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ABSTRACT. The most degenerate unitary principal series repre-
sentations mixs (A € R, 6 € Z/2Z) of G = GL(N,R) attain the
minimum of the Gelfand—Kirillov dimension among all irreducible
unitary representations of GG. This article gives an explicit for-
mula of the irreducible decomposition of the restriction m;x s|p
(branching law) with respect to all symmetric pairs (G, H). For
N = 2n with n > 2, the restriction ;) s|p remains irreducible
for H = Sp(n,R) if A # 0 and splits into two irreducible repre-
sentations if A = 0. The branching law of the restriction m;» 5|y
is purely discrete for H = GL(n,C), consists only of continuous
spectrum for H = GL(p,R) x GL(q,R) (p+ ¢ = N), and contains
both discrete and continuous spectra for H = O(p,q) (p > ¢ > 1).
Our emphasis is laid on geometric analysis, which arises from the
restriction of ‘small representations’ to various subgroups.
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1. INTRODUCTION

The subject of our study is geometric analysis on ‘small representa-
tions’ of GL(N,R) through branching problems to non-compact sub-
groups.

Here, by a branching problem, we mean a general question on the
understanding how irreducible representations of a group decompose
when restricted to a subgroup. A classic example is studying the ir-
reducible decomposition of the tensor product of two representations.
Branching problems are one of the most basic problems in represen-
tation theory, however, it is hard in general to find explicit branching
laws for unitary representations of non-compact reductive groups. For
reductive symmetric spaces G/H, the multiplicities in the Plancherel
formula of L?(G/H) are finite [I, 5], whereas the multiplicities in the
branching laws for the restriction G | H are often infinite even when
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(G, H) are symmetric pairs (see e.g. [17] for recent developments and
open problems in this area).

Our standing point is that ‘small representations’ of a group should
have ‘large symmetries’ in the representation spaces, as was advocated
by one of the authors from the perspectives in global analysis [I§].
In particular, considering the restrictions of ‘small representations’ to
reasonable subgroups, we expect that their breaking symmetries should
have still fairly large symmetries, for which geometric analysis would
deserve finer study.

Then, what are ‘small representations’? For this, the Gelfand-
Kirillov dimension serves as a coarse measure of the ‘size’ of infinite
dimensional representations. We recall that for an irreducible unitary
representation m of a real reductive Lie group G the Gelfand—Kirillov
dimension DIM(7) takes the value in the set of half the dimensions of
nilpotent orbits in the Lie algebra g. We may think of 7 as one of the
‘smallest’ infinite dimensional representations of G, if DIM(7) equals
n(G), half the dimension of the minimal nilpotent orbit.

For the metaplectic group G = Mp(m,R), the connected two-fold
covering group of the symplectic group Sp(m, R) of rank m, the Gelfand—
Kirillov dimension attains its minimum n(G) = m at the Segal-Shale—
Weil representation. For the indefinite orthogonal group G = O(p, q)
(p,q > 3), there exists 7 such that DIM(7) = n(G) (= p+ ¢ — 3) if
and only if p + ¢ is even according to an algebraic result of Howe and
Vogan. See e.g. a survey paper [12] for the algebraic theory of ‘mini-
mal representations’, and [I1] 18] 19l 20, 2], 22, 23] for their analytic
aspects.

In general, a real reductive Lie group G admits at most finitely many
irreducible unitary representations © with DIM(7) = n(G) if the com-
plexified Lie algebra gc does not contain a simple factor of type A (see
[12]). In contrast, for G = GL(N,R), there exist infinitely many irre-
ducible unitary representations © with DIM(7) = n(G) (= N —1). For
example, the unitarily induced representations

(1.1) ﬁg{:&(N’R) = Ind}G,]f(N’R) (Xirns)

from a unitary character x;»s of a maximal parabolic subgroup
(1.2) Py = (GL(1,R) x GL(N — 1,R)) x RN,

are such representations with parameter A € R and ¢ € Z/2Z.

In this paper, we find the irreducible decomposition of these ‘small

representations’ ﬂgﬁs(N’R) with respect to all symmetric pairs.
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We recall that a pair of Lie groups (G, H) is said to be a symmetric
pair if there exists an involutive automorphism o of GG such that H is an
open subgroup of G7 := {g € G : 0g = g}. According to M. Berger’s
classification [4], the following subgroups H = K, G, (1 < j < 4) and
G exhaust all symmetric pairs (G, H) for G = GL(N,R) up to local
isomorphisms and the center of G:

K :=O(N) (maximal compact subgroup),
G := Sp(n,R) (N = 2n),
Go := GL(n,C) (N = 2n),
Gs = GL(p,R) x GL(¢,R) (N =p+q),
Gy :=0(p,q) (N=p+aq).
It turns out that the branching laws for the restrictions of ﬂg\ﬁ;(N’R)

with respect to these subgroups behave nicely in all the cases, and
in particular, the multiplicities of irreducible representations in the
branching laws are uniformly bounded.

To be more specific, the restriction of WiG)\LJ(N’R) to K splits discretely

into the space of spherical harmonics on RY, and the resulting K-type
formula is multiplicity-free and so called of ladder type. For the non-
compact subgroups G; (1 < j < 4), we prove the following irreducible

decompositions in Theorems [8.1] and [11.1}

Theorem 1.1. For A € R and 6 € Z/27, the irriducible unitary rep-
. GL(N,R) : : .
resentation m;y s decomposes when restricted to symmetric pairs as

follows:
1) GL(2n,R) | Sp(n,R), (n > 2):

GL(2n,R)
TinG

~

Irreducible (A #0),
.

n + mn,
(mx™ ™) @ (a55") " (r=0).
2) GL(2n,R) | GL(n,C):

GL(2n,R) N ® aL(n, C)
TinS = Tixm

2 me2z+s

3) GL(p+¢,R) | GL(p,R) x GL(¢,R) :
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4) GL(p+¢q,R) | O(p,q) :

®
@ @
ngs(erq,R)‘G ~ 2 : Wf’(f,q) & 2 : W?’(f,q) @2/ ngg,q)dy'

R
veA (p,q) veAS (q.p) *

Here, each summand in the right-hand side stands for (pairwise in-
equivalent) irreducible representations of the corresponding subgroups

which will be defined explicitly in Sections 8], [9} [L0] and
n,R)

- : GL(2 .
As indicated above, we see that the representation 7 s remains

generically irreducible when restricted to the subgroup G; = Sp(n,R)
and splits into a direct sum of two irreducible subrepresentations for
A =0and n > 1. The case n = 1 is well known (¢f. [3]): the group
Sp(1,R) is isomorphic to SL(2,R), and ;) s are irreducible except for
(A,0) = (0,1), while 7 splits into the direct sum of two irreducible
unitary representations i.e. the (classical) Hardy space and its dual.
The representation WS\Z(Q"’R) is discretely decomposable in the sense
of [I6] when restricted to the subgroup Go = GL(n,C). In other
words, the non-compact group G5 behaves in the representation space

of WiG/\L(S(Q"’R) as if it were a compact subgroup. In contrast, the re-

striction of ngs(p T28) t6 another subgroup Gy = GL(p,R) x GL(q,R)
decomposes without discrete spectrum, while both discrete and contin-
uous spectra appear for the restriction of nga(p TR o G4 = O(p,q) if
p,q > 1 and (p,q) # (1,1). Finally, in Theorem we give an irre-
ducible decomposition of the tensor product of the Segal-Shale-Weil
representation with its dual, giving another example of explicit branch-
ing laws of small representations with respect to symmetric pairs.

We have stated Theorem from representation theoretic view-
point. However, our emphasis is not only on results of this nature
but also on geometric analysis of concrete models via branching laws
of small representations, which we find surprisingly rich in its interac-
tion with various domains of classical analysis and their new aspects.
It includes the theory of Hilbert-space valued Hardy spaces (Section
2), the Weyl operator calculus (Section 3), representation theory of Ja-
cobi and Heisenberg groups, the Segal-Shale-Weil representation of the
metaplectic group (Section 4), (complex) spherical harmonics (Section
5), the K-Bessel functions (Section , and global analysis on space
forms of indefinite-Riemannian manifolds (Section [L1).

Further, we introduce a non-standard L?-model for the degenerate
principal series representations of Sp(n, R) where the Knapp—Stein in-
tertwining operator becomes an algebraic operator (Theorem . In
this model the minimal K-types are given in terms of Bessel functions



GEOMETRIC ANALYSIS ON SMALL REPRESENTATIONS OF GL(N,R) 5

(Proposition. The two irreducible components Wié at A = 0 in The-
orem 1) will be presented in three ways, that is, in terms of Hardy
spaces based on the Weyl operator calculus as giving the P-module
structure, complex spherical harmonics as giving the K-module struc-
ture, and the eigenspaces of the Knapp—Stein intertwining operators
(see Theorem [8.3)).

The authors are grateful to an anonymous referee for bringing the
papers of Barbasch [2] and Farmer [I0] to our attention.

Notation: N = {0,1,2,...}, N, = {1,2,3,...}, R. = {p € R :
+p >0}, R* =R\ {0}, and C* = C\ {0}.

2. HILBERT SPACE VALUED HARDY SPACE

Let W be a (separable) Hilbert space. Then, we can define the
Bochner integrals of weakly measurable functions on R with values in
W. For a measurable set F in R, we denote by L*(E, W) the Hilbert
space consisting of W-valued square integrable functions on E. Clearly,
it is a closed subspace of L*(R, W).

Suppose F' is a W-valued function defined on an open subset in C.
We say F'is holomorphic if the scalar product (F, w)w is a holomorphic
function for any w € W.

Let I1; be the upper half plane {z =t +iu € C: u = Imz > 0}.
Then, the W-valued Hardy space is defined as
(2.1)

HZ(W) :={F : 1l — W : F is holomorphic and [ F N3z wy < o0},

where the norm |[F|[3,2 (W) is given by

1
ey AL RR )
u>0 JR

Similarly, H? (W) is defined by replacing IT, with the lower half
plane II_. Notice that H3 (W) is the classical Hardy space, if W = C.

