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ABSTRACT. We construct a two-parameter family of actions wy, of the Lie algebra sI(2, R) by
differential-difference operators on RV \ {0}. Here, k is a multiplicity-function for the Dunkl
operators, and a > 0 arises from the interpolation of the two sl(2,R) actions on the Weil
representation of Mp(N,R) and the minimal unitary representation of O(N + 1,2). We prove
that this action w4 lifts to a unitary representation of the universal covering of S L(2,R), and
can even be extended to a holomorphic semigroup Q,. In the k = 0 case, our semigroup
generalizes the Hermite semigroup studied by R. Howe (a = 2) and the Laguerre semigroup
by the second author with G. Mano (a = 1). One boundary value of our semigroup Qy , pro-
vides us with (k, a)-generalized Fourier transforms 7y ,, which includes the Dunkl transform
9 (a = 2) and a new unitary operator 7 (a¢ = 1), namely a Dunkl-Hankel transform. We
establish the inversion formula, and a generalization of the Plancherel theorem, the Hecke
identity, the Bochner identity, and a Heisenberg uncertainty relation for .%;,. We also find
kernel functions for Q;, and %, for a = 1,2 in terms of Bessel functions and the Dunkl
intertwining operator.
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1. INTRODUCTION

The classical Fourier transform is one of the most basic objects in analysis; it may be
understood as belonging to a one-parameter group of unitary operators on L*(R"), and this
group may even be extended holomorphically to a semigroup (the Hermite semigroup) 1(z)
generated by the self-adjoint operator A — ||x||>. This is a holomorphic semigroup of bounded
operators depending on a complex variable z in the complex right half-plane, viz. I(z + w) =
I(z)I(w). The structure of this semigroup and its properties may be appreciated without any
reference to representation theory, whereas the link itself is rich as was revealed beautifully
by R. Howe [31]] in connection with the Schrodinger model of the Weil representation.

Our primary aim of this article is to give a foundation of the deformation theory of the clas-
sical situation, by constructing a generalization .%; , of the Fourier transform, and the holo-
morphic semigroup .# ,(z) with infinitesimal generator |Ix]I>~* A — ||x]|%, acting on a concrete
Hilbert space deforming L*>(RY). Here A, is the Dunkl Laplacian (a differential-difference
operator). We analyze these operators .7, and .% ,(z) in the context of integral operators as
well as representation theory.

The deformation parameters in our setting consist of a real parameter a coming from the in-
terpolation of the minimal unitary representations of two different reductive groups by keep-
ing smaller symmetries (see Diagram 1.4), and a parameter k coming from Dunkl’s theory
of differential-difference operators associated to a finite Coxeter group; also the dimension N
and the complex variable z may be considered as a parameter of the theory.

We point out, that already deformations with k& = O are new and interpolate the minimal
representations of two reductive groups Oy(n+ 1,2)~ and M p(n, R). Notice that these unitary
representations are generated by the ‘unitary inversion operator’ (= %, witha = 1,2, uptoa
scalar multiplication) together with an elementary action of the maximal parabolic subgroups
(see [40, Introduction]).



LAGUERRE SEMIGROUP AND DUNKL OPERATORS 3

This article establishes the foundation of these new operators. Our theorems on (k, a)-
generalized Fourier transforms .%; , include:

— Plancherel and inversion formula (Theorems 5.1/ and 5.3)),

— Bochner-type theorem (Theorem 5.21)),

— Heisenberg’s uncertainty relation (Theorem 5.29),

— exchange of multiplication and differentiation (Theorem 5.6).

We think of the results and the methods here as opening potentially interesting studies such
as:

— characterization of ‘Schwartz space’ and Paley—Wiener type theorem,
— Strichartz estimates for Schrodinger and wave equations,

— Brownian motions in a Weyl chamber (cf. [22]),

— analogues of Clifford analysis for the Dirac operator (cf. [S0]),

working with deformations of classical operators.

In the diagram below we have summarized some of the deformation properties by indicat-
ing the limit behaviour of the holomorphic semigroup .# ,(z); it is seen how various previous
integral transforms fit in our picture. In particular we obtain as special cases the Dunkl trans-
form 2, [12] (a = 2, z = % and k arbitrary), the Hermite semigroup /(z) [20, 31] (a = 2,
k = 0 and z arbitrary), and the Laguerre semigroup [38, 39] (a = 1, kK = 0 and z arbitrary).
Our framework gives a new treatment even on the theory of the Dunkl transform.

The ‘boundary value’ of the holomorphic semigroup .# ,(z) from Re z > 0 to the imaginary
axis gives rise to a one-parameter subgroup of unitary operators. The underlying idea may be
interpreted as a descendent of Sato’s hyperfunction theory [54/] and also that of the Gelfand—
Gindikin program [23|, 29, 48l 156] for unitary representations of real reductive groups. The
specialization fk,a(%") will be our (k, a)-generalized Fourier transform .%;, (up to a phase
factor), which reduces to the Fourier transform (a = 2 and k = 0), the Dunkl transform %
(a = 2 and k arbitrary), and the Hankel transform (a = 1 and k = 0).

Yet another specialization is to take N = 1. This very special case contains (after some
change of variables) the results on the L?>-model of the highest weight representations of the
universal covering group of § L(2, R), which was obtained by B. Kostant [42] and R. Rao [49]]
by letting sl, act as differential operators on the half-line (see Remark 3.32).

