Special functions associated to a certain fourth
order differential equation
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Abstract

We develop a theory of ‘special functions’ associated to a certain fourth
order differential operator D,,, on R depending on two parameters p, v.
For integers p,v > —1 with u + v € 2Ng this operator extends to a
self-adjoint operator on L*(Ry,z* "' dz) with discrete spectrum. We
find a closed formula for the generating functions of the eigenfunctions,
from which we derive basic properties of the eigenfunctions such as or-
thogonality, completeness, L2-norms, integral representations and various
recurrence relations.

This fourth order differential operator D,,,, arises as the radial part of
the Casimir action in the Schrédinger model of the minimal representa-
tion of the group O(p, q), and our ‘special functions’ give K-finite vectors.
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1 Introduction

Special functions have been a powerful analytic tool in various areas of math-
ematics. One reason for their usefulness is the fact that there are a number
of different aspects under which special functions simultaneously have good
properties and admit explicit formulas (e.g. differential equations, orthonormal
bases, recurrence relations, integral representations, etc.). Many of the classical
special functions of this kind are associated to specific second order differential
equations. In contrast, in this article we initiate the study of ‘special functions’
associated to the following fourth order differential operator

(n—v)(p+v+2)

(1.1)
with two parameters u,v. Here 6 := xd%ﬁ denotes the one-dimensional Euler
operator.

The differential operator D,, ,, is symmetric with respect to the parameters
w and v, ie. Dy, = D,, (see Proposition (1)). Further, if p,v > —1
are integers of the same parity, then the operator D,, , extends to a self-adjoint
operator on L(R, , z#*t¥*1 dz) with discrete spectrum (see Proposition (4)).
We then ask

Dy = % ((0+v)(0+p+v)—2%) (000 +p) —2*) —

Question. What are the eigenfunctions of Dy, ¢

The starting point for our search for eigenfunctions of D,, ,, is the fact that
the principal part of D, , is a product of second order operators in the Weyl
algebra. We will construct generating functions for eigenfunctions of D, , as
modifications of products of generating functions for eigenfunctions of second
order operators. More precisely, we introduce in Section [3| four generating func-
tions G!""(t,x) (i = 1,2,3,4). Of particular importance for the L?-theory will

be )
~ tx ~ T
KoV (¢ = Tu Kv
GQ (717) (l_t)[lr+;+2 2<1—t) 3 <1—t>’

where I, (2) := (2) " In(2) and K,(2) := (%) " Ka(2) denote the normalized
I- and K-Bessel functions. G5 (t, x) is real analytic at ¢ = 0 and we can define
a family of real analytic functions Ay} () on Ry (j € Np) as the coefficients of

the Taylor expansion

Gy (tx) =Y ALY (x).
j=0

In the L?-theory for the operator D,,, we have to assume the following inte-
grality condition

1 > v > —1 are integers of the same parity, not both equal to —1. (IC1)

Then we obtain the following result (for a proof see Proposition (4), Corollary

and Theorem [4.6]):

Theorem A (L2-spectrum for D, ). Suppose pn and v satisfy ([[C1)). Then the
differential equation
Dyu=Au



has a non-trivial solution in L*(Ry,z*+t*+1dx) if and only if X is of the form

2 (p+1)? B (v+1)°
2 2

M= (2 + it 1) (1.2)

for some j € Ng. In this case the solution space in L*(Ry,x* T dx) is one-
dimensional and spanned by Ay} .

Further we prove the orthogonality and closed formulas of the L?-norms
of the eigenfunctions Ay} (z) (j € Np) in Corollary We also prove the
completeness of these L2-eigenfunctions under the integrality condition in
Corollary Summarizing, we get:

Theorem B (Orthonormal basis). If u+ v,u — v > —2, then the sequence
(A5Y)jen, is orthogonal in L*(Ry, z# ™1 dx) with L?-norms given by
2u+uflr(u+;+2 —|—j)1—‘(“_;+2 -l-j)

A2 +p+ )G +p+1)

||A§,’;||2L2(R+,mu+u+l dz) =

If further u and v satisfy (IC1)), then (Ag;}')jeNo is an orthogonal basis of
LRy, 2/ v+ da).

We now consider general eigenfunctions of the operator D, , without re-
questing that they are square integrable. The other three generating functions
G (t,z) (i = 1,3,4) are defined by similar formulas as G5 (¢, z) (see -
(3.4)), but we have to impose an additional condition for i = 3, 4:

1 is an odd integer > 1 for i = 3,4. (1C2)

Then again we can define families of real analytic functions Aj;’(z) on Ry
(j € Z) via the Taylor (i = 1,2), respectively Laurent (i = 3,4) expansions of
G{Y(t,z). (It is convenient to set A}"/(x) =0 for i = 1,2 and j < 0, and for
1=3,4and j < —pu.)

The differential equation D, ,u = Au has a regular singularity at z = 0

with characteristic exponents {0, —v, —p, —p — v}. This allows us to prove the
following theorem (cf. Theorems and :

Theorem C (Differential equation). Suppose p is a positive odd integer and
v > 0 such that y — v ¢ 2Z. Then the four functions A (z) (i = 1,2,3,4)
form a fundamental system of the following differential equation on R :

TR
Dypu= )\j U.
Furthermore, Af’jl' (z) has the asymptotic behavior
,
~cy,cox” "V cgxTH cqrTHTY

as © — 0, where the closed form of the constants ¢; for i =1,2,3,4 is given in
terms of Gamma functions.

The local monodromy at = 0 is given in Proposition [4.10]
The differential operator D, , has an irregular singularity at z = oco. In
Theorem we also describe the asymptotic behavior of the eigenfunctions



AY ’V( ) as x — o0. In view of Remark - this also provides the asymptotics
for T — —00.

The functions Afj” have various other remarkable properties. First we men-
tion the integral representations in terms of Laguerre polynomials L&, which
can be used to find the special values of A}/ (2) (i = 1,2) at v = +1 in terms
of Laguerre polynomials (see Theorem [5 . Corollary E and Remark |5 .

Theorem D (Integral representations). For j € Ny, Re pu,Re v > —1 we have
the following double integral representations

T pm tv
AP () = o / / e "C®¥L. 2 (z(cost + cos p)) sin” O sin” ¢ dep db,

Ay (x) = o5 / / o CC’Sh“’L T (z(cos b + cosh ¢)) sin* 0 sinh” ¢ dp d

v

with constants ¢’ and ¢4’}

Another property of the functions A” ; 1s that they are eigenfunctions of
Meijer’s G-transform 7, ,,. Here 7, ,, is the integral operator given by

1 e 2
Tond(@) = gt | G ((51)7) S0y

where

2727 2

GMV@)—(%2<tO

denotes Meijer’s G-function (see [4]). It is proved in [4] that, if u,v > —1 are
not both equal to —1, 7, , is a unitary operator on L?(Ry, x#*t*F1dx) and
7;27,/ = id. In particular, we have the following orthogonal decomposition into
+1 and —1 eigenspaces of 7, ,

vop H+V)

LRy, a# v dr) = HEYY @ HIY
In Section [7] we prove:

Theorem E (Meijer's G-transform). Suppose p and v satisfy - Then
A‘z"] is an eigenfunction of Meijer’s G-transform 1, , for the eigenvalue ( 1)7.
Thus, {Ay} : j € 2No} forms an orthogonal basis for the Hilbert space HY™" and
{Ay7 5 € 2NO + 1} forms an orthogonal basis for H™"".

Finally, the functions A% j” are subject to the following three recurrence re-
lations (see Propositions [6.1] E [6-4] [6.6] for more details):

Theorem F (Recurrence relations). Let i = 1,2,3,4, j € Z.

