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ABSTRACT. The analysis of branching problems for restriction of representations
brings the concept of symmetry breaking transform and holographic transform.
Symmetry breaking operators decrease the number of variables in geometric mod-
els, whereas holographic operators increase it. Various expansions in classical anal-
ysis can be interpreted as particular occurrences of these transforms. From this
perspective we investigate two remarkable families of differential operators: the
Rankin—Cohen operators and the holomorphic Juhl conformally covariant opera-
tors. Then we establish for the corresponding symmetry breaking transforms the
Parseval-Plancherel type theorems and find explicit inversion formuleae with integral
expression of holographic operators.

The proof uses the F-method which provides a duality between symmetry break-
ing operators in the holomorphic model and holographic operators in the L2-model,
leading us to deep links between special orthogonal polynomials and branching laws
for infinite-dimensional representations of real reductive Lie groups.
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1. INTRODUCTION

Let 7 be an irreducible representation of a group G on a vector space V', and G’
a subgroup. The G-module (7,V) may be seen as a G’-module by restriction, for
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which we write 7|¢. For an irreducible representation (p, W) of the subgroup G’, a
symmetry breaking operator is a (continuous) linear map V' — W which intertwines
7| and p. In recent years individual symmetry breaking operators have been studied
intensively in different settings ranging from automorphic form theory to conformal
geometry, see |2l 3, 6, 9], 16, 19, 20, 25] and references therein.

In this article, we investigate a collection of symmetry breaking operators,

Ry : V—)Wg,EEA,

referred to as a symmetry breaking transform, for a family of irreducible representa-
tions p, of the subgroup G’ on vector spaces W, with parameter £ € A.
Various expansions in classical analysis can be interpreted through this paradigm:

Example 1.1 (GL, | GL,_1). Arranging homogeneous polynomials of v = (x1,- -+ , x,)
in descending order with respect to the power of x, is an example of symmetry break-
ing transform for (G,G") = (GL,,GL,_1). In fact, taking the {-th component in the
exrpansion

k

f(z)= Z fo(xah=t for ' = (x1, -+, 20_1)

=0

defines a G'-homomorphism from V = Pol*[x] to Wy := Pol‘[2] on which G and G,
respectively, act irreducibly.

Traditional representation-theoretic viewpoint tells that the Fourier series expan-
sion or Fourier transform is the irreducible decomposition of the regular representa-
tion of the abelian group G’ = S! or R, whereas we make use of a hidden symmetry
of the noncommutative group G = SL(2,R) in the sense that G contains G’ as a
subgroup and that G acts on the space of functions on S! or R. The latter viewpoint
brings us a new interpretation of the (classical) Fourier series or Fourier transform
in the framework of “symmetry breaking” as follows.

Example 1.2. A spherical principal series representation my of G = SL(2,R) is
realized on the vector space of homogeneous functions

Vii={f e C®®R\ {(0,0)}) : flaz,ay) = |a*f(z,y) for alla € R*}.

This representation is irreducible for all A € C\ Z.

e (Fourier series) The representation wy of SL(2,R) can be realized in C*°(S") via
the identification Vy = C>=(SY), f(z,y) — h(0) := f(cosf,sinb), because any ho-
mogeneous function is determined by its restriction to the unit circle S*. Since St is
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preserved by the subgroup G' := SO(2), the collection of the Fourier coefficients
Vi — C(S') — Map(Z,C),
~ 1 [% .
frh = h(l):= / h(@)e do, (€7
0

T or

gives a symmetry breaking transform from the infinite-dimensional representation
(7, Vi) of G = SL(2,R) to the collection of one-dimensional representations x, of
the abelian subgroup G' = SO(2) ~ St indexed by ( € Z.

e (Fourier transform) Similarly, any function f(x,y) € Vy is determined by its

restriction to the real line y = 1, which s preserved by the unipotent subgroup
G" = {(é §) €€ ]R} (~R). Thus the Fourier transform

[MR) — C(R), F s (FF)() = /]R F(x)e"dz,

induces another symmetry breaking transform for the pair (G,G") = (SL(2,R),R).

Example 1.3 (spherical harmonics). Ezpansion of functions on S™ by eigenfunctions
of the Laplacian Agn corresponds to a symmetry breaking transform from a spherical
principal series representation m of G = SO(n + 1,1) to a collection of irreducible
finite-dimensional representations of the compact subgroup G' = O(n + 1).

Reversing the arrows in the definition of a symmetry breaking operator Ry: V —
Wy, we consider a G’-homomorphism ¥,: W, — V, going from smaller to larger
representation space, and thus referred to as a holographic operator. As in the case
of symmetry breaking, the collection of holographic operators {¥,} is said to be a
holographic transform.

Ry
G V—W, nd.
\

To illustrate a holographic transform by an example with both V' and W, being
infinite-dimensional, we recall that the classical Poisson integral (see e.g. [10, Sec.

0f)
P, Co(R) — C°(II)

o) o (Ph)(ey) = / y

oo (2 =1)2 + )

constructs eigenfunctions of the Laplace-Beltrami differential operator A = y? (88—;2 +

h(t)dt

for the eigenvalue v(v — 2) on the upper-half plane II endowed with Poincaré met-
ric. The group SL(2,R) acts isometrically on II and conformally on its boundary.

82

oy?
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Traditionally, the Poisson integral was treated in the context of representations of
SL(2,R), however, we highlight the fact that the totality of functions on IT admits a
larger symmetry because the group SL(2,C) acts on the conformal compactification
of II. Thus the Poisson integral can be interpreted as a particular occurrence of a

holographic operator for the pair (G,G’) = (SL(2,C), SL(2,R)) as below.

Example 1.4 (Poisson integral). A generic symmetry breaking operator A, from
the spherical principal series representation 7y of G = SL(2,C) on C*®(S?) to the
one @, of the subgroup G' = SL(2,R) on C°°(S') takes the following form (see [20),
(7.2)]):

Ay, CP(R?) — C™(R),

flaw) = (D) = [ e =ty
in the flat coordinates where Ky, is a distributional kernel given by
(1.1) Eyp(w,y) = (2 +y*) |y

Then the dual map of Ay, yields a holographic operator Wy, with the formula

olt) = (V) (@.0) = [ 90Kl =t

Thus the (classical) Poisson integral P, can be viewed as the restriction of the holo-
graphic operator W, with A = 2, namely, defn P, = Restyo ¥y ,,.

With these interpretations of classical examples in mind, we raise the following
two general problems for a symmetry breaking transform R(v) = {Ry(v) }sen, where
R;: V. — W, (€ € A), are symmetry breaking operators:

Problem A. Can we recover an element v of V' from its symmetry breaking trans-
form R(v) = {Ry(v) }ren ?
Problem A includes the following subproblems:

A.0. Tell a prior: if A is sufficiently large for R to be injective.

A.1. Construct a “holographic transform”.

A.2. Find an explicit inversion of the symmetry breaking transform R.

When V is a Hilbert space on which G acts unitarily, we also ask for a Parseval—
Plancherel type theorem for the symmetry breaking transform:

Problem B. Find a closed formula for the norm of an element v in V in terms of
its symmetry breaking transform {Ry;(v)}een-

In this article, we investigate Problems A and B in the following two cases:
e Rankin-Cohen transform (Section [2));
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e Holomorphic Juhl transform (Section [3)).

In both cases, the transform is a collection of holomorphic differential operators
between complex manifolds: the first case is associated with the family of the Rankin—
Cohen operators that appeared in the theory of holomorphic modular forms [3],
whereas the second case originated from Juhl’s conformally covariant operators [9].

These transforms can be analyzed in the framework of infinite dimensional rep-
resentations of Lie groups, namely, the decomposition of the tensor product of two
holomorphic discrete series representations of SL(2,R) in the first case, and the
branching laws of holomorphic discrete series representations of the conformal Lie
group G = SO,(2,n) when restricted to a subgroup G' = SO,(2,n—1), in the second
case.

The main goal here is to give a solution to Problems A and [B] for the above two
transforms. We provide two types of integral expressions as a solution to Problem

Al, see Theorems and [3.10, The main results are summarized as below.

GOdG SLy x SLy D SLy | SO,(2,n) D SO,(2,n — 1)

Problem Al

construction of Theorem Theorem

holographic transform

Problem A2
inversion of symmetry Theorem [2.5 Theorem (3.2
breaking transform
Problem B
L?-theory for Theorem Theorem

The key idea of our approach is to introduce “special orthogonal polynomials”
{P,} associated to symmetry breaking operators. This can be done via the F-
method, which we developed in [I8, 19], that analyzes the representations through
the Fourier transform of their geometric realizations. In this article, we show for the
Rankin—Cohen bidifferential operators { R,} that the polynomials { P;} are the Jacobi
polynomials and that the holographic operators are given by the Jacobi transforms
along the transversal direction to a codimension-one foliation of the symmetric cone
(Section [2); for the holomorphic Juhl operators { R,}, the holographic operators are
associated to the Gegenbauer polynomials { P} (Section[3). Thus Problems A and
for symmetry breaking transforms can be studied as questions on special orthogonal
polynomials via the F-method.

The table below shows some new links which the F-method provides between
representations and special functions in this setting.
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Symmetry breaking operators { Ry} | Special orthogonal polynomials { P}

G’-intertwining property hypergeometric differential equations
operator norm of Ry L?-norm of P,
branching law 7| L?-completeness of {P,}

holographic transform (L2-model) | integral transform associated to {P;}

Analogously to the classical Poisson transform (Example , the holographic
transform provides an integral expression of eigenfunctions of certain holomorphic
differential operator. We illustrate this idea with the example of the Rankin—Cohen
operators, see Theorem which is proved as a byproduct of the main results.

In Section [4| we discuss the background of Problems A and |B| from a viewpoint of
the representation theory of real reductive Lie groups.

Notation: N = {0,1,2,---}, ¢ = v/—1 (imaginary unit), (z);, = z(z + 1)(x +
2)---(x+k—1) for k € N (Pochhammer symbol), and [z] is the largest integer that
does not exceed z € R.

Acknowledgments. The first author was partially supported by the JSPS under
the Grant-in-Aid for Scientific Research (A) (JP18H03669). Both authors were par-
tially supported by the CNRS grant PICS-7270 and they are grateful to Institut
des Hautes Etudes Scientifiques (Bures-sur-Yvette, France), Institut Henri Poincaré
(Paris, France) and Centre International de Rencontres Mathématiques (Luminy,
France) where an important part of this work was done.

2. RANKIN-COHEN TRANSFORM AND ITS HOLOGRAPHIC TRANSFORM

The Rankin—Cohen bidifferential operators map functions of two variables to those
of one variable, respecting twisted actions of SL(2,R). In this section, we solve
Problems A and B stated in Section [1] for the Rankin—Cohen transform (Definition
, a collection of such operators.

2.1. Rankin—Cohen bidifferential operators. We begin with a quick review of
the Rankin—Cohen bidifferential operators.
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2.1.1. Holomorphic discrete series representations of SL(2,R)™ Let Il = {z = x +
iy € C: x € R, y > 0} be the upper half-plane, and O(II) the space of holomorphic
functions on II. For A € Z we define a representation m of SL(2,R) on O(II) by

m@fe) = ety (S50) e = (0],

cz+d

Viewed as a representation of the universal covering group SL(2,R)7 the represen-
tation my is well-defined for all A € C. There is a canonical perfect pairing between
(mx, O(11)) and the Verma module

M_y := U(gc) ®u) C-x,

where U(gc) denotes the universal enveloping algebra of gc = s[(2,C) and b is a
Borel subalgebra containing ¢c = s0(2,C). Therefore, (my, O(II)) is irreducible if
and only if A € C\ (—N) because the g-module M, is reducible if and only if v € N.

Let p: SL(2,R)”— SL(2,R) be the covering homomorphism, and set SO(2)” =
p~1(SO(2)). For every A € C, we can form a homogeneous holomorphic line bundle
Ly over II ~ SL(2,R)7/SO(2) associated to a character C, of SO(2)7 and the
multiplier representation (my, O(II)) is equivalent to the natural action of SL(2,R)™
on the space O(II, £,) of holomorphic sections of L.

2.1.2. Holomorphic model H*(IT)y. For A > 1 the weighted Bergman space H?(IT), :=
(O N L*)(I0,y*2dzdy) is nonzero, and the Hilbert space H?(II)) admits a repro-

ducing kernel K, (z,w) = ’\4—;1 (%)4\, see [5 Prop. XIII.1.2]. The representa-
tion (my, O(IT)) yields an irreducible unitary representation of SL(2,R)™ on H?(II),,
which descends to SL(2,R) when A € Z. The set of equivalence classes of irreducible
unitary representations (unitary dual) of SL(2,R) contains a family of those with
continuous parameter (e.g. principal series representations, complementary series
representations), whereas m, (A = 2,3,---) form a countable family of irreducible
unitary representations realized in the kernel of the Cauchy-Riemann operator. Thus
Ty (A = 2,3,---) is referred to as a holomorphic discrete series representations of
SL(2,R), and m (A > 1) as a relative holomorphic discrete series representation of
the covering group SL(2,R)™~. We call the realization on H?(I)y holomorphic model
of the representation . Similarly, the direct product group SL(2,R)"x SL(2,R)™
acts on H2(TTx 1) vy == H2 (1) @H2(IT) 1 as an irreducible unitary representation
if ', \" > 1, where ® stands for the completion of the algebraic tensor product.

We shall deal with another realization (L*model) of the same representation

in Section 2.6.2



8 TOSHIYUKI KOBAYASHI, MICHAEL PEVZNER

2.1.3. Rankin—Cohen bidifferential operators.
Consider N, )", A" € C such that £ := (X" —X —\") € N and define a differential

operator R,y : O(I1 x IT) — O(II x II) by
‘ , :
21 R)\/ " ; = _1 J N J . J . -

=0

(G, G2).

