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Abstract

For the group O(p,q) we give a new construction of its minimal unitary represen-
tation via Euclidean Fourier analysis. This is an extension of the ¢ = 2 case, where
the representation is the mass zero, spin zero representation realized in a Hilbert
space of solutions to the wave equation. The group O(p,q) acts as the Mobius
group of conformal transformations on RP~14~1 and preserves a space of solutions
of the ultrahyperbolic Laplace equation on RP~14=1 We construct in an intrinsic
and natural way a Hilbert space of solutions so that O(p, q) becomes a continuous
irreducible unitary representation in this Hilbert space. We also prove that this rep-
resentation is unitarily equivalent to the representation on L?(C), where C is the
conical subvariety of the nilradical of a maximal parabolic subalgebra obtained by
intersecting with the minimal nilpotent orbit in the Lie algebra of O(p, q).
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1 Introduction

1.1  In this paper we study the symmetries of the ultrahyperbolic Laplace
operator on a real finite-dimensional vector space equipped with a non-degenerate
symmetric bilinear form. We shall work in coordinates so that the operator
becomes
0? 0? 0? 0?
DRp—l,q—l = |:|Z = 8712 + -

0z, 1> 0z, 02piq2”

on R" = RP~1471 In the case of Minkowski space (¢ = 2) we are study-
ing the wave equation, which is well-known to have a conformally invariant
space of solutions, see [14]. This corresponds to the fact that the equation
Ogrp-1.4-1f = 0 in this case describes a particle of zero mass. Incidentally, it
may also be interpreted as the bound states of the Hydrogen atom, namely
each energy level corresponds to a K-type - for (p,q) = (4,2). This gives
the angular momentum values by further restriction to O(3). In general the
indefinite orthogonal group G = O(p, q) acts as the Mobius group of mero-
morphic conformal transformations on RP~1471 leaving a space of solutions
to Oge-1,4-1 f = 0 invariant.

1.2  The main object of the present paper is to construct in an intrinsic
and natural way a Hilbert space of solutions of [gp-1.4-1 so that the action
of O(p,q) becomes a continuous unitary irreducible representation in this
Hilbert space for (p,q) such that p,q > 2 and p + ¢ > 4 is even. From an
algebraic view point of representation theory, our representations are:

i) minimal representations if p+¢ > 8 (i.e. the annihilator is the Joseph ideal).
ii) not spherical if p # ¢ (i.e. no non-zero K-fixed vector).

iii) not highest weight modules of SOq(p, q) if p,q > 3.

In a long history of representation theory of semisimple Lie groups, it is only
quite recent that our representations for p,q > 3 have been paid attention,
especially as minimal unitary representations; they were first discovered by
Kostant [13] for (p,q) = (4,4) and generalized by Binegar-Zierau [3] as sub-
representations of degenerate principal series representations. There is also
another algebraic approach to the same representations by using the theta
correspondence for the trivial representation of SL(2,R) by Huang-Zhu. Our
previous papers [11] and [12] treated the same representation by geometric



methods and with other points of view. We think that such various approaches
reflect a rich structure of the minimal representations.

It is perhaps of independent interest that the (in some sense maximal group
of) symmetries O(p, q) of the space of solutions of Ogp-1.¢-1 f = 0 lead to such a
natural Hilbert space. Our inner product (, ) defined by an integration over
a non-characteristic hyperplane (see (1.5.1)) is a generalization of the one
coming from energy considerations in the case of wave equations, and even
the translation invariance of the inner product contains some new information
about solutions.

It is also of independent interest from the representation theory of semisimple
Lie groups that our representations are unitarily equivalent to the represen-
tations on L?(C'), where C is the null cone of the quadratic form on RP~14-1,
This result is proved via the Fourier transform in Theorem 4.9. Such L*-
realizations of “unipotent representations” is expected from the philosophy of
the Kostant-Kirillov orbit method, but has not been proved except for some
special cases of highest weight modules or spherical representations.

We have avoided most of the references to the theory of semisimple Lie groups
and representation theory, and instead given direct constructions of the key
objects, such as for example the minimal K-type; this is given as an explicit
hypergeometric function, and we also calculate its Fourier transform in terms
of a Bessel function. By application of explicit differential operators forming
the Lie algebra of G we can generate the whole Hilbert space of solutions
beginning from the minimal K-type.

1.3 For ¢ =2 (or p = 2) we are dealing with highest weight representations
(when restricting to the identity component SOy(p,2)), and these have been
studied by many authors, in particular in the physics literature. For a nice
introduction to this representation and its construction via geometric quan-
tization (and more), see [8]. In this case the K-types may be identified with
energy levels of the bound states of the Hydrogen atom, and the smallest one
with the bound state of lowest energy.

We can summarize the situation, covering both the classical Kepler problem
and its quantization in case ¢ = 2, as in the diagram below. Here the left-hand
side represents the classical descriptions of respectively the Kepler problem
and geodesic flow on the sphere; by “symplectic transform” we are alluding to
the change of variables between these two Hamiltonian systems as presented
in [8]. The right-hand side involves the quantizations of these two systems,
where the wave-equation is considered as the quantization of geodesic flow,
also to be thought of as geometric optics. The quantum analogue of the “sym-
plectic transform” involves the Fourier transform. Finally we invoke conformal
geometry and combine it with the Fourier transform, which in a different (and



new as far as constructing Hilbert spaces and unitary actions) way appears in
passing from the wave equation to the Fourier realization of solutions - this is
the last arrow on the right-hand side.

Classical — Quantum

Kepler problem — Hydrogen atom
symplectic transform |} |l Fourier transform
geometric optics — (A) wave equation

conformal geometry
|l Fourier transform

(B) other realizations and

explicit inner products

of minimal representations

The main focus of this paper is on the boxes (A) and (B). In particular, we
give an explicit inner product in the model (A) (Theorems 1.4 and 1.5) and
construct via Fourier transform a new realization of the minimal representation
(Theorem 1.6) for general p, q.

1.4  From now, suppose that n := p+ ¢ — 2 is an even integer greater than
2, and p,q > 2. Let us briefly state some of our main results in a more explicit
way.

First, we find a formula of Green’s function Ej for the ultrahyperbolic Laplace
operator [gp-1,¢-1, in Proposition 4.2, namely, Fj is given by a constant mul-
tiple of the imaginary part of the regularized Schwartz distribution:

V—1n(g—1) _n
e 2 (1‘12+...+xp_12_mpz_..._xp+q_12—|—\/—10)1 2,

See also the recent paper of Hormander [9] for further details on distributions
associated with this ultrahyperbolic equation. Then we construct solutions of
Ugrp-1.4-1f = 0 by the integral transformation:

S:CPR") - C°[R"), ¢ Eyxp (see (4.3.1)).

The image S(C§°(R™)) turns out to be “large” in Ker Ogp-1.4-1 (see § 4.7,
Remark (2)). On this image, we define a Hermitian form ( , )x by

(fufolw = [ [ Boly = 2)er(a)aly) dady, (14.1)



where f; = Fo* ¢; (i = 1,2). Here is a part of Theorem 4.7, which is the first
of our main results:

Theorem 1.4 ( , )y is positive-definite on the image of S. Furthermore,
O(p, q) acts as an irreducible unitary representation on its Hilbert completion

I.

We shall write (o, -1, H) for this unitary representation. We also prove
that this representation is isomorphic to the minimal representation of O(p, q),
constructed previously by Kostant, Binegar-Zierau ([13], [3]) and also in our
previous papers [11], [12] from different viewpoints. Thus, Theorem 1.4 may
be regarded as a realization of the minimal representation (with an explicit
inner product) in the solution space of the ultrahyperbolic equation.

1.5  The above definition of the inner product ( , )x (see (1.4.1)) uses the
integral expression of solutions of Urp-1.4-1f = 0. Can we write the inner
product without knowing the preimage? Yes, the second of our main results
is to give an intrinsic inner product on the same solution space by using the
Cauchy data. For simplicity, we take z; = 0 as a non-characteristic hyperplane.
Then, we decompose a solution

f=H+7

such that fi(z1,...,2,) is holomorphic with respect to the first variable z; in
the complex domain of {z; € C : +£Imz; > 0} of the z;-variable. This is an
expression of f as a hyperfunction, and such a pair (f;, f_) can be obtained
by the convolution in the z;-variable (see (6.2.3)):

B 1 F1
C2mv—1 2z /=10

where the integration makes sense for f with suitable decay at infinity. Then
we define a Hermitian form

f«(2)

x (21,0, 2n),

af-

o= [ (-2

- v —1 Jrn—1 (’3—21

Then we shall prove that ( , ) is independent of the specific choice of a
non-characteristic hyperplane, as follows from the (non-trivial) isometric in-
variance. Much more strongly, (, )w is conformally invariant. A precise for-
mulation for this is given in Theorem 6.2, which includes:

> |Z1=0 ngdZn (151)

Theorem 1.5 47( , )w = (, ). In particular, ( , )w is positive definite
and O(p, q)-invariant.

Hence, in place of Theorem 1.4, we can obtain the same irreducible unitary
representation of O(p, ¢) on the Hilbert completion of a space of solutions with



respect to the inner product (1, )w.

An interesting property of this inner product is its large invariance group.
Even in the case of the usual wave equation (¢ = 2 case) our approach to the
Hilbert space of solutions and the corresponding representation offers some
new points of view. In this case, if we take the non-characteristic hyperplane
as fixed time coordinate (namely, if z; stands for the time), then the transla-
tional invariance amounts to a remarkable “conservation law”. Instead, we can
take the non-characteristic hyperplane by fixing one of the space coordinates,
and an analogous integration over the hypersurface (containing the time coor-
dinate) still gives the same inner product ! As a final remark in § 6.7, we note
the connection to the theory of conserved quantities for the wave equation
(¢ = 2 case), such as the energy and others obtained by the action of the
conformal group.

1.6 The Gelfand-Kirillov dimension of our representation (i, ,_,, H) is
p+ q — 3. So, we may expect that the representation could be realized on a
(p + g — 3)-dimensional manifold. For this purpose, we define the null cone of
the metric as

Ci={CER":( + - +(a" =G — = =0}

The third of our main results is another realization of the unitary representa-
tion (i, ,_,,H) in a function space on a (p + g — 3)-dimensional manifold
C. The Fourier transform F maps solutions of Ugp-1,6-1 f = 0 to distributions
supported on the null cone C'. Surprisingly, the inner product of our Hilbert
space turns out to be simply the L?-norm on C' with respect to a canonical
measure du (see (3.3.3)) ! Here is a part of Theorem 4.9: We regard L*(C') as
a subspace of distributions by a natural injective map 7' : L*(C') — 8'(R").