(1) The three-term recurrence relation for x-L MY

(27 +p+ DAY = G+ 1) +p+ DA,

. ptv+2Y\ . H+ . p—v v
—(2j+pu+1) (2> ALY — <]+2> (;+2> AL



(2) The recurrence relations in u and v (see (3.8)) for the definition of the
signatures 6(i),e(i) € {—1,1}):

(A2 )~ A2 () = 2600) (M52 - (5) 072 @) ).

[\

(M ) = A7 (@) = 260) (A7 20) = (5) 4t ) )
A )~ MY (0) = D) ALY () () ALY R )

(3) The five-term recurrence relation for x® A} (x):
x2Ai-f’j” espan{A}} 1 k=j—2,...,5+2}

o . -1 1 3
54 -5t e

Since the generating functions G (¢,z) are given in terms of Bessel func-
tions, Theorems B and E give rise to identities for the I- and K-Bessel functions
and Meijer’s G-function, some of which we could not trace in the literature (see

Corollaries and .

Most of our proofs are of a purely analytic nature. A special role is played by
generating functions. The approach to use the factorization of the principal part
of the differential operator to construct generating functions might be useful also
for other differential operators of a similar type.

Our proofs for Theorems A, B and E, however, partly rely on representation
theory, and for this reason we had to assume the integrality condition (ICI]). In
fact, our operator D, , is induced from the Casimir action in the Schrodinger
model for the minimal representation of the semisimple Lie group G = O(p, q)
where p = p+ 3 and ¢ = v + 3 when (IC1) is satisfied. This representation
is realized on the Hilbert space L?(C), where C is an isotropic cone in RPT9-2
and is parameterized by bipolar coordinates

R, x S*T x §¥T1 =5 ) (r,w, ) — (rw, ),

where S"~! denotes the unit sphere in R”. Hence p + 1 and v + 1 play the role
of dimensions of certain spheres if the integrality condition is satisfied. In
this case the functions Ag;’ are K-finite vectors of the representation and the
recurrence relations in Theorem E can be explained by the Lie algebra action.
The connection to Meijer’s G-transform also arises from representation theory.
In fact, the unitary integral transform 7, , is the radial part of the unitary
inversion operator Fo on L?(C) defined by the special value of the minimal
representation at the longest Weyl group element. This operator plays the role
of a ‘Fourier transform’ on C.

The special values of our parameters at v = +1 are of particular interest. In
this case, the functions Ay’ (2) reduce essentially to Laguerre polynomials LY (x)
(see Corollary and Remark [5.4]) and the fourth order differential operator
D, is of the form

Dy+1= 827i1 + const,

where S,, 11 is basically the standard second order Laguerre operator of having
Ag‘]i ! as eigenfunctions (see Remark .



In the case v = —1 the isotropic cone is the light cone in the Minkowski
space which splits into the forward and backward cone. Correspondingly, the
minimal representation of O(p, 2) splits into a highest weight and a lowest weight
representation which have been well-studied also in physics. For example, it may
be interpreted as the bound states of the hydrogen atom when (u,v) = (1, —1),
so that G = O(4, 2).

On the other hand, in the case v = 1, it is noteworthy that Laguerre poly-
nomials again occur as K-finite vectors of the minimal representations of the
groups G = O(p,4) with even integers p > 4. In this case, the minimal repre-
sentation was discovered not so long ago (see [11] for SO(4,4)), and it is known
to admit neither highest nor lowest weight vectors.

Notation: Ny = {0,1,2,...}, Z = {...,—-2,-1,0,1,2,...}, R, = {z € R :
x> 0}.

2 The fourth order differential operator D, ,

In this section we collect basic properties on the fourth order differential operator
D,,, with two parameters p, v € C which was introduced in (|1.1J).

Proposition 2.1. (1) D,, =D, ,.

(2) Dupu = Au is a differential equation with regular singularity at x = 0.
The characteristic exponents are 0, —p, —v, —p — V.

(3) If u,v € R, then D, ,, is a symmetric unbounded operator on the Hilbert
space L*(Ry,z*tv Tl dx). If, in addition, pu+ v,u — v > —2, then the
strictly increasing sequence (A\}"")jen, defined in belongs to the L?-
spectrum of D,, ,,.

(4) If u and v satisfy the integrality condition , then D, , extends to
a self-adjoint operator on L*(R,,z*t"+1dx). It has discrete spectrum
given precisely by ()\?’V)jGNO, Furthermore, every L?-eigenspace is one-

dimensional.
(5) In the special cases where v = £1 the differential operator D,,, collapses
to
Dyx1 = S,th,:l:l = Cuzt1,
where
1 +1)?
SM7_1 = E (9(0 +,LL) - 332) 5 C/'La_l = %,
1 +1)?
S,u,,-i—l 25(9(0+M+2)+M+1—$2), CH7+1 :%—&—2

PROOF. (1) A simple computation shows that

1
D,u,l/ = ﬁ9(0+ﬂ)(9+V)(9+/14+1/) +.’E2

(u+v+2)(p+v+4)
) > (2.1)

2(02+(u+u+2)6+

whence D, , =D, ;.



(2) It follows from that
(D = N) =00+ )0+ 1) O+ p+v)  (mod z-Clz, o)),

where C[z, 6] denotes the left C[x]-module generated by 1,6,62,... in the
Weyl algebra C[z, d%c]. Therefore, the differential equation D, ,u = Au
has a regular singularity at x = 0, and its characteristic equation is given
by

s(s+u)(s+v)(s+u+v)=0.

Hence the second statement is proved.
(3) The formal adjoint of # on L?(R,,xz# T+ dzx) is given by

0" =—-0—(u+v+2).

It is easily seen from the expression that D,, , is a symmetric operator
on the same Hilbert space. We shall postpone the proof of the assertion
that A" is an L*-eigenvalue of D,, , until Corollary and T heorem
where we give explicit eigenfunctions.

(4) The proof of this statement is based on representation theory. We will
postpone it to Section[8] where we explain how the fourth order differential
operator D,,, arises from the Schrodinger model (the L?-model) of the
minimal representation of the indefinite orthogonal group.

(5) For v = —1 this follows easily from by the commutator relation [0, 1] =
—%. The case v = +1 is also obtained by a simple computation. O

Remark 2.2. It is likely that D, , still extends to a self-adjoint operator on

the same Hilbert space without assuming the integrality condition (IC1)). For

example, for v = &1 and arbitrary p > —1 we will construct L2-eigenfunctions

A‘z‘]i Lof D, +1 which are basically Laguerre polynomials (see Corollary and

Remark . Hence, they form a basis of the corresponding L2-space and it

follows that D, 11 is self-adjoint with discrete spectrum. However, our proof

for v # +1 uses unitary representation theory of the semisimple Lie group

O(p + 3,v + 3) and hence uses condition in a crucial way.

3 The generating functions G/ (t, x)

In order to determine eigenfunctions of the D,, , we define the following gener-
ating functions Gt (t,z) i =1,2,3,4

GV (t, ) = :

GYY (t,z) =
(t, ) (

1
)
1
)

GV (t,2) == : ;W;“ Ky (fft) T. (1:) , (3.3)
1
)




Here

)= (2) 1) = im (%)2" (3.5)
e ()R- () et 010 a0

denote the normalized I- and K-Bessel functions.
Let us state the differential equations for the generating functions which we

will make use of later.
Lemma 3.1 (Differential equations for the generating functions). The functions
G (t,x), i = 1,2,3,4, satisfy the following three differential equations:

(1) The fourth order partial differential equation

(Dy), ult,z) = (49,? A+ 1)0, + P ”)(’;+ s 2)> u(t, 7).