Next, we define the W-valued Fourier transform F as
FiLAR,W) — LX(R, W), f(t) = (Ff)(p) 1=/f(t)€_2”"tdt~
R
Here, the Bochner integral converges for f € (L' N L*)(R, W) with

obvious notation. Then, F extends to the Hilbert space L*(R, W) as a
unitary isomorphism.
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Example 2.1. Suppose W = L2(R*) for some k. Then, we have a
natural unitary isomorphism L*(R, W) ~ L*(R¥*). Via this isomor-
phism, the L*(R¥)-valued Fourier transform F is identified with the
partial Fourier transform F; with respect to the first variable t as fol-
lows:

LX(R, LA(R)) — L*(R, L*(RY))
(2.2) |2 I
L2 (Rk+1> % LQ (Rk-i-l ) )

As in the case of the classical theory on the (scalar-valued) Hardy
space H2 = H2Z(C), we can characterize H3 (W) by means of the
Fourier transform:

Lemma 2.2. Let W be a separable Hilbert space, and H2(W) the W -
valued Hardy spaces (see (2.1])).
1) For F € H3.(W), the boundary value

F(t 0) = limF (t & i)

exists as a weak limit in the Hilbert space L*(R, W), and defines
an isometric embedding:

(2.3) H2(W) — L*(R,W).

From now, we regard H3.(W) as a closed subspace of L*(R, W).
2) The W -valued Fourier transform F induces the unitary isomor-
phism:
FiHL(W) = LRy, W).

3) LA (R, W) =HL(W) & H2Z(W) (direct sum).
4) If a function F € H3. (W) satisfies F(t +1i0) = F(—t +i0) then
F=0.

Proof. The idea is to reduce the general case to the classical one by
using a uniform estimate on norms as the imaginary part u tends to
Zero.

Let {e;} be an orthonormal basis of W. Suppose F' € H3 (W). Then
we have

¥y = sup [ 1 e+ )y
u>0 JR

24) —sup 3 1),

u>0 T
J
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where we set
1) ::/](F(t+iu),ej)W]2dt.
R

Then, it follows from ({2.4]) that for any j sup,-, /;(u) < oo and there-
fore

Fy(z) = (F(2),¢))w, (2=t +auclly)
belongs to the (scalar-valued) Hardy space H%. By the classical Paley—
Wiener theorem for the (scalar-valued) Hardy space HZ, we have:

F;(t 4 i0) := liﬂ)l F;(t + iu) (weak limit in L*(R)),

(2.5)
(2.6) FF;(t+i0) € L*(R,),

@7 (FF(t+iw)(p) = ¢ T(FF(t +i0))(p) foru > 0,

(2.8) I;(u) is a monotonely decreasing function of u > 0,

(2.9) lim Jj(w) = || F5(¢ + )3z = 1F5(t +10)l|7)

The formula sho, which is crucial in the uniform estimate
as below. In fact by (2.8) we can exchange sup,., and ; In .

Thus, we get

1F 132 (wry = th[ ZHF (t +10)|172m)

Hence we can define an element of LQ(R7 W) as the following weak
limit:

F(t +10) ZF (t+10)e

Equivalently, F(t + i0) is the Weak limit of F(t + 4u) in L*(R, W) as
u — 0. Further, (2.6)) implies supp FF(t +i0) C R, because

FF(t+i0) =Y FF(t+i0)e; (weak limit).

J
In summary we have shown that F(t +:0) € L*(R, W), FF(t +i0) €
L*(Ry, W), and
[F |2 oy = 1F'( + i0)|| 2wy = [[FF (¢ + i0) || 2, )
for any F' € Hi(W) Thus, we have proved that the map
F:HI(W) — L*(Ry, W)

is well-defined and isometric.
Conversely, the opposite inclusion F'(L*(Ry, W)) C HZ(W) is
proved in a similar way. Hence the statements 1), 2) and 3) follow.
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The last statement is now immediate from 2) because F F'(t+i0)(p)
FFE(—t+1i0)(—p).

O

3. WEYL OPERATOR CALCULUS

In this section, based on the well-known construction of the Schrodinger
representation and the Segal-Shale-Weil representation, we introduce
the action of the outer automorphisms of the Heisenberg group on the

Weyl operator calculus (see (3.11), (3.13]), and (3.14])), and discuss

carefully its basic properties, see Proposition [3.2] and Lemma [3.4 In

particular, the results of this section will be used in analyzing of the

. GL(2n,R . . .
‘small representation’ 5( " ), when restricted to a certain maximal

parabolic subgroup of Sp(n,R), see e.g. the identity (4.12)).

Let R?™ be the 2m-dimensional Euclidean vector space endowed with
the standard symplectic form

(3.1) w(X,Y) = w((x,£), () = (& y) — (z,n).

The choice of this non-degenerate closed 2-form gives a standard
realization of the symplectic group Sp(m,R) and the Heisenberg group
H?™*1 Namely,

Sp(m,R) :={T € GL(2m,R) : w(TX,TY) =w(X,Y)}
and
H* = {g=(s,A) € R x R*"}
equipped with the product

1
98 = (5, 4) - (4, A) i= (54 + Sl 4, 4), A + A),
Accordingly, the Heisenberg Lie algebra h?™*! is then defined by
[(s, X), (£,Y)] = (w(X,Y),0).

Finally we denote by Z the center {(s,0) : s € R} of H*™*1,
The Heisenberg group H?™™! admits a unitary representation, de-
noted by ¥, on the configuration space L*(R™) by the formula

(3.2) V(g)p(z) = 2ty —q), g =(s,a,a).

This representation, referred to as the Schrodinger representation, is
irreducible and unitary [26]. The symplectic group, or more precisely
its double covering, also acts on the same Hilbert space L?(R™).

In order to track the effect of Aut(H?*™*1), we recall briefly its
construction. The group Sp(m,R) acts by automorphisms of H?™*!
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preserving the center Z pointwise. Composing ¥ with such automor-
phisms 7" € Sp(m,R) one gets a new representation ¥ o T of H*™*!
on L*(R™). Notice that these representations have the same central
character, namely ¥ o T'(s,0,0) = e*™id = 9(s,0,0). According to
the Stone-von Neumann theorem (see Fact [3.3| below) the representa-
tions 1 and ¥oT" are equivalent as irreducible unitary representations of
H?™ 1 Thus, there exists a unitary operator Met(T) acting on L*(R™)
in such a way that

(3.3) (W oT)(g) =Met(T)9(g)Met(T)™ ', ge H*™

Because 9 is irreducible, Met is defined up to a scalar and gives rise
to a projective unitary representation of Sp(m,R). It is known that
this scalar factor may be chosen in one and only one way, up to a sign,
so that Met becomes a double-valued representation of Sp(m,R). The
resulting unitary representation of the metaplectic group, that we keep
denoting Met, is referred to as the Segal-Shale—Weil representation and
it is a lowest weight module with respect to a fixed Borel subalgebra.
Notice that choosing the opposite sign of the scalar factor in the defi-
nition of Met one gets a highest weight module which is isomorphic to
the contragredient representation Met".

The unitary representation Met splits into two irreducible and in-
equivalent subrepresentations Mety and Met; according to the decom-
position of the Hilbert space L2(R™) = L*(R™)even ® L*(R™)oqq-

The Weyl quantization, or the Weyl operator calculus, is a way to
associate to a function &(z, £) the operator Op(&) on L?(R™) defined
by the equation

4 O @) = [ & (5 n) ) dyar.
Such a linear operator sets up an isometry

(3.5) Op : L*(R*™) = HS(L*(R™), L*(R™)).

from the phase space L*(R™ x R™) onto the Hilbert space consisting

of all Hilbert-Schmidt operators on the configuration space L?(R™).
Introducing the symplectic Fourier transformation Fyym, by:

(3.6) (Faymp 6)(X) := / S(Y) e im0 gy
R™ xR™

one may give another, fully equivalent, definition of the Weyl operator
by means of the equation

(3.7) 0p(8) = [ (Fumn &)1) 9(0.Y) Y
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where the right-hand side is a Bochner operator-valued integral.
The Heisenberg group H?™ ! acts on R*™ ~ H?™*1 /7 by

R*™ — R*™ X+ X+ A for g=(s,A),

and consequently it acts on the phase space L?(R?*™) by left transla-
tions. The symplectic group Sp(m,R) also acts on the same Hilbert
space L?(R*™) by left translations. (This representation is reducible.
See Section 12| for its irreducible decomposition.) In fact, both repre-
sentations come from an action on L?(R*™) of the semidirect product
group G7 := Sp(m,R) x H*™*1 which is referred to as the Jacobi group.

Let us recall some classical facts in a way that we shall use them in
the sequel:

Fact 3.1.

1) The representations ¥ and Met form a unitary representation
of the double covering Mp(m,R) x H?*™*L of G’ on the con-
figuration space L*(R™). This action induces a representation
of the Jacobi group G’ on the Hilbert space of Hilbert-Schmidt
operators HS(L?(R™), L*(R™)) by conjugations.

2) The Weyl quantization map Op intertwines the action of G’ on
L*(R*™) with the representation Met x O on the Hilbert space
HS(L*(R™), L*(R™)) defined in 2). Namely,

(3.8)  W(9)Op(&)¥(g™) =0p(&og™), geH™

(3.9)  Met(g) Op(&) Met™'(g9) = Op(& 0 g7'), g€ Sp(m,R).

3) Any unitary operator satisfying (@ and 15 a scalar mul-
tiple of the Weyl quantization map Op.