Theorem 1.6 (27) 27! o F is a surjective unitary operator from H to
L*(C).

Theorem 1.6 defines an irreducible unitary representation of G = O(p, q) on
L*(C), denoted by 7, which is unitarily equivalent to (copi, i, ). Since
the maximal parabolic subgroup P™a* of G (see § 2.7) acts on RP~1471 ag
affine transformations, the restriction 7|smax has a very simple form, namely,
the one obtained by the classical Mackey theory (see (3.3.5)). In this sense,
Theorem 1.6 may be also regarded as an extension theorem of an irre-
ducible unitary representation from the maximal parabolic subgroup P™ax to
the whole group G.

1.7  The fourth of our main results is about the representation (w, L*(C))
as a (g, K)-module on the Fourier transform side, especially to find an explicit



vector in the minimal K-type.

In the realization on L?(C'), the action 7(g) is not simple to describe except
for g € Pmax, Instead, we consider the differential action dr of the Lie algebra
go on smooth vectors of L?(C'), which turns out to be given by differential
operators at most of second order (see § 3.2). This makes the analogy with
the metaplectic representation (where G is replaced by the symplectic group)
a good one. Here we are recalling the fact, that the even part of the meta-
plectic representation may be realized as an L2-space of functions on the cone
generated by rank one projections in R".

Moreover, by using a reduction formula of an Appell hypergeometric function,
we find explicitly the Fourier transform of a Jacobi function multiplied by
some conformal factor which equals to a scalar multiple of

Woe(Q) = ¢ 7 Kas (2IC))dpe € S'(R™).

Here K, (¢) is a modified Bessel function of the second kind. This vector 1 (()
corresponds to the bound state of lowest energy for ¢ = 2 case . For general

P, q, the K-span of ¢y .(¢) generates the minimal K-type in the realization on
L3(C).

We define a subspace U of 8'(R™) to be the linear span of its iterative differ-
entials

dﬂ-(Xl)"'dﬂ-(Xk)wO,e((> (Xl,...,Xk € go Or C)

What comes out of § 5 may be formulated in this way (combining with Theo-
rem 4.9, see § 3.2 for notation): Suppose p+q € 2Z, p+q >4 and p > q > 2.

Theorem 1.7 1) ldg;qu%@M) is a K-finite vector in L*(C').
2) U is an infinitesimally unitary (g, K)-module via anT—Q’e.
3) U is dense in the Hilbert space T(L*(C)).

4) The completion of (2) defines an irreducible unitary representation of G
on T(L*(C)), and then also on L*(C).

In the paper [4] one finds a similar construction of Hilbert spaces and unitary
representations for Koecher-Tits groups associated with semisimple Jordan
algebras under the assumption that the representations are spherical, and
there also occur Bessel functions as spherical vectors. In our situation the
representations are not spherical if p # ¢. Our approach is completely different
from [4] that treats some spherical representations, and contrary to what is
stated in [4] (p. 206) we show that for G = O(p, q) (p+ ¢ even) it is possible to
extend the Mackey representation of the maximal parabolic subgroup to the
whole group. Furthermore, even for p = ¢ case, our approach to Theorem 1.7
has an advantage that we give the exact constants normalizing the unitary
correspondence between the minimal K-type in other realizations and the



Bessel function in our realization on L?(C) (see Theorem 5.5).

1.8  The paper is organized as follows: We begin by recalling some results
from conformal geometry and facts about the conformal group, in particular
in [11]. In section 3 we give the basic setup for a realization on the null cone
via Fourier transform. Then we construct the intertwining operator from the
minimal representation to the model treated here and calculate the new ex-
pression for the inner product (see Theorem 1.4). We show in Proposition 4.2
that the Green function of Cgp-1,-1 has a Fourier transform equal to the in-
variant measure on the null-cone, allowing one more expression for the inner
product (see Theorem 1.6); also we obtain from this an intertwining opera-
tor from test functions to solutions. Indeed, in section 4 Proposition 4.6 we
prove that the Green function is up to a constant exactly the kernel in the
Knapp-Stein intertwining integral operator between degenerate principal se-
ries representations at the parameters we study; this enables us to understand
the unitarity of the minimal representation on the model RP~14~1 in an ele-
mentary and explicity way. Note that all normalizing constants are computed
explicitly. Lemma 2.6 states the irreducibility and unitarizability, which we
use; we give in [12], sections 7.6 and 8.3 independent proofs of these facts.

In section 5 we construct the lowest K-type as a modified Bessel function,
whose concrete properties are important for K-type information about L?(C').
The idea here is to use a classical formula on the Hankel transform due to Baily
in 1930s, and then apply reduction formulae of an Appell hypergeometric
function of two variables.

Section 6 contains formulae for the inner product (, )y in terms of integration
over a Cauchy hypersurface. Summarizing, we give five different realizations
of the inner product together with the normalizations of these relative to each
other. Namely, in addition to ( , )y and (, )y we also define three more:
(, )u (coming from a pseudo-differential operator on M = SP~! x S471)
(, )a (coming from a normalized Knapp-Stein intertwining operator), and
finally (, )¢, which is just L*(C). This is seen in the key diagram (see section
4.11)

CeR™) S5 T, (Ay) 2 §/(R?) & L2(0)
N
KeI‘ DRpfl,qfl

where the spaces correspond to four different ways of generating solutions to
our ultrahyperbolic equation. S will be an integral transform against the Green
kernel (essentially, a Knapp-Stein intertwining operator with a specific param-
eter), and F the Fourier transform, mapping solutions to distributions sup-
ported on the null cone C'. Correspondingly to the various ways of generating
solutions, we write down explicitly the unitary inner product and its Hilbert



space. We have tried to avoid the use of any semi-simple theory and stay
within classical analysis on spheres and Euclidean spaces; still our treatment
may also be of interest to people working with the classification of the unitary
dual of semi-simple Lie groups, since we are providing new models of some
unipotent representations. Tools like the standard Knapp-Stein intertwining
operators become very natural to use here, also from the more elementary
viewpoint, and the close connection between these and Green functions for
ultrahyperbolic differential operators seems not to have been noticed before.

The first author expresses his sincere gratitude to SDU - Odense University
for the warm hospitality.

2 Ultrahyperbolic equation on RP~19~! and conformal group

2.1  As explained in the Introduction, we shall give a flat picture, the so-
called N-picture, of the minimal representation, which is connected to classical
facts about conformal geometry in R™. We shall give a unitary inner product
in this realization (see Theorem 6.2) and also in its Fourier transform (Theo-
rem 4.9), together with an explicit form of minimal K-type in this realization
(see Theorem 5.5).

We shall assume p 4+ ¢ € 2N, p > 2, ¢ > 2 and (p,q) # (2,2). The parity
condition p+¢q € 2N is not necessary when we consider a representation of the
parabolic subgroup P™a* or of the Lie algebra g. Indeed, it will be interesting
to relax this parity condition in order to obtain an infinitesimally unitary
representation, which does not integrate to a global unitary representation of

G.
Throughout this paper, we let

n=p+q—2.

This section is written in an elementary way, intended also for non-specialists
of semisimple Lie groups. § 2.2 and § 2.6 review the needed results in [11].

2.2 We recall some basic fact of the distinguished representation of a con-
formal group (see [11], § 2). Let M be an n-dimensional manifold with pseudo-
Riemannian metric gy;. We denote by Aj,s the Laplace operator on M, and
by K the scalar curvature of M. The Yamabe operator is defined to be

n—2

AM:AM—W

K.



Suppose (M, gyr) and (N, gy) are pseudo-Riemannian manifolds. A local dif-
feomorphism ® : M — N is called a conformal map if there exists a positive-
valued function € on M such that ®*gy = Q2?gy;. For A € C, we introduce a
twisted pull-back

@5 : C°(N) — C°(M), f—Q - fod. (2.2.1)
Then the conformal quasi-invariance of the Yamabe operator is expressed by:
Pra Ay = Aydhi,. (2.2.2)

2 2

Let G be a Lie group acting conformally on M. If we write the action as
x v+ Lpx (h € G,z € M), we have a positive function Q(h,z) € C*(G x M)
such that

Ligu = Q(h, ) gu (h€G).
We form a representation w, of G, with parameter A € C, on C*°(M) as
follows:

(b ) f(z) = Qh,2) f(Lyx), (he G, feC®(M),zeM). (22.3)

Note that the right-hand side is given by the twisted pull-back (L;)} according
to the notation (2.2.1). Then, Formula (2.2.2) implies that Ay, : C®(M) —
C*(M) is a G-intertwining operator from W2 t0 Way2. Thus, we have con-
structed a distinguished representation of the conformal group:

Lemma 2.2 (see [11], Theorem 2.5) Ker Ay, is a representation space of
the conformal group G of a pseudo-Riemannian manifold (M, gyr), through
Wn—2.

2
If (N, gn) is also a pseudo-Riemannian manifold on which the same group G
acts conformally, then one can also define a representation wy y on C*(N).
Then the twisted pull-back @3 is a G-intertwining operator.

2.3  Here is a setup on which we construct the minimal representation of
O(p, q) by applying Lemma 2.2. Let p,q > 2. We note n = p+ ¢ — 2. We write
{eg, ... ,ens1} for a standard basis of RPT? and the corresponding coordinate
as

(V05 -+ s Vna1) = (z,y) = (vo, 2, 2", Vpy1),
where z € R?,y € RY, 2’ € RP~! 2" € R?L. The notation (z,y) will be used
for SP~1 x S771 while (2/, 2") for R* = RP~D+=D The standard norm on R!
will be written as |- | {=p—1,p,q¢ —1,¢).

We denote by RP? the pseudo-Riemannian manifold RP™? equipped with the
flat pseudo-Riemannian metric:

gRrp.a = d’l}()2 + -+ d’l)p_12 — d’Up2 — = dvn+12. (231)

10



We put two functions on RPT? by
v:RFF SR, (z,y) = |2, (2.3.2)

1
o ]RIH—Q - R) (U()? s 7Un+1) = §(U0 + U?’H-l)' (233)

and define three submanifolds of RP¢ by

{(z,y) e RP - [a| = |y| # O},
{veRM:vw)=1}NZE = 5Pt x g1t
{veRM: uv)=1}NZE <R"

M
N :

where the bijection ¢ : R® — N is given by
‘ZIP _ ‘2/1‘2
4

/’2 _

4

‘Z ‘ZN|2

LR = N, (2, 2") — (1 221+ ). (2.3.4)

We say a hypersurface L of = is transversal to rays if the projection

- v
@._HM,UHm (2.3.5)

induces a local diffecomorphism ®|, : L — M. Then, one can define a pseudo-
Riemannian metric g, of signature (p—1,¢—1) on L by the restriction of ggp.a.
In particular, M itself is transversal to rays, and the induced metric ggr—1ygs—1
equals ggr-1 @ (—gga-1), where ggn—1 denotes the standard Riemannian metric
on the unit sphere S"~!. Likewise, the induced pseudo-Riemannian metric on
R"™ through ¢ : R™ — RP? coincides with the standard flat pseudo-Riemannian
metric grp-1,9-1 on R".