(2) The second order partial differential equation

2
1 2 — 2
= (tet(et + M) —t (Gt + /H;—F) (975 + ,lig+>) u(t,x).

(3) The fifth order ordinary differential equation in t

-1 1
822 <9t + “2> <9t + “;r> (at + “;3> ult, z)

2 -5
= |:t20t(9t1) (9,5 +,u*1) (0t+,ll) (gt‘i’lu2)
8 p=3 4 ptl
—tﬁt(0t+u)<9t+ 9 ><0t+2>(0t+ 9 )
ptl 4 3 2
+2 9t+T (abf + b0} + cb7 + db; + e)
+1 +2 +5
X<9t+M+V+2> (9t+fw+2)
2 2
2 —v+2
+2t2(0t+“;7) <9t+“+;+ )<0t+“ ;Jr )

4 - 4
X (9t + //H_;—i_) (tgt + M;—‘r)] ’U,(t, Z‘),

(20, + 11 + 1) (936 + “*”2) ult, z)



where we set

a =06,

b=12(u+1),

c= %(mf — 1% 4 36p + 8),

d= %(qu D)(5u2 — v* +12u — 4),

o= 2(u =)t 2t v+ (u—v+2).

PRrROOF. The proof consists of straightforward verifications using the definition
of G"¥(t,z) and the differential equation

(02 + 206 — 2*)u =0 (3.7
for the I- and K-Bessel functions Io(z), Kq(2) (see [I3, Chapter II1.7]). O

We will also need three recurrence relations for the functions G%*” (¢, z). To
state the formulas in a uniform way we put

. +1 fori=1,2, N ] 41 fori=1,3,
8(2) _{ ~1 fori=3,4, e(®) _{ —1 fori=2,4. (3.8)
Lemma 3.2 (Recurrence relations for the generating functions). The functions

G (t,x), i = 1,2,3,4, satisfy the following three recurrence relations:
(1) The recurrence relation in u

2
w1 — DG (8, ) = 25(7) (G?‘Z"(t,x) - (’;) Gé‘””(t,w)) .
(2) The recurrence relation in v

v(1 — )G (t,2) = 2¢(i) (GQ"”_Q(t,x) - (g)2 Gf’””(t,a:)) .

(3) The recurrence relation in p and v

d w,v . . th n+2,v N\ L w,v+2
(1= )G () = () - G2 4 (i) 5 G172,

PrOOF. (1) and (2): Use the recurrence relations for the I- and K-Bessel func-
tions (see e.g. [I3] IIL.71 (1)])

olo(@) = Tua(@) = (5) Tara (),

2
aKa(z) = (5) Kos1(2) — Ka_1(2).
(3) In view of the formulas (cf. [I3} IIL.71 (6)])
d ~ T~ d ~ T~
ala(l') = §Ia+1 (z), EK(X(%) = _§Ka+1('r)> (3.9)
the equation is evident. O



Lemma 3.3 (Local monodromy of the generating functions). Suppose u,v ¢
27. Then we have the following formula for the functions Gf’”(te_”\/jlm)
(i=1,2,3,4):

Gy 1 0 0 0 G
Gy avToa_| b a0 0 Gl
Gl (t,e™ ) = b, 0 a, O Giv (t,)
G buby, ayb, aub, aua, Gy
where
0y = e—oamVT by = w (ememvT-1).

PROOF. From the definitions (3.5)) and (3.6)) of the Bessel functions it follows
that

I (e™VT2) = I,(2),
ka(eﬁ\/jx) = GZaEa(m) + b2afa(-/17),
which proves the stated formula. O

Remark 3.4 (Algebraic symmetries for the generating functions). It is also easy
to see that the generating functions satisfy the following algebraic symmetries

G (t,7) = G (1 x) (i=14),

1
Gy (t,x) = Gy" (t’ —x) )

4 The eigenfunctions A} ()

The function K & (%) is meromorphic near ¢ = 0 for a fixed = > 0 if and only if
w1 is an odd integer. This explains the integrality condition , which we will
henceforth assume. Then the generating functions G are meromorphic near
t = 0 and give rise to sequences (Af ’j”)jez of functions on R, as coefficients of
the Laurent expansions
o0
G (ta) = Y PAL (o), i=1,2,3,4. (4.1)

j=—o00

Since Iu (2) is an entire function and I?% (z) has a pole of order p at z = 0 if
1> 1is an odd integer we immediately obtain

A’f]” = A’Q‘J” =0 for 7 <0,
Ag‘; = Ai’; =0 for j < —p.

This allows us to calculate the functions A} as follows:

Lo » .
7% Gi7(t,$) lf’LZI,Q,]ZO,
A (z) = J: = ) (4.2)
ITyalas if = P>
Gt o6 t:Ot G (t,x) ifi=3,4,7>—pn.

10



Example 4.1. The L?-solutions Ay (z) (ie. the i = 2 case) will be of special
interest. Here are its first three functions.

M) = gy K )

M) = gy (T Re) +0R5 @)

ALY (2) = 2F(/1*§2) ((M+u+2{4(,u+1/+4)]~<;($)
g )

To formulate the asymptotic behavior of the functions Aj"(z) we use the
Landau symbols O and o.

Theorem 4.2. Let € C, p# —1,-2,-3,..
j>04fi=1,2andj>—pifi=3,4.

(1) The asymptotic behavior of the functions Aﬁ’j" as x — 0 is given by

.and v € R. Assume further that

M@y = —F )
b )
y 2u—1r (Z) v +0($ l/) Zfl/ > 07
(k) 4
BV 2 J _ &€ z _
2,j(x)* j'r(ugg) log(g +0(10g<2>> ’LfV 07
3 (=3) +o) ifv<o,
l"ﬂ'/(x) _ 2ﬂ_1r(%)(7ﬂzy+2)j+ﬂx—u + O(x N)
> (+wIT(52) ’
it 2ntv=ir (g) TV +o(aTHTY) if v >0,
v F E) L= j _ _ €T _ T .
Ay (@) = - ((j +2u)! b gy #log (5) +o (:l: "log (5)) ifv=0,
p—2 _Z — —n .
2 F( 2)37 +o(z™") if v <O,

where (a), = a(a+1)---(a+n—1) is the Pochhammer symbol.
(2) As x — oo we have

A’i’;({t):Cﬁ’] ]_7 z <1+O(I>) , AéL”;(x):O(l'j—V;rlez)’
. v+l ]_ . v41
Ag‘j”(x) = Cg‘,’;’mjf%e*"” <1 +0 (a:)) , AZ]”(m) =0 (:rjf%e"'”)

with constants C1'},Cy # 0.

PROOF. The basic ingredient for the proof is the asymptotic behavior of the
Bessel functions at = 0 (see e.g. [I3l Chapters IIT and VII] and [I, Chapter

11



~ 1
Ia(o) - F(O(—Fl)’ (4 3)
N FTQ) (% T2 o(z72) ifa>0
Ko(z) = —log(5) + o(log(5)) ifa=0 as x — 0, (4.4)
) if a <0

and as & — 00
Tu(z) = % (g)_a_% e <1 +O <i)> ,
Ro(z) = g <§>_a_% e? <1 +O (i)) .

We will also make use of the well-known expansion

o ()
o\ J 49
Q-1 =) 7 t. (4.6)
j=0
(1) We show how to to calculate the asymptotic behavior at x = 0 for the
functions A’;JV with v > 0. The same method applies to the other cases.

