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Abstract

We find an explicit integral formula for the eigenfunctions of a
fourth order differential operator against the kernel involving two Bessel
functions. Our formula establishes the relation between K-types in two
different realizations of the minimal representation of the indefinite or-
thogonal group, namely the L?-model and the conformal model.

2000 Mathematics Subject Classification: Primary 44A20; Secondary
22FE46, 33C45, 34A05.

Key words and phrases: Fourth order differential equation, La-
guerre polynomials, Bessel functions, minimal representations.

*Partially supported by Grant-in-Aid for Scientific Research (B) (18340037), Japan
Society for the Promotion of Science, and the Alexander Humboldt Foundation.

tPartially supported by the International Research Training Group 1133 “Geometry
and Analysis of Symmetries”, and the GCOE program of the University of Tokyo.



1 Introduction and statement of the results

Let 60 = x% be the one-dimensional Euler operator. We consider the fol-
lowing representation of the Bessel differential operator

1 2 v+1d

—-Q,0)=—+——-1

xQQy( ) dx? * z dx vel,
where @, is the quadratic transform of the Weyl algebra Clz, d%c] defined
by

Q.(P) = P(P +v) — 22, for PeC |:JJ,($E:| .

Our object of study is the L?-eigenfunctions of the fourth order differential
operator

Dy = 5 Qul6+ Q)

= % (O+p)(O0+p+v)—2?) (00 +v)—2?).

Throughout this article we assume that the parameters u and v satisfy the
following integrality condition:

pu > v > —1 are integers of the same parity, not both equal to —1. (1.1)
We then have the following fact (see [4, Theorem A]):
Fact. The differential operator D, , extends to a self-adjoint operator on
L2(Ry, x#tv+1 dx) with only discrete spectrum which is given by

Agf’”::4j(j+ﬂ+1), j=0,1,2,...

The corresponding L?-eigenspaces are one-dimensional.

_ For instance, it is easily seen that the normalized K-Bessel function
Ky(z) = (3) 2Kx(2) is an L%-eigenfunction of D,,, for the eigenvalue
)\/14,1/ — O
0 .
The purpose of this article is to establish the following integral formula
for L?-solutions of the differential equation

Dyu=N"u. (1.2)

Theorem A. Assume (1.1)) and let u be an L?-solution of the differential
. . LV

equatzono (L.2). Then there exists a constant A" (u) such that for cosd +

cosp > 0:

/ u(x)J% (ax)j% (bz)zH T dz
0

ptr+2
costv+cosp\ 2 ~udl ~ vl
— ARV 2 2
= A" (u) <2> ¢, (COSﬂ)Cj+H;V (cosp), (1.3)
;= __sind o sinp
where we set a := s tcos 7 and b := s UTeos
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Here J, (z) = (%)™ Ja(z) denotes the normalized J-Bessel function and

CMa) =T(A\)CMx) is the normalized Gegenbauer polynomial.

The differential equation has a regular singularity at * = 0 with
characteristic exponents 0, —v, —u and —u—v. Accordingly, the asymptotic
behaviour of a non-zero L?-solution u of as x — 0 is of the following
form (see [4, Theorem 4.2 (1)]):

™V 4+ o(z™") for v > 0,
u(z) ~ By (u) x  log(5) + o(log(3)) for v =0, (1.4)
1+0(1) for v =—1,

with some non-zero constant B;‘ "(u). The constant A;f ”(u) in Theorem A
is determined by B/"(u) as follows:

Theorem B. For any solution u of (1.2)):

21/ forv >0,
A?’V(u) _ (_1)jjl22M+VF(NT+2)F(%)F(] + M_TM) % El(i) forv =20
B (W) TG+ EEE)ar e+ 1) 2 =
r(3)

The proofs of Theorems A and B will be given in Sections [2] and
respectively.