The Rankin—Cohen bidifferential operator is a linear map
RCY i+ O(I1 x TT) — O(I1),

defined by RCﬁZI)\,, := Rest o Rﬁ::l/\,,, where Rest stands for the restriction map
(¢, G) = f(C,C) to the diagonal.

The Rankin—Cohen bidifferential operator RCj\\::l)\,, is a symmetry breaking operator
from the tensor product representation my &y to myw with respect to the diago-
nal embedding SL(2,R)"— SL(2,R)"x SL(2,R)7 and such a symmetry breaking
operator is unique up to scalar multiplication for generic parameters (see [19, Cor.
9.3] for the precise condition). Moreover, RC;\:::\,, induces a continuous map from the
weighted Bergman space H?(IT x IT) v vy to H2(IT)yw if N, A7 > 1 ([18, Thm. 5.13],
see also Proposition below for an explicit formula of its operator norm).

2.2. Notations and two constants c,(\',\") and r,(\', \”). The parameter set
in Section [2is (N, N, \") € C* with \” — X — X" € 2N. Throughout this section,
we use the following notation:

(2.2) a=XN—-1, =X =1, 2=\N"=-XN =)'
The main results involve the following two constants
1 L,
Cc = Cg()\/, )\”) = m /1 ’Pg "B(’U)|2(1 - ’U)a(l + U)de
(2.3) B LN 4+ 00N +¢)
' NV ENF2 DDV EN L= 1)
b()\///)
= )\l )\l/ NS
P = )
/ " .
(2.4) _ TN+ XN 4+20-1)

22427 (N — DIV — 1)’

where P’ (v) is the Jacobi polynomial (see (5.4) in Appendix), and b(\) = 227 T'(A—
1) is a Plancherel density (see Fact below). We note that c,(N,\") # 0 if
ReXN,Re)\’ >0 and ¢ € N.



INVERSION OF RANKIN-COHEN OPERATORS VIA HOLOGRAPHIC TRANSFORM 9

2.3. Integral formula for holographic operators.

In this section, we introduce integral transforms \I/%"'X/ (holographic operator) that
realize irreducible summands in the tensor product representations my &y
2.3.1. Construction of holographic operators for the tensor product.

Definition 2.1 (holographic operators). For X', X", A" € C we set { :=
A”). Assume that

(2.5) Re(N'+/¢) >0, Re(\N"+/¢)>0, and (€N

For a holomorphic function g on the upper half plane II, we define a holomorphic
function on II x II by the line integral:

()\/// VA

N =

_ N\
26) (W) (€.G) = e
/1 g ((@ - Cl)vz-f— (Cl + C2)) (1 _ U)/\/+£71(1 + v))‘//H*ldv.
-1

We note that the set {w —1<v < 1} is the line segment connecting
the two points (; and (5 in II.

2.3.2. Basic properties of \I’Q:N,\,, The integral transform \Ifiiﬂ)\u in (2.6) provides a
holographic operator in the following sense:

Theorem 2.2 (holographic operator in the upper half plane). Suppose \', X", X" € C
satisfy .
(1) The map \Ifﬁjlfl\,, : O(I1) — O(II x II) intertwines the action of SL(2,R)™
from mym to the tensor product representation myx@myr .
(2) Moreover, if both X' and N’ are real and greater than 1, then the linear
map \Ifg\;”x, induces an isometric embedding (up to rescaling) of the weighted
Bergmaﬁ space:

HZ(H))\/// — H2(H X H)()\/,)\H).

The image of the holographic operator \Ifﬁizl/\,, is characterized by a differential
equation of second order on II x IT associated to the Casimir element under the diag-
onal action, see Theorem 2.30l For X', " > 1, the operator \Ifiiu/\,, is a scalar multiple

of the adjoint RCﬁ:iQ) of the Rankin-Cohen bidifferential operator RCﬁ;:lA,, (see
é

Proposition [2.22]), and its operator norm is given in Theorem (2).
Theorem [2.2] will be proved in Section [2.7.6]

Remark 2.3. In Section [3, we introduce relative reproducing kernels to construct irre-
ducible summands in the holomorphic model. The integral formula given there (see
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Theorem [3.10)) is different from the one introduced in Definition [2.1] The advantage
of the definition (2.6) is that the holographic operator W3, ), is defined also for the
nonunitary case, see Theorem (1).

2.4. The Rankin—Cohen transform and its inversion. In this section we intro-
duce the Rankin-Cohen transform RCy y as the collection of individual operators

RC%://\/, for fixed N and ). Its inversion formula is proved in Theorem by using
the holographic operators, giving a solution to Problem A in Section 1.

Definition 2.4 (Rankin—Cohen transform). For X', \” € C, the Rankin—Cohen trans-
form RCy y» is a linear map

(27) RC)\@)\//Z O(H X H) — Map(N, O(H)), f — (€ — ’R,C,\/,)\//(f)g)
defined by (RC)\/)\//(f))Z = ’R,Cij:;%)/ur%f for £ € N.

The Rankin-Cohen transform RCy y» intertwines (my®my, O(IT x 1)) with the

formal direct sum @, y(mx1r420, O(I1)), and can be inverted by using the integral
operators \IJ’A\:”,\,, as follows.

Theorem 2.5 (inversion of the Rankin—Cohen transform). Suppose X', X" > 1. Then
for any f € H2(I)y@H>(IT)» one has

> ]- ! 1"
f - Z CZ<)\, )\//) qji’jﬁ 2 (RC)\Iy/\H(f))Z'
=0 ’

Theorem will be proved in Section [2.8.6]

2.5. Parseval-Plancherel type theorem for the Rankin—Cohen transform
and its holographic transform. In this section we develop an L?-theory for the
Rankin—Cohen transform (Definition and for the holographic transform (Theo-
rem (2)), thus providing an answer to Problem B for these two transforms.

2.5.1. Weughted Hilbert sums. In order to formulate the Parseval-Plancherel type
theorem, we fix some notations for the Hilbert direct sum.

Definition 2.6 (weighted Hilbert sum). Let{V,}sn be a family of Hilbert spaces

®
and {as}ren a sequence of positive numbers. The Hilbert sum Z V, associated

teN
to the weights {as}en is the Hilbert completion of the algebraic direct sum @ V;
teN
equipped with the pre-Hilbert structure given by
(v,0") == ae(ve, vp)y, for v = (vp)een and v' = (vy)sen.

=0
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2.5.2. Parseval-Plancherel type theorem. For X', X" > 1 the bidifferential operators
RCf\‘,’ yw extend to a continuous map between Hilbert spaces. Now, we formulate a
Parseval-Plancherel type theorem for the Rankin-Cohen transform as well as the
“holographic transform”, hence answer Problem B for these transforms.

Theorem 2.7 (Parseval-Plancherel theorem). Suppose A', A" > 1.

(1) The Rankin-Cohen transform RCy x» (Definition[2.4) induces an SL(2,R)™~
equivariant unitary operator

H(ID) v @H(IT) v — Z H(ID) g a2

¢eN
to the Hilbert sum associated to weights {m}g . Thus, for every
: : eN
f e H (D) @HAIT) yr,

2
HfHHQ(H)A/@HQ(H)/\n

1 2
= 2 e R e liew e
(2) Collecting the holographic operators \Ifii:lx,, we define the holographic trans-
form
\I/)\/’)\” . @%Q(H)A/+)\//+2e—>H2(H))\/@?‘[2(H)>\//
leN
by
\I;)\/7/\// = @ \Ilﬁit\f)//+2e.
=0

Then W\ induces an SL(2,R)=equivariant unitary operator
Z @H2(H))\/+)\”+2Z — HQ(H>)\/®H2<H))\//

from the Hilbert sum associated to the weights {M} . Thus,
reNA") J gen

0 )\/ )\//)
H\P)\’ /\“qu.p I 2 Z [ Hng 2
)A/®’H (IT) s f )\/ )\// H2( )\/+>\//+2£
/=0

Jor g = (gz)zeN-

Theorem will be proved in Section [2.8.5] It gives quantitative information on
the classical branching law (fusion rule) of the tensor product of two holomorphic
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discrete series representations my and my» that decomposes into a multiplicity-free
direct Hilbert sum of irreducible unitary representations when X, \” > 1 [22] 23]:

(28) 7T)\/®7T)\H >~ Zeaﬂ')\/+)\//+24.
¢eN
The projection to each irreducible summand in the decomposition is given as
the composition of the corresponding Rankin-Cohen operator and the holographic
operator in the holomorphic model. Thus Theorem (and Proposition below)
shows the following corollary.

Corollary 2.8 (projection operator). Suppose X', X' N > 1 and ( := %(/\”’ -\ =
N") € N. Then

1 ANI )\/// 1

—\IJ I\ RC ro\ =
co(V, NT) A O NN T O N el (N V)

is the projection operator of the Hilbert space H2(I1)y @H>(I1)x» onto the irreducible
summand which is isomorphic to H2(I1)m, see (2.8)).

2.6. Holographic transform in the L?-model. By the Fourier-Laplace trans-
form, the weighted Bergman space H?(Il)) realized in the space of holomorphic
functions on the upper half plane II is mapped into the space of functions supported
on the positive axis R, , more precisely, onto the Hilbert space L?(R,, x'~*dx), giv-
ing thus rise to an L*model of the same representation of SL(2,R)™ (Fact [2.9). We
shall find closed formula for the symmetry breaking transform and the holographic
transform also in this model and give an answer to Problems A and B, see Theo-
rems [2.11] [2.14] and [2.16, The results in the L?model give a new interpretation of
the classical theory of the Jacobi transform, and also play a key role in proving the
theorems for the holomorphic model, see Section

"

"
(RC§I7)\//)* ¢] RC&/,)\//

2.6.1. L*-model of holomorphic discrete series. For A > 1 we consider the Hilbert
space L2(R, )y := L*(R,, ' *dx).

Fact 2.9. Suppose A\ > 1. The Fourier—Laplace transform
F:F— FF():= / F(2)e"*dz,
0

is an isometry from L*(R, )\ onto the weighted Bergman space H?*(IT)\ up to scalar
multiplication. To be precise, we have

IFF e, = bMIFIL2 e, ),
for all F € L*(R,), (see e.g. [5, Thm. XIII.1.1]), where
b(\) := 2 (N — 1).
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For A > 1, via the unitary (up to scaling) map F: L*(R, )y — H2(II),, we define
an irreducible unitary representation of SL(2,R) on L?*(R,),, which is referred to
as the L?-model of the holomorphic discrete series representation my.

We shall write

Fi=F and F=FQF
in order to distinguish the framework of functions of one or two variables, respectively,
and we write, by abuse of notations,

(2.9) LA(RY)x v i= LRy x Ry, 2Ny ™Y da dy) ~ LP(R)v®LA(Ry )y

2.6.2. Construction of discrete summands in the L*-model. Via the Fourier-Laplace
transform, we can define the counterpart for the L?-model of the Rankin-Cohen
bidifferential operator RCiC v+ and the holographic integral operator \Ifﬁﬁl\,, (2.6) by

2\

(210) RC/\/»J/ —- .Fl_l o RCii:/A// o .FQ.

"

(211) @ﬁ:l;)\// = .Fz_l o} \Iliz)\// o «Fl.

We know from [I8] that RCi:/’I)\/, is continuous between the weighted Bergman spaces,

"

and so is RC wove I turn, \Tfﬁﬁﬂ/\,, is continuous between the Hilbert spaces by (12.12)
below, hence so is \Ilﬁjlj,\/,. Alternatively, the continuity of \I/j\\;",,\/, is also given by that

of another holographic operator q)f\‘ﬁ:/x, introduced in Definition m (Proposition
2.25)). The following commutative diagrams summarize these definitions:

LA(RZ, 01Nyl dady) 2 2, (INEHE, (11)

"
l O lRil ’>\//

" ’ ” F: ~ "
@i/’)\// L2 (R?i-’ xli)\ yli)\ dmdy) _2> H2/(H)®H2// (H) 'Rcil’)\//

l O l Rest

L2 (R+, Zli/\de) Hz/// (H)

1

Diagram 2.1. Symmetry breaking operators my® mar — Tym
for holomorphic and L2-models.

N 1\ Fa ~
LQ(R?HSLJ Nyl =N daedy) — H3,(IH@H3, (I
1 " " "
\Pi’,)\”:(clqhi’,x”)] © ]‘Ijif,y/(cﬂ(ncil,w)*)

L2(Ry, 2N dz) — T~ 342,,(I0)
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Diagram 2.2. Holographic operators mym < my @y
for holomorphic and L?-models.

We shall give an explicit integral formula of the symmetry breaking operator
/_\)\///

RC,/ v in the L2-model in Proposition [2.13, On the other hand, we observe the
holographic operator in the L?-model has the following three important characteris-
tics:

(1) the Fourier transform U /\:H)\,/ of the holographic operator \I/j\\f:’,\,,, see (2.11));

//

(2) the adjoint of RCX W (Pr0p0s1t10n 2.19);
(3) the multiplication operator ®3, /\,,, see 12 13]) below for definition.

These three approaches may be summarized as the following identities:
SN —~ X" * . "
(212) \Ijil,)\” - (RC}\/Q\//) - Z4®§/’A/I7

see Propositions 2.19] and .20l The third characteristic is remarkable as it does
not involve any integration or differentiation. For this reason, we adopt it as our
definition of holographic transform in the L?-model, see Definition below.

For a, 8 € Cand ¢ € N, let Pf’ﬁ(m) be the Jacobi polynomial of degree ¢, see
in Appendix.

Definition 2.10. Retain the setting that X', \”, X € C with £ :== (A" =X —X") € N.
For a function h(z) of one variable z (z > 0), we define a function of two variables
z,y (z,y > 0) by

N1, N'—1

£\ L x Y N-1N'—1 (Y~
(2.13) (@A,A,,h) (09) = o e B <—$ - y) h(z + 7).