Proof. Most of these statements may be found in the literature (e.g.
[T, Chapter 2] for the second statement), but we give a brief expla-
nation of some of them for the convenience of the reader. Namely,
the first statement follows from . Consequently, the semi-direct
product Mp(m,R) x H?*™*1 also acts by conjugations on the space
HS(L*(R™), L*(R™)), and this action is well defined for the Jacobi
group G = Sp(m,R) x H*™*! because the kernel of the metaplectic
cover Mp(m,R) — Sp(m,R) acts trivially on HS(L*(R™), L*(R™)).
The third statement follows from the fact that L*(R?™) is already
irreducible by the codimension one subgroup Sp(m, R) x R*™ of G”. In-
deed, any translation—invariant closed subspace of L?(R?*™) is a Wiener
space, i.e. the pre-image by the Fourier transform of L?(E) for some
measurable set £ in R?™. On the other hand, the symplectic group
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acts ergodically on R?™, in the sense that the only Sp(m, R)-invariant
measurable subsets of R?™ are either null or conull with respect to the
Lebesgue measure. Hence, the whole group Sp(m,R) x R*™t! acts
irreducibly on L*(R?*™). O

Now we consider the ‘twist’ of the metaplectic representation by
automorphisms of the Heisenberg group.
The group of automorphisms of the Heisenberg group H*™*!, to be
denoted by Aut(H?*™!), is generated by
- symplectic maps : (s, A) — (s,T(A)), where T' € Sp(m,R);
- inner automorphisms (s, A) — I py(s, A) := (¢, B)(s, A)(t,B)"!
= (s —w(A, B), A), where (t, B) € H*™*L;
- dilations (s, A) — d(r)(s, A) := (r’s,rA), where r > 0;
- inversion: (s, A) — i(s, A) := (—s, @, a), where A = (a, a).
In the sequel we shall pay a particular attention to the rescaling map
7, which is defined for every p # 0 by

(3.10) T, H¥" T — {2 (s,a,0) — (g s, a,%a) .

Here we have adopted the parametrization of 7, in a way that it fits
well into Lemma We note that (7_4)? = id and 74 = id.

The whole group Aut(H?*™*1) of automorphisms is generated by G
and {7, : p € R*}. We denote by Aut(H*"*1), the identity component
of Aut(H?*™*!). Then we have

Aut(H?™) = {1, 7.4} - Aut(H2™+),.

For any given automorphism 7 € Aut(H*™!), we denote by 7 the
induced linear operator on H?*™"!/7Z ~ R?™ and by (1) its pull-back
7(1t)f = fo (7)~'. We notice that m(7) is a unitary operator on
L2(R*™) if T € G.

Further, we define the 7-twist Op,. of the Weyl quantization map Op
by

(3.11) Op, := Op o7 (7).
In particular, it follows from (3.4)) and (3.10]) that
(3.12)

(Op, (&)u)(z) = / & (x Y fs) 209 () dy dn.
8 Rm xR™ 2 p

Similarly, we define the 7-twist 9, of the Schrodinger representation
¥ by

(3.13) O, ="Yor1 L
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Finally, we define the 7-twist Met, of the Segal-Shale-Weil representa-
tion Met. For this, we begin with the identity component Aut(H*"1),.
We set

(3.14) Met, := A™* o Met o A, where
Met(7), forT € Sp(m,R),
A=< 9(r), forr € H*™ 1
Id, forT = d(r).
It follows from Fact|3.1/1) that Met, is well-defined for 7 € Aut(H?*™*1),.
For the connected component containing 7_4, we set
(3.15) Met, := (Met)"

for 7 =747/, 7' € Aut(H*"1),.
Thereby, Met, is a unitary representation of Mp(m,R) on L?(R™)
characterized for every T' € Sp(m,R) by

Met,(T)9,(g) Met,(T)™" = 9,(T(g)).

Hence, the group Aut(H?*"*!) acts on L*(R?™) in such a way that
the following proposition holds.

Proposition 3.2.

1) The T-twisted Weyl calculus is covariant with respect to the Ja-
cobi group:

(3.16) 9.(9) Op,(&)V,(¢7") =O0p.(& 0 g'), g€ H™T,

(3.17) Met,(g) Op, (&) Met, *(g) = Op, (& o g7'), g€ Sp(m,R).

2) For any 7 € Aut(H?*™ ") the representation Met, is equivalent
either to Met or to its contragredient Met".

The special case of the 7-twist, namely, the 7-twist associated with
the rescaling map 7, deserves our attention for at least the fol-
lowing two reasons. First, the parameter £ has a concrete physical
meaning - this is the inverse of the Planck constant i (see [11, The-
orem 4.57], where a slightly different notation was used. Namely, the
Schrodinger representations that we denote by 9, correspond therein
to pp with h = %). Secondly, dilations do not preserve the center Z of

the Heisenberg while the symplectic automorphisms of H?™*+! do. More
precisely, the whole Jacobi group G” fixes Z pointwise. The last ob-
servation together with the Stone — von Neumann theorem (see below)
shows that the action of Aut(H*"™)/G7 ~ {7, : p € R*}(~ R*) is
sufficient in order to obtain all infinite dimensional irreducible unitary
representations of the Heisenberg group.



GEOMETRIC ANALYSIS ON SMALL REPRESENTATIONS OF GL(N,R) 13

We set
(3.18) v, =1,

to which we refer as the Schrodinger representations with central char-
acter p.

Fact 3.3 (Stone—von Neumann Theorem, [I3, 26]). The representa-
tions 9, constitute a family of irreducible pairwise inequivalent unitary
representations with real parameter p. Any infinite dimensional irre-
ducible unitary representation of H*™+1 is uniquely determined by its
central character and thus equivalent to one of the 9,’s.

To end this section, we give yet another algebraic property of the

Weyl operator calculus. We shall see in Lemma[4.5] that the irreducible

o GL(2n,R . . .
decomposition of 7} 5( " ), when restricted to a maximal parabolic sub-

group of Sp(n,R), is based on an involution of the phase space coming

from the parity preserving involution on the configuration space.
Consider on L*(R™) an involution defined by w(z) := u(—z) and

induce through the map Op, : L*(R*") — HS(L*(R™), L*(R™)) two

involutions on L?(R?>™), denoted by & +— & and & + &'», by the

following identities:

(3.19) Op, (")) = Op, (&)(@),

(3.20) Op,,(6%)(u) = (Op, (6)(w)).

Then »& and &' are characterized by their partial Fourier transforms

defined by

(Fe&)(x,n) = [ &(x,86)e ™M de  for & € LA(R*™).
Rm

Lemma 3.4.
t 2 P
(Fr&) (m) = (Fe&) (—Jm =5 ).
2
() (@) = () (2n50)
Proof. By (13.12)) the first equality (3.19)) amounts to

T + Yy 4 im{x—
/ e (T —5) ey ) dydé
R™ xR™ P

.T—l-y 4 i {x—
-/ 6( : ,—g) 21y (—y ) dyd.
R™ XR™ P
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The right-hand side equals

(4 L o520
mX m

This equality holds for all u € L?(R™), and therefore,

/ S <x_—|—y’ ég) 2T eyE) ¢ — <M)n/ S ($ _ y7§> 62i7r<§(fr+y),£>d§‘
m 2 p 4 m 2

Namely,

(Felo®) (x;ry,zp(y_xo = (F¢6) (x;ya—g@‘l-y)) :

Thus the first statement follows and the second may be proved in the
same way. O

4. RESTRICTION OF m;y 5 TO A MAXIMAL PARABOLIC SUBGROUP

Let n = m + 1. Consider the space of homogeneous functions
(4.1)
s = {f € C¥(R* \{0}) : f(r-) = (sgur)’lr| " "f(-),r € R*},

for 6 = 0,1 and p € C. It may be seen as the space of even or
odd smooth functions on the unit sphere S?"~! according to § = 0 or
1, since homogeneous functions are determined by their restriction to
S?n=1 Let V, s denote its completion with respect to the L:-norm over
S2n=1 " Likewise, by restricting to the hyperplane defined by the first
coordinate to be 1, we can identify the space V), 5 with the Hilbert space
L*(R*~1) up to a scalar multiple on the inner product.

The normalized degenerate principal series representations Wzg(zn,ﬂ%)
induced from the character x,s of a maximal parabolic subgroup P,
of GL(2n,R) corresponding to the partition 2n = 1 + (2n — 1) may
be realized on these functional spaces. The realization of the same
representation on V), s will be referred to as the K-picture, and on
L*(R?"') as the N-picture.

In addition to these standard models of Wig(Zn’R), we shall use an-
other model L?*(R,HS(L?*(R™), L*(R™))), which we call the operator
calculus model. It gives a strong machinery for investigating the restric-
tion to the maximal parabolic subgroup of Sp(n,R) (see below).

Let us denote by

Fi(f)(p. X) = / F(t,X) e 2 g,
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the partial Fourier transform of f(¢, X) € L*(R?™) with respect to
the first variable. Applying the direct integral of the operators Op,,
and using (2.2)), we obtain the unitary isomorphisms

(4.2) Vs =~ L*(R"™?™) ~ L*(R, L*(R*™)) = L*(R, L*(R*™))
= L*R,HS(L*[R™), L*(R™))).
ronea, 1 B HS(L(R™), L2(R™)

According to situations we shall use following geometric models for
the induced representations:

standard model

Vs = L*(S*1)s K-picture

'Nestrict

s ={f € =R\ {0}) : f(rX) = |r|"#""(sgnr)’ f(X),r € RX}

/restrict

LA(H*"*) = [*(R, L*(R®*™))  N-picture

E

L2(R, L2(R?™)) ~ L*(R2"H)

]-'/ NR Op,,dp

Uns = L2 (R L*(R,HS(L*(R™), L*(R™)))
(see Section [6) (see Section
non-standard model operator calculus model
FIGURE 4.1.