In Section [4] we give some applications and discuss special values of
Theorem A. One particularly interesting situation arises when both p and
v are odd integers. In this case the solutions u of can be expressed as

(2) = % :U_”e_xM]’-L’V(Qx) forv>1,
ulE) = cons e~ T M (2z) for v = —1,

for some polynomial M}"” (see [5]). For v = +1 these polynomials reduce
to the classical Laguerre polynomials M F(g) = L¥(x). Hence, for v = +1
the integral formula in Theorem A collapses to integral formulas for the
Laguerre polynomials. Even these we could not trace in the literature.

Corollary C. Let n > 1 be an odd integer and cost + cose > 0. Set

. __sing — _ sinp
a:= cos ¥+cos ¢ and b := CosItcosp” Then we have

/0 L?(Q:L‘)j% (ax) cos(bzx)zte™™ dx

pt1
S 20 fcos? +cosp\ 2 e ~ptl
= (_1)Jﬁ (2) cos (] ey |y C;* (cos?)



and

/0 L?(Q:p)j% (az) sin(bx)zte ™ dz

pt1
C20 fcosd+cosp) 2. Cop+1 ~ ptl
= (_1)]ﬁ <2> sin <] + )¢ C;? (cos?).

Note that there appear 5 parameters in the integral formula in Theorem
A, namely p, v, 9, ¢ and j. Our scheme (specialization of parameters,
relation to representation theory) is summarized in the following diagram:

Special Functions Representation Theory

Gegenbauer
polynomials

Theorem A T

Conformal model

Ay’y(x) :
L2-solution to (1.2)

L2-model

ve2Z+1

K-Bessel

—V ,—T

functions Polynomials x 7 %e
(Sect Pl
ection 4.
v=1 v>3
Laguerre M"Y ()
polynomials J
(Corollary C) (see [B]).

Notation: Ng = {0,1,2,...}, Ry ={z € R: 2 > 0}.

2 Two models for the minimal representation of
the indefinite orthogonal group

In the proof of Theorem A we will use representation theory, namely two
different models for the minimal representation of the indefinite orthogonal
group G = O(p,q) where p > q¢ > 2 and p + ¢ > 6 is even. These two mod-
els were constructed by T. Kobayashi and B. Orsted [7], 8] and investigated



further by T. Kobayashi and G. Mano [6]. This unitary representation is
irreducible and attains the minimum Gelfand—Kirillov dimension among all
irreducible unitary representations of G. In physics the minimal represen-
tation of O(4,2) appears as the bound states of the Hydrogen atom, and
incidentally as the quantum Kepler problem.

2.1 The conformal model

We begin with a quick review of the conformal model for the minimal rep-
resentation of G = O(p, q) from [7].

We equip M := SP~1 x §971 with the standard indefinite Riemannian
metric of signature (p — 1,q — 1) by letting the second factor be negative
definite. Then G acts on M by conformal transformations. The solution
space

Sol(Ay) = {f € C®°(M): Ay f = o}

of the Yamabe operator KM =Agp-1—Agg-1— <%)2 + (%2)2 is infinite-
dimensional. Further, it is invariant under the ‘twisted action’ w of G and
hence defines a representation. The minimal representation of G is realized
on the Hilbert completion

H = Sol(Ay)

of Sol(Ayy) with respect to a certain G-invariant inner product.

The maximal compact subgroup K = O(p) x O(q) of G acts on M as
isometries, and the restriction of w to K is given just by rotations. To see
the K-types we recall the space of spherical harmonics

HE(R™) = {oeC®(S" ) Agn1p = —k(k+n—2)p},

or equivalently, the space of restrictions of harmonic homogeneous polyno-
mials on R™ of degree k to the sphere S"~!. The orthogonal group O(n)
acts irreducibly on H*(R") for any k by rotations in the argument. Then
clearly

HI(RY) @ HE(RY) € Sol(Bny) if and only if k= j + 2,
and we put
Vi = HI(RP) @ H/T" 2" (RY), j=0,1,2,...,

on which K acts irreducibly. The multiplicity-free sum EB]?’OZOVJ' of irreducible
representations of K is dense in the Hilbert space H.