Theorem 2.11 (holographic operator in the L2 model). Suppose N, N N" > 1
such that { := L(\" — X — X') € N. Then, ®}/ v induces an SL(2,R)-equivariant
continuous homomorphism between the Hilbert spaces:

DY\t LRy, 27 dz) — LRy, 2" Vda)@L*(Ry,y' ™ dy).
Theorem [2.11] will be proved in Section [2.7.5]

Remark 2.12. Using the notation ([2.18]) below, we may also write:

(@) () = (—1)-5 W BN e )
NN ) (x+y)N' ! [4 LY rTTY)
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2.6.3. Symmetry breaking transform in the L*-model and its inversion. In this sub-

N\

section, we give an inversion formula of the symmetry breaking operator RC,, . in
the L2-model by using the holographic operators <I>3\\::'A,, (Definition . The sym-

N

metry breaking operator RC), ,» was defined originally as the Fourier transform of

the Rankin—Cohen bidifferential operator RC%/’:\,, (see (2.10])) but we give a simpler
expression as an integral operator (Jacobi transform).

Proposition 2.13. Suppose N, \" > 1 and ¢ € N. Then for any F € C.(R. x R, ),
the following identity holds:

~ N H+N\"+20 Z[+1 1 r_ "_ z z
(Rcw, F) (2) = 5 1 Py ) F (5(1 —v), 51+ v)) dv.

See Section for a proof.
o~ )\///

Collecting the operators RC), \», we define a symmetry breaking transform

(2.14) RCx i (R v@LA(Ry )y — > TL2(Ry)yiarpar
£eN
~ N +X\"+2¢

by (7/2\C,\/7X/(F)) :=RC, v (F) for ¢ € N. Then it can be inverted by using
e b
the holographic operators (IJQ:/’I/\,, (Definition [2.10)) as follows.

Theorem 2.14. Suppose X', X" > 1. Then for any element F € L*(R.)y®L*(Ry ),
one has

> le / " -
F=S — oy (RC " F)
S (N, N7 A wtf),
and
Ik =3 ~ v W(wmey o) |
H ||L2(R+)>\/®L2(R+))\// - C[(>\I7 >\l/) ’ ( )\',A”( )>f L2(R+)A/+>\//+2e :

=0

Theorem [2.14] will be proved in Section It gives an answer to Problem A.2
and Problem B in the L?-model.

Remark 2.15. The Jacobi transform (see e.g. [4, Chap. 15]) defined by
1

H(v) — (J(H)), = /_ H(©) P& (0)(1 = v)*(1 + v)Pdv

1
is inverted by the following formula:

(2.15) HEw) = dela, B) (J*P(H)), PP (o),
=0
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where we set

Ma+p+20+ D (a+p+L0+1)
2008 N (o + L+ DT(B+ L+ 1)
1
2040% (o + 1,8+ 1)

dg(Oz, ﬁ)

By change of variables, we can see that Theorem is equivalent to ([2.15]) applied
to
z

Hw) = (1 —v)" (1 +v)°F (3(1 —0).3

(1+v))
witha=XN—1and =\ —1.

2.6.4. Parseval-Plancherel type theorem for the holographic transform in the L?-
model. Collecting the holographic operators @ﬁ;il)\,,, we define the holographic trans-
form

(2.16) Oyt D LRy vsnrae — LA(Ry)VELH(Ry ) wr
leN

by
qD)\'«\” = @ (I)ii’_;?)u—&-%.
=0
This transform is the counterpart in the L?-model of the holographic transform

Uy (Theorem (2)) defined in the holomorphic model.
Theorem 2.16. Suppose X', \" > 1 and ¢ € N. Then, the holographic transform
Qv induces an SL(2,R)™ -equivariant unitary operator

S CLA Ry yiarree > LRy BLAR )

=0

subject to the following Parseval-Plancherel type formula:

o0
Hé)\l:)‘ﬁhH%?(Ri))\/y/\u = Z CZ()\/7 )\//) HheH%2(R+))\’+/\”+2Z’
=0

for h = (hg)geN with he € LZ(R+)>\/+>\//+24.

Theorem [2.16| will be proved in Section [2.8.2]
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2.6.5. Representation theoretic interpretation of the Plancherel density. The weights
co(N,N") in the Plancherel formula (Theorem are obviously positive when
N, N > 1. We discuss the zeros of the meromorphic continuation of ¢,(\N', \”) when
we allow X" and \” to wander outside the region A, \” > 1, so that 7y and 7y~ may
not be (relative) holomorphic discrete series representations.
Assume furthermore that N, \”, \"" € Z such that ¢ := L(X — X' = \”) € N. Then

the following four conditions on (X, \”, \"") are equivalent (see [19, Thm. 9.1}):

(i) co(N,N") =0;

(i) 2> XN+ XN+ N and X > [N = N'| + 2;
(iii) the Rankin-Cohen bilinear operator RCi;i;\,, vanishes;
(IV) dim HOHISL(ZR)"(O(H X H,,C)\/ X E,\//), O(H, ﬁ)\///)) = 2.

2.7. Proof of Theorems[2.2|and [2.11] - In this section, we derive from the Rankin—
Cohen bidifferential operators RC} \v v the integral intertwining operators that embed

irreducible representations of SL(2,R) into the tensor product representations, and
give a proof of Theorems and

The key idea is to use symmetry breaking operators RCj, y» in the L2-model, which
fits well into the F-method connecting the Rankin—-Cohen operators with the Jacobi
polynomials. The scheme of the proof is summarized in the following diagram:

"

n1 Proposition[2.22] 1
(2.17) RCilv)\u LAV (Theorem|2.2))
Propositionmg Proposition[2:20]
RC, o) Theorem.11
X’)‘”Propositionm AL (

2.7.1. Jacobi polynomials and Rankin—Cohen bidifferential operators. We retain the
notation and assumption that £ := (X" — X — \”) € N. lem

The nature of the bidifferential symmetry breaking operator RCi:://\,, is explained
n [19, Thm. 8.1] by the F-method, which we recall now. We inflate the Jacobi
polynomial on"ﬁ (t) (see (5.3)) into a homogeneous polynomial of degree ¢ by

D, a, y—
Poey) = (0o ()

D5+ B+ 0+1)(a+j+1);
(6= 7)4!

(2.18) (2 4 y) I

QM&

Then we have the following
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Proposition 2.17. Suppose { := %(X” — XN = X)) € N. Then the Rankin—Cohen
bidifferential operator RC%:I)\,, (see (2.1)) is given by RCﬁ:/:/\,/ = Rest o Rﬁi/’;\// with

" =~\/ " a a
2.19 RA/ " = PA —LAT (_7 _> .
( ) PPN ¢ aCI 8<2
Remark 2.18. In [19, (9.9)], we gave a similar formula

" / " 8 a
2.20 RA/ " = P)\ —h1=A <_7 _)
( ) A J4 acl 8C2

by using another two-variable function P," (x y) = y'P" P (1 + 2“””) Our expression

(2.19) is symmetric with respect to the first and second variables.

Proof of Proposition [2.17. According to the first Kummer’s relation for the hyper-
geometric function we get (see for instance [7, 8.962|):

o 1+ ‘ o,—a—pF—-20—1 3—xw
o) = (1) pee (3,

’ " / 1" 1
— S

Hence the right-hand sides of (2.19) and ([2.20)) are equal to each other. O

and therefore

2.7.2. Coordinate change in the L*-model. For the study of symmetry breaking in
the L2-model, we introduce the following coordinates:

(221) Ry x (=1,1) 5 R, (2,0) = (2,1) = (5(1 — ), §<1 + v)) .
Then, ¢ is a diffeomorphism with drdy = $dzdv. With the convention in

Section we set

(2.22) M (z,v) = My yym(z,0) = 29T 511 —0)™*(1 +v) 7P

If (z,y) = t(z,v), then we have

1_)\///
(223) WM(Z’ ’U) = Z_e,
(2.24) e Ny N dady = M(z, U)2 —o—h- )‘W(l v)*(1 4 v)?dzdv,

whereas the holographic operator @3, /\,, (see ([2.13)) takes the form

(2.25) (@j\\:::\/,h)oL(z,v) M(z,0) " PP (0)h(2).
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2.7.3. Fourier transform of the Rankin—Cohen bidifferential operators. We are ready
to prove Proposition for an integral expression of the symmetry breaking oper-

)

ator RC}\/’A// (See )

Proof of Proposition[2.13 For a function F € L*(R2 )y v we set
Glx,y) = B 2,y F(a,y).

By Proposition the F-method shows that the Rankin—-Cohen bidifferential oper-

ator is induced from the multiplication by the polynomial 152"_1”\”_1(37, y), namely,

(2.26) (RCY i F2F)(C) = i (Rest o FoG)(Q).

The left-hand side of ([2.26) equals f17/€\Ci,7X,F) (¢) by the definition (2.10). We

compute the right-hand side of Via the diffeomorphism (2.21]), we have
PMPou(z,0) = (=1)2' P (v). Thus we get

(Rest o F2) G(¢) = / / G(z,y)e' ™ dady
o Jo

1 oo 1 )
= —/ / G o 1(z,v)e"* zdzdv
2Jo Ja

1
= SRR,
where
1
JF(z) = z/ Gou(z,v)dv
~1
1
= (1) / PTG F o u(z,v)dw.
~1
Hence Proposition [2.13]is proved. 0]

2.7.4. Three characteristics of holographic operators in the L?-model. In Section
2.6.2] we discussed the three characteristics (1), (2), and (3) of holographic oper-
ators in the L?-model. These three characteristics play a key role in the proof of
main theorems. In this subsection we explicate the relationship between

(2) and (3) in Proposition [2.19 and

(1) and (3) in Proposition [2.20]

and prove the formula (2.12)).
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Proposition 2.19. The adjoint of the holographic operator @ﬁ;i’/\,/ (Definition
1s proportional to the Fourier transform of the Rankin—Cohen operator RCﬁ:i:\/, :

A/// o~ )\///
<®Al7}\//> —_— 7/ RCAI )\//

N

Proof. We have already seen in Section [2.6.2] that RC), ,» is a continuous map

between the Hilbert spaces. Hence we shall work with dense subspaces C.(R.)
and C.(R2) in L*(R;)y» and L*(R%)y v, respectively. Take h € C.(R,) and

2\

F € C.(R%). By the integral expression of RC v given in Proposition [2.13) we
have

1"

(h, RC}",A”F)L2(R+,z1*y//dz)

4 o) 1
- Z—/ h(z)z“l/ PN TN ) F ooz, v)dvzt N dz

= / / @A:/:\,,h (z,y)F (x, )z Ny dady
- ﬁ’ )\”h F)LZ xl Ayl A”dzdy)

Here, in the second equality we have used ( and (2.25)). Thus Proposition
is proved. [l

Proposition 2.20. With the notation , we have
DY =ity
Before giving a proof of Proposition [2.20] we need the following.
Lemma 2.21. For any g € H*(II),, we have

<%)g /0 T ) () — (1),

Proof. The statement follows from the (classical) Fourier inversion formula and the
Paley-Wiener theorem for g. 0

Proof of Proposition[2.20. Tt suffices to show
Fao @0 Fit — (<) 0.
We set
(o) = 5 (G~ G+ (G +G)

By the definitions ([2.22)) and (2.25)) of M and (IDQ:://\,,, we have,
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2Q+B+I(F O (pijll)\//h) (Cla <2)

= / / f(1—0)*(1 + )’ PP (0)h(2)e* W dvdz

- 26@ / / 2 h(z)e <d%) (1 =) (1 4+ 0)"*") dvd=
= m /_ 1(1—v)a”(1+v)5“ (dfj(v)> (Fih) (t(v))dv,

where the second equality follows from the Rodrigues formula ([5.2)) for the Jacobi
polynomials, and the third one from integration by parts and Lemma [2.21] Putting
g = F1h, we obtain

l//

(Fao0 (I),\' N o Fy 9)(@, (2)

- (%aw%gu(:;!) /_1 g(t()) (1 = v)* (1 + v)Tdv

ll/

= (=) (W¥9) (G C).

Hence Proposition is proved. O

2.7.5. Proof of Theorem [2.11 In this subsection we give a proof of Theorem [2.11]
Proof of Theorem[2.11. As the Rankin-Cohen bidifferential operator RC}/ y» inter-

o~ A/N

twines the tensor product 7T/\/®7T>\// and 7wy, so does its Fourier transform RC,, BV

N

(see (2.10)), and in turn its adjoint operator | RCy, ,» | because my, Ty, and wym

are unitary representations. Hence Theorem follows from Proposition [2.19, [

2.7.6. Proof of Theorem [2.3. Theorem together with an argument of holomor-
phic continuation on parameters completes the proof of Theorem as follows.

Proof of Theorem [2.3, The second assertion follows from Proposition because
3 v Is an mtertwmlng operator as it was shown in Theorem [2.11}

Let £ € N and A = N + \' + 20, If (N, ") € C? satisfies (2.5]) then the integral
converges for all g € O(II), and \Ilﬁi/'/\,, is continuous viewed as a map from the
Montel space O(II) to the one O(II x II).

On the other hand, if furthermore X, \” are real and X, \” > 1, then \Ifg\;/:/\,/ is
a G-homomorphism on H?*(IT),» by the second statement. Since H?(II)y»~ is dense
in the Montel space O(II) as its subspace of K-finite functions is already dense in
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1"

O(II), the continuous map W3y, : O(I) — O(II x II) intertwines my» and the
tensor product representation my®mys if X, N\ > 1. Since \Iff\‘;:/xlg € O(II x II)
depends holomorphically on (X, \”) € C? subject to and since the actions
7o, Ty and T aryop of SL(2,R)also depend holomorphically on (X, ") € C?, the
first statement is shown. O

2.7.7. Adjoint of the Rankin—Cohen operator. As the last part of the diagram (2.17),
we show that W}, is the adjoint of the Rankin-Cohen operator RCy y up to scalar
multiplication. ’ ’

Suppose N, N A" > 1 and N — X — X' € 2N. We regard the Rankin—Cohen
operator RC’A\;TX/ as a continuous map between Hilbert spaces

RCi::l)\// . H2(H))\/®H2<H))\H —> H2(H))\m .
By (2.12) and Lemma below, we obtain

Proposition 2.22. Let { := (N — X — X') € N. The adjoint of RC;E::,N, is given by
(RC?;::\//) = T’g()\/, )\//>\Ij:\\;l’l)\//.