2.4 Let I,, := diag(l,...,1,—1,...,—1) € GL(p + ¢q,R). The indefinite
orthogonal group

G=0(p,q) ={9€GL(p+q,R) : ‘gl .9 = 1,4},

acts isometrically on RP? by the natural representation, denoted by v — ¢ - v.
This action stabilizes the light cone =. We note that the multiplicative group
RY := {r e R:r > 0} also acts on = as dilation, which commutes with the
linear action of G. Then, using dilation, one can define an action of G on M,
and also a meromorphic action on RP~1971 as follows:

h-v

Ly : M — M, v'_)y(hm) (h € G), (2.4.1)
R e B e X h-u(z)
L, R R , (Fh _ L(Z))> (h € G). (2.4.2)

11



Then, both of these actions are conformal:

(Ln)*gur = v(h-v) g, (2.4.3)
(Lp)* gro-1a-1 = (b - 1(2)) 2 gro-1.a-1. (2.4.4)

We note that (2.4.2) and (2.4.4) are well-defined if p(h - ¢(2)) # 0. In fact, G
acts only meromorphically on RP~1471 " An illustrative example for this feature
is the linear fractional transformation of SL(2,C) on P'C = C U {oo}, which
is a meromorphic action on C. This example essentially coincides with (2.4.2)
for (p,q) = (3,1), since SL(2,C) is locally isomorphic to O(3,1) and C ~ R?.

2.5  The (meromorphic) conformal groups for the submanifolds M and N of
= are the same, namely, G = O(p, q), while their isometry groups are different
subgroups of G, as we shall see in Observation 2.5. In order to describe them,
we define subgroups K, M™ax Nmax Amax gnd Nmax of (7 as follows:

First, we set

mo = —lpiq,

K:=GNO(p+q) = O(p) x O(q),
MM :={geG:g-eg=¢ep, g-€ny1=¢np1} =0(p—1,¢-1),
M™* = MU mo M ~O0p—1,q—1) X Zs.

The Lie algebra of G is denoted by go = 0(p, q), which is given by matrices:
go~{XeMp+q¢R): XI,,+1,,X =0}

Next, we keep n = p + ¢ — 2 in mind and put

1 1<j<p-—1
g = ( - ) (2.5.1)
-1 (p<j<n),
and define elements of gy as follows:
Nj:=Ejo+ Ejn1—cjEoj+ B, (1<j<n), (2.5.2)(a)
Nj = Ejo = Ejnt1 — B0y —¢jEnpn; (1< <n), (2.5.2)(b)
E = EO,n—i—l + En—f—l,O; (252) (C)

where E;; denotes the matrix unit. Now, we define abelian subgroups of G' by
Nmax .= exp(d RN;), N™:=exp(d RN;), A™ :=exp(RE).
j=1 Jj=1
For example, M is the Lorentz group and M{"**N™ is the Poincaré group

12



if (p,q) = (2,4). It is convenient to identify R™ with N™ax by putting
Ng :=exp(>_a;N;) € Nmax for a = (a1,...,a,) € R™ (2.5.3)
j=1

The geometric point here will be the following:

Observation 2.5 1) On SP~! x S971 G acts conformally, while K isometri-
cally.

2) On RP1971 G acts meromorphically and conformally, while the motion
group Mfa"w 1sometrically.

2.6 Next, let us consider the pseudo-Riemannian manifold M = SP~! x
Sa=1 Tt follows from (2.3.3) and (2.4.3) that we can define a representation
wm of G on C*(M) by

(@rar (B F)(w) == v(h-v) ™ f(Lyw).

The Yamabe operator on M is of the form:

q—2 X

. —9 _
At = Agot — Agar — (P52 4 ( ) = Bgp1 — Bgrn.

2
Applying Lemma 2.2, we obtain a representation of the conformal group G' =
O(p, q), denoted by (w9, VP1) as a subrepresentation of Wrtgt

VP = Ker Ay = {f € C°(M ) A f =0},

(@”U(h N f) () :=v(h-v)" i f(LhU) for he G,ve M, f e VP

The restriction of w?? from the conformal group to the isometry group gives
useful knowledge on the representation w??. For this, we recall the classical
theory of spherical harmonics, which is a generalization of Fourier series for
S1. For p > 2 and k € N, we define the space of spherical harmonics of degree
k by

HYRP) = {f € C°(SP™) : Agor f = —k(k+p—2)f}, (2.6.1)
= (fecx(e)  Agf= (- B+ 2207 11

Then O(p) acts irreducibly on H*(RP) and the algebraic direct sum @52, H*(RP)
is dense in C*°(SP~1). We note that H*(R?) # {0} only if k =0 or 1.

Now, we review a basic property of this representation (w??, VP4) on M =
Sp=1 x Ga-1.
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Lemma 2.6 (see [3]; [11],§3) Assume p,q > 2, p+q € 2N and (p, q) # (2,2).
1) (P, VP9) is an infinite dimensional irreducible representation of G.
2) (K-type formula) VP9 contains the algebraic direct sum

P HY(R) @ H(RY) (2.6.2)
a,beN
a+5=b+1

as a dense subspace with respect to the Fréchet topology on C*°(M).
3) G preserves the norm on VP4 defined by
1 ~ 1 q — 2
||F||?w = ||(1 - ASP*1)4FH%2(M) = (a+ T)HFa,bH%?(M)y

a>max(0,259)

if F =Y ,F., € VP with F,;, € H*(R?) @ H*(RY) and b = a + P51, Here,
1

(i — Aqu)i is a pseudo-differential operator on M, which is equal to (7 —

Aga1)T on Ker Ay

We write (, )p for the corresponding inner product. We denote by VP4
the Hilbert completion of VP4 on which G acts as an irreducible unitary
representation of G. We shall use the same notation w?? to denote this unitary
representation.

If p > ¢ then VP9 contains the K-type of the form 1 X "z (R?). This K-
type is called a minimal K-type in the sense of Vogan, namely, its highest
weight (with respect to a fixed positive root system of ;) attains the minimum
distance from the sum of negative roots of &, among all highest weights of K-
types occurring in w??. Likewise for p < q.

Remark 1) If p+ g > 8, wP? is called the minimal representation in the
representation theory of semisimple Lie groups, in the sense that the annihi-
lator is the Joseph ideal.

2) The formula (2.6.2) is regarded as a branching law from the conformal
group G to the isometry subgroup K of the pseudo-Riemannian manifold
M = SP71 x §971 (see Observation 2.5). In [12], we generalized this branch-
ing law with respect to a non-compact reductive subgroup and proved the
Parseval-Plancherel formula, in the framework of discretely decomposable re-
strictions [10].

2.7  Let us consider the flat pseudo-Riemannian manifold RP~%4~1 The
Yamabe operator on RP~1471 is of the form:
0? 0? 0? 0?

DRp—l,q—l = |:|Z =

8212 0z _12 0z 2 0z —92
p P P+q



because the scalar curvature on RP~1471 vanishes. Since G = O(p, q) acts
on RP~1471 a5 a (meromorphic) conformal transform by (2.4.4), we obtain a
‘representation’ with parameter A € C as in (2.2.3):

@aerr (97 1) F(2) = [(ge(2)) M xe(sgn(p(ge(2))) f(Lg2), (g€ G). (2.7.1)

Here, for e = 1, we put

Xe : R* — {£1}
by x1 = 1 and x_; = sgn. We may write @y  gp-1.4-1 for @y ( g» if we emphasize
a view point of conformal geometry on the flat space RP—1¢-1,

We note that C*°(M) is not stable by wy . ge-1.4-1(¢~") because L, is mero-
morphic. To make (2.7.1) a representation, we need to consider suitable class
of functions controlled at infinity. One method for this is to use a conformal
compactification
RP1471 ey (SP71 x S971Y ) ~ 7y,

and to take a twisted pull-back W3 from C°°(M) by a conformal map W. This
method is easy, and we shall explain it soon in § 2.8 and § 2.9. The other is to
find an inner product for specific parameter A so that GG acts as a continuous
unitary representation on the Hilbert space. This is particularly non-trivial
for a subrepresentation, and we shall consider it for Ker Ugp-1,4-1 in § 6.

Before taking a suitable class of functions, we first write a more explicit form
of (2.7.1). First, we note that the maximal parabolic subgroup

pax .— Amax ppmexNmax — (RX x O(p — 1,q — 1) X Zy) x R”

acts transitively on the manifold ((R") as affine transformations. Furthermore,
MmaxNmax acts on +(R") as isometries (see Observation 2.5). Correspondingly,
the representation wy, = wy g given in (2.7.1) has a simple form when
restricted to the subgroup Pmax:

(@re(m)f)(2) = f(m™'2) (m € M), (2.7.2)(a)
(@re(mo) f)(2) = ( ),
(@re(e®)f)(z) = M f(e'2)  (tER), (2.7.2)(b)
(@re(Ma) )(2) = f(z —2a) (e cR"). (2.7.2)(c)

Second, we write an explicit formula of the differential action of (2.7.1). We
define a linear map

W g0 — C(RY)
by the Lie derivative of the conformal factor Q(h,z) := u(h - (2))™! (see
(2.4.4)). For Y = (Y j)o<i,j<n+1 € go and z € R", we have

d 1
w(Y), == %‘f:OQ(etY7z) = —Yont1 — 2 > (Yo + Yir )z (2.7.3)
7=1
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We write the Euler vector field on R" as
N 0rs
j=1 ](92j

Then the differential dw) : go — End(C*(R")) is given by

don(Y) = — (V) — w(Y)E, (2.7.5)

/|2 _

4

|Z |Z//|2

— Z (Yio+Yint) +

i=1 = 0z,

" 0
(=Yio+ Yint1) + Y%,jzj} ~

for Y = (V;;

~—

o<ij<n+1 € go and z € R™. In particular, we have

1 0
dwy(N;) = —Aejzj — €52, B, + 5(|»’f?'|2 — ")

<5< n). .
5 (<i<m. @79

2.8  Werecall M = SP~! x S9=1. This subsection relates the representation
wym and @y ge-14-1 by the stereographic projection ¥—! : M — Rr-1a-!
defined below.