The group G; = Sp(n,R)(= Sp(m + 1,R)) acts by linear symplec-
tomorphisms on R?" and thus it also acts on the real projective space
P?mHIR | Fix a point in P*™ "R and denote by P its stabilizer in G;.
This is a maximal parabolic subgroup of G; with Langlands decompo-
sition
(4.3) P = MAN ~ (R* - Sp(m,R)) x H*™1,

Let g1 = n+ m+ a+ n be the Gelfand-Naimark decomposition for
the Lie algebra g; = Lie(Gy).
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We identify the standard Heisenberg Lie group H?™*! with the sub-
group N = expn through the following Lie groups isomorphism:

1 0 0 0

x I, 0 0
(44) (S,SL’,f) = 25 tf 1 —tl’

E 0 0 I,

Thus, in the coordinates (t,z,&) € H'™?™ the restriction map s —
L2(H?™*1) is given by

(4.5) [ f(12t2,).

The action of G; on P?"~!R is transitive, and all such isotropy sub-
groups are conjugate to each other. Therefore, we may assume that
P = Sp(n,R)N Py,. Then, the natural inclusion Sp(n,R) C GL(2n,R)
induces the following isomorphisms

Sp(n,R)/P = GL(2n,R)/ Py, ~ P> 'R.

Sp(n,R)
0 -
Ind}ip ("’R)XM can (cf. Section [8)) also be realized on the Hilbert space
Vis. Therefore, m, 5 is equivalent to the restriction of ﬂgg(Qn’R) with
respect to Sp(n,R). Notice that 7, s is unitary for p =i\, A € R.

It is noteworthy that the unipotent radical N of P is the Heisenberg
group H?"~! which is not abelian if n > 2, although the unipotent
radical of P, clearly is. Notice also that the automorphism group
Aut(H?"!) contains P/{+1} as a subgroup of index 2.

Denote by M, ~ Sp(m,R) the identity component of M ~ O(1) x
Sp(m,R). The subgroup M, x N is isomorphic to the Jacobi group G
introduced in Section Bl

We have then the following inclusive relations for subgroups of sym-
plectomorphisms:

G, > MAN > G/=M,N D N.
Symplectic group Jacobi group Heisenberg group

Hence, the (normalized) induced representation m,5 = =

Our strategy of analyzing the representations ;s of G; (see The-
orem (8.3) will be based on their restrictions to these subgroups (see
Lemmas {4.1] and [4.5)).

We recall from ([3.18) that ¥, is the Schrédinger representation of the
Heisenberg group H?™*! with central character p. While the abstract
Plancherel formula for the group N ~ H?™+1:

L*(N) :/19,)@19de,
R
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underlines the decomposition with respect to left and right regular ac-
tions of the group N, we shall consider the decomposition of this space
with respect to the restriction of the principal series representation m; s
to the Jacobi group G’ = Sp(m,R) x H*"*! (see Lemma [4.1]).

Let us examine how the restriction ;) s/¢s defined on the Hilbert
space V;y s on the left-hand side of is transferred to L?(R, L*(R*™))
via the partial Fourier transform F;.

The restriction ;) 5|y coincides with the left regular representation
of N on L*(R"?™) given by

(16)  masl0)f(t, X) = [t — 5~ Jw(A,X), X — 4)

= Jt = s+ (&) — (@ ) w—a € —a),

for f(t, X) € L*(R*?™) and g = (s, A) = (s,a,a) € H*™ .
Taking the partial Fourier transform F; of (4.6), we get
(4.7)

(Fi (mirs(9) ) (pyx, €) = e 23w (£ f)(p 2 — a, & — a).
Now, for each p € R, we define a representation @, of N on L*(R*™)

by

48)  wg)he,€) im e ple e sl iy _ g 6 ),

for g = (s,a,a) € N and h € L*(R*"). Then, w, is a unitary repre-
sentation of N for any p, and the formula (4.7)) may be written as:

(4.9) (Fimixs(9)f)(p, 2, €) = @, (9)(Fif)(p: 7, €),

for g € N. Here, we let w,(g) act on F;f seen as a function of (z,§).

For each p € R, we can extend the representation w, of N to a
unitary representation of the Jacobi group GY by letting M, act on
L2 (RQm) by

@, (9)h(x, &) = h(y,n), with(y,n) =g "(z,€), g € M, ~ Sp(m,R).

Then, clearly the identity (4.9)) holds also for g € M,. Thus, we have
proved the following decomposition formula:

Lemma 4.1. For any (\,0) € R x Z/27Z, the restriction of mxs to
the Jacobi group is unitarily equivalent to the direct integral of unitary

representations w, via F; (see (4.2))):

®
(4.10) 7Tl‘)\75|GJ2/ w,dp.
ft R
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Next we establish the link between the representations (cw,, L*(R*™))
and (9,, L*(R™)) of the Heisenberg group N ~ H?™*!  For this we
note that the representation w, brings us to the changeover of one
parameter families of automorphisms of H*" ! from {7, : p € R*} to
{¢, : p € R*} which defined by

(4.11) Y,(s,a,a) = (%s, %a,%a) :

Then we state the following covariance relation given by Op, :

Lemma 4.2. For every g € H*™ ! the following identity in End(L?*(R™))
holds for any & € L*(R*™) :

(4.12) Op,, (@,(9)6) = Op,, (&) 0 ¥y, (g7).

Proof. Let g = (s,a,a) € H*™*! and take an arbitrary function u €
L?*(R™). Using the integral formula (3.12)) for Op,,, we get

O, (=,(0)S)u(x)
= [ (@loe) (TH S ) entemuyayde

_ / J—2mip(s= ({20 ~(=5.0))) (a: Y e a) 2=V (1)) dy
R™m xR™ 2 P

. 4
- / 2B (“” Al —5) uly + 2a)dyde,
R™ xR™ 2 p
where

B = ps—%((%f%—a,a)— <I+++2a,a>) —<x—y—2a,£+§a>

= p3+g<a+y,a)—<x—y75>-

In view of the definitions (3.13)) anf (4.11)),

ﬁwp(gil) = 79(%?1971) = 79(—05, _261, —gO&)

Thus, by the definition (3.2)) of the Schrédinger representation ¥, we
have 4
(D, (s~ Yu)(y) = e >miesraletvaly(y 4 2q).

Hence, the last integral equals

T+ 4 — Ti(T—
[ e (52 e e ey
R™ xR™ P

— (Op,, (&)1, (5 ) (@)
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O

Then, it turns out that the decomposition (4.10)) is not irreducible,
but the following lemma holds:

Lemma 4.3. For any p € R*, w, is a unitary representation of the
Jacobi group G on L*(R*™), which splits into a direct sum w), @ w,
of two pairwise inequivalent unitary irreducible representations.

Proof. Consider the rescaling map 7, introduced by (3.10)) and recall
that the 7,~twisted Weyl quantization map induces a G* equivariant
isomorphism

(4.13) Op,, : L*(R*™) = HS(L*(R™), L*(R™))
intertwining the @, and ¥, actions .

The irreducibility of the Schrodinger representation v, of the group
N (Fact implies therefore that any N-invariant closed subspace
in HS(L*(R™), L*(R™)) must be of the form HS(L?(R™),U) for some
closed subspace U C L*(R™).

In view of the covariance relation of the Weyl quantization, the
subspace HS(L?(R™), U) is Sp(m, R)-invariant if and only if U itself is
Mp(m,R)-invariant (see Proposition [3.2)), and the latter happens only
if U is one of {0}, L?*(R™)even, L*(R™)oqq or L*(R™). Thus, we have
the following irreducible decomposition of w,, seen as a representation
of G’ on L?(R*™):

LA(R*™) = W,oW._
(4.14) —— HS(L*(R™), L*(R™)even) & HS(L*(R™), L*(R™)oaa)-

From Proposition 2) we deduce that the corresponding represen-

tations, to be denoted by wi, of G/, where § labels the parity, are

pairwise inequivalent, i.e. wl‘g = wg: if and only if p = p’ and § = ¢’ for

all p,p’ € R and 6,0 € Z/2Z. O

The following lemma is straightforward from the definition of the

involution & — &' (see (3.19)).

Lemma 4.4. The subspaces W and W_ introduced above are the +1
and —1 eigenspaces of the involution & — &'e, respectively.

Eventually, we take the A-action into account, and give the branching
law of the (degenerate) principal series representation ;) s of G; when
restricted to the maximal parabolic subgroup M AN.
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Lemma 4.5. (Branching law for Gy | MAN). For every (\,0) €
R x Z/2Z the space Vins acted upon by the representation mys|pan
splits into the direct sum of four irreducible representations:

(4.15) Vins = HE (W) @ H2(W_) @ HA(W,) @ H2 (W),

Proof. We shall prove first that each summand in is already
irreducible as a representation of M,AN ~ G7A. Then we see that
it is stable by the group M AN and thus irreducible because M is
generated by M, and —Iy,,which acts on V;) s by the scalar (—1)5.

In light of the G”-irreducible decomposition (4.10), any G”-invariant
closed subspace U of V;5 s must be of the form

U=FHLHEL W) © FH (LA E-, W),

for some measurable sets Fy in R.
Suppose furthermore that U is A-invariant. Notice that the group
A acts on Vi s = L*(R*™*1) by

Tins(@) f(t, X) = a ™A f(a7 2, a7 X).

In turn, their partial Fourier transforms with respect to the ¢ € R
variable are given by

(Femins(a) f)(p, X) = a' "N Fef)(a’p,a ' X).

Therefore, F; f is supported in Ey if and only if Fim;) s(a) f is supported
in a 2F; as a Wi-valued function on R. In particular, U is an A-
invariant subspace if and only if F. is an invariant measurable set
under the dilation p — a?p (a > 0), namely, E. = {0}, R_, R,, or R
(up to measure zero sets).

Since M,AN ~ G’ A, M,AN-invariant proper closed subspaces must
be of the form F; '(L?(Ry, W.)) with € = 4 or —.

We recall from Lemma [2.2] that the Hilbert space L?(R, W,) is a sum
of W_.-valued Hardy spaces:

(4.16) L*(R,W.) = HZ(W.) & H> (W.) % L*(R.,W.) @ L*(R_, W.).
Now Lemma [4.5] has been proved. O
Lemma implies that the representation ;s of G has at most

four irreducible subrepresentations. The precise statement for this will
be given in Theorem .
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5. RESTRICTION OF 7;3 5 TO A MAXIMAL COMPACT SUBGROUP

As the operator calculus model L?(R, HS(L?*(R™), L*(R™))) was ap-
propriate for studying the P-structure of ;) 5, we use complex spherical
harmonics for the analysis of the K-structure of these representations.