2.8. Proof of the Parseval-Plancherel type theorem for the symmetry
breaking transform and the holographic transform. In this section we com-
plete the proof of Theorems and in the holomorphic model and Theorems[2.14]
and in the L%-model for the Parseval-Plancherel type results for the symme-
try breaking and holographic transforms. Our strategy consists in applying the F-
method, and then in reducing the proof of these theorems to the fact that the Jacobi

polynomials {Pf’ﬁ } form an orthogonal basis of the Hilbert space L*([—1,1], (1 —
£eN
0)*(1 +v)Pdv).

2.8.1. Some properties of operators on Hilbert spaces. We review a general fact on
operators on Hilbert spaces. Suppose a Hilbert space V' is decomposed into a Hilbert
direct sum of closed subspaces {V; }sen, that is, V' ~ Z?GN Vy, where the inner product
on V; is induced from that of V. Let pry_,y,: V — V} be the projection operator.
Let {Wy}ien be another family of Hilbert spaces. Suppose that we are given a
continuous map Ry: V. — W, such that the restriction Ryly, : Vi — W, is a
unitary operator up to scalar multiplication and R@‘VZJ_ = 0 for every ¢ € N. Then
the adjoint operator R;: W, — V' is an isometry (up to scalar) onto V;. We write
| Re]|op for the operator norm of R, and set

. 2
Cg T HRfHop'

The following two lemmas are elementary.
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Lemma 2.23. (1) The linear map R := @ Ry V — @ W satisfies

£eN leN
(2.27) RyR, = Cipry_y,,
1
(2.28) |F|2 = ZEHRgFH?W for all F V.
LeN

In particular, we have the following inversion formula and the unitarity of
the map R:

(inversion) F =3 1N C%RZ(RKF):

~ S D
(unitarity) R extends to a unitary operator V. — Z W, where Z Wi 1s
LeN LeN
the Hilbert sum associated to the weights {C; '}sen (see Definition .
(2) The linear map R* := @ R;: @ W, — V satisfies

£eN leN
(2.29) RR; = Ciidw,,
|Riwell} = Collwellfy, forall w, € W

_ _ @ ~ @
In particular R* extends to a unitary operator Z Wy — V', where Z Wy

teN ¢eN
is the Hilbert sum associated to the weights {Cy}en.

Lemma 2.24. Suppose that H; and L; (j = 1,2) are Hilbert spaces and that

Fj: Ly — Hj are unitary operators up to scalar multiple. Let b; be positive numbers
such that

IF5(F) I3, = bllFII7,  forall FelLj

Let v: H — Hg and D: Hy — Hi be continuous linear maps, and we define
U Ly — L, and D Ly — Ly by
U:=F;'oVoF, D:=F'oDoF.
We set r := 2—; Then,
(1) the operator norms of these operators satisfy

IDII3, = —|!D|Iop, 16y = rilwllc

Op;

(2) the adjoint operators of D and D are related as

5= (D)
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2.8.2. Parseval-Plancherel type theorem for <I>§7’/\/,. In this subsection, we prove The-
orem[2.16] By the (abstract) branching law (2.8)), Theorem is deduced from the

following proposition.

Proposition 2.25. Suppose X', N, X" > 1 satisfy { := %(X” — XN =X eN. Then,

H®§l7}‘//h”%2(Ri)A’,A” = Cf()\/, )\//>HhH%2(R+)>\”/’
for all h € L*(Ry)n. Here we recall (2.3)) for the definition of co(N, ).

We reduce Proposition to the fact that the Jacobi polynomials are orthogonal
polynomials, see ((5.4) in Appendix.
Proof of Proposition[2.25. Via the diffeomorphism (2.21]), we get from the formulee
(2.24) for the measure and ([2.25]) for the holographic operator CDﬁi::\/,:
1

A A - QN+ —1 X

"
L -

o0 1 / " 2 " ’ "
/ |h(2))? ‘P;-“ —1(0)‘ A=)+ 0)N T dude.
0

—1
By the L%norm ([5.4) of the Jacobi polynomials, we conclude the proposition. O

2.8.3. Operator norm of the holographic operator \Ijﬁf”)\,, in the holomorphic model.

Proposition 2.26. Suppose N, \", X" > 1 and £ := J(\" — X — X') € N. Then
N Cg()\/, )\//)
||‘I’x,xfg||3{2(H)A/@H2(H)A/, = WHQH?{?(H)W for all g € H*(IT)x.
Proof. By Proposition and Fact 2.9 we have
“\Ilﬁ’,)\”g||§{2(H)A/®H2(H)>\// - b()\,)b(/\”> HQ)il)‘”]-—l_lgH%Z(Rﬁ—))\’,)\” '
By Proposition and Fact again, the right-hand side of the above equality

amounts to
b(A)b(\")

b(A/”) C€<)\/7 )\//)HgH%'lQ(H)A///'
Now the proposition follows from the definition (2.4)) of r,(\, ). O

2.8.4. Norm of the Rankin—Cohen bidifferential operators. We find the operator norm
of RC?::IX, as below.

Proposition 2.27. Suppose that N, X" > 1 and N = XN + X' + 20 (¢ € N). Then
the operator norm of the Rankin—Cohen bidifferential operator RCﬁ:/’I/\,, seen as a map
from the weighted Bergman space H*(I)y@H>(I1)xr to H>(I)yw is given by

IRCY 12, = re(N, A )ee (N, ).

[
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Proof. By Lemma (1), we have
" gy >\III
||RC§’,/\” ||(2)p = TZ(X> )‘H) HRC/\’)\” ”C2)p’
which equals (X, \")c, (N, A") by Propositions and [2.25] O

2.8.5. Proof of Theorem[2.7. Let us complete the proof of the Parseval-Plancherel
type theorem for the Rankin-Cohen transform RCy » and the holographic transform
\Ijk’,)\” .

Proof of Theorem[2.7. (1) We apply Lemma [2.23) with R, = RCj\\:y\/"”Z- By Propo-
sition [2.27], we have

[Rel[55 = re(N', X)ea(N, A7),
hence the first statement follows from Lemma [2.23] (1).
(2) We apply Lemma [2.23| with R, = WRCi:t\?\,mr%. By Proposition [2.27], we
have
C@(}\/, )\/l)
IR, = =~
Tg()\ s A )
Since \Ifj\\:f\f)lur% = R} (see Proposition [2.22)), we get the second statement by Lemma
2.23| (2). O

2.8.6. Proof of Theorem[2.5. We are ready to complete the proof of Theorem [2.5]

Proof of Theorem [2.5. By Lemma [2.23[ (1) applied to R, = RC:\\:y)”JF%, the above
proof of Theorem (1) implies

oo

1
= R,R
f i TE(/\,a /\”)Cz()\’, /\//) ¢ of
for any f € H2(I1)y®H2(IT)r». Now Theorem follows from the equation R; =
re(N, )\”)\If:\\:jj\,/ur% (see Proposition [2.22)). O

2.8.7. Proof of Theorem[2.1] Finally, we show Theorem [2.14]

NN 420
Proof of Theorem [2.14, We apply Lemma|2.23/(1) with R, = RC /\’t\” I By Lemma
and Proposition [2.27, we obtain
]. / 1" 2
2 N2t
||R2H0p - T£(>\I7 >\”) ‘RC}\/}\// op = Ce()\l7 )\//).

Since R} = i* (I)iij;\,/ur% by Proposition [2.19, Theorem [2.14] follows from Lemma [2.23

(1). 0
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2.9. Some applications of symmetry breaking and holographic transforms.
We point out two applications of the symmetry breaking and holographic transforms

introduced in the previous section. First, we provide explicit description of the
minimal K-types of the SL(2,R)=module (WA,O(Hii in both holomorphic model

Ty @7y and L2-model L*(R% ) a» (see Propositions and . Second, we find
in Theorem [2.30] an integral expression of any eigenfunction for a specific second-
order holomorphic partial differential operator arising from the diagonal action of
the Casimir in the enveloping algebra.

2.9.1. Minimal K -types. The minimal K-type of the SL(2,R)=module (my, O(II)) is
given by C(¢ + i)™, see for the whole set of K-types. As an application of
the integral formula we find an explicit expression for the minimal K-types of
submodules in the tensor product T @ as follows.

Proposition 2.28. Suppose Re X', Re X" > 0 and \" = XN + X'+ 20 (¢ € N). Then
the holomorphic function

(61, G2) = (G = o) G+ )7 Mo i)

is a minimal K -type in the submodule \IIQ:"X,(O(H)) in Ty QM.

Proof. We set g(¢) := (¢ +4)~*". By the change of variables t = %(1 + v), the
definition ({2.6]) shows

1
(94509) (G:62) = (G = GG+ / L= (L - ),
0

where a = N +/0,b=c=\N", and z = % U=
1+1

By the Euler integral representation of the hypergeometric function 5 F;, and by
the fact that o Fy(a, b;b;2) = (1 — 2)~%, we obtain

/H

2:30)  (W¥g) (1. G) = —B(X + 0N 06 = ) (G )T T G+
where B(-,-) stands for the Euler beta function. O
Proposition 2.29. Suppose X', X" > 1 and ¢ € N. Then the function

) N=1 =y (N =1~y + P’V 1,0 —1 (y—x>
(@,y) = (@ e ")y )(z +y) py

belongs to L*(R%)y v, and gives a minimal K -type in the image of the holographic
operator @ijf\?\,/ur%

Proof. Since 2*"'~'e~* belongs to the minimal K-type in the irreducible representation

" n . . . . nr
L*(Ry)xm, so does @3\, (22" ~'e™?) in the irreducible representation @3y, (L*(R% )y ).
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Then the formula (2.13) of the holographic operator ®3/, with A" = X + " + 2¢
shows Proposition [2.29] O

2.9.2. An application of the integral formula. Fix X', \” € C and consider eigenfunc-
tions of the following holomorphic differential operator on II x II:

o 0

124 /_ i i
acag TN et A -Xage

+ (NG =N+ M) G

(2.31) Py = (G~ G)?

and define for u € C
SOE(H X H,MA@)\N,“) = {f S O(H X H)Z P)\/)\//f = ,uf}

The integral transform ([2.6]) constructs all eigenfunctions of Py y» as follows.

Theorem 2.30. Suppose X', \" € C. Then, the following hold.
(1) Sol(I1 x II, My x». ) # {0} if and only if v is of the form
p=—lN+XN+¢—-1) for some ¢ € N.
(2) For any N,\" € C and ¢ € N,

(Cl - Cg)e(ﬁ + Z.)_)\/_Z(CQ + 7:)_)\//_[ S SOg(H X H, M)\/7)\//7_£()\/+)\//+g_1)).
(3) If Re N, Re N > 0 and ¢ € N, then the integral transform (2.6 gives a
bijection
‘I’i:t\b/urQZ: O(H) ;> SOg(H X H, M)\/’)\//7_e()\/+)\//+g_1)).

The inverse map is proportional to the Rankin—Cohen bidifferential operator,
namely,

RCY I T2 0 W2 = ¢(N, \")id  on O(ID),
where co(N, N") is defined as in (2.3)).

2.9.3. Quick review of representations of the universal covering group SL(2,R)™ In
order to prove Theoremwe recall some properties of representations of SL(2,R)™
The universal covering group SO(2)  of the maximal compact subgroup K = SO(2)
is isomorphic to R. We parametrize its characters x, by A € C as an extension of

the following group homomorphisms originally defined for A € Z:

R~ SO(2)"— SO(2) — C*, 0+ cosf —sin0) v
' sinf  cos6

The representation 7, on O(II) given in Section is a highest weight module
with highest weight —\ because it has the following K-types:

(2.32) N -A—2, A -4,
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Choose the standard basis of the Lie algebra s[(2,R):

Y N )

Then the Casimir element C' is expressed as C' = §(H? + 2XY 4 2V X).
The infinitesimal action dm, is given by holomorphic differential operators:

d d d?
(2.33) dmy(H) = =\ — 225, dmy(X) = o dm\(Y) = Az + 22@,
and the Casimir element C acts on (dmy, O(I)) as dmy(C) = $A(A—2)id. In general,
if 7 is a highest weight module of SL(2,R)™ with highest weight v (v € C), then the

Casimir element is given via dr as the scalar multiplication tv(v + 2)id.

8
2.9.4. Proof of Theorem[2.30.

Lemma 2.31. The Casimir element C of s{(2,R) acts on O(I1 x I1) via dmy & dmyn

by
1 1
(dmy ® dmy) (diag(C)) = =5 Puovr + (X AN + X" = 2),

where the holomorphic differential operator Py y» is defined in (2.31)).
Proof. By ([2.33]) and the Leibniz rule, we have

0 9]
dmy @ dmy) (diag(H)) = N =N =2(G=—+G— ),
(dmxe ® dmyo) (diag(H) (65 +Gne )
(dmy @ dmy) (diag(X)) 0 0
T\ YISNZ e -V T =
v e e G 06,
0? o?
(dmy @ dmy) (diag(Y)) = NG+ NG+ (Gam +Eas ) -
a¢i 9G
Now the lemma follows by a direct computation. 0

The tensor product representation my &y does not always split into a direct sum
of irreducible representations in the nonunitary case when X, X" € C, see [19] for
instance. We determine the set of possible infinitesimal characters of subrepresenta-
tions of the tensor product Ty @y in this case.

Lemma 2.32. Let N, N € C. Suppose 7 is a subrepresentation of my@mn such that

the Casimir element C acts as scalar multiplication via drw. Then this scalar must
be of the form

1
é()\’ + N+ 200N + X' +20—2) forsome £ € N.