We set a positive valued function 7 : R™ — R by

7(2) =7(2,2") i=vou(z)

1
112 _ |2 2
:<(1_|Z| 4|Z|)2+|Z/|2>
1

12 |2 2
:<(1+|Z| 4’z|)2+|2’”’2>

We define an injective diffeomorphism as a composition of ¢ : RP~1471 < =
(see (2.3.4)) and & : = — M (see (2.3.5)):

UoRMTE S Mz (2) 7 (2). (2.8.2)
The image of ¥ is
M,y = {u= (up,u, v upy1) € M = SP1 x STt ug +upyy >0} (2.8.3)
Then, ¥ is a conformal map (see [11], Lemma 3.3, for example) such that

Ugy = T(Z)_Qngfl,q—l. (2.8.4)
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The inverse of ¥ : RP~%4~1 — M is given by

Up + Up+1

5 Y W ") = p(w) T u. (2.8.5)

\Ij_l (u07 ulv U”, Un—i—l) = (

U~ is nothing but a stereographic projection if ¢ = 1. We note that ¥ induces
a conformal compactification of the flat space RP~14-1:

RP-10-1 ey (§P1 % STN) )~ 7y,

Here ~ Z, denotes the equivalence relation in the direct product space SP~1 x
S9=1 defined by u ~ —u.

As in (2.2.1), we define the twisted pull-back by
U} : C®°(M) — C®(R™), F s 7(2) F(U(2)). (2.8.6)

Let
C®(M)e:={feC®M): f(—u) =€f(u), foranyue M}.
Then W3|ce (), is injective. The inverse map is given by
(W30 WH(C™(M)e) — C=(M),,

. {|%|—v<w-1<u>> (u e M)
|t | A F(U Y (—w)) (we M),

(2.8.7)
We note that (¥} )~ f makes sense for f € C§°(R"), since we have

Co*(R") € WX(C™(M)c).
Now, the representation wy (g~ is well-defined on the following representation
space: W3 (C*(M)), a subspace of C*°(R™) through @ .
Then, by (2.2.2) (see [11], Proposition 2.6), we have:

Lemma 2.8 %, (V?9) C Ker Ogp-14-1, where VP4 = Ker Ay,

2

2.9 In the terminology of representation theory of semisimple Lie groups,
U3 is a G-intertwining operator from the K-picture (wy ar, C*°(M).) to the
N-picture (wy egn, V3(C™(M))). To see this in an elementary way, we argue
as follows: For v € C, we denote by the space

SY(Z) :={h € C™(E) : h(t§) = t"h(§), for any & € =t > 0}, (2.9.1)

of smooth functions on Z of homogeneous degree v. Then G acts on S¥(Z) by
left translations. Furthermore, for ¢ = £1, we put

SYZE) :=={h € S"(Z) : h(=&) = €eh(§), for any £ € =}. (2.9.2)
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Then we have a direct sum decomposition

§(3) = 5°(2) + 5*71(3),

—_
—

on which G acts by left translations, respectively. Then S*¢(Z) corresponds
to the degenerate principal series representation (see [11] for notation):

C®-TndGmax (€ @ Cy) =~ S7A724(2), (2.9.3)
Where PmaX — Mm&XAmaXNmaX.

Lemma 2.9 1) The restriction S~ (Z) — C°(M)c, h — h|y induces the
isomorphism of G-modules between S~ ¢(Z) and (wy, C*°(M).) for any A € C.
2) The restriction S ¢(Z) — C®(R"), h — h|gn induces the isomorphism of
G-modules between S ¢(Z) and (wy cgn, Vi(C®(M).)) for any X € C.

PROOF. See [11], Lemma 3.7.1 for (1). (2) follows from the commutative
diagram:

STHE(E)
r/ N T2 (2.9.4)

Cx(M), B C®(RY),

because 7 is bijective and r9 is injective. O

2.10 A natural bilinear form ( , ) : S7*"2(Z) x S*~2(Z) — C is defined
by

(h1, hy) = /M h (b)ha(b) db (2.10.1)

=2 - hi(e(2))ha(e(2)) dz (see (2.3.4)). (2.10.2)

Here, db is the Riemannian measure on M = SP~! x S9=1. The second equation
follows from (h1hs)(t(2)) = 7(2) " (h1h2)(¥(z)) and the Jacobian for ¥ : R* —
M is given by 7(2) ™™ (see (2.8.4)). Then ( , ) is K-invariant and N™**-invariant
from (2.10.1) and (2.10.2), and thus G-invariant since G is generated by K
and Nmax,

3 Square integrable functions on the cone

3.1  In this section we shall study the irreducible unitary representation of
the motion group M**Nmax ~ O(p — 1,q — 1) x RPT4"2 and the maximal
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parabolic subgroup Pmax = )[max Amax N'max on the space of solutions to our
ultrahyperbolic equation Ugp-14-1f = 0. This is a standard induced repre-
sentation by the Mackey machine, and will be later extended to the minimal
representation of G = O(p, ¢) (see Theorem 4.9 (3)).

3.2 In the flat picture RP~1471 our minimal representation V? of O(p, q)
can be realized in a subspace of Ker Cgp—1.4-1 (see Lemma 2.8). We shall study
the representation space by means of the Fourier transform.

We normalize the Fourier transform on S(R™) by
(FNQ) = | fla)eVerattmldz .. dz,
R’ﬂ

and extends it to 8'(R"™), the space of the Schwartz distributions.

By composing the following two injective maps

*
v n—2

C®(M). —= C*R") N8 (R") -1 §'(R™),
we define a representation of G and g on the image FU%,_, (C*°(M)), denoted
by W) = W rn, so that Fo W3, is a bijective G-intertwining operator from
the representation space (wy ar, C°(M),) to (@Wre, FU_2(C*(M).)). Then,
2

it follows from (2.7.2) that the representation @, . has a simple form when
restricted to the subgroup Pmax = JJf™Max Amax [ymax;

(@rc(m)h)(C) = h('m) (me MP™),  (3.2.1)(a)
(/W\A e(mo)h)(C) = Gh(C%
(@ae(€™)h)(¢) = e h(e™'¢) (teR), (3.2.1)(b)
(@re(@a)h)(Q) = 2V Hmattenblp () (a € R"). (3.2.1)(c)

We remark that in the above formula, we regarded h as a function. The action
of A™* on the space of distributions is slightly different by the contribution
of the measure d(:

(@re(e®)0)(Q) =eMp(e™'¢)  (tER), (3.2.1)(b)
if we write ¢(¢) = h(¢)d¢ € §'(R™).

The differential representation dw, . of go on FU3,_, (C*(M)) is given by the

following lemma: i

Lemma 3.2 We recall that E¢ is the Euler operator (see (2.7.4)). With no-
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tation in (2.5.2), we have
AT (N;) = 2V =1 (1<j<n),
_ o 1 :
0 (3) = VT (=) Go)  sisw,

— Fe.— _
(:8.7 aCJ + 2
d/fﬂ\)\7€(E) =A—n-— Ec.

Jacj

PROOF. Lemma follows from the correspondence under the Fourier trans-

form % = —/—=1(;, zj < _\/_1a%~7 and therefore from £, <~ —n — E,
J J

P(z) < —O¢, where P(2) := 212+ 4+ 2,1 — 2,2 — -+ — Zppg2®. O

Remark 1) We note that dw, . is independent of the signature e = +1.
2) In Theorem 4.9, we shall find that L*(C), the Hilbert space of square inte-
grable functions on the cone C in R", is a G-invariant subspace of the Schwartz
distributions 8'(R™). Then, the action of the Lie algebra g can be written in
terms of differential operators along the cone C' at most of second order.

3.3  We define a quadratic form @ on R™ (~ (R™)*) as the dual of P(z) on
R™ by

Q) =G+ 4G =G~ G2’ for ¢ € R" = RPT9=2 (3.3.1)

and define a closed cone by

C:={CeR": Q) =0} (3.3.2)

It follows from Lemma 2.8 that the support of the distribution F¥7;_, F' is
2
contained in the cone C, for any F' € VP4, Surprisingly, FU3_, F' becomes
2

square integrable on C' (see Theorem 4.9). As a preparation for the proof,
we study a natural action on L*(C') of a parabolic subgroup P™a in this
subsection.

We take a differential (n — 1)-form du on C' such that
dO N dp = dCy A -+ A déy,.

Then the restriction du to the cone C' defines a canonical measure (we use the
same notation du). Using polar coordinates on C: ¢ = (sw, sw') with s > 0,

w e SP72 W e S92, we write down the canonical measure du on C' explicitly
by

1 00
/Cqﬁdu = 5/0 /sp—2 /Sqﬂ P(sw, sw')s" ™ ds dw dw'’ (3.3.3)
for a test function ¢. If n > 2, that is if p+¢ > 4, then the measure du defines

a Schwartz distribution on R", for which we shall also write §(Q), the “delta
function” supported on the cone C' (see [7]).

20



For a measurable function ¢ on C', we define a norm of ¢ by

ol = [ o[dy (3:3.4)

and denote by L?(C') = L?(C, du) the Hilbert space of square integrable func-
tions.

By the Mackey theory, we can define a natural representation 7w of the maximal
parabolic subgroup Pmax = Amax fmaxNmax on [2(C') if p + q € 27Z, by

(m(B))(C) == e~ T p(e™C), (t € R) (3.3.5)(a)
(m(m)¥)(C) := ¢ ('mC) (m € M™), (3.3.5)(b)
(m(mo)u)(¢) := (=1)"F 4 (C)

(7(Ma) ) (C) = €2V @bt tantyy(0) (g € R™). (3.3.5)(c)

Proposition 3.3 1) The representation (7, L*(C)) of P™ is unitary.

2) The representation 7 is still irreducible when restricted to the motion group
MraxNmax ~ Q(p—1,q—1) x RFT4=2 In particular, it is irreducible as a P™-
module.

PROOF. (1) is straightforward from the definitions (3.3.4) and (3.3.5).

Let us prove (2). It follows from (3.3.5)(c) that any N™a-invariant closed
subspace of L?(C) is of the form L?(C") where C' is a measurable subset of C.
As M acts transitively on C, L*(C”) is M***-invariant only if the measure of
C' is either null or conull. Thus, L?(C") equals either {0} or L?(C). Therefore,
the unitary representation L?(C') is irreducible as an M_“ﬁaxW—module. O

3.4 It is not clear a priori if (7, L*(C)) extends from P™a* to G. We shall
prove in Theorem 4.9 that if p,q > 2 and n(=p+ g — 2) > 2 then 7 extends
to G as an irreducible unitary representation through an injective map 7' :

L*(C) — §'(R™), defined as follows:

By using the Cauchy-Schwarz inequality, we see the following map
T(y):$(R") = C, ¢~ /Cw dpu

is well-defined and continuous if n > 2, for each ¢ € L*(C). Thus we have a
natural map
T:L*C) — §'(R"), o+ bdpu. (3.4.1)

Clearly, T is injective. We shall regard T(L?*(C)) as a Hilbert space such that
T is a unitary operator.
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Lemma 3.4 1) T is a P™>_intertwining operator from (w, L*(C)) to
(Bocs e S (BY)).
2) (ﬁnT—zﬁlm,T(LQ(C))) is an irreducible unitary representation of Pmax.