We retain the convention n = m + 1. Identifying the symplectic
form w on R?" with the imaginary part of the Hermitian inner product
on C™ we realize the group of unitary transformations K = U(n) as a
subgroup of G = Sp(n,R). Then the group K is a maximal compact
subgroup of G.

Analogously to the classical spherical harmonics on R™, consider har-
monic polynomials on C" as follows. For «, 3 € N, let H*#(C") denote

the vector space of polynomials p(zo, ..., Zm, Zo, - - -, Zm) o0 C" which
(1) are homogeneous of degree o in (2o, . .., 2,,) and of degree 3 in
(Z0y -+ Zm);

2

2) belong to the kernel of the differential operator .
(2) g p ; b

Then, H*#(C") is a finite dimensional vector space. It is non-zero
except for the case where n = 1 and «, 3 > 1. The natural action of
K on polynomials,

P(205 -5 Zms 205 - - - » Zm) r—>p(g_1(zo, cesZm)s 9N z0, - 2m)) (g € K),

leaves H*?(C") invariant. The resulting representations of K on H*?(C"),
which we denote by the same symbol H*#(C"), are irreducible and
pairwise inequivalent for any such «, (.

The restriction of H4#(C") to the unit sphere S+ = {(zq, ..., z) €
Cm: Y7o |%[* = 1} is injective and gives a complete orthogonal basis
of L*(S?™1) and we have a discrete sum decomposition

(5.1) L2(S¥m+1) ~ Z HOP(CY)|gzmer (m > 1),
a,BeN
The case m = 0 collapses to
Z HaO (Cl ’51 Z HOﬁ Cl ‘Sl
aeN BEN,

Fixing a p € C we may extend functions on S?™! to homogeneous
functions of degree —(m + 1+ p). The decomposition gives rise
to the branching law (K -type formula) with respect to the maximal
compact subgroup.
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Lemma 5.1. (Branching law for G, | K). The restriction of m,s
to the subgroup K of Gy is decomposed into a discrete direct sum of
pairwise inequivalent representations:

@
Ml 37 HE) (m>1),
o,BeN
a+(3=4 mod 2
& @
ol 30 M@ e 3T HHC) (m=0)
a€eN BeENL
a=4 mod 2 B=6 mod 2

We shall refer to H*?(C") as a K-type of the representation 7, ;.

The restriction GG; | K is multiplicity free. Therefore any K-inter-
twining operator (in particular, any G-intertwining operator) acts as a
scalar on every K-type by Schur’s lemma. We give an explicit formula
of this scalar for the Knapp—Stein intertwining operator:

7;"75 : Vilu‘yé - V/'L767

which is defined as the meromorphic continuation of the following in-
tegral operator

Taf )= [ HEO ol 7" (sno(€ ) doc).

Here do is the Euclidean measure on the unit sphere. Further, we
normalize it by

(5.2) Tos = ————Tos,

where

Con(p, 8) := 27772 x

Proposition 5.2. For a, € N, we set 0 = a+ [ mod 2. The normal-
ized Knapp-Stein intertwining operator T, s acts on H*P(C") as the
following scalar

I a+B+pt+n

(—1)’6 a —< 2 ) )

T (a—i-ﬁ g—&-n)
2

Proof. See [0, Theorem 2.1] for § = 0. The proof for 6 = 1 works as
well by using Lemma [5.4] O
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Remark 5.3. Without normalization, the Knapp—Stein intertwining op-
erator 7, 5 acts on H*?(C") as

= (_1)614&-&-/3(#) id,

1.5
19| a5 (cm)

where 6 = o+  mod 2 and

r l—/;—n
P | T (k+;2t+n) ﬁ(“z,")) (k € 2N),
K(p) = 2m QF(k—,u—l-n) x (24 e ON 1
2 ZF(“*Q“) ( € + )7

The symplectic Fourier transform Fyyy,p, defined by (3.6), may be

written as:

Fomp$)V) = | | fOe7T DX = (Fgan f) (JY),
where J : R*™ — R?" is given by J(x,¢) := (=&, z).

For generic complex parameter p (e.g. u # n,n+ 2,... for § = 0),
the space V% of homogeneous functions on R?"\ {0} may be regarded
as a subspace of the space S'(R*") of tempered distributions, and we
have the following commutative diagram:

Famp : S(R) 5 S/(R2)
U O U

~

V_/"H(S - VN»(S

Lemma 5.4. As operators that depend meromorphically on p, ﬁ,g
satisfy the following identity:
,];1475 = fsymp‘vfu,,é'

Proof. The proof parallels that of [6, Proposition 2.3]. For h € C*°(S?"~1);s,
we define a homogeneous function hy,—, € V=, 5 by

Bun(ré) :==r"""h(&) (r>0, £€ S
Then we recall from [6] Proposition 2.2] the following formula:

F(ILL + n)e_%i(u+n)

Fanhyonlon) = il [ (e =10 h(€)do(©)

where ({¢,n)—i0)* is a distribution of £, 7, obtained by the substitution
of t = (£, n) into the distribution (¢ —i0)* of one variable t.
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To conclude, we use
(t —d0)~ ™

= e2ilnn) (cos M [t|7#7" —isin M\ﬂ_“_”sgn t)

_ eFilutn) L= _ [t # "sgnt
O T () T () )

2 2 2 2

U

We note that the Knapp—Stein intertwining operator induces a uni-
tary equivalence of representations m;, 5 and m_;y s of G4 = Sp(n,R):

(5.3) Tiag ™ T_ine, Tforany A € Rand d € Z/27Z.

6. ALGEBRAIC KNAPP—STEIN INTERTWINING OPERATOR

We introduce yet another model U, 5 ~ L*(R*"*1), referred to as
the non-standard model, of the representation 7, s as the image of the
partial Fourier transform

F§3 LQ(R1+m+m) ; L2(Rl+m+m)7

where £ denotes the last variable in R™. Then the space U, ; inherits a
Gh-module structure from (7, 5,V 5) through F¢ o F; (see Figure .

The advantage of this model is that the Knapp—Stein intertwining
operator becomes an algebraic operator (see Theorem below). The
price to pay is that the Lie algebra £ acts on U, s by second order
differential operators. We can still give an explicit form of minimal K-
types on the model U, s when it splits into two irreducible components
(1 =0,0 =0,1) by means of K-Bessel functions (Section7).

We define an endomorphism of L?(R?*™*1) by

Pl 2 p
(6.1) (TusH)(p,z,n) = ‘5‘ (sgnp)’H (p, ;77596) :

Regarding ’j;#; as an operator on the N-picture, we have

Theorem 6.1 (algebraic Knapp—Stein intertwining operator). For any
we Candd € Z)2Z, the following diagram commutes:

;j:u,é
V_.U‘)E - V‘u"é

FeFi i \L}—E}—t

Tus

U —=Uys



GEOMETRIC ANALYSIS ON SMALL REPRESENTATIONS OF GL(N,R) 25

To prove Theorem (6.1} we work on the ambient space R?"(= R?*"2).
Let Fgr» denote the partial Fourier transform of the last n coordinates
in R?",

Lemma 6.2. 1) For f € V_,5, the function Fgn f satisfies
(Fen f)(ra,r™'n) = |r[*(sgnr)’ (Fan f)(z,m), T €RX, 2,9 € R".
2) For f € 8'(R*™),z,n € R", we have
(Frn © Faymp © Fga ) f(2,6) = f(E,2).

Proof of Lemma[6.9 1) This is a straightforward computation.
2) For f(z,&) € S(R*),

(Frr © Feymp Oﬂ{nlf)(y,n')
= / / f(z, f’)e%ri(f,f’)6—27ri(<£,y)—<afn7>)6—27ri<nn7’>dgldxdgdn
n R2n Rn

= / flz, 5’)e2ﬂ<£’*y7£> e~ 2mi(n’ —a.m) d¢'dzdedn
R" xR27 xR™

= /. f(@,6)6(& —y)o(n — x)dxde

= f(1'y).
O
From now x,&,n will stand again for elements of R™, where m =

n — 1.

Proof of Theorem[0.1]. According to the choice of the isomorphism ({4.4))
between the Lie group N and the standard Heisenberg Lie group, for

feV_,s weset
F(t,x, &) = f(1,z,2t¢),
H(p,x,n) = (FFel)(p,2,m),
where t,p € R and 2, € R™. Then H(p,x,n) = 5(Fpnf)(1,2,5,7).

Thus, according to Lemma 6.2,

1
‘Eff(Fsympf) (pa z, 77) = —JFgrn (fsympf)(l, x, g’ 77)

2
_ p
- §(fR"f)<§7n7l7x)
Lip|=+ 5 2 pp
pr— _— —_— n 1 —_— — —
2‘2 (Sgnp) (:FR f)( ’,07772721')
_ P 5 2P
= ‘2 (sgnp)’H (p, pn,zfﬂ)-
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Now Theorem follows from Lemma [5.4]. O

7. MINIMAL K-TYPE IN A NON-STANDARD MODEL

We give an explicit formula for two particular K-finite vectors of
7o,s (in fact, minimal K-types of irreducible components 7T3—:5 of mo.s;
see Theorem [8.3/ 1)) in the non-standard L*-model Uy s(~ L*(R*™*1)).
The main results (see Proposition show that minimal K-types are
represented in terms of K-Bessel functions in this model. Although we
do not use these results in the proof of Theorem we think they are
interesting of their own from the view point of geometric analysis of
small representations. It is noteworthy that similar feature to Proposi-
tion has been observed in the L?-model of minimal representations
of some other reductive groups (see e.g. [21]).