INVERSION OF RANKIN-COHEN OPERATORS VIA HOLOGRAPHIC TRANSFORM 29

Proof. We use the general theory of discretely decomposable restrictions of (nonuni-
tary) representations [I1]. First we observe from (2.32)) that the K-types of the
tensor product representation my ®my» are of the form

XN =N =20+ /") for some ', ¢" € N.

Thus the tensor product representation my®my on O(II x II) contains the direct
sum of K-isotypic spaces

(2.34) @(ﬁ + 1)x_ a2
leN
as a dense subset, where (¢ + 1) stands for the multiplicity.

In particular, each K-type occurs in 7y ®mys with at most finite multiplicities.
Hence, any subrepresentation 7 is admissible, and of highest weight —\ — A" — 2/
for some ¢ € N. Therefore, if the Casimir element acts as a scalar via dm, then this
scalar must coincide with (X + X’ 4 20)(X + N + 20 — 2). O

Proof of Theorem [2.30. (1) By Lemma[2.31} Sof(II x IT, My »,,) is characterized as
the eigenspace of the Casimir operator C' as follows:

(235) SOE(H X H,M)\/,)\//#L)
(€ O X T): (dmy © drmy) (ding(C)) = e(X' X', ) £},
where we set e(XN, X, 1) = =g+ (N + X)X + X —2).
On the other hand, Lemma tells that e(\N, N, u) = %(X + N+ 200N + N+

20 — 2) for some ¢ € N. This gives the desired formula for p, showing the “if” part
of the first statement. The “only if” part follows from the second statement.

(2) By the assumption Re X ,Re\’ > 0, the integral converges for any
¢ € N. Since the Casimir element C' acts on O(II) as the scalar A" (" — 2) via
dmym, and since \11%”/\,, is an intertwining operator, the Casimir element C' acts on
the image of \I/%”/\,, by the same scalar. Therefore ¥} 5) F2(O(IT)) C Sol(T1 x
11, MA/7A//,,4(,\/+>\//H,1)) by . In turn, Proposition and Lemma imply
that

(Puor + 60+ X+ 0= 1) (G = Q) (G + D) (G +) ™) =0
as far as Re N, Re\” > 0. By the analytic continuation, the equation holds for all
N, N e C.
(3) We begin with the case where A" and A" are real and A, \” > 1. Then it follows

from Proposition [2.27, Lemma (2) and Proposition that

RCﬁ;:l/\// o \Ijﬁl)\// = C@()\/, )\”)ld on HZ(H))\///.
Since H?(IT)w is dense in O(I1), the equality holds on the whole O(II) by continuity.
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Moreover, since the operators RC%:/,\// and \Ifﬁﬁzll\,, depend holomorphically on (X, \") €
C? satisfying (2.5)), we conclude that

(2.36) RCY 0 TN\ = (X, A")id - on O(TI)
for any (X, N, \"") subject to by analytic continuation. In particular, \Ilg\\:”/\,, is
injective and RC;I’I)\N is surjective because c(N', \”) # 0 in this case.

Let us prove that \I/j\\;i//\,,: O(IT) — Sol(I1 x II, M v —gviar4e—1y) is surjective.
We let SL(2,R)  act on O(II x II) via my®mys. Since the map N — C, £ —
—0(N + X'+ € —1) is injective if Re N, Re \” > 0, we have the following inclusion of
SL(2,R)™-submodules of O(IT x II):

@ \Ijii’—g\%”—"ﬁ( (O(H)) C @ SOE(H X H, M)\/’)\//77€()\/+)\//+£71)).
LeN LeN

We observe that K-multiplicities coincide by ([2.34)) because the holographic oper-

’ " . . . .
ator \I"A\,ﬁj\/ *2¢ s injective for any ¢ € N. Therefore,

YT O(IT) — Sol(I1 x T, My xr —exvvre—1))

is surjective on the level of (g, K')-modules.

Since ¢,(N,\") # 0, the symmetry breaking operator RC%I)\N is injective on
\Ilijf\f\//ur% (O(11)) by (2.36)), and therefore the underlying (g, K )-module of Ker (RCﬁi”,\,,) N
Sol(IT x II, My v —gv4a740—1y) must be zero for any X = X + A" + 20 (¢ € N).
Hence RCﬁ:/j)\,, is injective when restricted to Sol(IT x II, My xv _g(x4ar4e-1)). Now
we conclude that \Ilﬁﬁ")\,, is surjective. Thus the theorem is proved. O

3. HOLOMORPHIC JUHL TRANSFORM AND ITS HOLOGRAPHIC TRANSFORM

Another remarkable family of differential operators is provided by conformally
covariant differential operators for the pair S® > S™ ! of Riemannian manifolds,
introduced by Juhl [9]. These operators are symmetry breaking operators from
spherical principal series representations of the Lorentz group O(1,n + 1) to those
of the subgroup O(1,n). This setting is intimately related to the holographic or
AdS/CFT correspondence in string theory (see e.g. [21) 24]).

The holomorphic Juhl operators are the holomorphic continuation of Juhl’s opera-
tors, which map holomorphic functions on the n-dimensional Lie ball to those on the
(n — 1)-dimensional Lie ball, intertwining (relative) discrete series representations of
G = S0,(2,n) with those of the subgroup G' = SO,(2,n — 1), see [19].

In this section we solve Problems A and [B] stated in Section [I] for the symmetry
breaking transform associated with the holomorphic Juhl operators. We assume
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n > 3 throughout this section. The case n = 2 can be recovered from the previous
section with an appropriate change of parameters.

3.1. Holomorphic Juhl operators.

3.1.1. Holomorphic discrete series of SO,(2,n). Let @, , be the standard quadratic
form of signature (p, q) on RP*2. The indefinite orthogonal group

O(p,q) :== {9 € GL(p+ ¢, R) : Qpq(97) = Qpq(z) forallz € RP7}

has four connected components when p,q > 0. Let G = SO,(2,n) be the identity
component of O(2,n) and K a maximal compact subgroup of G. We write ¢(¢) for
the first factor of the Lie algebra ¢ ~ R & so(n), and fix a characteristic element
Hy € ¢(®) such that ad(Hy) gives the eigenspace decomposition of gc = Lie(G) ®@g C
as

(3.1) gc =tc+ng+n

for eigenvalues 0, —i and ¢, respectively. The complex structure of the homogeneous
space G/K is given by the G-translation of exp (ad (3H,)) € GLg(T,(G/K)), or
equivalently, it is induced from the Borel embedding G/K C G¢/Kcexpn,.

Let G be the universal covering of G = SO,(2,n), p : G — G the covering
homomorphism, and set K := p~*(K). For A € C, we define a character of ¢(£) by
tHy — Mt, which lifts to a character C, of K.

Then one can define a é-equivariant holomorphic line bundle £, = G x 7 C\ over
X:=G / K~G /K for all A € C, and obtain representations Wf\") of G on the space
O(X, L)) of holomorphic sections. The representation Wf\n) descends to G if A € Z.

If A € R, then the line bundle £, — X carries a G-invariant Hermitian metric,

and therefore we can define a Hilbert space (O N L?) (X, £,). This Hilbert space is
nonzero if and only if A > n — 1, and the resulting unitary representation of GG, to be
denoted by the same symbol 7r§n), is called a (relative) holomorphic discrete series

representation of GG. For actual computations we use its realization in the weighted
Bergman space as below.
We define the tube domain

To = Tg(n) =R" 4+ ZQ(n)
by taking 2(n) to be the time-like cone in the Minkowski space R»"~! namely,
Qn):={neR"” : Qrn_1(n) >0, ;; >0}.

Then the tube domain T, is biholomorphic to the bounded symmetric domain of
type IV,,, sometimes referred to as the Lie ball. From a group-theoretic viewpoint,
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Tg is isomorphic to the Hermitian symmetric space X = G/K, which is realized as
an open subset of n_(~ C") via the following maps

(3.2) n. — G¢/Kcexp(ny) DO G/K.
open

open

The homogeneous holomorphic line bundle £, — X is trivialized via the Bruhat
decomposition, and the Hilbert space (O N L?)(X,L,) is then identified with the
weighted Bergman space

H? (Tom)x = O(Tamw) N L (Tagm), Qua-1(1)*"dEdn),
on which G acts as a multiplier representation by
F(©) = balg. ) f(g7"0)
for g € G and f(¢) € O(Tq()). Here the multiplier
by : G x Tomy — C*

is a 1l-cocycle defined by bx(g,¢) = x-a(k(g,()), where x): K¢ — C* is the
holomorphic extension of the character Cy of K and k(g,() is an element of K¢
determined by

g "exp(¢) € exp(g~'.Q)k(g,¢) exp(ny),

see (|3.2)).
For A > n — 1 this Hilbert space admits a reproducing kernel K, ((,7) given by:
(33) K,\(C, 7-) — k)\,an,n—l (C - ?)_A )

where ()1,-1(¢) stands for the holomorphic extension of ¢ ,_1, and we set
(20 (A=3) TV

A" T(A—n+1)

see [5, Prop. XIII.1.2]. We note that ky,, # 0 if A >n — 1.

We realize O(2,n — 1) as the subgroup of O(2,n) which fixes the (n + 2)-th coor-
dinate, and set G' = SO,(2,n — 1) as its identity component. By abuse of notation,

kAJLZ::

we write G’ for the connected subgroup of G = SO,(2,n)” corresponding to G' C G.
The subgroup G’ is simply connected if n # 4. Similarly, a (relative) holomorphic
discrete series representation "D of G is defined for v > n — 2, as an irreducible

unitary representation on the weighted Bergman space H?(Tq(,-1))». By abuse of no-

tation, the same symbol 757D will be used to denote a (nonunitary) representation

on O(Tom-1y, Ly) for v € C.
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3.1.2. Holomorphic Juhl operators. Let Acin-2 := g—; — ;—; ————— % be the
1 2 n—1
holomorphic Laplacian on C"~! associated to the complexified quadratic form Q1 ,,_o.

For a € C and ¢,k € N with ¢ > 2k, we define a polynomial of « of degree ¢ — k by

(—1)%22 . T (a + £ — k)
T (a) k(¢ — 2k)!

(3.4) ap(l, ) :=

The coefficients ay (¢, &) appear in the definition (5.5)) of the Gegenbauer polynomials
C§(x), see Appendix. We define a holomorphic differential operator Dy on C" by

(2]

a {—2k
a . E : k
(35) D€ = £ ag (6, Oé) <8_Cn) A(Cl,n72-

For A\, v € Cwith £ := v—\ € N, the holomorphic Juhl operator Dy_,,: O(Tqom)) —
O(To(m-1)) is defined as the composition

n—1

(3.6) Dy, := Rest¢,—o © Dg\f 2

The operator D,_,, may be viewed as the holomorphic extension of the original
Juhl operator [9], which is a conformally covariant differential operator C*(S™) —
C>(S"71). In our setting, the hyperbolic space H™" is realized as a totally real
submanifold of the tube domain Tg,), and likewise, H" ! is that of Tg(,—1). The
restriction of the holomorphic Juhl operator to these real manifolds also yields a
conformally covariant operator C*°(H") — C*°(H" '), see [16, Thm. E.

The holomorphic Juhl operator D)_,, gives yet another symmetry breaking oper-
ator, intertwining the (relative) holomorphic discrete series representation ﬂf\") of G

and the one 7" of the subgroup G’ [19, Thm. 6.3]. Moreover, the differential op-
erator D)_,, induces a continuous map between the Bergman spaces by the general
theory [I8, Thm. 5.13]. Its adjoint is denoted by Dj_,,. We determine the operator
norm of D,_,, in Proposition |3.6]

3.2. Two constants ¢;(\) and 7,(\). Throughout Section [3| the parameter set is
(\,v) € C* with v — X € N and n > 3. We use the following notation:

n—1

7 {=v— A\

(3.7) a=\—
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As in Section devoted to the tensor product case, the main results in this
section involve the following two constants:

c=c(N) = /_1|Cg(v)|2(1—v2)a%dv

(3.8) _ 2" 2N+ 0 —n+ 1) 5
OA+0—2HT (- 21
bn_l(V)

r=ry\) = )
(3.9) _ FA+0-2H)T A+ L0-n+2)

(2m)2220 A= )T (A —n+1)
where b, () is a Plancherel density (see (3.13) below).

3.3. Holomorphic Juhl transforms.

Definition 3.1 (holomorphic Juhl transform). For A € C, the holomorphic Juhl
transform D) is a collection of the holomorphic Juhl operators

Dy: O(Tow)) — Map(N, O(Tap-1))), = {(Dxf)e}een,
where (D)\f)g = D)\_»\_,_gf.

The holomorphic Juhl transform D, intertwines (Wf\n), O(Tqomy)) with the formal

direct sum @EEN(W/(\ZD, O(Tq(m-1))); its inversion formula and the corresponding

Parseval-Plancherel type theorems are given as follows.

Theorem 3.2. Suppose A >n — 1.
(1) (inversion formula). Any f € H*(Tom))x is recovered from Dyf by

oo 1 ,
f= ; WDA—»\—M (Dxf)e-

(2) (Parseval-Plancherel type theorem). For every f € H*(Tam))s, we have

o0

1
2 o 2
(310) ||f||H§(TQ(n>) - ;_0: T@(A)Cﬁ()\) || (Dkf)ﬂ ||H§+£(Tg(n71)).