Using the asymptotics (4.3)) and (4.4) and the binomial expansion (4.6))
we find that

B 1 1 LT
m:‘)_(kt)%r(%“)(m )=

= 2T () (),

' GYY (t, )|

_ 2 )iy
) :
2 TR
In view of (4.1) this yields
o 21y,
X Ag:j (‘T)|x=0 = ¥ 2 u+2 2 :
]'F( 2 )

(2) Let us first treat the case ¢ = 1,2. With equation (4.2)) it is easy to see
that A} is a linear combination of terms of the form
ka%) () fori=1,
ka(%) (x) fori=2

with 0 < k < j such that the coefficient for k = j are non-zero. (In
fact this can be seen in a more direct way from the recurrence relation in

Proposition and Example ) Using (3.9) this simplifies to terms of

the form N
x%lj+k(m) for i =1,
kaK%_Hg(l‘) fori =2

with 0 < k < j and non-zero coefficient for k = j. Using (4.5]) the leading
term appears for k = j and the asymptotics follow.

12



For i = 3,4 equation (4.2) implies that AZ ’jV is a linear combination of
terms of the form

zhH 9€fg> () fori=3,
zkH 051?%> () fori=4

with 0 < k + ¢ < j + u. Using (3.9) this simplifies to terms of the form

x’”%*”ij(x) for i =3,
xk"’%_“K%M(m) fori =4

with 0 < k + ¢ < j + pu. Then again the claim follows from (4.5)). O
As an immediate consequence of Theorem we obtain
Corollary 4.3. If i+ v, — v > =2, we have Ay} € L*(Ry, 2+t dx).

From the explicit formulas for the leading terms of the functions Aﬁ J" at
x = 0 we can draw two more important corollaries.

Corollary 4.4. The function Aﬁ’j-” is non-zero if one of the following conditions
is satisfied:

e i=1and p,v,u+v>-2.

ei=2andp+uv,p—v>-=2.

e i =3,4, 11 is a positive odd integer and v > —1 such that p — v ¢ 27.

PROOF. In each case the assumption implies that the leading coeient in the
asymptotic expansion at z = 0 in Theorem is non-zero, so that the function
itself is non-zero as well. O

Corollary 4.5. Suppose p is a positive odd integer and v > 0 such that p—v ¢
27, then for fired j € Ny the four functions Aﬁ’ju, i = 1,2,3,4, are linearly
independent.

PROOF. The assumptions imply that the leading coefficients at x = 0 of the
functions A}"(x) in Theorem never vanish and that the leading terms are
distinct. Hence the asymptotic behavior near x = 0 is different and the functions
have to be linear independent. O

Now we can prove the main theorem of this section.

Theorem 4.6 (Differential equation). For i = 1,2,3,4, j € Z, the function
Aﬁ’j” is an eigenfunction of the fourth order differential operator D,,, for the
etgenvalue )\;-W (see equation ) If, in addition, u is a positive odd integer
and v > 0 such that i — v ¢ 27, then for fized j € Ny the four functions A},
i=1,2,3,4, form a fundamental system of the fourth order differential equation

Dyu= N u. (4.7)

PROOF. In view of Corollary [£.5] it only remains to show the first statement.
We deduce

Dy ALy = NoVAR Vel (4.8)
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from the corresponding partial differential equation for the generating function
of both sides in Clearly, (D,,,,)-G" (t,x) is the generating function for
the left hand 51de of . The generatlng function for the right hand side is
calculated as follows

> XA @)

j=—00

- . . — 42\
— Z (4.72+4(/J/+1)]+(M 1/)(/; v+ ))tjAZ,] (l‘)

Jj=—00

= p=v)(+v+2)\
= > (49§+4(u+1)9t+( >(2 )>th§33 (z)

Jj=—00

p4v+2)

= <49§ +4(p+1)0, + (= v > G (t, ),

2

where 6; := t%. The resulting partial differential equation is

(D), G2 ) = (162 + e )0+ LEDEEEED ) G

which was verified in Lemma (1). O
Remark 4.7. Since D,,, = D, , by Proposition (1) and

Y _ \Vh
7= A
Theorem {.6|implies that for p — v € 2Z also A” o’ (x) is an eigenfunction of

N
D, for the eigenvalue )\5"’.

Corollary 4.8. If u+v,u—v > —2, then the sequence (Ag,’;)jeNo is orthogonal
in L2(Ry, x# v+ dg). If further u and v satisfy the integrality condition (IC1)),
then the system (Ay’})jen, forms an orthogonal basis of L*(Ry,z#+ ! dx).

PROOF. By Corollary 4.3 the functions A%’ are contained in L*(R ., z# T+ dx)
and by Theorem [4.6{each function A5 is an eigenfunction of D,, ,, for the eigen-
value A", Further, by Propos1t10n (3) the operator D, , is symmetric on
L?(Ry, xz#T*1 dx) and hence the orthogonality statement follows.

If additionally is satisfied, then by Proposition (4) the operator D,, ,,
extends to a self-adjoint operator on L? (R, x#*¥*1 dx) with spectrum (M) jem,
and one-dimensional eigenspaces. This implies the completeness statement. [J

Corollary provides a completeness statement for Bessel functions we
could not trace in the literature:

Corollary 4.9. Fix an odd integer N > 1. Then for any integer —1 < v < %
the sequence (ij(g)jeNo (resp. (sUQjIN(%H)jeNO) is a basis for L?(Ry,zN dz).
The Gram—Schmidt process applied to this sequence yields the orthogonal basis
(Agfj_”_l’”)jeNo (up to scalar factors).

14



PROOF. Put p:= N —v — 1, then p and v satisfy (IC1). It is an easy con-
sequence of the definitions that A5’ can be written as a linear combination

of the functions 6% K y for 0 < k < j. (In fact this can be seen more directly

from the recurrence relation in Proposition ) Then the sequence (67K v);j
clearly arises from the complete sequence (Ajj)j by a base change and hence

is complete. Using (3.9)) it is also easy to see that the second series 2P Kv )
P g Y 5+3)J

arises by a base change from the sequence (67 K z )j. Finally, we note that both
base change matrices considered are upper triangular. Thus the Gram—Schmidt
process in both cases yields the orthogonal basis A‘Q‘]” O

We end this section with a formula for the local monodromy of the functions
Af]”(x) at z = 0. This implies a parity formula with respect to z — —=
which can be used to determine also the asymptotic behavior as x — —oco. The
monodromy formula itself is an immediate consequence of Lemma [3.3}

Proposition 4.10 (Local monodromy at x = 0). Suppose u,v ¢ 2Z. Then we
have the following local monodromy to the differential equation (4.7)):

ap R N

Al‘ﬂ" e by ay, 0 0 Al"”{

Ak [T =1 o Al | @)
J J

AL buby, ayb, aub, aua, A

with non-zero coefficients aq,bq as in Lemmal[3.3

Remark 4.11. If v is an odd integer, the functions A}"j’(z) extend holomorphi-
cally to (C\{O} not only to its universal covering. In this case, Proposition [4.10]
expresses A} (—x) as linear combination of the functions A ;’( z) (k=1,2,34).
The coefficients only contain a, and b, with o = 2n + 1 an odd integer (we
assumed - and simplify significantly:

agny1 = —1, bant1 = (—=1)" i

5 Integral representations

In this section we show that for i = 1,2 the functions A}"/’(x) have integral
representations in terms of Laguerre polynomlals Recall that for n € Ny and
« € C the Laguerre polynomial L%(z) is defined by (cf. [1 (6.2.2)])

Lo(x) = zn: (_]:!)k (Zf;‘)xk (5.1)

k=0

Theorem 5.1 (Integral representations). (1) For j € No, Re y,Rev > —1
we have the following double integral representations