We begin with the identification

C = H(C™?), 1+ 1 (constant function),

and extend it to a homogeneous function on R?" belonging to Vg (see
(4.1))). Using the formula (4.5)) in the N-picture, we set

_m+1

W@, €)= (L4 48 + 2P+ [€7)77
Notice that h*(t,z,€) € Voo N HYO(C™!) in the K-type formula of

o, (see Lemma [5.1)).
Let
2\3 P2 2 2
(7.1) vlpowm) = (1+1al)? (5 + ).

Likewise we identify

(Cm—l-l -, HO,I(cm—O—l)? b Z bjzja

7=0
and set
(7.2)
By (t,2,€) = (14482 + |2 + [€2) 775 (bo(1 — 2it) + Y by(; — i€;)),
j=1
_ <1+|a:|2>%) <1> m <)

where w denotes the standard symplectic form on C? defined as in (3.1)).
Then h, € Vo1 NH(C™!) in the K-type formula of 7 (see Lemma

51).
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Let K,(z) denote the modified Bessel function of the second kind
(K-Bessel function for short). Then the K-finite vectors h* and h,
(b € C™1) in the standard model (N-picture) are of the following
form in the non-standard model U s.

Proposition 7.1.

m—+2
v 2

L(732)

m—+2

1) (FFeh™)(p,,m) = Ko (2m(p, ,1)).

T2 o(p,r,n)
20(22) o (p, z,n)

The rest of this section is devoted to the proof of Proposition In
order to get simpler formulas we also use the following normalization

K,(2) = (2) " K,(2) [23, Section 7.2].
Lemma 7.2. For every p € R let us define the following function on

2) (FiFehy )(p,z,m) = exp (—2m¢Y(p, z,1)).

R x R™ :
L= an) = [ (@4 ]eP) e s
Rm
Then,
o -
(7.4) Lu(a,n) = ma 2HK%—M(27TCL|77|)-

Proof. Recall the classical Bochner formula
/ e 288 g (€) = 27?51’%J%,1(27r5), for¢’ € S,
Sm—1
where J,(z) denotes the Bessel function of the first kind. Then,

Li(a,n) = / / 1(a2—|—7"2)_“6_2””"'"‘<§’%>rm_1drda(£)
o Jam-

= 27r|77|1_?/ T%J%_l(ZWTMD(TQ+a2)_“dr.
0

According to [8, 8.5 (20)] we have

0o e 1
v+l 2 2\ —p—1 1, _a oyt Ky—u(ay)
| e e ) et - e,

for Rea >0 and —1 < Rev < 2Repu + %, which implies

ot [ a\% "
I = — | — Kmn_, (2
o) = 105 () Ka-vtora
2

= TRy (2mala).

I'(p)
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In particular, we have

m—+2

—2
g (a,) = ey V200D

F(mTH) a ’
Tz (a,7) = 2n | K (27aln)).
e F(T+)

Here we used l?_% (z) = ‘/TEG*Z in the first identity. By a little abuse of
notation, we write h_o) and h(_l) for h(_7 ..... and h(o 1,0,...0)" , respectively.

Lemma 7.3. For (t,z) € R x R™, we set

a=a(tx):

V14482 + |z)2.
Then,

(‘th+)(t>$a77) = ImT+1<a(t,£L‘),77),

_ 1 0
(Feh)t2.m) = (14 55 )Tz (alt, 2),m)
Proof. By definition

(fsfﬁ)(t,xm):/ (1 + 462 + |2)2 + |€[2) "2 e 2mitem) g¢

(Fehy))(t,@,m) /(1+4t2+|x|2+|5|) RT3 el
Rm

R

(o o ().

Hence Lemma [7.3] is proved.
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Proof of Proposition[7.1 We recall from [8, vol. I, 1.4 (27); 1.13 (45);
2.13 (43)] the following formulas: For Red > 0, Rec > 0 and s > 0,

> exp(—d(#* + 02)%) _ 2 2\1
(7.5) /0 @t @) cos(st)dt = Ko(c(s” + d*)2).

K 2 KV 1 52 +d2 %
(7.6) / dit +C) ) cos(st)dt = \/F 21( i 1) 1)
t2 +c2)2 2 dreva(s2 + d?)ima

= 2N md ™ TR (s + d)2),

XK (d(t? + )2 1) s exp(—c(s + d?)z)
(17) /0 g sty = EOT T )

We apply the formulas (7.5]) and (7.6)) with d = 4x|n|, ¢ = %(1+|x|2)%
and s = 27p. In view that a = a(t,z) = 2(t> + ¢2)2 and 2w (p, z,7) =
co(s2 4+ d2)2, we get

[ o2 ening = om0,

a

K1(2 1
™ St - expl—2mp(p 1)
a Anl(1 + |z[?)2

[e.9]

Here, we have used again K_ 1 (z) = ‘/TTT e~ * for the second equation.

Thus the first statement has been proved.
To see the second statement, it is sufficient to treat the following two

cases: b= (1,0,...,0) and b = (0,1,0,...,0). We use

1 0
Eféh(l) = :Ft (<$1 + — —>[’“+2(a(t7$)a77))

21 8771 2
1 0
= (o + o a—m)}} (a2 (alt,2),m)
Now use
( 1 0 )eXp(—%@/)(p,rﬁ,n)) ) (p,m,m) exp(—=21(p, z,m))
T+ — — SLALZA :
2m Om (14 |z|2)z W(p,x,m)

The case b = (1,0, ...,0) goes similarly by using the formula (7.7). O
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8. BRANCHING LAW FOR GL(2n,R) | Sp(n,R)

From now we give a proof of Theorem [I.T]with emphasis on geometric
analysis involved.

Our strategy is the following. Suppose P is a closed subgroup of a
Lie group G, x : P — C* a unitary character, and £ := G xp x a G-
equivariant line bundle over G/P. We write L*(G/P, L) for the Hilbert
space consisting of L2-sections for the line bundle £® (A™PT*(G/P))z.
Then the group G acts on L?(G/P, L) as a unitary representation, to
be denoted by Wf , by translations.

If (G, H) is a reductive symmetric pair and P is a parabolic subgroup
of G, then there exist finitely many open H-orbits O on the real flag
variety G/P such that U;0Y is open dense in G/P. (In our cases
below, the number of open H-orbits is at most two.) Applying the
Mackey theory, we see that the restriction of the unitary representation
ﬂ'g to the subgroup H is unitarily equivalent to a finite direct sum:

i ~ @ L0V, Llpw).
J

Thus the branching problem is reduced to the irreducible decompo-
sition of L2(OY), L|»w), equivalently, the Plancherel formula for the
homogencous line bundle £ ;) over open H-orbits OU).

In our specific setting, where G = GL(N,R) and P = Py (see
(1.2)), the base space G/P is the real projective space PN~!R. For
(A,0) € R x Z/2Z, we define a unitary character y;\s of Py by

t
Xiro (8 b) = |a]*(sgna)’, a € GL(1,R), C € GL(N—-1,R), b € RN,

in the matrix realization of Py. Then Wg ., coincides with 7r,L-G/\ 5 in

previous notation. In this and the next three sections, we find the

explicit irreducible decomposition of L?(OU), L],y)) with respect to

TS5
We begin with the case H = G, i.e.

(G,H) = (GL(2n,R), Sp(n,R)).

As we have already seen in Section [4| the group Gy acts transitively
on G/Py, and we have the following unitary equivalence of unitary
representations of G; = Sp(n, R):

G G
7%,5’(?1 = Tixs:
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Here Wif ((;n’R) is a unitary representation of Sp(n,R) induced from the
maximal parabolic subgroup P = G1NPy ~ (GL(1,R) x Sp(n — 1,R))x
H2n71.

Thus the following two statements are equivalent.

Theorem 8.1. The restriction ofﬂg\%@n’m from GL(2n,R) to Sp(n,R)

stays irreducible for any A\ € R* and 6 € {0,1}. It splits into two
irreducible components for A=0,0 =0,1 and n > 2.

Theorem 8.2. Let P be a maximal parabolic subgroup of Gi whose
Levi part is isomorphic to GL(1,R) x Sp(n — 1,R), and denote by
Tins (A € R, 6 =0,1) the corresponding unitary (degenerate) principal
series representation of Gy. Then for n > 2, m;\s are irreducible for
any (A, 8) € R* X Z/27Z, and splits into a direct sum of two irreducible
components for A\=0,0 =0, 1.

Theorem itself was proved in [24, Theorem 7.3]. The case of

= 0 was studied by different methods earlier in [I0] and also very
recently in [2] (A = 0 and § = 0) in the context of special unipotent
representations of the split group Sp(n,R). We give yet another proof
of Theorem in the most interesting case, i.e. in the case A = 0 and
0 = 0,1 below.

Theorem [8.3] describes a finer structure of the irreducible summands.
The novelty here (even for the 6 = 0 case) is that we characterize
explicitly the two irreducible summands by their K-module structure,
and also by their P-module structure. The former is given in terms of
complex spherical harmonics (c¢f. Lemma and the latter in terms
of Hardy spaces (cf. Lemma , as follows:

Theorem 8.3. Let n > 2 and § € Z/2Z. The unitary representa-
tion mo s of G1 = Sp(n,R) splits into the direct sum of two irreducible
representations of Gi:

(8.1) oo = 7T3:5 @ 7o 4-

1) (Characterization by K-type). FEach irreducible summand in
has the following K -type formula:

®
T o= Y, R,
Be2N
a=(49 mod 2

_ @

Tog =y HYA(CY),
BE2N+1
a=(49d mod 2

where 269 denotes the Hilbert completion of the algebraic direct sum.
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2) (Characterization by Hardy spaces). The irreducible summands
W(j)fé consist of two Hardy spaces via the isomorphism .'

7TO+,0 = H2+<W+) D H3<W+)7 71-07,0 = Hi(W*) D H%(W*)a
T = HAW) @ HE(WL), oy = HA (W) @ H2 (W),

Here, Wy are the subspaces of L*(R*™) defined in (£.14)), and HA (W.)
are the W_.-valued Hardy spaces.

