more involved. In that
case one needs the whole general machinery of this section which takes care of possible
degeneracies. Such situations will be handled in Section 5.

5 Quantum doubles of color zero subsystems of
chiral systems

Subfactors with principal graphs Eg, Eg are basic and important examples of subfac-
tors arising from a-induction [30, 2]. The Longo-Rehren subfactor arising from the
subfactor with principal graph Eg has been studied and the principal and the dual
principal graphs have been computed, as well as other information, by Izumi [15].
Note that this subfactor is different from the Longo-Rehren subfactor arising from
the chiral system for the conformal inclusion SU(2);y C SO(5); as studied in Section
4. The reason is that Izumi considers in [15] the quantum double system of the endo-
morphisms corresponding to the even three vertices rather than all nodes of the graph
Eg. This is more natural from the viewpoint of the usual theory of type II; subfactors,
since we obtain this quantum double system of the system of the three M-M bimod-
ules, if we apply the construction of the asymptotic inclusion MV (M'NMy) C My to
the hyperfinite II; subfactor N C M with principal graph Eg and compute the system
of M -Ms bimodules. So we will study the Longo-Rehren subfactors arising from
a-induction corresponding to this type of asymptotic inclusions in this section. That
is, from the view point of the a-induction, the chiral system ,,X}; for the subfactor
N C M arising from the conformal inclusion SU(2);y C SO(5); has a natural “col-
oring” for irreducible objects with colors 0 and 1, inherited from the coloring of the
SU(2)10 system coming from the even-odd parity of the spins. More precisely and gen-
erally, thanks to Wassermann’s work [29], we know that there are (non-degenerately)
braided systems X, , = {\ : A € A, ;}, where A, ; denotes the SU(n) level k& Weyl
alcove, such that the morphisms Ay € End(N) satisfy the SU(n); fusion rules and
have statistics phases wy = €A where h, are the conformal dimensions, for any
n,k = 1,2,.... The Weyl alcove has a natural coloring (“n-ality”) ¢t : A, x — Zp,
and the color zero subsystems Y, C X, are given by YV, = {A : t(A) = 0}.
Now let N C M be a subfactor arising from a conformal inclusion SU(n), C G,
for some Lie group G, as treated in [6]. We put yAXn = X, ;. Note that then the
ambichiral system ,,X}; corresponds to the positive energy representations m, of G,
and the chiral branching coefficients are the well-known branching coefficients of the
conformal inclusion at hand bf_; A = be,an and the modular invariant matrix is given
by
Ian = Z beabear .
¢
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We now set ® = X, and A = ,,V;;, where ,, ), arises from the color zero
subsystem yYVny = YV, . Note that y)Vn will in general be degenerate though we have
always non-degeneracy for yXy here. Here we will study Longo-Rehren subfactors
M @ M°PP C R with R = R(A) and illustrate that the degeneracy of y)n causes
naturally a certain orbifold procedure by means of Theorem 4.6. The examples we
cover correspond to subfactors with principal graph Eg and Eg, and all the three
analogues arising from conformal inclusions of SU(3)j.

Example 5.1 We start with the subfactor N C M arising from the conformal in-
clusion SU(2)19 C SO(5);. The irreducible endomorphisms in \; € yXy are labelled
with j € {0,1,...,10} as usual and those in ,, X}, are labelled with 74, £ = 0,1,2 as
the vertices of Aj. (Such that 70 = id.) The morphisms 7y obey Ising fusion rules,
[1171] = [70] @ [72], the non-vanishing branching coefficients b, »; = bej are given by

boo = bog = b13 =017 =0bas =by10=1,

and the Eg modular matrix is given by Z; ; = 25:0 bejbejr (cf. [2, Example 2.2]).
With Vv = {N\; : j = 0,2,4,6,8,10}, we study the Longo-Rehren subfactor
M ® M°P? C R arising from the system A = ,,);; whose irreducible morphisms
correspond to the three even vertices of the graph Eg. Note that A is degenerate
in y)y, in fact we have ]C\l,eg = vIUN = {Xo, Ao} Since Zypo = 0 we find by
Proposition 4.7 that the set T is only provides half of the quantum double system
D(,;Yi7)- Thus, as considering even j and even ¢ only will not exhaust D(,,YV};), we
now consider 77(04;’,8]*), n(te, &€, ) with j € {0,1,...,10} and ¢ € {0, 1,2}, where we
write o for ay; as in [2, Example 2.2]. These extended endomorphisms of R may
not decompose into direct sums of irreducible morphisms in D(A) any more, but
n(ef, & )n(me, &) do decompose into direct sums of irreducible morphisms in D(A)
if 7 + ( is even, since then Oé;—Tg decompose into a direct sum of morphisms in ,, V.
Now Lemma 4.2 yields easily irreducibility of n(af,&F) for j € {0,2,4,6,8,10}.