Let K’ be the isotropy group of K at ((1,0,...,0),(0,...,0,1)) € SP~1 x
8§91 Then K’ = O(p—1) xO(q—1). We write H'' for the space of K'-fixed
vectors.



Lemma 2.1. In each K-type V7 (j € Ny) the subspace VI N'HE' is one-
dimensional and spanned by the functions

~DP—2 ~q—2

% : Sp_l X Sq_l - (Ca (U07vlvvll7vp+q—1) = Cj ? (UO)iju(Up-i-q—l)'
2

(2.1)

PRrOOF. It is well-known that any O(n — 1)-invariant spherical harmonic is
a scalar multiple of the Gegenbauer polynomial

—n—2

Sl 5 (21,2") — C.? (x1),

which shows the claim. O

2.2 The L?*-model

We recall the L?-model (Schrédinger model) of the minimal representation
of G which is unitarily equivalent to w (see [6l 8]). Consider the isotropic
cone

C={(a,2") e RFT! x RIT || = |2”| # 0} C RPTI72,

Then the group G acts unitarily in a non-trivial way on the Hilbert space
L?(C, du) and defines a minimal representation of G. Here dyu is the O(p —
1,q — 1)-invariant measure on C' which is in bipolar coordinates

Ry x SP72x S92 =, €, (r,w,n) — (rw,rn)

normalized by dy = %74’“1*5 drdwdn. (dw and dn denote the Euclidean
measures on SP~2 and S92, respectively.) The representation of the whole
group G on L?(C) does not come from the geometry C, but the action of the
subgroup K’ is given by rotation in the argument. Hence the K’-invariant
functions only depend on the radial parameter » € Ry and the space of
K'-invariants in L2(C) is identified as L2(C)K" = L2(Ry, 3rPTa=5dr).

Let W7 be the V-isotypic component in L?(C). In this model it is more
difficult to find explicit K-finite vectors. By highlighting K’-fixed vectors,
the following result was proved in [4, Section 8]:

Lemma 2.2. In each K-type W7 (j € Ny) the subspace Wi N L*(C)X" is
one-dimensional and given by the radial functions

u(2r), (2.2)

where u is an L%-solution of (1.2) with p=p—3, v =q — 3.



2.3 The G-intertwiner

Let 7 : L?(C) — H be the intertwining operator as given in [6], Sec-
tion 2.2]. It is the composition of the Fourier transform S&'(RPT4-2) —
S’(RP*972) and an operator coming from the conformal transformation from
the flat indefinite Euclidean space RP~14~! to M. For radial functions
f € L2(Ry, 3rPTa75dr) L?(C)X" this operator can be written by means
of the Hankel transform (cf. [0, Lemma 3.3.1]):

1 o0
T £ (vo, o' 0", Up+q—1) = ptq—4 / f(r)
(vo + Vpyg-1) 2 0

. 2 / . 2 "
< Fos <|v|7“> Fos <W> S 4r (2.3)
27 \V0 + Upjqg—1 2 \V0 + Uptg-1

for (v, v',v", vpyq—1) € M with vg + vpyg—1 > 0. Since 7 intertwines the
actions of G on both models, it clearly maps K’-invariant functions to K’-
invariant functions and also preserves K-types, i.e. 7(W/) = VJ. Hence we
obtain the following diagram:

Wi ——=Vi
N N
T L2(C) s K
U U
LQ(C)K’ _~ HE'

Now W7 N L*(C)X" and V7 N HKX' are one-dimensional and we have
formulas and for their generators. Hence the intertwiner 7 has
to map the functions to multiples of the functions . Thus, for any
L?-solution u of and vy + vp1q—1 > 0 we obtain

o0 — 2 / . 2 "
/ u(2r)Jp—s <W> Jg-s <|U’r> PPHa=5 g,
0 2 V0 + Uptq—1 2 V0 + Uptq—1

ptg—4 ~P=2 ~a-2

+ 1i_=
= const - (g + Vpyg-1) 2 C;° ('UO)Cj_i%(Up—i-q—l) (2.4)

Substituting = 2r, u = p — 3 and v = ¢ — 3 and putting

cos ¥ = vy, COS P = Uptq—1,
sind = [v'], sinp = [v"].

we get (L.3) with a certain constant A%"”. This finishes the proof of Theorem
A.