It is still irreducible as an M™* Nmax_module.

PROOF. (1) follows directly from the definitions (3.2.1) and (3.3.5). (2) fol-
lows from (1) and Proposition 3.3 (2). O

4 Green function and inner product

4.1  In this section, we shall construct solutions of the ultrahyperbolic equa-
tion Ogp-1,4-1 f = 0 by the integral transform given by convolution with the
Green kernel. Then, we shall show that the Green kernel coincides with a spe-
cial value of the Knapp-Stein intertwining operator for a degenerate principal
series. This observations gives another expression of the inner product of the
minimal representation of O(p, ¢) by using the Green kernel (see Theorem 4.7),
and also leads to a realization of the minimal representation on L?(C'), the
Hilbert space of square integrable functions on a cone C' as will be discussed
in § 6.

We put
Px)=a>+ - +x, 1> —2,2 — - —2,°

for z € R = RPt1-2,

4.2 A distribution E satisfying Oge-14-1E = 0 (Dirac’s delta function) is
called a fundamental solution of the ultra-hyperbolic Laplace operator Ogp-1,4-1.
Recall from [7], page 354, if n is even and n > 2 then

V=1In(q—1)
2

E= Z (P(x) +v/—10)}"3

is a fundamental solution of Ogp-1,4-1, where (P(x) 4+ y/—10)* stands for the
limit of the distribution (P(x) + +/—1R(z))* as a positive definite quadratic
form R(x) tends to 0. In view of the integral formula in [7], Chapter I1I, § 2.6
1_% B 47‘(‘%67\/7—1772@71)
[E-1)

F(P + v/—10) (Q —v-10)"",

we have readily the following formula for the Green function Ej of Ugp-1,4-1:

22



Proposition 4.2 We define a distribution FEy on R™ by

1 _
s E ). (4.2.1)

Then Ogrp-1,0-1Eg = 0 and its Fourier transform is given by

by =

1
2w/ —1

In the Minkowski case, i.e. ¢ = 2, such a formula has been known ([14]), since
the so-called two-point functions in the quantum field theory for a zero mass
field exactly corresponds to (Q ++/—10)" for negative frequency. In this case
C' naturally splits in two components, a forward and a backward light cone, and
functions supported on the forward cone have Fourier transforms that extend
to holomorphic functions on the corresponding tube domain, thus yielding a
unitary highest weight representation of the connected group. The reproducing
kernel of this representation is the Fourier transform of the measure on the
forward cone, in analogy with what happens in Proposition 4.2.

FEy = (Q = V=10)"" = (Q + V-10)"") = 6(Q). (4.2.2)

4.3  In order to give the integral expression of solutions Ugp-1,4-1f = 0, we
define a convolution map by the Green kernel:

S:CP(R™) — C®(R™), ¢+ Ey*o. (4.3.1)

Fix v € C. We consider the representation w, . = @, g~ of G on a subspace
of C®(R™) (see § 2). The restriction to P™ax stabilizes C§°(R"), as follows
from (2.7.2).

Lemma 4.3 1) Image S C Ker Ogp-1.4-1.
2) S is an intertwining operator of Pma*-modules between on one side @, 12| prax
and on the other side @, |pmax for any v € C and e = £1.

PROOF. (1) As Ogp-1.4-1Fy = 0, we have Image S C Ker Ugp-1,4-1.
The proof of (2) is direct from (2.7.2). We illustrate it by the action of £ €
Amax:

S(@raceE)e) ) = [ Boly = 2)e D ip(et) d

n

_ Eo(ety . 6t2)e(u+2)t+(n—2)t¢(etz) dz
]Rn

= " (Sp)(e'y)
= @e(e”)(Sp) (y).

This shows that S intertwines the action of A™®* The case for the action of
Mmex ymax g qimilar and easier. O
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We shall see that S extends to a G-intertwining operator for v = 7 — 1 in
Proposition 4.6.

4.4  Recall the notation in § 2.9. Let
[w, v] :=ugug + -+ + Up_1Vp—1 — UpUp — =+ * — Up41Vp 1
for u,v € R"*2 = RP*4, The Knapp-Stein intertwining operator
Ay S_)‘_%’E(E) — S)‘_%’E(E)
is given by the integral operator with kernel function

i/fxfg,e(uo — Unpt1) = wkg,e([u, ) (4.4.1)

on E. Here, we put & :=(1,0,...,0,1) € E and v, is a distribution (or a
hyperfunction) of one variable is defined by

1
Vue(y) == lel”xe(sgny).

Via the bijection r; in the commutative diagram (2.9.4),
Ay s (M), — C=(M),
is written as
(AN W) = (M)W = [ drogelun]) f0) do (e M)
in the compact picture M ~ SP~1 x §9-1,

The Gamma factor in the definition of 1, (y) exactly cancels the poles of
the distribution |y|”x.(sgny) of one variable y with meromorphic parameter
v. This means that the distribution 1, ([u, v]) of multi-variables makes sense
for any v € C when restricted to the open set {(u,v) € M x M : u # +v},
where [u, dv] + [v,du] # 0. Then ¢, ([u,v]) continues meromorphically as a
distribution on M x M with possible poles only at A = 0,—1,..., whose
residues are distributions supported on {(u,v) € M x M : u = tv}.

In view of the normalization of our parameter (see Lemma 2.9), A, . is a G-
intertwining operator from Wrtz,e 10 Wortz,e for A # 0,—1,—-2,.... What
we need is the case A = 1 and we recall from [11], § 3.9 (basically since we
know the composition series of the induced representations and the eigenvalue
of Ay, on each K-type):
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Lemma 4.4 Let p =g mod 2, p,q > 2 and (p,q) # (2,2). We put

r—q 1 —qg=0,4 dS8
e:=(-1)2 = p—a=5% moae, (4.4.2)(a)
-1 p—q¢=2,6 mod38.
q—p 1 — = 2
5= (—1) = p=¢=02 mods, (4.4.2)(b)
-1 p—q¢g=4,6 mod 8.

1) The image (wn 16, A1(C*(M)c)) is a dense subrepresentation of (w??, VP4),
where we recall VP = Ker A,

Let us define a Hermitian form (, )a on the same image Ay (C*(M).) by

(Fh Fz)A = 5(A1,6<P1,@> = 5<<P1, A1,e<ﬂ2>; (4-4-3)

for F; = Ay i, pi € C®(M), (i =1,2), where (, ) is the bilinear form given
as the integral over M (see (2.10.1)).

2) The Hermitian form ( , )a is well-defined (namely, independent of the
choice of @;) and G-invariant under the action of wa_1.

3) In comparison with the inner product (, )y given in Lemma 2.6, we have

(F1, Fy)a = c1(FY, f2)u for any Fy, Fy € Ay (C™(M),), (4.4.4)

where we put (see [11], (3.9.6))

In particular, the Hermitian form ( , )a is positive definite and the completion
of a pre-Hilbert space (A1 (C®(M).),(, )a) coincides with the Hilbert space
VP4 given in § 2.6.

4.5 In the flat picture RP~1971 we have

~&o + &un = 2P = |2"" = P(2)

for € = 1(z) by (2.3.4). Then, via the injection r in the commutative diagram
(2.9.4), the Knapp-Stein intertwining operator

ASL W a (CF(M)e) — @540 (CF(M).)
is given by the convolution:
Alit(p = Asep =200 (P(2)) x (4.5.1)

when restricted to C§°(R™) C \I/§+%(C°°(M)E). We are interested in the case
A = 1. Then we have
A¥ o Wiy = Uhy 0 AV (4.5.2)
K 2 2 k)
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Lemma 4.5 Retain the setting of Lemma 4.4. We put

V=1In(g—1 n
hy) = 2 (y + vV—10)'"%. (4.5.3)

Then we have
F( 1+n+e)

o/ —1 (h(y) = h(y))- (4.5.4)

¢1—%,e( ) =0——F=

PROOF. Solving (y +v—10)" = y% + etV-Imyr e have

(e — &)y + V=10)" — (V""" — )(y — V=10)"
—2y/—1sin ool (242=) .

Then, Lemma 4.5 follows from a residue calculation:

Vue(y) =

e~V—lvm _ L e—V—lam _ (1)1 _(567‘/’_1”2@*”“—1271%)
,,Jfl,l, sin 7y T'(23=¢) a0 sin 7ra [(5=a=c 49y T '

4.6  Our key observation is that the special value of the Knapp-Stein op-
erator is given by the Green function up to a scalar constant. In particular,
the image of C§°(R"™) under the integral transform S satisfies not only the
ultra-hyperbolic equation Ugp-1,4-1 f = 0 but also a certain decay condition at
infinity that matches a conformal compactification of RP=1471 (see § 2.8).

Proposition 4.6 Retain the notation as in Proposition 4.2 and Lemma 4.4.
We recall that 0,¢ = +1 are determined by p — q mod 8 as in (4.4.2) and
define the constant co by

463 T (=)
1)

Co =

Then we have:

¢17g,e(P(Z)) = by,

A]EHCSC(R”) = 2623.
In particular, S(C3°(R™)) C ¥i_ 2(Vp’q).
PROOF. The first formula follows from Lemma 4.5 and from the definition
of Ey (see (4.2.1)). The second formula then follows from the definition (4.5.1).

Then, in view of (4.5.2) and (4.6.2), S extends to a G-intertwining operator
between (WnTH, Ut (C°(M),)) and (wanz, Ut (C*°(M)c)). Then we have
2 2

S(CE(R™)) C AY (Ve (CF(M),)) = Wiz (AT (C®(M),)) C Wia (VP).
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because C§°(R") C Wi (C®(M)). O

4.7  We are ready to introduce an inner product on Ker Ugp-1,4-1 by using
the Green function Fy (see (4.2.1)), so that our minimal representation is
realized here as a unitary representation.

We define a Hermitian form on S(C°(R™)) C Ker Ogp-1.4-1 by

(Ff = [ [ Eoly =)o (@)aly) da dy (47.1)

for fi = Sypi = Eg x ¢; (1 < i < 2). The right-hand side of (4.7.1) does not
depend on the choice of ; because of the formula

(fl’ fQ)N - (flaSOQ)LQ(]Rn) = (Splva)LQ(Rn)-

We recall from Proposition 4.6 and Lemma 2.8 the inclusive relations:

S(C(R")) C Af (Phse (C%(M)e)) C Wiz (VP?) C KerUgo-r0-1 € C*(R").
(4.7.2)

Theorem 4.7 Let p = ¢ mod 2, p,q > 2 and (p,q) # (2,2). Recall n =
p+q—2ande=(-1)"7".