Theorem (3.2]is proved in Section It gives an answer to Problems A.2 and B
raised in Section 1 for the holomorphic Juhl transform D,. An answer to Problem
A.1 (explicit integral formula for holographic transform) will be given in Theorem

B.10
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From a representation-theoretic viewpoint, Theorem [3.2] gives quantitative infor-
mation on the corresponding branching law for the restriction of the (relative) holo-
morphic discrete series representation 7T§\n) of G to the subgroup G’, which decom-

poses the restriction Wf\n) into a multiplicity-free direct Hilbert sum of irreducible

&

representations of the subgroup G , see [13, Thm. 8.3]:
n ® (n—1
(3.11) TPVlg =Y Y.
¢eN

Corollary 3.3 (projection operator). Suppose A >n —1 and { := v — X € N. Then
1
re(A)ce(A)

1s the projection operator from the Hilbert space HQ(TQ(,L)),\ onto the summand which

*
DA—)VDA—>V

is unitarily equivalent to the irreducible representation (7T£n_1),H2(TQ(n_1))V), see
B.11).

3.4. Key operators in the proof of Theorem [3.2]

Analogously to the case of the tensor product representations (Section , we
introduce the following continuous operators for the proof of Theorem [3.2}

D;_wl H2(Tg(n_1))y _)HZ(TQ(n)))\ adjoint of D)\_W,
Dy L2(2(n)), —L*(Q(n — 1)), Fourier transform of D,_,,,
5 L (Qn — 1)), —L*(Q(n))x holographic operator.

See (3.23) and (3.17)) below for the definitions of Dy, and ®Y | respectively.

The link between these operators may be summarized in the following diagram:

(3.12) Dy, SheorenBI0 py-

A—v

Proposition@é g Proposition[3.§]

D s PV
A=y Proposition@ A

Among them, the holographic operator ®% in the L?-model will play a crucial role
in the proof of Theorem
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3.5. Holographic transform in the L>-model on the time-like cone Q(n).

3.5.1. L?-model of holomorphic discrete series. For A > n—1, we denote by L*(Q)y =
L*(Q2,my(y)dy) the Hilbert space of square integrable functions on the time-like
cone §) = Q(n) with respect to the measure m,(y)dy, where m is a positive-valued
function on §2 given by

m(y) == Qrn-1(y) 77

Let (y,() = Z?:l y;C;. Since the cone (2 is self-dual in R", the Fourier-Laplace
transform

FF)Q) = [ Py
is a holomorphic function of { € Ty if F' € C.(Q).

Fact 3.4 (Faraut-Koranyi [5, Thm. XIII.1.1]). For A > n — 1, we set

3n_q

(3.13) bu(\) = (2m) %~ g2 ()\ - g) T\ —n+1).

Then the Fourier—Laplace transform F,: C.(Q) — O(Tq) extends to a linear bijec-
tion:

(3.14) F: BP(OASH3 (Tam)-
with
H]:nFHg-g(TQ(n)) = bn()\)HFH%%Q(TL))A for all F € L*(Q)x.

Via the isomorphism ([3.14)), an irreducible unitary representation of G is defined on
L*(Q) for A > n—1, to which we refer as the L*-model of the (relative) holomorphic
discrete series representation 7T§\n).

Similarly, we define a positive-valued function

n—1

ml(y) = Qiu2(y) =z ¥

on the time-like cone ' = Q(n—1) in RY72 and we set L?(Q'),, := L*(Y',m/ (y)dy')

on which the L?-model of the (relative) holomorphic discrete series representation

7Y of G is defined via the unitary map

Foo1: (), SHETom-1)) for v>n-—2

up to rescaling b,_1(v) 2.
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3.5.2. Gegenbauer polynomial and Juhl’s conformally covariant operator. Let ay(¢, &)

be as in (3.4). We define a polynomial of two variables by

(5]
(3.15) (LeCp) (u,0) ==Y ar(l, a)uFo =,

k=0

For instance, we have ([oC§)(u,v) = 1, (1L,CY)(u,v) = 2aw, and ([LC)(u,v) =
a(2(a + 1)v? — u). By definition, (I,C¢)(w? v) is a homogeneous polynomial of
degree ¢, and (1,C§')(1,v) coincides with the Gegenbauer polynomial C¢*(v), see (5.5)
in Appendix. (This is the reason why we adopted the notation I,C}.)

The F-method [19] Thm. 6.3] shows that the differential operator Dy (see (3.5))
is expressed as

P )
(316) D? =1 ¢ (Igoe ) (—Acl,n%la—cn) .

3.5.3. Construction of discrete summands in the L?>-model. Following the idea of the
F-method [I5], we introduce the holographic operator ®X as a multiplication operator
like in the tensor product case (c¢f. Definition . By the simplicity of its formula,
the holographic operator ®% in the L?-model plays a crucial role in the proof of
Theorem [3.2]

Retain the basic setting where / =v—A € Nand a = \— ”T_l For a function
h(y") on (n — 1), we define (®Xh) (y) on Q(n) by

(317)  (B5h) (1) = Quaa(y) (HD)(1 = 25 (LCP) (Quaaly), —ya) ().

Then ®% gives rise to a holographic operator in the L*model in the following
sense:

Proposition 3.5. Suppose that A >n —1 and v = X+ £ for some { € N.
(1) The linear map ®%: L*(Q(n—1)), — L*(Q(n)), s an isometry up to scalar:

H‘I’K(h)||%2(ﬂ(n))A = C€<)\>||h||%2(ﬂ(n—l))y for all h € L*(Q(n —1)),,
where we recall that the constant co(N) is given in (3.8)).

(2) ®X intertwines the irreducible unitary representation iy of the subgroup

G’ with the restriction \"

G

We also discuss some further basic properties of the holographic operators ®% in
Proposition [3.8]
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3.5.4. Proof of Theorem[3.4 Postponing the proof of Proposition until Section
3.5.7 and Proposition [3.8 below until Section [3.5.§ we complete the proof of Theorem

B.2

Proposition 3.6. Suppose A > n—1 and v = XA+ £ with { € N. Then the dif-
ferential operator Dy_,, extends to a continuous linear map D, _,,: HQ(TQ(»,Z)))\ —
”HZ(TQ(H,D)V with the following operator norm:

IDA= 115, = re(N)ee(N).
Proof. 1t follows from Lemma (1) and Propositions and 3.8 that

I Dasw 2y = reMIDxsu 12, = e WK 112, = re(A)ee(N).
O

Proof of Theorem[3.2. By Lemma and by the (abstract) branching law ((3.11])
for the restriction G | G’, the theorem follows from the expression of the operator
norm of the differential operator D, _,, given in Proposition [3.6] O]

The rest of this section is devoted to the proof of Proposition |3.5|

3.5.5. Coordinate change in the L?>-model. As in Section for the tensor product
case, we introduce the following coordinates of the time-like cone (n) in RV~

(3.18) L Qn—1)x (=1,1) = Q(n), /,v) = ', —\/Qra2y)v),

which is a bijection because (y,y,) € Q(n) if and only if ¥/ € Q(n — 1) and 32 <

Qin-2(y').
We define a function on Q(n — 1) x (—1,1) by

(319) M(yl7v) = M)\,l/(y/ﬂ]) = Ql,n—Q( )

Via the isomorphism ¢, the ratio of the densities m,(y) and m,(y’), and the holo-
graphic operator @ are expressed as follows:

+

(1—2%)372

SIS

(3.20) = MY, 0)" Quna(y) 2,

(3:21) ma(y)dy = M(y',v)* my,(y)dy' (1 — v*)* "2 do,
(3.22) (@Xh) oy, v) = M(y',v)~" CF(v)h(y).
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3.5.6. Fourier transform of the holomorphic Juhl operators. For A > n —1 and v =
A+ (¢ € N), the holomorphic Juhl operator D,_,, gives rise to a continuous operator
H*(Tomy)r — H*(Tom-1)), between the weighted Bergman spaces [18, Thm. 5.13].

We define a linear map Dy _,, : L2(Q)y — L*(Y), by
(3.23) Dy = F. ' 0Dy 0 F.

Then the idea of the F-method [I8] implies that the “Fourier transform” Dy,
of the holomorphic Juhl operator D,_,, is given by a Gegenbauer transform (cf. [4,
Chap. 15]) along the trajectory in (3.18]) where the parameter v moves:

Proposition 3.7. The operator ﬁ;_w 1s given by the following integral transform:

1
(DHVF) () = i Qrns(y)F / Fouy,v)Cow)dv for 3 €,

1

where we set o« = A — "T’l

Proof. Let = XA — 251, Then it follows from (3.5)) and (3.16]) that

(i*Daeyy 0 Fp) F = Reste,—o o (I,CY) (—A(Cl,nz,z'%) FoF

(3.24) = Reste,—0 0 Fn (LCF(Qun—2(y'), —yn) F)
for F € L*(Q(n))x. Since (I,C¢)(u?, w) = u*C¢ (2), the right-hand side amounts to

1
/ / Fou(y/,0)Quna(y)F Co0)e <) dy dv
Q(n—-1) J-1

241 !
- Fn—l (Ql,n—l(y,)z/ F o L(y/7U)C?(U>dU>

1

via the diffeomorphism (3.18). Since the left-hand side of (3.24) is equal to i*F,_; o
D,_,, F by the definition (3.23) of D,_,,, we proved Proposition . O

3.5.7. Proof of Proposition [3.5.
Proof of Proposition[3.3 Let a = A — %5+ as before. By (3.21) and (3.22)) we have
1
v «a a—1
e L Ay I e Ol

Thus the first assertion holds by the definition (3.8)) of ¢,()).
The second assertion follows readily from Proposition [3.8 below. O
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3.5.8. Holographic operators and the adjoint of symmetry breaking operators. We
have constructed operators ®% in the L?-model and @ in the holomorphic model
using the F-method. On the other hand, the adjoint of symmetry breaking operators
between unitary representations yield holographic operators in general (¢f. Theorem
(1) below). In our setting, these operators are proportional to each other be-
cause the branching law is multiplicity-free. We determine the proportionality
constants:

Proposition 3.8. Suppose A\ >n —1 and { =v — X € N. Then we have
Dy, =i rg()\)q)”.

Proof. Take any h € L*(Q(n — 1)), and F € L*(2(n)), with v — X\ = ¢ € N. Since
1

= A — 5= is real, C(v) is real-valued for —1 < v < 1, hence we have from

Proposition [3.7]

(h’ D/\HVF)LQ(Q(n 1))
- ( Qunal)) S F ot )G 0 >dv) il (y/)dyf
= 4 / BV F G (LeC) Q) — ) (o) dy
Q

g / VE ) ma(v)dy

Here we have used (3.20) and (3.22)) in the third identity. Hence the first equality is
shown. By Lemma [2.24] the second equality follows from the first one. U

3.6. Explicit integral formula for the holographic operator. In this section,
we give an integral formula for the holographic operator D3 _, , in the holomorphic
model, giving thus an answer to Problem A.1 in Section 1, see Theorem below.

3.6.1. Construction of discrete summands in the holomorphic model. In contrast to
the holographic operators ‘Ilﬁf:;,, (Deﬁnition in the tensor product case in Section
, we do not have a simple integral expression for a holographic operator like ([2.6)
in the present setting. Instead, we adopt an alternative approach to construct a
holographic operator by introducing a relative reproducing kernel K (¢, 7") as below.



INVERSION OF RANKIN-COHEN OPERATORS VIA HOLOGRAPHIC TRANSFORM 41
For \,v € C with / :=v — X € N, we set
(G =T = (-T2 = = (1 =Tn)* =)

C)\fu )
n

where ( = (C1,- -+ ,Gn) € Tom) and 77 = (11, -+, Tho1) € Tom-1)-

(3.25) Ky, (¢, 1) =

Remark 3.9. K, (¢, ') may be viewed as the holomorphic counterpart of the distri-
bution kernel of a conformally covariant integral symmetry breaking operator for the
pair of Riemannian manifolds (5™, S"7!), see [20]. See also ([1.1]) for the case n = 2.

Let dp, be a measure on T(,—1) given by

-\ n—1
dp, (') = (%) Q1n_o(Im 7)) " Har'd7

Theorem 3.10 (holographic operator). Let n > 3. Suppose A >n—1 andv = A+/
with ¢ € N. Then the integral

/' oG, 7)g(7)dp ()
To(n-1)

converges for all g € H*(Tom-1))y and ¢ € Towy. Moreover, it gives the adjoint
operator D3_,,, up to scalar multiplication:

wLmMOZC/ Ko (G )9 (7 )dpu (7,

To(n-1)
where the constant C' is given by

22>\—2n+f—1()\ —nNn + 1)n+571(2)\ - n)g+1
2’2)\+2€7rn€! :

(3.26) C =

In particular, it yields an injective continuous G -intertwining operator between weighted
Bergman spaces, H*(Tam-1))v < H*(Tom)) -

We first show that Theorem is derived from the following Bernstein—Sato type
identity for the holomorphic Juhl operator.

Theorem 3.11. Let Dy be the differential operator as in (3.16). We set

(3.27) g(n, 0, )) = %f (2X = 1+ 1)e(N),.

Then,
A

D) Quaa (07 = q(n 6 0) Quaa (O,
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Remark 3.12. Theorem [3.11] shows that the complex power of the quadratic form
(011 satisfies the Bernstein—Sato type identity not only for the power of the Lapla-
cian (see below) but also for another operator closely related to the holomor-
phic Juhl operator.

Postponing the proof of Theorem [3.11] we complete the proof of Theorem [3.10}
For this, we also use the following lemma.