AV () = / / _”“COWL N ( (cos 0 + cos ¢)) sin* 6 sin” p dp d6,
(5.2)
Ay (@) = oy / / _“"Sh“"L # (x(cos 0 + cosh ¢)) sin* 0 sinh”  dp d6,
(5:3)

15



l/

with constants ¢! and 027’; given by

1 1
Bt and Y =

Cl Dl —Ij 2,‘ .
EECONC J

(2) Forv= -1 and Re p > —1 we have

AP (@) = o 12/ e~ (=1 ””L T (2(cos 0+ (—1)1)) sin* 0.6, (5.4)

A’Q‘y’j (x) =y 1/ _lL = ( (cosf + 1)) sin* 6 do (5.5)
0
with constants ¢y 1 U and ch 2. given by
1 1
=1 =1
1 = s and oy =
T (e ;= e

PrROOF. We will make use of the formula for A7 i; and the generating
function of the Laguerre polynomials given by (see e.g. formula (6.2.4) in [1])

a n 1 — i
ZL == ?)CVH 1-t, (56)

Further, we will need the following integral representations of Bessel functions
for Re a > —1 (cf. formulas I11.71 (9) and VI.15 (5) in [13])

~ 1 Tf

I(z)= —— —weost gin2> 9 dg, 5.7
(z) ﬁr(a+;)/ ‘ (5.7)

- NG /°° o cosho - 12

K, = — Teosh® sinh“* » de. 5.8
@)= fary ), ¢ s edy (5.8)

(1) Interchanging differentiation and integration we obtain the desired integral
representations for A’f_’;l:

w+1 v+1 v
() (2 a
ﬁp(@)p(il) o7 .
= # P Gll" (t,x)
J: t=0

1 g g _ _tx R . .
T N ptvrs e 17 80T TF COS P Gink hin® o de df
—t) 2 o Jo

=0 (1
/ / o—weosp L &’ [ 1 o 155 (cos O-cos o)
3OV |y | (1— 1)
sin” @sin” v dp df

T T wtv
:/ / e ¥ L % (z(cosf + cos p)) sin” O sin” p dp db.

1y
4l ot

16



For the functions ALY we do a similar calculation:
2,J
,

<,u+1) (V+1> 1 ()

T H+1 1/
% L
Jl atﬂ —0

/ / ——cos@ ——cosh«p
(1— 1) u+v+2
sin* # sinh” ¢ dp df
/ / e % coshp - 1 g
jl ot |,
sin” 0 sinh” p dp d@

o0 Bty
= / / e*””COSh‘”L;2 (z(cos @ + cosh ¢)) sin” 8 sinh” ¢ dp df.

1 &
]' at]

— 2% (cos f+cosh ¢)

1
T w2 ©
P T R

(2) Using
~ 1 ~
I_i(x) = 7 coshz and K_i(z)= ge_”, (5.9)
similar calculations as in (1) give the second part. O

Remark 5.2. The integral representations in Theorem (2) for the special
case ¥ = —1 can also be obtained from the integral representations in part (1)
for v > —1 by taking the limit v — —1. For example, to obtain the integral
representation for AS)’]l we have to verify the limit formula

e 1
lim / e "%h ¢ cosh® psinh? pdp = —e? (5.10)
v——1T (44 Jo 2

for 0 < k < j. For k = 0 the identity (5.8)) turns the left hand side into
1 I
ﬁ y—l>H—11 2

The map a — K, (z) is continuous so (5.10) follows from (5.9). For k > 0 and
i >0 we have

52

cosh® ¢ — cosh” ¢ = cosh” p — 1 < sinh ¢ - p(sinh @)
with some polynomial p. Then one has to show that
lim 1 /OO e weoshe ginprHitt pdp = 1eﬂc.
v—=11(“5) Jo 2
for £ > 0. But this is easily seen using the integral representation and the

continuity of the map a — K, (z).

As an easy application of the integral representations we give explicit ex-

pressions for the functions A" 5> 1=1,2, in the case where v = —1.

17



Corollary 5.3. Forv = —1 and pu € C arbitrary we have the following identity
of meromorphic functions

_ 2+ )

,—1 - e
2471D(j + 454)
ALt =" 2 feTTIH(2g). 12

PRrROOF. For the proof we may assume that Re p > —1. The general case
u € C then follows by meromorphic continuation. Note the identity (cf. formula
16.6 (5) in [3])

Pla+n+ 1B — )
r'B+n+1) Ly (@),

Re B> Re a > —1.

1
K/‘<1—«nﬂ—a—1yaLz(xy>dy::
0

With this integral formula the substitution y = %(1 + cos ) yields

T -1 1 _ _ r=1
/0 L;? (x(cosf +1))sin* 6 do 2“/0 (1-— y)Mle“Tle * (£2z-y)dy

_ 2T+ ()
L+ p+1)

Inserting this into the integral representations ([5.4)) and (5.5) gives (5.11) and
(5.12). O

L4 (£2x).  (5.13)

Remark 5.4. The symmetry property K_, = K, for the K-Bessel functions
implies that G4~ '(z) = %G‘;l(x) and hence Corollary also allows us to
compute A‘Q‘; explicitly:

_2r(+ )

2
ALYy = ZA iy = 2 Y T 2 )
2,7 (l’) T 2,7 (.13) 1—\(] +/1'+ 1)

a e LK (2u). (5.14)

In [5] we show that the functions A‘Q‘j” always degenerate to polynomials if v
is an odd integer. For v > 3 these special polynomials do not appear in the
standard literature. Properties for these polynomials such as differential equa-
tions, orthogonality relations, completeness, recurrence relations and integral
representations will be studied thoroughly in [5].

Remark 5.5. Corollary [5.3] and Remark [5.4] suggest a relation between the
fourth order differential equation Dy, ,u = NJ"”u in the cases where v = +1 and
the second order differential equation (see [1, (6.2.8)])

d—2+( +1- )i+ =0 (5.15)
xde « xdx njlju= .

for the Laguerre polynomials L%(z). In fact, by Proposition (5) the fourth
order differential operator D, 11 collapses to the simpler form

2
Dp+1 =5, 41— Cpt1

18



with second order differential operators S, 11 and constants C), +1 defined in
Proposition (5).

For > —1 the operator S, _; itself is self-adjoint on L*(R,z*dz). It
has discrete spectrum given by (—(2j + p + 1)) en, and an easy calculation
involving shows that Ag;;l is an eigenfunction of S, _; for the eigenvalue
—(2j+p+1). Applying S, —1 twice yields the fourth order differential equation
of Theorem for Ay L

The same considerations apply for S, 1 and A’Q‘]H(x) since we have the

relations (5.14]) and

V=2718, 1. (5.16)
Remark 5.6. Similarly to the calculations in [5], where we derive explicit for-
mulas for the functions ASJV if v is an odd integer, one can find the following

expression for A5
,

Sp12”

s min(£52 j+1) ) ‘ .
AP () = 2"IT( 31)96_#61 i] (=i = DD+ e+ )
3,5 = N NV ; -
J I'(v+1) = (B — )G+ p—9)ID(i + L4t2)

v+1 . v—u+2
!

X(QZ‘)igFg(i—j—/J,, Bk 5 ,V+1;2x),

where 2 F5(a1,az2;b1,be; 2) is the hypergeometric function. Using this one can
sharpen the estimates for A3"Y(2) given in Theorem

6 Recurrence relations

In this section we will give three types of recurrence relations for the functions
AZ j” Our first recurrence relation involves the first order differential operator
Ho (o € C) on Ry, given by

a+2

Ha ::9+T.

If o € R, then H,, is a skewsymmetric operator on L?(R,, 2! dz) since 0* =
—0 — (a+2) on L?(Ry, 2z dz). This will allow us to compute the L?-norms
for Ay} explicitly if 41 and v satisfy (ICI]).