3%
Lemma 4.3 yields similarly

<77(041’—07 81—’6)7 77(7—27 82_>> =1 3

and by Theorem 4.6 we find more generally

<77(Od;—,8;)77(7'0,8()_),77(041’—0_]-,81—’6_]-)77(7'2,82_» =1

for 7 =0,2,4,...,10. We similarly compute

(of n(m,E0)) = 1,
(nlag, & n(n, &) n(ed, En(m, &) = 1,
(n(ad, ENn(m, &) nled, Em(m, &) = 2
(a7, &N, &) nled , En(m, &) = 1,
(n(ag, &, &) nleg, & )n(m, €)= 1,
(n(ay, ENn(n, &0 ) nley , & )n(m, &) = 1,
(n(ag, ENn(m, &) nled & n(n, E0)) = 1



We have a decomposition of n(ad, & )n(m, &) into two irreducible, mutually in-
equivalent endomorphisms 2, ' € End(R) which must belong (up to equivalence) to
D(A). By Izumi’s result [14, Lemma 4.5] we conclude that that there are morphisms
0,0 € X(,,Vy;) with half-braidings &,, £/, such that Q = (0, &) and Q' = n(o’, EL).
But since we have [ ][71] = 2[a] ] and since n-extension preserves the statistical di-

mension we must have do+do = dsd;, = 2dy. (Recall d+ = d;.) Moreover, Theorem

2.4 implies that o] is a subsector of both, [o] and [0’], and in turn dg = d, > do,
dor = dyr > dy. This forces dg = do = dp and consequently o] = [0] = [0],
i.e. the product n(af, & )n(m, &) decomposes into two irreducibles of equal sta-
tistical dimension. So we have (at least) the following 8 irreducible, mutually in-
equivalent endomorphisms n(ag, &), nlay, &), n(at, &), nlagd ,8+) n(ag, &),
n(ade, €5)s nlaf, ENn(m, ED), 77(04;,5;)77(7’1,51_) and two more irreducible endo-
morphisms Q, Q" of R arising from n(ag, & )n(m, & ). Counting the global index,
we conclude that these are all the R-R morphisms in the system D(A). Thus, with
Proposition 2.7 and recalling that n(a;, & )n(m, &) is the n-extension of af o7
with the composed half-braiding, we can compute the dual principal graph of the
subfactor M @ M°PP C R which we display in Fig. 1. Of course it is the same as the

(0,0) (6,0) (3,1) (2,0) (8,0) (L1) (5,1); (5,1); (4,0) (10,0)

Figure 1: The dual principal graph for the Longo-Rehren subfactor arising from Eg

one first computed by Izumi [15] by direct computations of the tube algebra involving
6j-symbols. In the graph, we used an obvious notation for the vertices labelled by
morphisms in Y}, and we simply wrote (j,¢) for the pair n(o;, & )n(7e, £;) with
j€{0,1,...,10} and ¢ € {0,1,2}. The labels (5,1); and (5, 1) stand for the two ir-
reducible endomorphisms (2, €’ corresponding to the subsectors of (a7, £ )n(r, ).
The procedure yielding the R-R morphisms here is an orbifold procedure of order 2

for the (j,¢) with j + ¢ € 2N with symmetry (j,¢) < (10 — j,2 — /).

Example 5.2 We next study the Longo-Rehren subfactor arising from the four even
vertices of the graph Eg and compute the dual principal graph, which is new. The
subfactor N C M now arises from the conformal inclusion SU(2)ss C (Gg); as in
2, Example 2.3]. Analogously to Example 5.1, the full system is given nXn = {}; |
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j =0,1,2,...,28}. We label the ambichiral morphisms in ,,X¥, with 7, k = 0,2,
corresponding to the extremal vertices of the two long legs of Eg. They 7’s obey
Lee-Yang fusion rules, [Ta72] = [10] @ [72] which is the fusion of the even vertices of
A4. The non-vanishing branching coefficients b; N be; are given by