Lemma 3.13. Let D; (j = 1,2) be complex manifolds, and H; Hilbert spaces con-
tained in O(D;) with reproducing kernels KYW(-,-). Suppose that R: Hi — Hy is a
continuous linear map, and R*: Ho — Hy 1s its adjoint operator. Then,

(1) REO(- () = (RUK (7)) (¢) for ¢ € Dy, € Dy;
(2) (R*9)(Q) = (9. RKD(-,()),,. for g € Hy and C € Dy.
Proof. (1) The first assertion results from the reproducing property of KU)(-,-) ap-
plied to the following identity:
(R*K(2)( K 7_/)7 K(l)( 5 C))?—h - (K(Q)( E 7—/)7 RK(l)( i C))Hz'

(2) The statement is immediate from the following:

Proof of Theorem[3.10, Applying Lemma to the triple
(Ra Hlv HQ) = (D)\—H/a HQ(TQ(n)))\a %2(Tﬂ(nfl))V)7

we obtain the following integral expression of the adjoint operator D

.29 D3 @) = [ ot DBl O )
Ton-1)

* .
A—v

Here, we have viewed the reproducing kernel Ky(7, () = kxnQ1.n1(7—C) ™ defined in
(3-3)) as a function of 7 € Ty, with parameter ¢ € Ty, and applied the holomorphic
Juhl operator D,_,,. Writing 7 as 7 = (7', 7,,), we get from Theorem [3.11}
D)\%VK)XT? C)
- k)\,n Q(na Ev )‘) ReStTn:O o (Tn - Zn)éQl,n—l(T - E)_A_Z
- (_1)€k>\,nq(na ga )\)K)\,V(g’ Tl)

for 7 € To(n-1), by the definition (3.25) of the relative reproducing kernel K, (¢, 7).
Since q(n,f; A) € R when A\ € R, the integral formula of Theorem is shown

with the constant C' = (—1)%ky ,q(n,¢; \). A short computation shows the formula
(3.26). 0
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The rest of this section is devoted to the proof of Theorem [3.11]
3.6.2. Proof of Theorem|5.11].

Lemma 3.14. Suppose ¢ € N. Then there exist ¢; = q;(n, ;) (0 < 25 < {) such
that

D?Ql,n—1(<>_>\ = Z qjgﬁ_Zle,n—1<<.)_)\_£+j.
7=0

¢
Proof. 1t is easy to see that an analogous statement holds for <i> instead of Dy,

3
namely, there exist ¢} = ¢}(n,; A) (0 < 2j < /) such that

H

9 ! - 1 L—27 —A—L+j
(3.29) (0@) Qin-1(¢) " = ;Qjcn 7Q1n-1(C) J.
We rewrite Dj as a polynomial of Acin-1 = 5_42% — 88—% — = % and % by
substituting Acin-2 = Actn-1 + % into (3.5)):
3 5\ .
(3.30) Dy = gpk(n,f; @) (8_Cn> (Acin-1)",
where the first coefficient is given by
2c0 Y
(3.31) (n,l; ) Zak (o) =CF(1) = (8!) :
An iterated use of the formula
Actn-1Q1n 1(O) ™ =202\ —n +2)Q1, 1 ()7,
leads us to
(332) (A(Clv”_l)k Ql,nfl(g)i/\ = Sk(”a A)Ql,n71<€h)7/\ik7
for some polynomials si(n, \) of A of degree 2k. We note that so(n, A) = 1. Now the
lemma follows from (|3.29)). U

Clearly the coefficients ¢; = ¢;(n,¢; \) in Lemma are unique. The proof of
Theorem is reduced to the following proposition on these coefficients g;(n, £; \).

Proposition 3.15.
(1) (the first term). Recall that q(n,f; \) is defined in (3.27). Then,

qQo (n, ;) = q(n, (; \).
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(2) (vanishing of higher terms).
gj (n,6;\) =0 forall j > 1.
Proof of Proposition (1). In the expression

0

0\ 2k
<8_§n) (Acta1)* Qa1 (O) ™ = su(n, \) (a_Cn> Q1 (C)F,

the term ¢ Q1,-1(¢)™*~* occurs only when k = 0, and its coefficient is given by
s0(n, )2(\), = 2/(). By (B30), we get

qo(n, ;) = po(n, ;@) - 2°(\)s.
Now the first assertion of Proposition follows from (3.31)). O

In order to prove the second assertion of Proposition [3.15] we discuss the kernel
of the holomorphic Juhl operator D)_,,: O(Towm)) — O(Tom-1))-

Proposition 3.16. Suppose A — "T_l ¢ {0,—1,-2,---}. Then for any N € N we
have
N

ﬂ Ker (D)

Jj=0

I

Proof. By the definition (3.6)) of D,_,,, the right-hand side is clearly contained in the
left-hand side. To see the opposite inclusion, we recall from the definition (3.6]) that
the symmetry breaking operator Dy_,,;; is of the form

k] 2k

2 Y’ 2y’

D)\_»\_;,_j = Restcn:() o | aop (—) + Qg (—) Agl,n—Z s
,) =" \ag,

where the first coefficient ag = ag (j, ) is given by

27 _1
ap (j,a) = — ()¢ with Oz:)\—n2

4!
We now prove the proposition by induction on N. The statement is clear for N = 0
and 1 because Dy_,y = Rest¢,—o and Dy_,y11 = Rest¢,— 0 %.
Suppose that f € O(Tqnm)) satisfies Dyzyjf = 0for 0 < j < N +1. By

j
the inductive assumption, we get Rest¢,—g o (%) f=0(0 < j < N). Since

J
= {f € O(Tom)): Reste,—g 0 <i) f=0forall0 <j < N}.

WS
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ap = ao(J, @) is nonzero for any j by the assumption on A, Dy ,x;ny41f = 0 implies

N+1
Rest¢,—o © (%) f = 0. Thus the proposition is proved by induction. O

Proof of Proposition (2). Let v = A+ (. By (3.28) and Lemma (3.14] we obtain
(3.33) (Di-09) (€)
¢

H
= (“DFan ) 4G / 9(7)Qunr (¢ = 7) M Hdp, (1),
=0 Ta

(n—1)

/

where we write 7 = (7/,0) = (7{,--- ,7.,_1,0) by abuse of notations.

On the other hand, the composition map
Dioasj o Dy onge: 7{2<T9(n—1))>\+e — %Q(Tﬂ(n—l))wrj

is a G’-intertwining operator for any j. Since the G'-modules H*(Tq(n—1))r+; (j € N)
are irreducible and mutually inequivalent if A > n — 1, such an intertwining operator
must be zero unless j = ¢. Therefore

/-1

Image (D3 a40) C n Ker (Dy-a+j) -
=0

We now prove that ¢; = gj(n,¢; ) vanishes for all 1 < j < [g] by downward
induction on j. For simplicity, we treat the case where ¢ is even, say ¢ = 2m. The
case where ¢ is odd can be dealt with similarly.

By Proposition [3.16} we have

Rest¢,—o0 D}, =0 forall ge H*(Tom-1)).-
Then it follows from (3.33)) that

(=1) T /T 9 Qs (€ = F) > () = 0.
Q(n-1)

Thus we conclude that ¢,, = 0 because k) ,, # 0.

Suppose that we have shown ¢; = 0 for j = m,m —1,--- ,m 4+ 1 — s for some
s>1. If s <m—1, then 2s < ¢ — 1(= 2m — 1) and we can proceed by applying
Proposition [3.16{ with N = ¢ — 1, hence

a 2s
Rest¢,—o © (%) oDy ,,9=0.

By the inductive assumption, we obtain

(_1)gk)\,ans/ g<7/)Q1,n72(C/ - ?>_/\_m_sd,uu<7_l) == 0
Ta(n-1)
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for all g € ,)L[z(TQ(n_l))l,. Thus we conclude that ¢,,_s = 0 as far as s < m —1. Hence
we have shown ¢; = 0 for all j > 1. U

Thus the proof of Theorem (hence, also the one of Theorem [3.10)) is completed.

4. PERSPECTIVES OF SYMMETRY BREAKING AND HOLOGRAPHIC TRANSFORMS

We end this article with discussion on a representation-theoretic background of
Problems A and B in a broader framework.

In Section 4.1}, we consider these problems from the viewpoint of the branching laws
of unitary representations of locally compact groups. In Section [4.2| we investigate
Problems A and B for triples (G, G’, 7) such that

¢ (G,() is a reductive symmetric pair of holomorphic type;
e 7 is a unitary highest weight module of G of scalar type,

generalizing the settings for the main results in Sections [2] and [3] The role of special
orthogonal polynomials in these cases is clarified in Section [4.3]

4.1. Branching laws, symmetry breaking transform and holographic trans-
form. Let G D G’ be a pair of groups, 7 an irreducible G-module, and p an irre-
ducible G’-module. We recall from Section [I]that an element in Home (|cr, p) (resp.
in Home (p, m|er)) is said to be a symmetry breaking operator (resp. a holographic
operator). We also recall that a symmetry breaking transform (resp. a holographic
transform) is a collection of symmetry breaking operators (resp. holographic oper-
ators) where (p, W) runs over a certain set A of irreducible representations of the
subgroup G'.

If 7 is a unitary representation of a locally compact group G on a Hilbert space V',
then Mautner’s theorem guarantees that the restriction (m|g/, V') is unitarily equiv-
alent to the direct integral of irreducible unitary representations of the subgroup
G"

®

(4.1) Tl =~ ~ mx(p)p du(p),
where G’ is the set of equivalence classes of irreducible unitary representations of
G’ (unitary dual), p is a Borel measure on G’ endowed with the Fell topology, and
my: G’ — NU {o0} is a measurable function (multiplicity). The irreducible decom-
position is called branching law of the restriction 7|g/, which is unique up to
isomorphism if G’ is a type I group, in particular, if G’ is a real reductive group by
a theorem of Harish-Chandra [§].

The (abstract) branching law (4.1)) would be enriched through Problems A and
[B] by geometric realizations of irreducible representations and explicit intertwining
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operators:

from (LHS) to (RHS) symmetry breaking transform;
from (RHS) to (LHS) holographic transform.

In the unitary case, it is natural to take A to be the support of the measure y in
. If A is a countable set, then the branching law is discretely decomposable
without continuous spectrum. A criterion for the triple (G,G’,7) to admit a dis-
cretely decomposable restriction 7|g was studied in [I1, 12] when G D G’ is a pair
of real reductive groups.

On the other hand, the multiplicity m,(p) in is not always finite when 7 and
p are infinite-dimensional. A geometric criterion for the pair (G,G’) to assure that
Homg: (7|, p°°) is finite-dimensional for all smooth irreducible G-modules 7 and
G’-modules p> was established in [17].

If the branching law is discretely decomposable and multiplicity free, then
we could expect a simple and detailed study of symmetry breaking transform and
holographic transform. In this case, since the vector space Homeg (7|gr, p) is one-
dimensional, symmetry breaking operator is unique up to scaling for every p, and
the symmetry breaking transform is defined as the collection of countably many such
operators.

4.2. Symmetric pairs of holomorphic type. In this section, we provide a geo-
metric condition (see Setting below) that assures the branching law 7|¢ to be
discretely decomposable and multiplicity free. In this case, we see that every symme-
try breaking operator is a differential operator (e.g. the Rankin—Cohen transforms
studied in Section |2l and the holomorphic Juhl transforms in Section , and that our
symmetry breaking transform D is injective, hence giving an affirmative answer to
Problem A.0 in Section [I] The main results in Sections [2] and [3] are built on special
cases of this general setting.

Let us fix some notations. Let G be a connected reductive Lie group, # a Cartan
involution, K = {g € G : g = g}, g = £+p the corresponding Cartan decomposition,
and gc = €c + pc its complexification. Assume that there exists a central element Z
of £¢ such that

gc=¢%tc+ny+n_

is the eigenspace decomposition of ad(Z) with eigenvalues 0, 1, and —1, respectively.
This assumption is satisfied if and only if G is locally isomorphic to a direct product
of compact Lie groups (with Z = 0) and noncompact Lie groups of Hermitian type.
Then the associated Riemannian symmetric space X = G /K becomes a Hermitian
symmetric space with complex structure induced from the Borel embedding G/K C
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Gc/Kcexp(ny). Take a Cartan subalgebra t of €, and write p(n;) for half the sum
of roots in A(ng, tc).

Setting 4.1. Let (G, G’) be a reductive symmetric pair of holomorphic type, that is,
X =G/K and Y = G'/K' are both Hermitian symmetric spaces and the natural
embedding 1Y — X s holomorphic. Let L = G xg Cy be a G-equivariant holo-
morphic line bundle over X associated to a unitary character Cy of K, and we set
HA(X, L) :=(ONL?(X,L). Assume \ satisfies the following condition:

A\ a)y=0 Va € Ak, te),
(42) {()\ _p(na),a) >0 Va e Alny, to).

The Hilbert space H?(X, £) is naturally identified with a weighted Bergman space,
which is nonzero if X satisfies the condition . We denote by 7 the representation
of G on the Hilbert space H?(X, L), which is irreducible and unitary, and is called
a holomorphic discrete series representation of G. The list of irreducible symmetric
pairs (G, G") of holomorphic type may be found in [13] Table 3.4.1].

Fact 4.2 (see [13, Thm. B]). In Setting[4.1], the restriction 7| is discretely decom-
posable and multiplicity free.

Any irreducible G’-module that occurs in the branching law for the uni-
tary representation (w, H?(X, L)) is of the form H?(Y, W) for some G’-equivariant
holomorphic vector bundle W over Y associated to an irreducible finite-dimensional
unitary representation W of K’, and such bundles W are classified. Thus A is
parametrized by a subset of K’ , or by a subset of dominant integral weights which
can be described in terms of the root data (see [13, Thm. 8.3]). We write p, for the
irreducible unitary representation of G’ corresponding to ¢ € A, and identify A as
a subset of G’ by ¢ — p;,. Here is a summary on general results about symmetry
breaking operators in this setting:

Fact 4.3. In Setting let W be the G'-equivariant holomorphic vector bundle
corresponding to £ € A.

(1) Any continuous G'-homomorphism O(X, L) — O(Y, W) is given as a holo-
morphic differential operator, and induces a continuous G'-homomorphism
between the Hilbert spaces H*(X, L) — HA(Y,W).

(2) Any continuous G'-homomorphism H*(X, L) — H*(Y, W) extends to a con-
tinuous G'-homomorphism O(X, L) — O(Y,W).

Proof. (1) The first statement is proved in [I8, Thm. 5.3 (localness theorem), and
the second one is in [I8, Thm. 5.13].
(2) By (1) there is a natural injective map

(4.3) Home (O(X, £)| .., O(Y,W)) = Home (H*(X, L)| ... H* (Y, W)).