1) The Hermitian form ( , )n is positive definite on S(C§°(R™)).

2) The Hermitian form (, )y is invariant under wana’E’Rn(G).

Let H be the completion of the pre-Hilbert space (S(C°(R™)), (, )n).

3) The Fréchet representation w2 g 0f G on W3, (C*(M),) induces a rep-
1"ty T .

resentation of G on the Hilbert space H, which we shall denote by (wwgp=1,4-1, F).

min

4) The unitary representation (wgp=1,e-1,H) is irreducible.
5) The map (see (2.8.7) for the definition)

(Tha )t S(CR(RY) -V
N N
C®[RM  C®(M)

extends uniquely to a unitary isomorphism between (i, ,_,, H) and the min-
imal representation (w4, VP49) up to a scalar constant. More precisely, for any

f1, fo € H, we have
(f1, f2) v = 2(F1, F2) (4.7.3)

where we put
li : ( tl;?e)_lfiy (Z 172)
2

Remark 1) We shall give a different proof of the first statement of Theo-
rem 4.7 in Theorem 4.9 by using the Fourier transform of the Green kernel.
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2) As we shall see in the proof of Theorem 4.7, S(C§°(R™)) is dense in W%, (VP9)

2
with respect to the above inner product.

3) We can realize naturally the Hilbert space H as a subspace of the Schwartz
distributions 8'(R™), namely, F!T(L?(C)), as we shall prove in Theorem 4.9.

4.8 In order to prove Theorem 4.7, we need:

Lemma 4.8 Retain the notation of Theorem 4.7.
1) For any f1, f» € S(C§(R™)), we have

(f1, fo)n = c3(F1, F2) a, (4.8.1)
where .
T2 F(71+4n+e)
C3 = P
IG5 -1

We extend the Hermitian form (, )n from S(C5°(R™)) to A¥ (Wi (C®(M).))

by using the right side of (4.8.1) (recall the inclusive relation (4.27.2)).

2) The Hermitian form ( , )y is positive definite on AT (Wi, (C™(M).)),

in which S(C§(R™)) is dense. In particular, the Hilbert space % (see Theo-

rem 4.7) coincides with the completion of the pre-Hilbert space ALG(\IPZ% (C>(M),)).

We first finish the proof of Theorem 4.7, and then give a proof of Lemma 4.8.

Proof of Theorem 4.7 (1) is clear from Lemma 4.8 (1) and Lemma 4.4.
Next, let us prove (4.7.3). We consider the G-intertwining operator

(Vo )7h s Wha (AY(C™(M),)) — AV(C™(M),) C VP,

2

or equivalently by (4.5.2),

( »;;2#)71 : Alﬁz ( >:L;2(COO(M)€>> — Pa,

2

Combining (4.4.4) and (4.8.1), we have

(f1, f2)n = cs(F1, Fo)a = cre3(Fy, Fy)y = 2(Fy, Fa)

where the second equality follows from a classical formula of the Gamma
function:

1
222710 (2) (2 + 5) = /7 [(22).
Thus, we have proved (4.7.3), especially, (¥%_, )~" is an isometry up to scalar.
2 b

Then (¥} , )~" extends to an isometric (up to scalar) G-intertwining operator
2 k)
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H — VP4, This map is surjective because (ww??, VVP4) is an irreducible unitary
representation of G (see Lemma 2.6). All other statements are now clear. O

Proof of Lemma 4.8 1) Suppose f; = S¢;, p; € C5°(R") (i = 1,2). Recall
the constant ¢y in Proposition 4.6, we have

(Fi o) = [ (Sen)(@)pale)da

1 n
- 2—02 /Rn(A]ﬁe%)(x) wo(x) dx
_ 1 Mg -1 S
- [ A ) W T B (082
We put
1, - N |
;= ;2( “7“76) ISOZ‘ eC (M)e’ (’L — 1’2)‘

Then F; = A}4); by (4.5.2). Therefore,

(4.8.2) 4%;3 /M(A{‘&/Jl)(b) UalB) db = " (Fy, )

which equals the right side of (4.8.1).

2) It is enough to show that S(C§°(R™)) is dense in a pre-Hilbert space

Ay (V35 (C°(M),)) because the inner product ( , )4 is positive definite from
2

Lemma 4.4.

Suppose f = Ay p (¢ € Vi (C®(M),)) is orthogonal to S(C§°(R")) with
2

respect to the inner product (, )4. This means that (f, A;.¢)a = 0 for any

¢ € Cg°(R™). Then we have

/M (Wao )7 (0) (Wi )00 db =0 for any ¢ € CF(R").

Since (¥4, )~'(C§°(R™)) is dense in

2

LA(M)e == {f € L*(M) : f(~u) = ef(u)},
we have (W%, )7'f =0, and thus f =0. O

2

4.9  We recall U3 _,(VP?) C Ui ,(C®(M).) C 8'(R"), on which we can

define the Fourier transform F. We consider the following maps (see § 4.3,

§3.2, § 3.4):
CERY) 5 Wha (VP9) 5 8/(R) & L2(C)
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Here is a description of the Fourier transform of the minimal unitary repre-
sentation (@i, .1, H) of G = O(p, q) which is obtained as the completion of
a pre-Hilbert space (S(C§°(R™)),(, )n) (see Theorem 4.7).

Theorem 4.9 1) FS(C5°(R™)) is contained in T(L*(C)). Furthermore, it is
dense in the Hilbert space T(L*(C)).

2) T o F : S(CP(R™)) — L*(C) extends uniquely to a unitary map H —
L3(C) up to a scalar constant. This constant is given explicitly by

@m)"(f, fin=|T""o gjf”%%cy (4.9.1)

3) The P™@>_-module (7, L?(C)) extends to an irreducible unitary representa-
tion of G, denoted by the same letter , so that (2m) 2T~ o F gives a unitary
equivalence between (w1 -1, H) and (7, L*(C)).

4) T'oFo \I/*;%g : VP4 — L2(C) induces a unitary equivalence between ir-

reducible unitary representations (w??,Vr4) and (7, L*(C)), up to a scalar
constant given by:

(¢, ¢)ar = 2(27)" (|7 0 F 0 Wiz ¢l[72(c)- (4.9.2)

PROOF. If f = Ey*x ¢ (p € C°(R™)), then it follows from the integration
formula of the Green function (see Proposition 4.2) that its Fourier transform
is given by

Ff =3F(Eoxp) = (FE)(Fp) = (Fp)o(Q) = T((Fp)le).

Since ¢ € C5°(R™), we have (Fp)|c € L*(C). Hence, FS(C°(R™)) is contained
in T(L*(C)). Then we have (4.9.1), as follows from

1(F)lcllizc) = (FEo)(Te), F) = (F(Eox ), Fp) = (2m)"(f, f)n. (4.9.3)

We note that (4.9.3) gives a different proof that ( , )y is a positive definite
Hermitian form on S(C§°(R™)) (see Remark after Theorem 4.7).

It follows from Lemma 3.4 that 77! o F is an P™aintertwining operator
;S (C5P(R™))) to (w, L*(C)). This map is isometric up to a
scalar by (4.9.1). Then, it extends naturally to an P™@*intertwining operator
from (copay o1 |pmas, H) to (m, L*(C)), which is surjective because (m, L*(C'))
is irreducible (see Proposition 3.3). Hence we have proved (1), (2) and (3).
The statement (4) follows from (2) and Theorem 4.7. Thus, we have proved
Theorem 4.9. O

from (@a_2  gn
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4.10 By semisimple theory, it is known that a minimal representation is
still irreducible when restricted to any maximal parabolic subgroup. In par-
ticular, w?? is irreducible as an P™a*-module. In our case, this fact can be
strengthened as follows:

Corollary 4.10 The restriction of the minimal representation w?? (equiva-
lently, i ,-1) to MPaNmax ~ O(p — 1,q — 1) x RPT2 4s still irreducible.

PROOF. Theorem 4.7 and Theorem 4.9 show that w??, wm®, ., and 7
are unitary equivalent to one another. Now, Corollary follows from Proposi-
tion 3.3. O

4.11  For the convenience of the reader, we summarize the maps used in
the proofs.

y*

n—2
C®(M) -3 C*RY) NS (RY) -5 §'(RY) (4.11.1)
U U U
VP ~ 5o (VP) & FUE L, (V)
N dense N dense N dense

(@, VP0) = (@it 3) 5 TLAC) & (m, LX(C).

In the last line, we have written also the notation for unitary representations.

5 Bessel function and an integral formula of spherical functions

5.1  In this section, we shall compute explicitly the lowest K-type of our
minimal representation in the N-picture, i.e. find it as a solution to Ogp-1,4-1 f =
0, and also its Fourier transform as a function on C'; this turns out to be writ-
ten in terms of a Bessel function (see Theorem 5.5). Note that except when
p = q we are not dealing with a spherical representation of G (namely, there
is no non-zero K-fixed vector in our representation). At the end of this sec-
tion, we reformulate the equivalent realizations of the minimal representation
found in the previous section, using now the minimal K-type to understand
the different pictures.

5.2  Without loss of generality, we may and do assume p > ¢ in this section.
Instead of K-fixed vectors, our idea here is to focus on an O(p) x O(q—1)-fixed
vector. Then, it follows from Lemma 2.6 that such a vector, which we shall
denote by Fp, is unique in our minimal representation (z??, V??) up to a scalar
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multiple, and is contained in the minimal K-type of the form 1 X f]-CP_Qq(Rq).
(We note that this K-type is not one dimensional if p # q).

We shall find an explicit formula of the Fourier transform of this vector Fj
after a conformal change of coordinates. We start with the following classical
lemma, for which we give a proof for the sake of the completeness. We take
a coordinate (upi1,...,Up+q) in R? and realize O(¢ — 1) in O(g) such that it
stabilizes the last coordinate u,,.

Lemma 5.2 For anyl € N, O(q — 1)-invariant spherical harmonics of degree
[ form a one dimensional vector space. More precisely, we have

_ -l qg—241 qg—1
o= ~ C o\ (= a ha ;q ;up+12+"'+up+q—12)'

5 (RY) 2’ 2 2

PROOF. In terms of the polar coordinate of S¢~:

8% x (0, g) — S (y,0) — ((sin @)y, cosd), (5.2.1)

the Laplace-Beltrami operator on S9! takes the form:

0? o) 1
— —2)cot— + ——
00? +la=2)co 00 * sin” §
If F e H'(RY) is O(q — 1)-invariant, then Fo®, (6,y) depends only on @, for
which we write h(0). Then h(f) is an even function satisfying:

ASq—l = AS(]—Q. (522)

d? d
(W +(q¢—2) cotQ@ + 1l +q—2)h(0) = 0.