3) (Characterization by the Knapp—Stein intertwining operator). The
wrreducible summands 7T6t75 are the +1 eigenspaces of the normalized

Knapp-Stein intertwining operator 5‘0\; (see )

Proof. 1) and 3) The normalized Knapp—Stein intertwining operator
%,5 has eigenvalues either 1 or —1 according to the parity of the K-
type H*?(C"), namely 3 = 0 or 3 = 1 mod 2 by Proposition .
Hence the statements 1) and 3) are proved.

2) In the model Uy s ~ L*(R*™*!) (see Section [6)), the Knapp-Stein

intertwining operator 7 s is equivalent to the algebraic operator

2 p
Tos - H(p,z,n) — (sgnp)’H (p, P 551:) :

by Theorem [6.1]
In turn, it follows from Lemma that Tps is transfered to the

operator

(8.2) S(p,*) — (sgnp)’ &' (p, %)

in the operator calculus model L?(R, HS(L?*(R™), L*(R™))) (see Figure
. In view of the +1 eigenspaces of the transform ({8.2]), we see that
the statement 2) follows from the characterization of W, (see Lemma

and the isomorphism F; : H3 (W.) = L*(Ry, W.) given in Lemma

Finally, we need to prove that the summands 7T8L:5 are irreducible G-
modules. This is deduced from the decomposition of 7T6|f5 by means of
Hardy spaces in 2) and from the following lemma. 0

Lemma 8.4. For any § € Z/27, none of the Hardy spaces HA(W.)
(e = £) is G1-stable with respect to ;.
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Proof. For Z := (21,...,2m) = x + i € C™ ~ R?*™ (see (4.5])), we set

foolt,z,€) = (1+ 48> + |z + [¢]) "5,

for(t €)== (L + 482 + 22+ [¢) 7% (21 — i&),
Frolt,z,€) = (L+ 48 + |22 + |67 (21 + &),
Fralt,z,€) = (1+ 42 + |22 + [€) 775 (1+ 42 — 23 — &),

We note that foo = h" and fo; = h(_o,1,0,...,0) = h(_1) in the notation of

Section[7] Then we have f, 5 € H*?(C") for any a, 3 € {0,1}. In view
of Theorem 8.3/ 1), we get

Joo(t,z,&) € H(C™) C Vi,
foalt,z,€) e HY(C™) C Vo
fro(t,z, &) € HYO(C™) C Voﬁ,
fia(t,z,&) € HYH(C™) C Vi,

where Voj’% stands for the representaion space in the N-picture corre-
sponding to 7T0i75 in Theorem . Suppose now that one of the Hardy
spaces H2(WW.) were G1-stable with respect to mps. Then its orthogo-
nal complementary subspace for the decomposition in Theorem 2)
would be also Gi-stable. Since K-type is multiplicity-free in 7y s by
Lemma , either H% (V) or its complementary subspace should con-
tain the K-type H%?(C") for some a, 3 = 0 or 1. But this never hap-

pens because f,g(t,x,&) = fop(—t,2,&) and thus supp F; fo g Q Ry
(see Lemma [2.2{4)). Thus lemma is proved. O

Remark 8.5. The case n = 1 is well known. Here the group Sp(1,R)
is isomorphic to SL(2,R), and ;) s are irreducible except for (), ) =
(0,1), while m; splits into the direct sum of two irreducible unitary
representations:

moh® ~ H2(C) @ H2(C)

( szW@0@< ZﬁWWQ>

a€2N+1 BEAN+1

12

The spaces H*?(C) and H%?(C) are one dimensional, and

(t+ ) (> +1)""F € H*°(C) N Voo,

B+1

(t =)’ +1)" 2 € H*(C)NVj,.
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The former function extends holomorphically to the upper half plane
IT,, and the latter one extends holomorphically to II_ if o, 5 = 1 mod
2, namely, if 6 = 1.

As formulated in Theorem[8.2] our result may be compared with gen-
eral theory on (degenerate) principal series representations of real re-
ductive groups. For instance, according to Harish-Chandra and Vogan—
Wallach [28], such representations are at most a finite sum of irreducible
representations and are ‘generically’ irreducible. A theorem of Kostant
[25] asserts that spherical unitary principal series representations (in-
duced from minimal parabolic subgroups) are irreducible.

There has been also extensive research on the structure of (degener-
ate) principal series representations in specific cases, in particular, in
the case where the unipotent radical of P is abelian by A. U. Klimyk, B.
Gruber, R. Howe, E.—T. Tan, S.—T. Lee, S. Sahi and others by algebraic
and combinatorial methods (see e.g. [14] and references therein).

We have not adopted here the aforementioned methods, but have
used the idea of branching laws to non-compact subgroups (see [17])
primarily because of the belief that the latter approach to very small
representations will open new aspects of the theory of geometric anal-
ysis.

9. BRANCHING LAW FOR GL(2n,R) | GL(n,C)

Let P = LENC be the standard maximal parabolic subgroup of
GL(n,C) corresponding to the partition n = 1 + (n — 1), namely, the
Levi subgroup LE of PC is isomorphic to GL(1,C) x GL(n —1,C) and
the unipotent radical NT is the complex abelian group C*~!. Induc-
ing from a unitary character (v,m) € R x Z of the first factor of LS,
GL(1,C) ~ R, x S we define a degenerate principal series representa-

tion 7oL of GL(n,C). They are pairwise inequivalent, irreducible

unitary&epresentations of GL(n,C) (see [14, Corollary 2.4.3]).
We identify C" with R?", and regard

Gy := GL(n,C)
as a subgroup of G = GL(2n,R).
Theorem 9.1 (Branching law GL(2n,R) | GL(n,C)).
GL(2n,R ® GL(nC
(9.1) 7Ti>\,6(2 )|GL(n,<C) = Z ﬂ-i)\,’rEL )
me27Z+6

Proof. The group G5 = GL(n, C) acts transitively on the real projective
space P2"~!'R and the unique (open) orbit Oy := P*" R is represented
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as a homogeneous space G2/ Hs where the isotropy group Hj is of the
form
Hy ~ (O(1) x GL(n —1,C))NE.
Since PS/H, ~ S1/{41}, we have a Gy-equivariant fibration:
S'/{£1} — P> 'R — GL(n,C)/PC.

Further, if we denote by Cs the one-dimensional representation of Hs
obtained as the following compositions:

Hy, — Hy/GL(n —1,C)N¢ % C*,

then the G-equivariant line bundle £;) s = G' xp C,, 5 is represented as
a (Gp-equivariant line bundle simply by

ﬁg = ,Ci/\,g‘og >~ GL(TL, C) X Hy (C(g.
Therefore, we have an isomorphism as unitary representations of Gs:
GL(2n,R
Hm,a( Nlay = L}(Os, Ls).

Taking the Fourier series expansion of L*(Oy, Ls) along the fiber S*/{+1},
we get the irreducible decomposition (9.1)). U

An interesting feature of Theorem[9.1]is that the degenerate principal

. . GL(2nR) . 1. :
series representation m;\ s is discretely decomposable with respect
to the restriction GL(2n,R) | GL(n,C). We have seen this by find-
ing explicit branching law, however, discrete decomposability of the
restriction ﬂf\g@”’mbumc) can be explained also by the general theory
[16] as follows:

Let t be a Cartan subalgebra of 0(2n), and we take a standard ba-
sis {f1,..., fu} in it* such that the dominant Weyl chamber for the

disconnected group K = O(2n) is given as

For Ky := GoNK ~ U(n) the Hamiltonian action of K on the cotangent
bundle T*(K/K,) has the momentum map 7%(K/K,) — it*. The

*

intersection of its image with the dominant Weyl chamber it’ is given
by

it N AdY(K)(ity)
n
{()\1,...,>\n>€lt+. )\21_1 /\lfOI']._Z_[Q]}.

On the other hand, it follows from Lemma that the asymptotic
K-support of Tix,s amounts to

ASK(WMﬁ) = R-l—(]-? 0,... 7())
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Hence, the triple (G, G, m;ys) satisfies
(9.2) ASk(ming) NAdY(K)(ity) = {0}.

This is nothing but the criterion for discrete decomposability of the
restriction of the unitary representation m;y 5|, ([16, Theorem 2,9]).
For G; = Sp(n,R), we saw in Theorem that the restriction
g\%@n,R)bl stays irreducible. Thus, this is another (obvious) exam-
ple of discretely decomposable branching law. We can see this fact
directly from the observation that G; and G5 have the same maximal

compact subgroups,
(K, :=)K NG, = KNGy(=: Ky).
In fact, we get from (9.2))
ASk(ming) NAdY(K)(ik) = {0}.
Therefore, the restriction ;) s|c, is discretely decomposable, too.

Remark 9.2. In contrast to the restriction of the quantization of elliptic
orbits (equivalently, of Zuckerman’s Ay(\)-modules), it is rare that the
restriction of the quantization of hyperbolic orbits (equivalently, unitar-
ily induced representations from real parabolic subgroups) is discretely
decomposable with respect to non-compact reductive subgroups. An-
other discretely decomposable case was found by Lee—Loke in their
study of the Jordan—Holder series of a certain degenerate principal se-
ries representations.

10. BRANCHING LAW FOR GL(N,R) | GL(p,R) x GL(q,R)

Let N =p+q (p,q > 1), and consider a subgroup G3 := GL(p,R) x
GL(¢,R) in G := GL(N,R). The restriction of Wf\g(N’R) with respect
to the symmetric pair

(G,G3) = (GL(N,R),GL(p,R) x GL(q,R))

is decomposed into the same family of degenerate principal series rep-
resentations of Gi:

Theorem 10.1 (Branching law GL(p+ ¢,R) | GL(p,R) x GL(q,R)).