Gl7
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To prove that is surjective, we observe that the left-hand side of is under-
stood by the branching law for the generalized Verma module [14], Thm. 5.2] via the
duality theorem [I8, Thm. A], whereas the right-hand side of is given by the
branching law of the unitary representation H*(X, £)|¢ ([I3, Thm. 8.3]), and that
they coincide under the condition . Hence is bijective. U

In order to clarify the dependence of the parameter ¢, we write W, for the G'-
equivariant vector bundle corresponding to £ € A from now. Then Fact tells that
the one-dimensional vector space

Homer (O(X, £)|,. O(Y,W,)) ~ Homer (H*(X, £)],,, H* (Y, W)

is spanned by a differential symmetry breaking operator. We fix such a generator
D, for every £ € A.

Since Dy: H*(X, L) — H*(Y,W,) is a continuous operator between the Hilbert
spaces, its operator norm | Dyl|,, is finite and its adjoint D} is a continuous linear
operator. Set

1
. 2 . *
Co = ||Dellsp, Vi := EDZ.
Let D = (Dy)sen be the symmetry breaking transform. Then we have the following:
Theorem 4.4. Suppose we are in Setting [4.1]
(1) U, H2(Y,W,) — H*(X, L) is a holographic operator. Moreover, it is an
1sometry up to renormalization.
(2) The symmetry breaking transform D is injective on H*(X, L).
(3) Any f € H*(X, L) is recovered from its symmetry breaking transform Df by
[=>_9.(Df),.
e
(4) The norm || f||ls2(x,c) is recovered from the sequence of norms || (Df), |lu2vwy
by
1
1 e =D @H (DF)e e vamy-

LeA

Proof. The unitary representation of G on the Hilbert space H?(X, £) is decomposed
discretely and multiplicity freely into the Hilbert direct sum:

(4.4) HAX, L) > H (Y, W)
leN

as unitary representations of the subgroup G’ by Fact [4.3]|

(1) The adjoint operator Dj is a G’-homomorphism because H*(X, L) and both
H2(Y,W,) are unitary representations. The second assertion follows from Schur’s
lemma because Homg/ (H2(Y, Wy), H*(X, L)| .,) is one-dimensional.

Gl
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(2) Expand f € H*(X,L) as f = Y, fe according to the decomposition (4.4]).
Then (Df), is a nonzero multiple of f, by Schur’s lemma since the decomposition
(4.4) is multiplicity free. Hence, if Df = 0, then f, = 0 for all £ € A, and therefore

f=0.
Statements (3) and (4) are direct consequences of Lemma O

4.3. Role of orthogonal polynomials. In this section we investigate Problems
A and B in Setting [4.1} and clarify the role of the F-method and special orthog-
onal polynomials for the L?-theory of symmetry breaking transforms consisting of
holomorphic differential operators.

Suppose we are in Setting [£.1] As we have seen in Section 4.2 Theorem [4.4]
(2) solves Problem A.0, whereas Theorem (1), (3), and (4) give a framework
for Problems A.1, A.2, and B, respectively, for the symmetry breaking transform
D = (Dy)sen. Thus the solution to Problems A and B is reduced to the following
four questions of finding explicit description and closed formulee of

e the support of A;

e holomorphic differential operators Dy;
e the operator norm || Dyl[op;

e the adjoint operator Dj.

Let us summarize briefly what was known, what has been proved in this article,
and what looks promising.

As we mentioned in Section [£.2] the explicit description of A, equivalently, the
branching law for the restriction 7|g in Section was proved in [I3, Thm.
8.3], which gives a generalization of the Hua—Kostant—Schmid formula in the case
when G’ = K. Denote by rankgG /G’ the split rank of the reductive symmetric space
G/G'. Then it turns out that A is a free abelian semigroup generated by rankgG /G’
elements, see [13].

It is more involved to construct symmetry breaking operators D, explicitly than
determining A, namely, the branching law of the restriction 7|e. As of now, an
explicit construction of D, for all £ € A with exhaustion theorem is known when
rankg G/G’" = 1, see [19]. There are six families of such symmetric pairs (G, G’), and
the resulting symmetry breaking operators include the Rankin—Cohen operators and
the holomorphic Juhl operators.

In order to obtain the operator norm ||Dyl|o, of such holomorphic differential op-
erators Dy, we have developed the idea of the F-method to connect ||Dyl|o, with the
L?-norm of special polynomials P, in the following two cases in this article.
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Dy Py
Rankin—Cohen operators Jacobi polynomials
Juhl operators Gegenbauer polynomials

The relationship between D, and P, follows from the fact that the G’-equivariance
condition on the operator Dy is transformed into a certain differential equation (e.g.
Jacobi differential equation ({5.1])) for the polynomial P,. It is plausible that this idea
would work in the full generality of Setting [4.1].

Concerning the adjoint operator Dy, this article has provided two kinds of integral
formulee, that is, by the line integral (Definition , see Proposition , and by
the integral over the tube domain (Theorem . The former has an advantage that
the formula is simple and does not require the unitarity of representations, whilst the
latter uses a natural idea of the “relative reproducing kernel” K , (¢, 7'), see (3.25)).

5. APPENDIX: JACOBI POLYNOMIALS AND GEGENBAUER POLYNOMIALS

5.1. The Jacobi polynomials. Suppose «, 5 € C and ¢ € N. The Jacobi polyno-
mial PZ"’B (t) is a polynomial solution to the Jacobi differential equation

(5.1) ((1—t2)d—2+(,3—04—(a—f—ﬁ—f—Z)t)i—i-E(f—l—oH—ﬁ—l—l))yzO,

dt? dt
which is normalized by P (1) = FF((C:X fff);!) = (O‘H)‘ Then it satisfies the Rodrigues
formula
8 GNEAY ¢
(5.2) (1—@%1+wﬁﬁhu):—?ﬁ—(a> (L=t +0)*7).

The Jacobi polynomial Pf"ﬁ (t) is nonzero and is a polynomial of degree ¢ for
generic parameters (see [I9, Thm. 11.2] for the precise condition). Explicitly, one
has

PM(t) = % <€a+ﬁ+€+1 a+1; #)
‘ a+6+hm)m+y+n t—1\’
(5:3) -2 ) < 2 )

The first Jacobi polynomials are
o P(t) =1,
o PPP(t) =L — B+ (2+a+B)).
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For real «, § with o, 8 > —1, the Jacobi polynomials {PL,O"’B }KEN form an orthogonal
basis in the Hilbert space L* ((—1,1), (1 — 2)*(1 4+ z)’dz) with the following norm
(see [I, page 301] for example):

2070+ o+ 1)L (€ + B+ 1)
20+a+ B+l +a+B+1)0"

When o = [ these polynomials yield Gegenbauer polynomials (see (5.6) below),
and they further reduce to Legendre polynomials in the case when oo = 3 = 0.

(5.4) /11 ‘Pgﬂ(g;)f (1 - 2)(1 + 2)%dz =

5.2. The Gegenbauer polynomials. For o € C and ¢ € N, the Gegenbauer poly-
nomial (or ultraspherical polynomial) C¢(t) is defined by

H
(5.5) Cot) =Y ap(l a)t,

where ay (¢, ) is given in (3.4). The Gegenbauer polynomials are special cases of the
Jacobi polynomials by

2 1

(2a + 1), poe
(Oé + 1)5
and have the generating function:

(1=2tr 077" =" Co(t)yr'.

£eN

We note that Cj*(1) = (QZ)E. If o > —1, then the Gegenbauer polynomials {C§(v)} o

form an orthonormal basis in the Hilbert space L? ((—1, 1),(1 - UQ)Q_%dv> with the
following L?*-norm (see [7], 7.313]):

[ e eyt = T2 T2
I 0+ )T ()

(5.6) (x) = C;) % (a),

(5.7)

REFERENCES

[1] G. E. Andrews, R. Askey, R. Roy, Special functions. Encyclopedia of Mathematics and its
Applications, 71. Cambridge University Press, Cambridge, 1999. xvi+664 pp.

[2] J.-L. Clerc, Another approach to Juhl’s conformally covariant differential operators from S™
to S771, SIGMA Symmetry Integrability Geom. Methods Appl. 13 (2017), Paper No. 26, 18
pp.

[3] H. Cohen, Sums involving the values at negative integers of L-functions of quadratic characters,
Math. Ann. 217 (1975), pp. 271285

[4] L. Debnath, D. Bhatta, Integral transforms and their applications. Third edition. Chapman
and Hall/CRC, Boca Raton, FL, 2015. xxvi+792 pp.


http://dx.doi.org/10.1007/BF01436180

[5]
[6]

[7]

INVERSION OF RANKIN-COHEN OPERATORS VIA HOLOGRAPHIC TRANSFORM 53

J. Faraut, A. Koranyi, Analysis on Symmetric Cones. Oxford Science Publications, 1994.

C. Fefferman, C. R. Graham, Juhl’s formulae for GJMS operators and Q-curvatures.
J. Amer. Math. Soc. 26 (2013), 1191-1207.

I. S. Gradshteyn, I. M. Ryzhik. Table of integrals, series, and products.Translated from the Rus-
sian. Translation edited and with a preface by Daniel Zwillinger and Victor Moll. Eighth edition.
Revised from the seventh edition. Elsevier/Academic Press, Amsterdam, 2015. xlvi+1133 pp.
Harish-Chandra, Representations of semisimple Lie groups on a Banach space. Proc. Nat. Acad.
Sei. U. S. A. 37 (1951), 170-173.

A. Juhl, Families of conformally covariant differential operators, Q-curvature and holography.
Progr. Math., |275. Birkhduser, Basel, 2009.

M. Kashiwara, A. Kowata, K. Minemura, K. Okamoto, T. Oshima, M. Tanaka, Eigenfunctions
of invariant differential operators on a symmetric space, Ann. of Math. 107 (1978), pp. 1-39.

T. Kobayashi, Discrete decomposability of the restriction of Aq(\) with respect to reductive
subgroups IT-micro-local analysis and asymptotic K-support, Ann. of Math. (2) 147 (1998).

T. Kobayashi, Discrete decomposability of the restriction of A,(A\) with respect to reductive
subgroups Ill-restriction of Harish-Chandra modules and associated varieties, Invent. Math.
131 (1998), pp. 229-256.

T. Kobayashi, Multiplicity-free theorems of the restrictions of unitary highest weight modules
with respect to reductive symmetric pairs. Representation theory and automorphic forms,
Progr. Math., 255, Birkhéuser, Boston, (2008), pp. 45-109.

T. Kobayashi, Restrictions of generalized Verma modules to symmetric pairs, Transform.
Groups 17 (2012), pp. 523-546.

T. Kobayashi, F-method for symmetry breaking operators, Diff. Geometry and its Appl. 33
(2014), pp. 272-289.

T. Kobayashi, T. Kubo, M. Pevzner, Conformal symmetry breaking operators for anti-
de Sitter spaces. In: Geometric methods in physics XXXV, pp. 69-85, Trends Math.,
Birkh&user/Springer, Cham, 2018.

T. Kobayashi, T. Oshima, Finite multiplicity theorems for induction and restriction, Adv.
Math., 248 (2013), 921944,

T. Kobayashi, M. Pevzner, Differential symmetry breaking operators. 1. General theory and
F-method. Selecta Math. (N.S.) 22 (2016), [801-845.

T. Kobayashi, M. Pevzner, Differential symmetry breaking operators. 11. Rankin—Cohen oper-
ators for symmetric pairs. Selecta Math. (N.S.) 22 (2016), 847-911.

T. Kobayashi, B. Speh, Symmetry Breaking for Representations of Rank One Orthogonal
Groups, Mem. Amer. Math. Soc., 238, Amer. Math. Soc., Providence, RI, 2015, [v+112| pp.,
ISBN: 978-1-4704-1922-6.

J. M. Maldacena, The large N limit of superconformal field theories and supergravity. Adwv.
Theor. Math. Phys. 2 (1998), no. 2, pp. 231-252.

V.F. Molchanov, Tensor products of unitary representations of the three-dimensional Lorentz
group. Math. USSR, Izv. 15 (1980), pp. 113-143.

J. Repka, Tensor products of holomorphic discrete series representations. Can. J. Math. 31
(1979), pp. 836-844.

example E. Witten, Anti-de-Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998),
pp. 253-291.

D. Zagier, Modular forms and differential operators. Proc. Indian Acad. Sci. (Math. Sci.) 104,
57-75 (1994).


http://link.springer.com/book/10.1007/978-3-7643-9900-9/page/1
http://dx.doi.org/10.1007/s002220050203
http://dx.doi.org/10.1007/978-0-8176-4646-2_3
http://dx.doi.org/10.1007/s00031-012-9180-y
http://dx.doi.org/10.1016/j.difgeo.2013.10.003
http://dx.doi.org/10.1016/j.aim.2013.07.015
http://dx.doi.org/10.1007/s00029-015-0207-9
http://dx.doi.org/10.1007/s00029-015-0208-8
 http://dx.doi.org/10.1090/memo/1126
DOI: http://dx.doi.org/10.4310/ATMP.1998.v2.n2.a2

54 TOSHIYUKI KOBAYASHI, MICHAEL PEVZNER

Addresses: T. Kobayashi. Graduate School of Mathematical Sciences and Kavli IPMU (WPI), The
University of Tokyo, 3-8-1 Komaba, Meguro, Tokyo, 153-8914 Japan; toshi@ms.u-tokyo.ac.jp.

M. Pevzner. Laboratoire de Mathématiques de Reims, Université de Reims-Champagne-Ardenne,
FRE 2011 CNRS, F-51687, Reims, France; pevzner@univ-reims.fr.



	1. Introduction
	2. Rankin–Cohen transform and its holographic transform
	3. Holomorphic Juhl transform and its holographic transform
	4. Perspectives of symmetry breaking and holographic transforms
	5. Appendix: Jacobi polynomials and Gegenbauer polynomials
	References