Proposition 6.1. For u,v € C, i = 1,2,3,4 we have the following recurrence
relation in j € Z
(2j +u+ I)Hﬂ_i_,/AZ"jy
. ; 1,v Y s 4 L
=+ +p+ DAY, - <] + 2> <] + 2) Ay (6.1)

PROOF. As in the proof of Theorem we verify (6.1)) via a partial differential
equation for the generating function G/*”. A short calculation shows that the
recurrence relation (6.1]) is equivalent to the partial differential equation

2
(20, + pn+1) (01 + W) G

1 2 — 2
= (tot(at + ,U) —t (gt + ,u—&—;—&—) (91: + “;")) Gé"”,
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which holds by Lemma (2). O

Corollary 6.2. If uy+v,u—v > —2, then

2H+V*1I‘(j + "+;’+2)I‘(j—|— u—;/+2)
25+ p+ DTG+ p+1)

MG 122 R, ottt day = (6.2)

PROOF. We prove this by induction on j. For j = 0, in view of Example
and

/OOO 27 VK (@) K () der = ?;;F <" ul s ”) T (”g‘”’)

o—u+v oc—pu—v
()t

(see formula 10.3 (49) in [3] for a =y = 1 and Re o > |Re u| + |Re v|), we can
calculate

o0
ALY = / ALY (@) P+ da
0

I~

rezy J, IRe@Per s

(V)
+t“‘

> 2 1
— +
- 2)2/0 Ky (2) P+ do
_ ov . 2M—1F(uT+2)2F(;L+5+2)F(u712/+2)
r(452) T+ 2)
B 2“*”*1I‘(“+;+2)F(“_g+2)
(p+ DI (p+1)

~ ‘

For the induction step we reformulate (6.1)) as

(.j+1)(j+:u+1) HV _(2j+H+V)(2j+M—V) KV
2j+p+1 2yl 425 +p+1) 2,j-1

my
Hu+uA2,j -

and use the skew-symmetry of H,4, on L*(Ry,z* ! dz) together with the
pairwise orthogonality of the functions Ag;j (cf. Corollary ) to calculate

My A5 1 = (Mo A H A ) = — (A5 [HG 4, A5
p|U+DG+p+1) v
= - <Ag,j 2] +M+ 1 HH+VA§L,j+1
_(2j+u+V)(2j+u—V)H ALY
A(2j +p+1) R
_ ((j+1)(j+u+1) U+ +p+r)2(G+ ) +p—v)
2j+p+1 427+ 1) +p+1)
L Ritp+v)@itp-v) ,j((j—1)+/~t+1)> AL |2,
4(2j +p+1) 2 — 1) +p+1 2
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On the other hand, orthogonality and recurrence relation also yield

‘2_ (]+1)(.7+M+1) |A H2
= 2]+[L+1 | 2,7+1

”HquuAg,’]l'l

(2.7 +H+V)(2j +M - V) 2 ”Ap,,u ”2
42j +p+1) Zi-1l

Putting both equalities together completes the induction. O

Formula (6.2) implies an integral formula for the I- and K-Bessel functions
which we did not find in the literature:

Corollary 6.3. Let % <a<ooand p+v,u—v>—2. Then

| 1t = Do) PRy () Par do
0

(2@ S5 o= PTG + B +

8 = a3 jl( 2]+/L—|—1)I‘(j+u+1)

PRrOOF. The orthogonality of the A%/ gives

e8] o) 2

S = | S easy| = los e P

3=0 7=0

2 2
1 | /¢ .
= ﬁ/ I ° Ko (-2 P g
1-t)==z Jo 2\1-1¢ 2\1-t¢
so that for o := 1 the desired formula follows from (6.2). O

The second type of recurrence relations expresses xQAff ’j” as linear combina-
tion in A“’ for k = j—2,...,j+2. These recurrence relations are an immediate
consequence of the fifth order differential equation for the generating function

G given in Lemma 3.1] (3).
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Proposition 6.4. For u,v € C we have

. ,U,—l . M+1 . /j,—|—3 2\ U,V
8(J+2 ><J+2 )<J+2 =AY (2)
2(J+1)(J+2)(J+u+1)(J+u+2)(J+u2>A§f’j+z(w)
. . _ -1\ /. +2\ /. +3 .
—8(J+1)(J+u+1)<y+“2 )<J+“2 >(J+”2)A¢f’j+1(x)
. M+1 .4 .3 .2 . jTR%
+2 ]—&—72 (aj* +bj° +¢j —|—d]+e)Ai’j (x)
=1\ opN (. p+3 . pFv
8<j+ 2 )(7+2)(]+ 2 )<j+ 2 )
. w—=v N2
(J"‘Q)Aﬁj—l(m)
.op+3 ot —2 . p—v—=2
2 - o
w2 (i t50) (5 (05
. + v . — Vv v
X (j + /l2> (] + H2> A 5 (2)

Remark 6.5. For j # —”Tfl, —”TH, —“TJFS the recurrence relation of Proposi-
tion [6.4] can be rewritten as

with a,b,c,d, e as in Lemma (3).

2

ALY (@) = Y aly (ALY, (2)
k=-2

with constants a;’;’ (k).

The last set of recurrence relations in the parameters p and v are again imme-
diate with the corresponding differential equations for the generating functions
which have already been stated in Lemma [3.2}

Proposition 6.6. Let u,v € C. With §(i), €(i) as in (3.8) we have
(1) The recurrence relation in u

(AL (@) = ALY () = 26(0) (A;ﬁ;zv"m (%)’ Azj%"m) .

(2) The recurrence relation in v

v (AP (2) — A (2)) = 2¢(i) (Ag;’?(x) - (2)2 Agjf“(g;)) .

(3) The recurrence relation in p and v

d

v U L Nz N\ L U
(A (@) = AL (@) = S S AL (@) + () S ALY (@)
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7 Meijer’s G-transform

The main result of this section is that the functions A4’} are eigenfunctions of
a special type of Meijer’s G-transform 7, , if i and v satisfy . Our proof
of this result is based on representation theory and will be given in Section
We do not know whether the statement also holds for general p > v > —1.

For f € C3°(R4) the integral transform 7, , it is defined by

> 2
Tuuf(ﬂﬁ) = ﬁ/@ GMV ((Zy) )f(y)y,u—i-l/—i-l dy.

Here

G#J,(t) = Ggg (t 07—5,—5, — 2

denotes Meijer’s G-function, which was first systematically investigated by Fox
in [4]. G, satisfies the fourth order differential equation (see [2} 5.4 (1)])

9(6+g) (0+g) (9+““2LV> u(t) = tu(t). (7.1)

v u+V)

For v = —1 the G-function reduces to a J-Bessel function
Gl (t) =t 5, (4t %)

and the operator 7, _1 becomes a Hankel transform.
The following statement can also be obtained from representation theory in
the case that p and v satisfy ([CI]) (see Section 8 for a proof).

Proposition 7.1. Suppose pp+v > —2.
(1) 7, extends to a unitary involutive operator on L?(Ry,z# T +dz).
(2) The G-transform 71, ,, commutes with the fourth order differential operator
D

Hove

PROOF. (1) It is proved in [4] that

110 = [ Gl )f 0

defines a unitary involutive operator T : L?(R;) — L?*(R,) for ¢ =

7‘”"2’“ > 0. Then the coordinate change r = (%)26, = (%)26 gives the
claim.