boo = bo,10 = bo,18 = bo g = bag = ba 12 = ba 16 = ba2a = 1,

determining the modular invariant Z as before. The color zero subsystem is Yy =
(N |7 =0,24,..,28}, and then yV&® = {\o,\as}. We will study the Longo-
Rehren subfactor M @ M°PP C R arising from the chiral induced system A = ,, ;.
The system ® = ,, X, corresponds to the labels of vertices of Eg in [2, Fig. 8], and
the subsystem A = ,,V, to the even ones. As the ambichiral vertices are both
even we find ,, XY, = ;)9 here. Note that the degenerate morphism Mog appears
in the vacuum column and row of Z this time. Therefore Proposition 4.7 tells us
that T = D(A), i.e. in contrast to Example 5.1 we do not need to consider the odd
spins at all in order to produce the entire D(A) by our method. Lemma 4.2 gives
[77(045,55)] = [7'7(04;8_]-3522_]-)] for j = 032,4,:..,12 and .it similarly implies that
77(04j ,E; )’s are irreducible and mutually inequivalent for j = 0,2,4,...,12, due to
the fusion rules Nfg/ =0 for 5,5/ =0,2,4,...,12. But we obtain

<77(041’—47 812)7 77(041’—47 81—tl>> =2
since Nij,, = 1 Since [of] = 2[of], we conclude by the same argument as used
in Example 5.1 that the endomorphism 7(aj;, &) decomposes into two mutually in-
equivalent irreducible endomorphisms with equal statistical dimensions. We conclude
that the system
{n(a7,&5) 17 =0,2,4,... 14} U{n(a), & (12, €5 ) | 1 =0,2,4,...14}
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gives the entire D(A), where n(aj;, )1 and n(af,, £,)s are irreducible endomor-
phisms arising from decomposition of n(ajy, &), and (n(aiy, EH)n(m, € ))1 and
(n(afy, ELn(e, € ))s are irreducible endomorphisms arising from decomposition of
n(aity, EH)n(me, E ). We can then draw the dual principal graph of the subfactor
M ® M°P? C R as in Fig. 2, where we use a similar convention for labeling vertices
to the one in Fig. 1. The procedure to get the labels for the R-R morphisms here
is again an orbifold procedure of order 2 for the labels (j,¢) with = 0,2,4,...,28,
¢ = 0,2 with symmetry (j,¢) < (28 — j,¢).

Example 5.3 We next study the subfactor N C M arising from the conformal
inclusion SU(3)s C SU(6)1, as treated in [2, Sect. 2.3 (iv)]. The 21 irreducible
endomorphisms in the full SU(3)s system are labelled as yXn = {Apq) | 0 < ¢ <
p < 5} as usual. Those in the ambichiral system ,,X73, are labelled with the six
circled vertices of the graph £® in [2, Fig. 11] and obey Zg fusion rules. We label
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Figure 2: The dual principal graph for the Longo-Rehren subfactor arising from Eg

them as 74, £ = 0,1,...,5 such that the fusion rules read [7¢][7¢] = [To4¢ (moa 6)]. The
non-vanishing branching coefficients b;, Aoy = be,(p,q) aTE

bo,(0,0) = bo,(a,2) = b1,2,0) = b1,(5,3) = ba,31) = ba55) =

= b3,(3,0) = b3,(3,3) = b4,(3,2) = b4,(5,0) = 657(2,2) = 657(5,2) =1

The colour zero subsystem is given by

NN = {X0,0), A\3,0)s A@2,1)5 AG,1)5 A4,2) A\3,3)s A5,4) } -

The situation is particularly simple as this system is still non-degenerate, i.e.

NVWE = {id}. (Note that a degenerate subsystem must be the dual of a group.)

Then ,,);; consists of four endomorphisms 04(*670), 04(271), 04(+57 " 042;’7%1)) labelled as in

+
(»,9)