3 A closed formula for the constants

In this section we find an explicit constant for the integral formula in The-
orem A, namely we give a proof of Theorem B. Our method uses the gener-
ating function of L2-eigenfunctions of D,, .

Remember that we assume the integrality condition . Let

where I,(2) := (5)"“Ia(z) and Ko(z) = (5)"“Ka(2) denote the normalized
I- and K-Bessel functions. Further, let (A?’V(CC))]':O,LQ’M be the family of
functions on Ry which has G*¥(t, ) as its generating function:

(NN

GH (t,x) == i A;L’V(:L")tj. (3.2)
=0

Fact ([4, Theorem A]). A%"(z) is real analytic on Ry and an L2-solution
of (1.2).
We will now compute the constants A" (u) and B (u) for u = A%,
Here we recall that A" and B}"” were defined in Theorem A and (L.4).
From [4, Theorem 4.2] we immediately obtain

v—1 Z
F(j_i_W) 2 F(Q) for v > 0,
L 5 T X -1 for v =0, (3.3)
1D (B2 (A 1
JIT (AT (=) 5{‘(_%) for v = —1.

BV ( ARV
B (Aj ) =

For A;-‘ " we have the following lemma:
Lemma 3.1. For any j € Ny we have

92(utV) (5 4 povt2
AH,V(AH,V) — (_1)j : (.7 + 2 )
s (i +p+1)

Putting (3.3)) and (3.4) together proves Theorem B. In the remaining
part of this section, we give a proof of Lemma (3.1

(3.4)

ProoF ofF LEMMA [B.Il We put ¢ = ¢ = 0 in (1.3). Using the special
values

~ 1 ~ L(n+2\)T(N)
Jo(0) = —, CM1) = ——— 2/
(0) IMNa+1) n(1) L'(n+ 1)T(2))
we obtain
QUFV ST (7 4 B=VE2 oo
AP (AR = I+ +> — / AP ()2 g,
P al( 4+ D+ ) !

Together with the next lemma this finishes the proof. O



Lemma 3.2. For every j € No we have A} € L'(Ry, z#tv+ldx) and

() oHtV (4 ptv+2
/ APV ()t de = (—1) U + 2 )
o 4!

PROOF. The fact that A" € L(R,, z# T+ dx) is derived from the asymp-
totic behaviour of Aé-l " (z) (see [4, Theorem 4.2]). To calculate the integral
we use the following integral formula which is valid for RIA+a£5+1) >0
and b > a > 0 (see e.g. [3, formula 6.576 (5)]):

oo a (A tat+p+1 Aa—pB+1
Aq. @ I'( 2 N 2 )
/0 I (ax)Kg(bx)x” do = ST IT (o 1 1)
Ata+8+1 AN+a—-pF+1 a®
F . 1:
241 < 2 ) 2 ,O(+ 3 b2 3

where o2 F1(a, 3;;z) denotes the hypergeometric function. With (3.1) we
obtain

00
/ GM’V(t,l‘)x’H_V—"_l dx = 2¢tvD <,u+y—|—2> (1 _ t)w %
0

2
2 2 2
o Iy (M+;+ ,M;— ;M;_ ;t2>
— outrp (W) (1 +t>,u+;+2
_ © 2u+ur(j+u+;+2) ;
= i (—t)’.

§=0
Then, in view of (3.2)), the claim follows by comparing coefficients of t/. [

Hence, the proof of Theorem B is completed.

4 Applications and special values

We conclude this article with some applications of Theorem A and discuss
on special values of the integral formula.

4.1 The L?*-norm of Ag"”

As a first application of Theorem A we can give a closed formula for the
L*-norms of the orthogonal basis (A" (x))jen, in L*(Ry,z# ™ dz). The
same result was obtained in [4, Theorem B] by different methods.