Since h(0) is regular at = 0, it is a scalar multiple of the Jacobi function:

=3 1 —lg—2+1 g—1

;o2 V = a2
' /__1(H_q%2)< —10) —2F1(77 9 5 ;sin” 0)
g—1 1—-cosf
=oF(—l,g—2+1; : .
P (—lg =24 "= )

Thus, we have proved the lemma. O

5.3 In view of Lemma 2.6, the special case of Lemma 5.2 with [ = 254
yields:

Proposition 5.3 Suppose p > q > 2, p+q € 2N and (p,q) # (2,2). Let
(U1, ..., upsq) be the coordinate of M = SP~1 x St in RPY.. We define a
function Fy: M — C by

q—p ptqg—4 q—1
47 472

Fo(un, .. tpag) 1= oF1( PUpp1” o Upeg ). (5.3.1)
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Then Fy is an O(p) x O(q — 1)-invariant analytic function on M satisfying
the Yamabe equation Ay Fy = 0. Conversely, any such function is a scalar
multiple of Fy.

Remark 1f p+q is odd, then Fj in the right side of (5.3.1) still gives a solution
Ay F =0 on an open dense set of M such that Uptq # 0. Furthermore, Fj is
a continuous function on M. However, it does not solve the Yamabe equation
as a distribution on M.

5.4  Werecall 7(Z/, 2") is a conformal factor defined in (2.8.1). Let us define
fo := Vs Foy, namely,
2
oy L )iy —bta=4 q—p p+q—4.q—1‘ |Z”‘2
f0<ZaZ )'_ T(sz ) 2 2F1( 4 4 9 ’T(Z’,Z”)Q

). (5.4.1)

We note that |7(2',2")] > |2”| for any (2/,2”) € RP~1471. The equality holds
if and only if |2/|> — |[2"]* = —4.

The following Proposition is immediate from Lemma 2.8 and Proposition 5.3:

Proposition 5.4 With the same assumption on p,q in Proposition 5.3, we
have:

1) fo is a real analytic function on R™ that solves Ogp-1.4-1 fo = 0.

2) fois O(p) x O(q — 1)-invariant.

We say Fj is the generating function of VP4 = Ker Ay, and fo is that of
(g 1.q-1, H).

Remark More strongly than Proposition 5.4, one can prove that fj is a real
analytic solution of Ugp-1,4-1 fo = 0 if p+q > 4 by using Proposition 5.6, where
we do not assume that p+q is even. The real analyticity is not obvious from the
expression (5.4.1) in the neighborhood of the hypersurface of |2/|*—|2"|> = —4.

5.5 We recall the definitions of Bessel functions:

= (<1

W) =2 m! T'(v+m+1)

(Bessel function),

m=0
[es) (lz)l/+2m . ' ‘
I = . fied Bessel f the first k
v(2) mZ::o T+ m 1 1) (modified Bessel function of the first kind),
I —1
K,(z)= T V(Z) (2) (modified Bessel function of the second kind).
2 sin v

Then K, satisfies
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The asymptotic of the functions K, is well-known, for example 27" K, (z) de-
cays exponentially as z — +o0.

Theorem 5.5 We put |¢| := ((* + - + an)% for ¢ = (Gi,...,G) € R,
Let Fy € C®(M) be the generating function of VP1 = Ker Ay, (see Proposi-
tion 5.8). Then

(FUL2 F)(Q) = (2m)F 277 2 ()7 K (21C1)8(Q).

Note that the |C|3%QK% (2|¢|) belongs to the Hilbert space L*(C) if p+q > 4
by the asymptotic behaviour of the Bessel function K, and by the explicit
form of §(Q) in (3.3.3).

5.6  Theorem 5.5 follows from the following Proposition:

Proposition 5.6 We write I~ for the inverse Fourier transform. With no-
tation in (5.4.1), we have

31 (¢ zas@m><nca=2@ifﬁgéiﬂua. (5.6.1)

PROOF. Let ¢(r) be a function of one variable, which will be taken later to
be 1z Kqs(2r). Then, it follows from (3.3.3) that for » = (2/,2") € Rp—ha-1

“Ho(ICNd(@)) (2)
27’(’ —(p+q—2) / / / f((z srw)+(2",rn)) ypra— 5d7’ dw d77
Sp—2 JSa— 2

Using the formula [g,_1 eV~ dw = (27) 2t —% Jm_1(t), we have

@mﬂ?”/ Br) (r|2/) T Tacs (r[2 D (r1") 5 s (] 772

p+q 4

T[T 00 e (]2 ) Jus ()2 D .

(2m)~"




Now, put ¢(r) := rT K o3 (2r). We use the following formula of the Hankel
transform due to Bailey [2] (see also [6], § 19.6 (8))

/OOO 1, (at) J, (bt) K, (ct)dt

22T+ p v —p))PGA+p+v+p)
AT (w4 1) (v + 1)

1 CL2 b?
XF4( Atpt+v—p ),5()\+M+V+,0);,u+1,u+1;—§,—c—2

).

Here, F} is the Appell hypergeometric function of two variables, defined by

iti(0)its
Fiabie,din,y) = 3 3 Deaies - ”( Lty
i=0 j= — 115!(c)i(d )J

Then we have:

“He(I<ha(@) ()

—(m) T [ K (20 (012 ) s (012 dr
pra—z_pa D(EEE) p 1 phg—4 p—1 g—1 —[Z2 —]2")?
—(2m) "2t 2 : : .
(W)ZQP(%)4<2’2’2’2’4’4)

5.7  Then, the proof of Proposition 5.6 will be finished by showing the
following reduction formula:

Lemma 5.7 Let 7(2',2") be the conformal factor defined in (2.8.1). We have

p—1p+qg—4 p—1qg—1 —]2> —|2")?
Fy( : ; : ; , )
9 9 2 2 1 1
pro=a q—p ptqg—4 gq—1 [
=7(2',2") 72 oFy( T YR ,T(Z/,Z”)z)‘ (5.7.1)

Proof of Lemma 5.7 We recall a reduction formula of Appell’s hypergeo-
metric functions (see [5], § 5.10, (8)):

e T ~y
Alestte- b ga—ya-na-w 7
=(1—y)%Fi(a, 81+ =B M)

l1—=x
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and a quadratic transformation for hypergeometric functions (see [5], § 2.11

(32)):

e a1 =2 —4z
oFi(a, Bl +a—pBiz)=(1-2) 2F1(§>%;1+a—5;m)-
(5.7.3)
Combining (5.7.2) with (5.7.3) for @ = 2 and 3 = £}, and using the
symmetry of a and b; (¢, x) and (d,y) in Fy(a,b;c,d;z,y), we have
p—1p+q—4 p—-1qg—1 —x —y
Fy( : : , ; , )
2 2 2 2 "1l—-z)(1—-y) 1—2)(1-1y)
ptqg—4
_(G—m)-y)) 7 F(P+q—4 q—p,q—1,4y(1—x)(1—y))
1—ay > 4 7 4 7 27 (1 —zy)? '
If we put
’Z/|2 B T ‘2/1‘2 y

4 (1-2)1-y) 4  (1-2)(1-y)
then a simple computation shows

T(Z, Z//)Q _ ( 1 - Yy )2 |ZH|2 _ 4y(1 — .T)(l B y)
’ 1-z)1-y)) = 7(¢,2")? (I—ay)3?

Thus, Lemma 5.7 is proved. O

5.8  Using the generating function Fy we may recover the whole represen-
tation by letting the Lie algebra of GG act. Let us see how our previous results

may be reformulated: It follows from the definition of %nT—z . (see § 3.2) that

the linear map
FoWi,:C®(M)— 8 (R")
2
induces a natural intertwining map from (ww??, VP9) to (/w\nT—z o T (VP))
as G-modules and also as g-modules. Here again e = (—1)"2", VP4 = Ker Ay (C

C>®(M)) and W% _, (VP?) C Ker Ogp-1.4-1.

For b € R",m € O(p — 1,q — 1), we define a function on the cone C' by

3—q

Yom(C) = e/ T m(| 5 Kos (2Iml]). (5.8.1)

In particular, we have

3_

2—9q
P0e(0) = 17 K s 21C)).
Here we give explicit functions which are dense in the minimal representations.
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Theorem 5.8 Suppose p>q>2, p+q € 2N, and (p,q) # (2,2).

1) v0.(C) is a K-finite vector of (w, L*(C)). It belongs to the minimal K -type
of m.

2) Yy is a K-finite vector and C—span{¢y, : b€ R, m € O(p—1,q — 1)}
is a dense subspace of the minimal representation (m, L*(C')).

2") C—span{y,m0(Q) : be R"me O(p—1,q—1)} is a dense subspace of
the minimal representation (’w\anz 3’“\11’2%2(‘/1’7‘1)).

767

PROOF. This follows by combining Theorem 4.9 and Lemma 5.5, and by
using the Mackey theory we have an irreducible representation of the parabolic
group. U

5.9  The advantage in the realization on L*(C) is that the action for Pmax
and the inner product are easily described. On the other hand, the action of
K is not easy to describe, and especially, the K-finiteness in the statement (2)
is non-trivial.

Let U(g) be the enveloping algebra of the complexified Lie algebra g. We define
a subspace of §'(R") by

U= d@nz (U(9))(40,0(Q))- (5.9.1)

3—aq

That is, U is the linear span of a Bessel function |(| 2qKq;23(2|C\)du on the
cone C' and its iterative differentials corresponding to the action of the Lie
algebra g.

We have seen that FU%_, (VP4) C T(L?(C)) in Theorem 4.9. We may restate
2
in this way:

Theorem 5.9 1) U is an infinitesimally unitary (g, K)-module via ’w\anz’
2) U is dense in the Hilbert space T(L?*(C)).

3) The completion of (1) defines an irreducible unitary representation of G on
T(L*(C)), and then also on L*(C). This gives an extension of w from Pmax
to G.

€

This has already been done by Theorem 4.9 and the irreducibility of the
minimal representation.

One of non-trivial parts of the above assertion is to show
UNT(L*C)) # {0}

which was proved in Theorem 5.5.
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6  Explicit inner product on solutions Ugp-1.4-1f =0

6.1  The aim of this section is to provide an explicit inner product on
a certain subspace (see (6.2.1)) of solutions of the ultrahyperbolic equation
Ogrp-1.4-1 f = 0, such that its Hilbert completion gives the unitarization of the
minimal representation of O(p, q).