M @ M°P? C R(A) arising from this system A = ,,V,. Again, Proposition 4.7
implies that we only need to consider n-extensions of color zero morphisms to ob-
tain the entire D(A). But in fact, due to the non-degeneracy Corollary 4.8 applies
and yields that D(A) is equivalent (as C*-tensor categories) to yYn X Zg as the
subsystem of ,,M%, C ;XY of color zero ambichirals consists of 7y, 73, obeying Z,
fusion rules. In particular, here is no orbifold procedure. Alternatively, one checks
by Theorem 4.6 easily that {n(ay, & )n(, &) | X € nVn, k = 0,3} constitutes as
set of 14 irreducible, mutually inequivalent endomorphisms, hence yielding the entire
quantum double system D(A). The subfactor 04(+170)(M ) C M is a natural analogue
of the subfactors with principal graphs Eg or Eg, and our Longo-Rehren subfactor
corresponds to the asymptotic inclusion of (the corresponding hyperfinite 1I; sub-
factor of) this inclusion. From [2, Fig. 11], it is easy to extract the dual principal
graph of the subfactor 04(+170)(M) C M, drawn in Fig. 3. Using Proposition 2.7 it is
now a straight-forward calculation yielding the dual principal graph of the associated
Longo-Rehren inclusion, displayed in Fig. 4. Here we used the short-hand notation
(p,q; ) for 77(04(4;),(1):58;,(1))77(%5[) and an obvious notation for the vertices labelled

2, Fig. 11], where we write « for &j\’(p . We study the Longo-Rehren subfactor

by morphisms in ,,Y;;. It seems that the system D(A) is equivalent to the system
of Quo-Qx bimodules arising from the asymptotic inclusion @ V (Q' N Qo) of the
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Figure 3: The (dual) principal graph for the subfactor 04(+170)(M ) M

(0,0) (5,1) (5,4) (3,0)™

(0,0;0) (3,0;3) (3,3;3) (5,1;0) (5,4;3) (4,2;0) (2,1;0) (2,1;3) (4,2;3) (5,4;0) (5,1;3) (3,0;0) (3,3;3) (0,053)

Figure 4: The dual principal graph for the Longo-Rehren subfactor arising from £®)

hyperfinite II; subfactor P C @ with principal graph A; of Jones [16], but we have
no proof.

Example 5.4 We next study the subfactor N C M arising from the conformal inclu-
sion SU(3)g C (Eg)1, as treated in [3, Sect. 6.4]. The 55 irreducible endomorphisms
in yXy are labelled with A, 4), 0 < ¢ < p < 9 as usual. The chiral system MXA”}
corresponds to the vertices of the graph £1?) and the ambichiral system ,, X7, to
the three vertices marked with circles in [3, Fig. 12], obeying the Z3 fusion rules. We
label them as 74, £ = 0,1,2, so that [7¢][7¢] = [Te+¢(moa 3)]-

. . . . + o
The non-vanishing branching coefficients b7 Ny = by (p,q) aTe

bO,(0,0) = 607(5,1) = 607(5,4) = 607(8,4) = bO,(Q,O) = 607(9,9) =

= b1,(4,2) = b1,(7,1) = b1,(7,7) = Do,a,2) = ba,(7,1) = Do,y = 1

The color zero subsystem y)Ypy is given by those 19 morphisms A4 € nvAN
subject to p + ¢ € 3Z. It now contains the simple currents, and as a consequence [3,
Lemma 6.11] we have N)/]C\l,eg = {X\0,0)s A\9,0)s A\9.9) }. Then the system ,, )}, consists
of four endomorphisms 04(*670) = 70, aal), 71, T2, so that in particular ,, X%, = ;).
(We use labels as in [3, Fig. 12], apart from denoting the ambichiral n; by 7; here,
j = 1,2, as n; is obviously no suitable notation when considering n-extensions.)
As usual, we study the Longo-Rehren subfactor M @ M°P? C R(A) arising from
A = ,,Y;;. Since the degenerate morphisms appear in the vacuum column of the

modular invariant, we only need to consider n-extensions of af and 7 with A\ € )y

27



and 7 € ;M9 only, thanks to Proposition 4.7. The subfactor 04(+1 o)(M ) C M is
again a natural analogue of the subfactors with principal graphs Eg and Eg. From
[3, Fig. 12] it is easy extract the dual principal graph of the subfactor 04(+1 0)(]\/[ ) C

M, drawn in Fig. 5. By Lemma 4.2 we find that n(a;" a0 ,E(J{)O) n(af, Ay ) ,E(ng)

*

A4 o

Figure 5: The (dual) principal graph for the subfactor 04(+170)(M ) M

77(04&0),8&0)), 77(04&3),8&3)), 77(04(*;172),8(12)), and 77(04(”;71),8(;1)) are irreducible and
mutually inequivalent endomorphisms of R. We similarly obtain