Corollary 4.1. The L?*-norm of the eigenfunction A?’” s given by

2#+V—1P(j 4 H+l2/+2)r(j 4 H—121+2)
M2+ p+ (G +p+1)

IAS S 12 gy vt aay =



PROOF. Let p = u+3, ¢ = v+3. We define functions ¢; € L?*(C) in bipolar
coordinates by

pj(r,w,m) == A (2r).

Then it is immediate that

2u+u+3

Y12 _
||A] ||L2(R+7zu+u+1 dz) — VO](SP Q)VOI(S(I 2) ||¢]HL2

Now, the intertwining operator 7 : L?(C) — H is unitary up to a constant,
namely (see [6, Remark 2.2.2)):

1
1Tl = 5 lul3a

Using formula (2.3)) for the intertwiner 7 and Theorem A one also obtains
easily that

3(u+v+2)

Tpj= ALY (AT )

with ¢; as in (2.1). By [6] Fact 2.1.1 (4)] the G-invariant norm on H is given
by

. p—2 .
ol = (5 252 bl for u e V9.
By using the formula (see [3, 7.313 (2)])

w270 (n 4 2))
nln+A)

T 2
/ [Cé‘(cos 19)} sin? 9 dy =
0

2

Cj 2 (Uo)cjfu (’Up+q_1) dv

we get

93020 = [
Sp—1x8q-1

2
= vol(SP~%)vol(S77?) / [C (cosﬁ)] sin? =2 ¢ dv
0

™ _ 2
X / {C’Q , (cos gp)] sin?=2 o de
0 +254
_ TG+ p+ DI+ 55
G120 (j + BTG + E=E2)

vol(SP~%)vol(S772).

Finally, putting all the steps together shows the claim. O
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4.2 The Poisson kernel of the Gegenbauer Polynomials

As another application of Theorem A we get an integral formula for the
generating function G**(t,z) of L?-eigenfunctions, which is closely related
to the Poisson kernel of the Gegenbauer polynomials. For this we put

- tx ~ T ~
] Vt,'ﬁ, = _[7 _— KZ m
wttdeg) = [TT (1) Ry (1) Fplan

. sin9 — __sinp
where a := cos U+cos ¢ and b := cos ¥+cos

(bz)zH T de,

NI 2

Corollary 4.2. For cos¥+cosp >0 and —1 <t < 1 we have the following
formula:

_ ptv42

_urv+2 [ cos?d + cos 2
(1—1) 3 <2<,0) Lw(t9,9)
92(ptv) X2 .I‘(j+/‘;”+2) pl vl .
= 1)Y= 2 202 (cos?)C 2, , (cosp)t.
T L VR O 0 o)

For 4 = v = 2\ — 1 this yields a formula for the Poisson kernel of the
Gegenbauer polynomials. Recall that the Poisson kernel Py(t,1,¢) of the
Gegenbauer polynomials is defined by (see [1, formula (6.4.5)])

o0

nl(n+ \)

P/\(t7 19) 30) =
= T(n+2))

CMcos¥)C2 (cos )"

(For explicit formulas for the Poisson kernel of the Gegenbauer polynomials
see e.g. [Il, formula (7.5.6)].) Now, Corollary 4.2 yields a new expression for
P\(t,9,¢0) X € Z, A > 0):

—2X
T cos v + cos

X (0 0) [0+ P Bacran 1 (—4,9,9)]

where 6, = t%.

4.3 The bottom layer

As remarked in the introduction, for j = 0 the K-Bessel function u(x) =
Ky (x) is a solution of the differential equation (1.2). In this case the integral
formula in Theorem A can be written as

* xsind xsing pt2
Ky(z)Jn | ——— | Ju | ————— |z 2 d
/0 ; (@) 3 <cosq9—|—cosg0> 2 <cosz9+cos<p>x C

v—2
275 (K=yt2 L ~vil
= #(cosﬁ + cos ) sin? Isin? ¢ C,2, (cos ©).

N s
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This special case was already proved in [6, Lemma 7.8.1]. Another expression
for this integral can be found in [2), formula 8.13 (14)].
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