Roughly speaking, the inner product will be given in terms of the integration
over a hyperplane after convoluting a distribution along the normal direction.

We assume n > 2. We fix i € {1,2,...,n} once and for all. The hyperplane
on which we integrate will be {z = (21,...,2,) € R" : z; = 0}, for which we
simply write R?~1.

6.2 Let OW := {( €C : ¢ # 0}, an open dense subset of the null cone
C (see (3.3.2)). We note that C5°(C' \ {0}) is dense in L?(C'). We define a
subspace of solutions of Ker [gp-1,4-1 by

W:=3F"1oT(CF(CY)). (6.2.1)

Here, we recall T : L*(C') — 8'(R") is the embedding via the measure du on
the cone C. By the Paley-Wiener theorem for compactly supported distribu-
tions, W consists of real analytic solutions of Ugp-1,4-1 f = 0.

Using an interpretation of the Dirac delta function in terms of hyperfunctions:

5(z) = 1 ( 1 B 1 ) ’
2mv/=1 \z; —v=10 2z +/—10
we decompose f € W as
1) = () + £9(2), (6.2.2)
where fiz )(z) is defined by the convolution in the z;-variable:

1 F1 !
z) = . *
2my/—1 z;£+/—10

We shall see later that the decomposition (6.2.2) makes sense not only for
f € W but also for any f € F~1oT(L*(C)) (see Lemma 6.5). We set

(2). (6.2.3)

1 <i>W (i)W
(f; w -—¢—_—1/Rn_1 (f+ o o

Theorem 6.2 Fiz any i € {1,2,...,n}.
1) The formula (6.2.4) defines a positive definite Hermitian form on W, a

vm0dzy - dz - dz,. (6.2.4)
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subspace of solutions of the ultrahyperbolic operator Ugp-1.4-1 = % + e+
9? 9? 9? > on Rr—La-1

82,,,12 Dzp> Ozpiq—2

2) The inner product (6.2.4) is independent of the choice of i € {1,2,...,n}.
3) The action of G = O(p, q) preserves the inner product (6.2.4), so that the
Hilbert completion W of W defines a unitary representation of G = O(p, q).
4) The resulting unitary representation is unitarily equivalent to the minimal
representation (w4, Vr4). The G-intertwining operator W% _, : Vi — W
gives a unitary equivalence up to a scalar constant. ’

5) ¢FLoT : L3C) — W is a unitary G-intertwining operator, if we put
c=2"n",

This Theorem gives a new formulation of the Hilbert space of the minimal
representation purely in terms of intrinsic objects in the flat space RP—1a-1
where the differential equation is the classical ultrahyperbolic one. It general-
izes the ¢ = 2 case where an inner product was known in terms of integration
of Cauchy data - here one could interpret the inner product in terms of the
energy generator. The interesting property about the inner product is its large
invariance group; even translational invariance amounts to a remarkable “con-
servation law”, and we may also note that the integration over a coordinate
hyperplane can be replaced by integration over any non-characteristic hyper-
plane (since such a hyperplane is conjugate to either z; = 0 or z, = 0 by
O(p —1,q — 1) x RP~1471) " or even the image of such a hyperplane under
conformal inversion.

The strategy of the proof of Theorem 6.2 is as follows: We recall from Theo-
rem 4.7 that the Hilbert space H is the completion of the space S(C§°(R™))
with respect to another inner product (, )y (S is an integral transform by the
Green kernel). Since C§°(C'\ {0}) is dense in L?(C) and since T~ ' o F : H —
L?(C) is an isomorphism of Hilbert spaces (up to a scalar) by Theorem 4.9 (1),
W is a dense subspace of the Hilbert space (H, (, )y). In light of this, the
key ingredient of the proof of Theorem 6.2 is to give a formula of ( , )y by
means of (, )p2(c). We shall prove:

227 (f, flw = 1T 0 Ff|2aey for any f € W, (6.2.5)
Once we prove (6.2.5), it follows from (4.9.1) that
An( Jw = (. n
on the subspace W. In particular, we have
H=W,

and all other statements of Theorem 6.2 on our inner product ( , )y are
clear from the corresponding results on the inner product ( , )x proved in
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Theorem 4.7 and Theorem 4.9 (e.g. Theorem 6.2 (4) corresponds to Theo-
rem 4.7 (5); Theorem 6.2 (5) to Theorem 4.9 (3)).

The rest of this section is devoted to the proof of the formula (6.2.5).

6.3  We define an open subset of the cone C' by
C’j(f) ={C e C:+( > 0}.
Then
e .=cPuc?

is an open dense subset of the cone C', and we have a direct sum decomposition
of the Hilbert space:

LX(C) = LX)y @ L2(C™).
We define the Heaviside function Yi (¢) of the variable (; by

1 if £¢ >0,

f = ((1y---,Cn) € R™.
0 if £¢ <0, or ( = (G Cn)

Yi(l)(Cb s 7Cn> = {

For ¢ € C5°(CW), we put
@) ._ (i)¢
:l: o :l: .

Then Supp Qﬁ) C C'(ii), and we have

¢ =00 + ¢, (6.3.1)
1911220y = 16D 1122 ) + 1167 122(c-

6.4  Let us take the n— 1 variables (i, . .. ,QA}, ..., (, as a coordinate on Cj(f).
Then we have

on C’j(f)7 respectively, if we put

Q(Z)(Clvaé\lv?CH) =g <<-l2 +C22+ :I:Clz t--- _Cn—l2 - Cn2> )
(6.4.2)
where ¢; = £1 is the signature of ¢;* in the quadratic form Q(¢) as in (2.5.1).
We note that Q@ ((y,...,¢,...,¢.) > 0 on the cone C, and the map

(Gl er G s o) (G, 2VQO), L G)
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gives a bijection from {(¢1,..., G G) €R™ - QO(Cy, ..., Gy. . C) £ 0}
onto C¥. By substituting (6.4.1) into o we put
SOEI?(CM"'?@" C) —ij: Clw' \/
: - 1 dc; - -
Since the measure dp on the cone C'is of the form del e dG e - dG,, we
have
(@) > 2
i ¥ C)"'aCia"')Cn =
69 aey = [ 1ExlG ool e i, (643)
R" 2,/Q@
. 1 —
F-lT @ = / —V=1(z1¢1+F2i it +2nln) 6.4.4
¢i (Z) (27’(’)” Rn—1 € ( )
(1) >
% e:F\/—ilzi\/Q(i) Spi (Clv e 7€i7 L Cn)dgl . ga . an
2,/Q®

From (6.4.4) we have the following:

Lemma 6.4 We write Fgr for the Fourier transform in R* (k = n — 1,n).

Then,

—1rp 4 (0) L Y _
:}’Ranb:t |21:O - g Rn—1 Q(Z) (Zl,...,Zi,...,Zn),

¢\/_ (0

0
|Zz O?RT}TQSi = ]R" 1

0z;

6.5  We recall the Fourier transform of the Riesz potential

/Oo e*/’_“”%i dx = \/—16F2MWF()\ + 1) (€ +V/=10)"!

for a meromorphic parameter \. Letting A = 0, we have

F00) = B VIO 0 B,

g0i>(z1,...,2i,...,zn).

where §(21,...,%;,...,2,) is the Dirac delta function of n — 1 variables. Then

we have

FYLY - Tg) = (F V)« (F'T0)

::F\/_( FV=10)16(20, ., 5,y zn) * f(2)

2m

= e F VIO 1),
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Zn, while the last one
, we have proved the

Here the first two convolutions are for n varlables 21,
for only 2z; € R. In view of the definition of gzﬁi and fi
following

(i

Lemma 6.5 If f = F1T¢ then £ = 5-17¢%.

6.6  We are now ready to complete the proof of Theorem 6.2. By using
Lemma 6.4 and Lemma 6.5, the Plancherel formula for R"~!, and the integra-
tion formula (6.4.3), respectively, we have

; af(i) /= (1) B
(72 Zi:o’a—;ZiZO)LQ(R”*): 1672 (FRM(W)) 21 (P 2@y
_ Ev-l ( oY) ) o
167T2(Z7T)”—1 /Q(i)7 £ /AR
Ev-1
Hence,
i 1
(£ Dw = 5yt )nﬂ (163 1E2(c) + 162 Nz2(0)) = gy l9llEzce)

This finishes the proof of the formula (6.2.5) and hence Theorem 6.2. O

6.7  The main content of Theorem 6.2 is to give yet another realization of
the inner product and of the Hilbert space. This is very close to the form most
known in the case of the wave equation, where one integrates Cauchy data on
the zero time hypersurface to get the inner product. Note the connection to
the theory of conserved quantities for the wave equation - we end the paper
by making more explicit this final remark:

When p = 2 let us introduce time and space coordinates (¢, x) by
(t,z) = (t,x1,. ., Tpo1) = (215 -+, 2n)

and the dual variable & to z so that positive-energy solutions to the wave
equation are given by the Fourier transform (i = v/—1)

+ _ ika—ti)) © (K)
u (t,:v)f/Rnile 7 ———=dk

and similarly for negative-energy solutions

u(ta)= [ ei<kx+t'kl>@‘_]§|k)dk
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where kz denotes the usual scalar product, |k| the Euclidean length, and
dk = dky - - - dk,_;. Any solution is the sum of two such: v = u* + u~. The
energy of the wave u is given by

1
ew =3 [ (wl +|Vu)dz

and is a conserved quantity, i.e. independent of which constant-time hyper-
plane we integrate over. It is easy to see that cross-terms drop out, so that on
the Fourier transform side we obtain

e(uw) = @m0 [ (et (R)F + o™ (W)I?)dk
for the energy. Note that this energy only differs from our inner product by
a density factor of |k|, and that it may be thought of as an integral over C.
In terms of our conformally invariant inner product (6.2.4) this is up to a
constant just
(u, | Hlu) = (u, Hu™) — (u™, Hu"),
where H = i0, is the energy generator (infinitesimal time translations). In
the same way, we have the analogous “conserved quantities” for the ultrahy-
perbolic equation and the inner product (6.2.4), namely: Let H; = id., be
the generator of translations in the coordinate z;, then for a solution f in the
Hilbert space
&(f) = (f,|Hl)

is invariant under translations in the coordinate z;. Furthermore, the quantity
€;(f) can be expressed in terms of an integral of local quantities. In particular
we may use this to study uniqueness and decay properties of solutions to
Ore-1.4-1f = 0. Since this is outside the scope of the present paper, we shall
not do so here; but note that one easy consequence is the fact, that if a
solution and its normal derivative vanish on a coordinate hyperplane, then it
is identically zero - a classical fact about the energy (time zero hyperplane).
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