2) A short calculation using that D,, ,, is a symmetric operator in L?(R,., * ¥+ dx
H, +

gives the desired statement if one knows that the G-function satisfies the
following differential equation

D20, G ((2)) = P, G ((2))

But this is easily derived from

1.6 ((2)) =206, ((2)") = 060 ((22)')

using the expression (2.1)) for D, ,, and the differential equation (7.1)) for
the G-function. O
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Theorem 7.2 (Meijer’s G-transform). Suppose that p and v satisfy ({[C1]).
Then for each j € Ny the function Ag;’ is an eigenfunction of Meijer’s G-
transform T, ,, with eigenvalue (—1)7.

Remark 7.3. In Remark we noted that for v = —1 the functions Ag;{l
are eigenfunctions of the self-adjoint second order differential operator S, _1 on
L?(Ry, z#TT1dz). In [9, Theorem 4.1.1] Kobayashi and Mano proved that, if

m/—1
5—S

1 is an integer, the operator e w—1 defined via spectral theory, is given as

/=1 pHl
e 2 Sp,—1 —e 2 TV 17;771.

One can use Theorem to obtain an integral formula for the generating
function G4 and hence for the Bessel functions involved similar to the one in

Corollary [6.3}

Corollary 7.4. Let % <a<oo = %
condition (IC1)). Then for z >0

and assume that p and v satisfy

/ Guv (71/) Ii ((a = 1)y) Ky () y" Tt dy
0 4 2
ptr+2

= gptv—l (g) i fg((ﬁ —1)2) Ky (Bz).

PROOF. By Theorem [7.2] we have
T NS = (=1)7ALY for every j € N.
Taking generating functions of both sides yields

(%71/);5 Ggﬂj(u LIJ) = ngy(_t .’17),

and this gives the desired formula for o = 1. 0O

8 Applications of minimal representations

In this section we complete the proofs of Proposition (4) and Theorem
using representation theory.

There is a long history of research on the interactions of the theory of special
functions and representation theory, in particular, related to the analysis on
homogeneous spaces of Lie groups. Our fourth order differential operator D,, ,,
is also motivated by group representations. The general features in our setting,
however, are quite different from the traditional analysis on homogeneous spaces.

In fact, we are dealing with an ‘extremely small’ infinite dimensional repre-
sentation, sometimes referred to as the minimal representation, for which the
whole group cannot act on the geometry of the L2-model (the Gelfand—Kirillov
dimension of the minimal representation is too small for that). Hence Lie algebra
action here is not just given by vector fields, but involves higher order differ-
ential operators. (In our particular example second order suffices.) We shall
prove in Theorem that the fourth order differential operator D, , comes
from the Casimir operator when both y and v are integers > —1. We shall also
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discuss the underlying algebraic structure of various formulas on (A’Q‘]” ); such
as recurrence relations (Theorem E) and Meijer’s G-transforms (Theorem D) in
connection with representation theory.

In the converse direction, the theory of special functions developed in this pa-
per allows us to interpret the functions A5"Y as a basis for the space L*(C)raq of
K'-spherical vectors (see (8.1)) and hence contributes to representation theory.

We adopt the notation of [§]. In particular, we assume that p > g > 2 are
integers of the same parity and p 4+ ¢ > 6. With u = p — 3, v = ¢ — 3 this is
equivalent to p > v > —1 being integers with the same parity not both equal
to —1, i.e. to the integrality condition .

Consider the indefinite orthogonal group

G:=0(p,q) = {9 € GL(p+¢,R) : ‘gl 09 =1, 4}

I 0
fra = ( 6) -1, )

Then G is a semisimple non-compact Lie group. In [10] Kobayashi and Orsted
construct an L?-model of the minimal representation 7 of G, which is an analo-
gon of the classical Schrodinger model of the Shale-Segal-Weil representation of
the metaplectic group. More precisely, it is an irreducible unitary representation
on the Hilbert space L?(C) = L?(C, du), where

C={CeRI2\{0}: G+ +G =G~ = Crga=0}

is an isotropic cone in RP*92 and du an O(p — 1,q — 1)-invariant measure on

C. Let wg := I, ;. The unitary operator F¢ := m(wp) plays a role of the Fourier

transform on the isotropic cone C'. We call F¢ the unitary inversion operator.
On the isotropic cone C, we set

ro= \/4124_..._,_@“571:\/@‘34_... g+q72.

Then the pull-back of the projection r : C' — R induces an isomorphism of
Hilbert spaces

of signature (p, q), where

L*(R,, %TW*S dr) = L*(C)raa C L2(C), (8.1)

where L?(C);aq stands for the closed subspace of L?(C') consisting of radial
functions, or equivalently, functions that are invariant by K’ := O(p — 1) x
O(q — 1). Elements of L?(C)aq are called K'-spherical vectors. To justify this
name consider the bipolar coordinates which parameterize the cone C":

R, x SP72 xS172 — C, (r,w,n) — (rw,rn),

where S"~! denotes the unit sphere in R”. Then the action of K’ = O(p —
1) x O(q — 1) is given by rotation in the spherical variables w and 7. Hence,
K'-spherical functions are those depending only on the radial part 7.

We take a negative definite bilinear form B on o(n) which is invariant under
the adjoint action and turns (F; ; — E; ;) 1<i<j<n into an orthonormal basis with
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respect to —B. Restriction to the Lie algebra £ = o(p) @ 0(q) of the maximal
compact subgroup K := O(p) x O(q) of G yields the Casimir element

Q=— > (B —-E)— >,  (Biy—Ep)
0<i<j<p-1 p<i<j<p+a—1

The fourth order differential operator D, , with integral u and v arises from
the Casimir action on the minimal representation as follows.

Theorem 8.1. Suppose p,q > 2. Under the coordinate change x := 2r the
operator 2dm(S2) acts on L*(C)raa as the differential operator Dp_g 4—3.

PROOF. The group K’ acts trivially on L?(C);aq and so does its Lie algebra €.
Let Q' be the Casimir element for €. Then, the action of Q on L?(C),aq is given
by

dmr(Q) = dn () — dn(Q)

p—1 p+q—2
== (Eo;—Eo;)> = Y (Bjprg1— Eprg-15)"
i=1 i=p

By [8 (2.3.15) and (2.3.19)] the Lie algebra action is given by differential oper-
ators in the ambient space RPT9~2 along C as

V-1

dW(EQ,j — Ej,O) = — 1

(4@' + CJD - (2E+ n— 2)52_)
J

for 1 < j <p—1 and similarly

1 )
A (Bjprq-1 = Bprg-14) = == (4G + GO+ 2E+n — 2)37_
J
for p < j<p+q—2, where
0? 0? 0? 0?
O=—4+ -4+ ——— — — ... — ,
a¢t ¢y 0 Oy g2
p+q—2 9
E= Cie—r-.
2 %,

Applying the operator dm(Q2) to a radial function f(r) gives the desired result.
O

The reason why the Casimir operator dr () is a differential operator of
fourth order rather than of second order is the fact that the group K = O(p) x
O(q) cannot act continuously in a non-trivial fashion on the cone C, whereas
the smaller group K’ C K does.

If one restricts the representation to the maximal compact subgroup K =
O(p) X O(q) C G one has the following multiplicity-free decomposition of 7 into
K-irreducible representations

L2(C) = Z@ Ve (8.2)



with -
V> HY(RP) @ HOH T (RY).

Here H’(R™) is the space of spherical harmonics on R™ of degree 5, on which the
orthogonal group O(n) acts irreducibly. The branching laws for O(n) | O(n—1)
(n > 2) show that the O(n — 1)-fixed vectors in H’(R") form a one-dimensional
subspace. Hence, if one restricts to the smaller subgroup K’ = O(p — 1) x
O(q — 1) C K, then the K’-spherical vectors in each K-type V® form a one-
dimensional subspace V¢ N L?(C);aq. Considering only the radial functions in

we obtain
rad = Z Va N L )rad)7 (83)

because the property of being radial is determined by the subgroup K’ of K.
We will show that each subspace V¢ N L?(C);aq is spanned by Ag:f’q_?’(Zr).