<77( 78(—('—53) ( 78(—23»_37

and find that 77(04(+6 3),8(’; 3)) is disjoint from the others since )\(63 is a fixed point

of the simple currents. Consequently, the decomposition of [n(a;: s 3) ,E(Jgg )] yields
three new irreducible sectors. Next, Theorem 4.6 yields (n(af, &), n(m, &) = 0
for A € yYy and £ = 1,2, because [r1] and [r3] do not appear as subsectors of [a]]
for A € yYu®. Similarly we find that n(af, & )n(m, &) are disjoint for different
¢ =0,1,2. We now have a set of irreducible, mutually inequivalent endomorphisms
of R consisting of 27 endomorphisms, which can be considered as yYn/Zs x Z3. Here
for the orbifold xYn/Zs3, 18 objects collapse into 6 objects by identification arising
from a Zs; symmetry, and the fixed point of the symmetry splits into 3 objects.
The total number of the irreducible objects is therefore (6 + 3) x 3 = 27. Let the
statistical dimensions of the irreducible morphisms appearing in the decomposition of
n(at g.3) ,E(Jg 3) ) be di, dy, ds respectively. We then have dy +da+ds = d(g3). The square
sum d? + d3 + d3 attains the minimum d(26 5)/3 with di = dy = ds = d(,3)/3 under the
constraint dy +dy+ds = dg3). Assume for contradlctlon that we are off the minimum.

Then d2 + d2 + d2 > d(2673 /3, and in turn the global index of the system Yy /Zs3 X Zs3
is strictly bigger than [[y)y]]. But then it exceeds [[D(A)]] = [[,,Vi;]]? because [4,
Prop. 3.1] tells us that [[,,Vi]]* = [N YN[ Y]]/ ZAENy](beg dxZy,0 which obviously

vields [, Vi7]]> = [[NnYn]] here; contradiction. We conclude that dy = dy = d3 =
d.3)/3 and that the above set of morphisms gives the entire system D(A).
(6,3)

Example 5.5 We finally study the subfactor N C M arising from the conformal
inclusion SU(3)21 C (E7)1, as treated in [3, Sect. 6.4]. The 253 irreducible endomor-
phisms in yAXy are labelled with Ay 4), 0 < ¢ < p < 21, as usual. The morphisms
in ,,X;; correspond to the vertices of the graph €24 and those in the ambichiral
system ,,;XY; to the two encircled vertices in [3, Fig. 13], the latter obeying the Z,
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fusion rules. We label them as 74 here, ¢ = 0,1, so that [11][71] = [r0]. (Note that our
71 is denoted by € in[3, Fig. 13].) The color zero subsystem n)y is given by those 85
morphisms A, ) € n&n subject to p + ¢ € 3Z. It now contains the simple currents,
and as a consequence we have N)/]C\l,eg = {X0,0): A\@1,0), A\@21.21}. The system MyM
consists of eight endomorphisms 04(*6 0 = 70, 04(+2 " 04(2’(21)), 04(2’(22)), 04(*;) o)’ 04(*;) 5 Qs (11))
and 7. We study the Longo-Rehren subfactor M ® M°P C R(A) arising from this
system A =, Vi, which corresponds to the asymptotic inclusion of the subfactor

€L1 0) (M) C M as the natural analogue of the subfactors with principal graphs Eg, Es.

From [3, Fig. 13] we extract the dual principal graph of the subfactor 04(1 0)(]\/[ ) C M,
displayed in Fig. 6. Since the degenerate morphisms appear in the vacuum column

Figure 6: The (dual) principal graph for the subfactor 04(+170)(M ) M

of the modular invariant, the situation is similar to Examples 5.2 and 5.4. Their Z;
symmetry has A\147) € NV~ as a fixed point, and the other 84 endomorphisms give
28 orbits under this symmetry. We then have (n(a 7 €1y ) 1 1un): Edun)) = 3.
Along the same lines as in Example 5.4, we conclude that the system D(A) contains
(28+3) x 2 = 62 irreducible endomorphisms, corresponding to yVn/Zs X Zs. Namely,
the 28 irreducible endomorphisms n(a; T, 8+) where we select one A € yYy of each Zs
orbit together with the three irreducible endomorphisms of equal statistical dimen-
sions arising from decomposition of 77(04(+1 47); E(t 47)) correspond to NYy/Zs, and the
blowing up by Z, arises from multiplication with (7, &, ), £ =0, 1.
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