@
GL(p+q,R) ~ GL(p,R) GL(g,R) /
TixG [ER= E . TN o X’”i(A-A/),a—afd)‘-
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Outline of Proof. The proof is similar to that of Theorem [9.1f The
group Gs = GL(p,R) x GL(q,R) acts on PPT"'R with an open dense
orbit O3 which has a (G3-equivariant fibration

R* — 03 — (GL(p.R)/B,) x (GL(q,R)/P,).

Hence, taking the Mellin transform by the R*-action along the fiber,
we get Theorem [10.1] O

11. BRANCHING LAW FOR GL(N,R) | O(p, q)

For N = p + ¢, we introduce the standard quadratic form of signature
(p,q) by

Qz) =al+- +al—al — - —a,, forxzeRM.

Let G4 be the indefinite orthogonal group defined by
O(p,q) :={9 € GL(N,R) : Q(gx) = Q(x) for any x € RPT}.

For ¢ = 0, G4 is nothing but a maximal compact subgroup K = O(N)
of G, and the branching law 5 i\ 5 )|G4 is so called the K-type formula.

In order to describe the branchlng law G | G, for general p and g,
we introduce a famlly of irreducible unitary representations of G4, to

be denoted by 7} Olp.g) (v € A, (p,q) below), W?fp’q) (v e A, (q,p)), and

Op.a) .

Tos (v € R) as follows. Let t be a compact Cartan subalgebra of gy,

and we take a standard dual basis {e;} of t such that the set of roots
for &, := o(p) ® 0(q) is given by

p . p q
Pr1<i<i<B+ @)

Aty ty) ={£(e; te;) 1 <i<j<[z] or 5 5

Uf{te:1<i< [g]} (p : odd)
Ufze:[5]+1<i < [F]+ 3]} (g 0dd)

Then, attached to the coadjoint orbits AdY(Gy)(ve;) for v € AL (p,q)
and Adv(G4)(V6[P]+1) for v € Ai(q,p), we can define unitary repre-

sentations of G4, to be denoted by mor(p D and 7¢ (f D as their geo-

metric quantizations. These representations are realized in Dolbeault
cohomologies over the corresponding coadjoint orbits endowed with G4-
invariant complex structures, and their underlying (gc, K)-modules are
obtained also as cohomologically induced representations from charac-
ters of certain @-stable parabolic subalgebras (see [20, §5] for details).
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We normalize 7 +(p 9 such that its infinitesimal character is given by
p+q p+q p+q p+q
(v, -2, —-3,..., — [ 1)
2 2 2 2
in the Harish- Chandra parametrization. The parameter set that we
need for mor is Ay (p,q) == A% (p,q) U AL (p, q) where

ve2Z+ 54 +140:v >0}, (p>1,q#0);
{re2Z+52+1+0:v>5—-1}, (p>1,q=0);

)

Ai(p, q) =4 9, (p=1,(q,0) # (0,1))

or (p = 0);

{%}7 (p = 17 (qaé) = (O’ 1))

Notice that the identification O(p, q) ~ O(q, p) induces the equivalence
L ALRE

For p,q > 0 the group G4 = O(p, q) is non-compact and there are
continuously many hyperbolic coadjoint orbits. Attached to (minimal)
hyperbolic coadjoint orbits, we can define another farnily of irreducible

unitary representations of G4, to be denoted by 7T 9 for v € R and

§ € {0,1}. Namely, let 7To(p ‘D be the unitary representatlon of G4 in-
duced from a unitary character (iv,0) of a maximal parabolic subgroup
of G4 whose Levi part is O(1,1) x O(p — 1,4 — 1).

We note that the Knapp—Stein intertwining operator gives a unitary
isomorphism

gfg’q) ~ W?l-(i’g) (reR, §=0,1).
Theorem 11.1 (Branching law GL(p +q,R) | O(p,q)).
®
Wf\%(wq,ﬂﬁ)yo(p’q) ~ Z 69 Z pq @2/ ngg’Q)dy.
Ve (pa) veA (a.) o

Notice that in case when ¢ = 0 the latter two components of the
above decomposition do not occur and one gets the K-type formula
GL(n,R) | O(n).

As a preparation of the proof, we formalize the Plancherel formula
on the hyperboloid from a modern viewpoint of representation theory.

Let X (p, q)+ be a hypersurface in RP*? defined by

X(p, @)+ = {z = (2/,2") e RPFT ¢ [2'] — [2"* = £1}.
We endow X (p, ¢)+ with pseudo-Riemannian structures by restrict-
ing ds* = dat+- - +dal —dal,  —---—dx;,, on RPT%. Then, X (p,q)+
becomes a space form of pseudo-Riemannian manifolds in the sense

that its sectional curvature k is constant. To be explicit, X (p, ¢), has
a pseudo-Riemannian structure of signature (p — 1,¢) with sectional
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curvature kK = 1, whereas X (p,q)_ has a signature (p,q — 1) with
k = —1. Clearly, G4 acts on X(p, ¢)+ as isometries.

We denote by L?(X(p,q)+) the Hilbert space consisting of square
integrable functions on X (p, q)+ with respect to the induced measure
from ds?|x(p.q)-

The irreducible decomposition of the unitary representation of G4
on L*(X(p,q)+) is equivalent to the spectral decomposition of the
Laplace—Beltrami operator on X (p, ¢)+ with respect to the G4-invariant
pseudo-Riemannian structures. The latter viewpoint was established
by Faraut [9] and Strichartz [27].

As we saw in [20, §5], the discrete series representations on hyper-

(p,q)

boloids X (p, )+ are isomorphic to wﬁ with parameter set AL (p, q).
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1) X = Y e [ w0,
veAS (p,q) R+
D

(11.2)  LAX(pg)-)s = Y. 0% / 70w gy,
veAd (¢.p) R+

Here we note that each irreducible decomposition is multiplicity free,
the continuous spectra in both decompositions are the same and the
discrete ones are distinct.

Proof of Theorem (11.1. According to the decomposition

RP+4 2 {z e RPT: Q(x) > 0} U {x € R : Q(x) < 0},
the group G4 = O(p, q) acts on PPT4IR with two open orbits, denoted
by Of and O;. A distinguishing feature for G, is that these open
G4-orbits are reductive homogeneous spaces. To be explicit, let H;
and H, be the isotropy subgroups of G4 at [e;] € OF and [e,.,] € Oy,
respectively, where {e;} denotes the standard basis of RP*9. Then we
have

Of ~ Gy/Hf =O(p,q)/(0(1) x O(p —1,q)),
L ~Gy/Hy =0(p,q)/(O(p,q— 1) x O(1)).

Correspondingly, the restriction of the line bundle £;y s = G X p Xirs
to the open sets OF of the base space G/P is given by

G4 XH4i (C(;,
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where Cy is a one-dimensional representation of Hy defined by
O(1)xO(p—1,q) — C*, (a, A) — a°,
O(p,q —1) x O(1) — C*, (B,b) — I’

respectively. It is noteworthy that unlike the cases Gy = GL(n,C) and
G3 = GL(p,R) x GL(q,R), the continuous parameter \ is not involved
in (T1.1).

Since the union Of U Oy is open dense in PPTY 'R, we have a Gy-
unitary equivalence (independent of \):

HGH 0|6y o LGy %, Cs,0F) ® L*(Gy x gz, Cs,OF).

Sections for the line bundle Gy x = Cy5 over O are identified with
even functions (6 = 0) or odd functions (6 = 1) on hyperboloids
X(p, q)+ because X (p,q)+ are double covering manifolds of OF.

According to the parity of functions on the hyperboloid X (p, ¢)+, we
decompose

L*(X(p,q)+) = L(X(p,q)+)o ® L*(X(p,q) 1)1
Hence, we get Theorem [11.1} U

12. TENSOR PRODUCTS Met" @ Met

The irreducible decomposition of the tensor product of two represen-
tations is a special example of branching laws. It is well-understood
that the tensor product of the same Segal-Shale-Weil representation
(e.g. Met®Met) decomposes into a discrete direct sum of lowest weight
representations of Sp(n,R) (see [15]). In this section, we prove:

Theorem 12.1. Let Met be the Segal-Shale—Weil representation of
the metaplectic group Mp(n,R), and Met” its contragredient represen-
tation. Then the tensor product representation Met¥ ©@ Met is well-
defined as a representation of Sp(n,R), and decomposes into the direct
integral of irreducible unitary representations as follows:

52}
(12.1) Met" @ Met ~ ) ° / 2.
6=0,1 7 R+

Remark 12.2. The branching formula in Theorem [12.1] may be re-
garded as the dual pair correspondence O(1,1) - Sp(n, R) with respect
to the Segal-Shale—Weil representation of Mp(2n,R). We note that the
Lie group O(1,1) is non-abelian, and its finite dimensional irreducible
unitary representations are generically of dimension two, which corre-

sponds the multiplicity two in the right-hand side of ((12.1)).
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Proof. By Fact 3.2 the Weyl operatorcalculus
(12.2) Op : L*(R*™) = HS(L*(R™), L*(R™))

gives an intertwining operator as unitary representations of Mp(n,R).
We write L?(R")" for the dual Hilbert space, and identify

(12.3) HS(L*(R"), L*(R")) ~ L*(R")V®L*R"),

where ® denotes the completion of the tensor product of Hilbert spaces.
Composing and , we see that the tensor product represen-
tation Met” ® Met of Mp(n,R) is unitarily equivalent to the regular
representation on L?(R?*"). This representation on the phase space
L?(R*") is well-defined as a representation of Sp(n,R).

We consider the Mellin transform on R?", which is defined as the
Fourier transform along the radial direction:

fo g [ ) et
AT J_
with A € R,§ = 0,1,X € R?". Then, the Mellin transform gives a
spectral decomposition of the Hilbert space L*(R?*"). Therefore, the
phase space representation L?(R?") is decomposed as a direct integral
of Hilbert spaces:

D
12.4 L?(R*™) ~ / Virs dA.
(12.4) (R*") ~ >~ Vs

6=0,1

Since W;S:\[: ((;"’R) ~ Wff/(\%R) (see (5.3), we get Theorem |12.1} O
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