In order to do so we observe that by Schur’s Lemma the Casimir element
Q acts as a scalar on each K-type V¢, because () is central in the universal
enveloping algebra U(#). In fact, representation theory of the compact group
K = O(p) x O(q) shows that Q acts on V* by

a(a+p—2)+<a+ ;q) (aﬂmg_él). (8.4)

Now we are ready to prove that the differential operator D,, ,, is self-adjoint.

PROOF OF PROPOSITION (4). By [12 Theorem 4.4.4.3] the Casimir ele-
ment € defines a self-adjoint operator on the representation space L?(C'). On the
other hand, the element —2Q acts on L?(C);aq as D, by Theorem Hence
D,,., extends to a self-adjoint operator on the space L?(C),aq = L*(Ry, 2# T T1 dx)
of radial functions. The decomposition is discrete, so the spectrum of D, ,,
is discrete and given by twice the eigenvalues of the Casimir element which
in view of j = a,u =p—3, and v = ¢ — 3 are given by

v L . —v . +v+2
AT =2J(J+u+1)+2<y+“2> <J+“2).

Since the spaces V2N L?(C)yaq in (8.3) are one-dimensional and the (A7) jemo
is strictly increasing, the L?-eigenspaces of D,, , are also one-dimensional. [

For the L?-model of the minimal representation, it is in general a difficult
problem to find explicit K-finite vectors (see [9, Introduction]). Theorem
implies that the functions Ay’Y (j = 0,1,2,...) for integers u > v of the same
parity are indeed K-finite vectors of the minimal representation 7. More pre-
cisely, we have:

Corollary 8.2. For every j € Ny, the space VINL%(C)yaq is one-dimensional.
It is spanned by Ag;S’qf‘s(Qr).

PRrROOF. We have already seen in Theorem [4.6| that the functions Ap 3473 ()
are eigenfunctions of D, _3 43 in L*(R4, 3 rp+q 5 dr) for the elgenvalues )\’-’_3"1_3.

Hence, A j?”q 3(2r) is an eigenfunction of the Casimir operator dm () for the
elgenvalue . Since all those eigenvalues are distinct, the claim follows. O
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Remark 8.3. (1) For ¢ =2 (p and j arbitrary), we saw in COrOllary that
Ag;3,q—3(21~) = const - L§_3(4’r’)672r.

In this special case Corollary was already proved in [, Proposition
3.2.1 (2)].
(2) For j =0 (p and ¢ arbitrary) Example gives

Ag;)?,,q—?»(zr) = const - I?Lf (2r).

This bottom case of Corollary was already found in [I0, Theorem
5.8 (1)] by taking theFourier transform of the ‘conformal model’ of the
minimal representation.

The relation of the G-transform considered in Section [7] to representation
theory was found by Kobayashi and Mano in [7] [§].

Theorem 8.4 ([8, Theorem 4.1.1)). Under the coordinate change © = 2r the
unitary involution operator Fc acts on L?(C)raq as the G-transform (—1) 2" T,,_3 4_3.

In the case that 4 = p — 3 and v = g — 3 satisfy we can now give an
alternative proof of the results of Proposition |7.1] using representation theory.
By Theorem the operator 7,_3 4—3 is given as the restriction of the unitary
inversion operator Fo = m(wq) to L*(C)raqa. This shows that 7, 3, 3 defines
a unitary operator on L?(R,,z#T"*1dx). Furthermore, since wg normalizes
(actually, centralizes) the Lie algebra £, wy commutes with the Casimir operator
Q. Therefore, in view of Theorems [8.1] and 8.4] also D), 3,43 and T, 3,4 3
commute.

Theorem [8.4] also allows us to give the announced proof of the fact that the
functions A} 473 are eigenfunctions of Meijer’s G-transform.

PrROOF OF THEOREM [T.2] It is observed in [8, Proof of Theorem 3.1.1 (3)] that
wp acts on each K-type V® as (—1)*t*z". Since A§;3’q_3(27’) is a K-finite vector
in the K-type V* by Corollary[8.2] the statement follows from Theorem[8.4] O

Finally, we can also give a representation theoretic explanation for the re-
currence relations in Propositions and Using the notation of [8] we con-
sider the Langlands decomposition of the maximal parabolic subalgebra p™a* of
g = Lie(G):

pUaX = mMA 4 q 4 pmax,

m™2* is the Lie algebra of O(p — 1,¢q — 1) which acts on the geometry C. The
abelian part a is one-dimensional and spanned by H € a which acts on L?(C)
as the first order differential operator

dr(H) = — (E+ p+q_4> ,

2

where FE is again the Euler operator. Hence H acts on radial functions as
the differential operator —H, 1, ¢ (see Section @ Finally nmax js spanned by
Ni,...,Npiq—2 € nM3X whose action is given by the multiplication operators

dr(N;) = 2v-1¢;.
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In particular, the sum of squares Z;’:TQ dw(ﬁj)Q = —8r? leaves the space of
radial functions L?(C),aq invariant.

The key to an understanding of the underlying algebraic structure of the
recurrence relations in Propositions and is the action of H and Nj on
the K-types V. For convenience put V! := 0.

Lemma 8.5. The Lie algebra action dn(X): @,V — P, V* (X €g)
induces the following linear maps for each a € Ny:

dn(H): V* — Vetlgyet
dr(N;): V* — Vet gvegve 1<j<p+q-2

PRrROOF. Let g = € + p be the Cartan decomposition of g determined by the
choice of £. For X € ¢ we have

dr(X): Ve — Ve (8.5)

since V¢ is a K-module. For the action of p consider the K-module homomor-
phism
POV —L*C), X @ ¢ dr(X)p,

where K acts on p by the adjoint action. To determine which K-types appear
in the image one has to decompose p ® V¢ into simple K-modules. Let X
denote the outer tensor product representation. Since p = H'(R?) X H!(RY) as
K-modules, we find

p RV (HY(RP) @ H*(RP)) K (K (RY) @ HOT 2" (RY)).

Using branching rules for tensor products of O(n)-modules (see e.g. [0]) one
obtains that

Hl(Rn) ® Ha(Rn) o Ha+1(Rn) @ Hafl(Rn) EB VV,

where H~1(R™) := 0 and W is either 0 or an irreducible O(n)-module which is
not isomorphic to any of the H*(R™). Hence

POV (KR @ H N RP) @ W) R (K521 (RY) @ HO 20 (RY) @ W2)
= (HOHY(RP) RHHH Y (RY)) @ (KO H(RP) I K52 (RY) @ W
~ Va+1 Fary Va—l o VV/7

where W’ is a sum of simple K-modules that do not appear in 7, i.e. different
from the V7, j € Ny. Hence for X € p we have

dn(X): Ve — vetl gye-t, (8.6)
Putting (8.5)) and together proves the claim since H € a C p. O

Note that both d7(H) and Z?if_Q dn(N;)? leave L?(C)yaq invariant. Since

VN L?(C);aq is one-dimensional and spanned by A§;3’q_3(2r) for every a € Ny,
we obtain

Hp+q76A12)7;3,q_3 c Span{AZQ)’—k&q—i’) -k :] _ 1’] + 1}7
~3,4-3 ~3,4-3 ‘ . . .
:EzAgj 1 Gspan{AgJC Tk =5-2,7—1,5,5+1,5+2}.
which can be viewed as qualitative versions of Propositions [6.1] and
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