The secondary aim of this article is to contribute to the theory of special functions, in partic-
ular orthogonal polynomials; indeed we derive several new identities, for example, the (k, a)-
deformation of the classical Hecke identity (Corollary 15.20) where the Gaussian function and
harmonic polynomials in the classical setting are replaced respectively with exp(— £||x||“) and
polynomials annihilated by the Dunkl Laplacian. Another example is the identity (4.41),
which expresses an infinite sum of products of Bessel functions and Gegenbauer functions as
a single Bessel function.

In the rest of the Introduction we describe a little more the contents of this article.

In Sections 1.1/ and [1.2, without any reference to representation theory, we discuss our
holomorphic semigroup .%; ,(z) and (k, a)-generalized Fourier transforms .%; , as a two-parameter
deformation of the classical objects, i.e. the Hermite semigroup and the Euclidean Fourier
transform.
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In Section 1.3, we introduce the basic machinery of the present article, namely, to construct
triples of differential-difference operators generating the Lie algebra of S L(2, R), and see how
they are integrated to unitary representations of the universal covering group.

One further aspect of our constructions is the link to minimal unitary representations. For
the specific two parameters (a, k) = (1,0) and (2,0), we are really working with represen-
tations of much larger semisimple groups, and our deformation is interpolating the repre-
sentation spaces for the minimal representations of two different groups. We highlight these
hidden symmetries in Section [1.4.

Let us also note that there is in our theory a natural appearance of some symmetries of
the double degeneration of the double affine Hecke algebra (sometimes called the rational
Cherednik algebra), see Section 5.6. Here a = 2 and k arbitrary, and in particular, we recover
the Dunkl transform.

(k, a)-generalized Fourier transform .%; ,

(k, a)-generalized Laguerre semigroup -% ,(z)

/ K

F2(2) F1(2)
- %/ x—m IHV \—ﬂg
Dunkl transform &, | |Hermite semigroup /(z)| | Laguerre semigroup TG
[T0] (20, 3T]] [39] (see (5.1))
ke\‘ /z—ﬂg ZHA /k—>o
‘ Fourier transform ‘ ‘ Hankel transform ‘
< ‘unitary inversion operator’ =
the Weil representation of the minimal representation of
the metaplectic group Mp(N, R) the conformal group O(N + 1,2)

Diagram 1. Special values of holomorphic semigroup % ,(2)

1.1. Holomorphic semigroup .7, ,(z) with two parameters k and a.
Dunkl operators are differential-difference operators associated to a finite reflection group on
the Euclidean space. They were introduced by C. Dunkl [[10]. This subject was motivated
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partly from harmonic analysis on the tangent space of the Riemannian symmetric spaces, and
resulted in a new theory of non-commutative harmonic analysis ‘without Lie groups’. The
Dunkl operators are also used as a tool for investigating an algebraic integrability property
for the Calogero—-Moser quantum problem related to root systems [25]]. We refer to [[15] for
the up-to-date survey on various applications of Dunkl operators.

Our holomorphic semigroup . ,(z) is built on Dunkl operators. To fix notation, let €
be the Coxeter group associated with a root system % in RY. For a C-invariant real function
k = (k) (multiplicity function) on Z, we write A, for the Dunkl Laplacian on R" (see (2.10)).

We take a > 0O to be a deformation parameter, and introduce the following differential-
difference operator

Ava = XA = [1xll®. (1.1)
Here, ||x]| is the norm of the coordinate x € RY, and ||x||* in the right-hand side of the formula
stands for the multiplication operator by ||x||*. Then, A, is a symmetric operator on the
Hilbert space L*(R", 9 ,(x)dx) consisting of square integrable functions on R" against the
measure ¥ ,(x)dx, where the density function ¥ ,(x) on R is given by

Pea(x) = |27 l_[ Ka, x)[. (1.2)
QER
Then ¥ ,(x) has a degree of homogeneity a — 2 + 2(k), where (k) := % > ac ko 18 the index
of k = (k) (see (2.3)).
The (k,a)-generalized Laguerre semigroup % ,(z) is defined to be the semigroup with
infinitesimal generator éAk,a, that is,

Fra@) 1= exp( ), (13)

for z € C such that Re z > 0. (Later, we shall use the notation .% ,(z) = € ,(y.), in connection
with the Gelfand—Gindikin program.)
In the case a = 2 and k = 0, the density J; ,(x) reduces to #y,(x) = 1 and we recover the
classical setting where
N 62 N
Aos = Z Pl Z x?, the Hermite operator on L*(R"),
=1 7% =l
H02(2) = the Hermite semigroup 1(z) ([20} B1]).

In this article, we shall deal with a positive a and a non-negative multiplicity function k for
simplicity, though some of our results still hold for “slightly-negative” multiplicity functions
(see Remark 2.3). We begin with:

Theorem A (see Corollary 3.22). Suppose a > 0 and a non-negative multiplicity function k
satisfy a + 2¢k) + N — 2 > 0. Then,

1) Ay, extends to a self-adjoint operator on L*(RYN, .o (X)dx).

2) There is no continuous spectrum of Ay .

3) All the discrete spectra are negative.

We also find all the discrete spectra explicitly in Corollary 3.22.
Turning to the (k, a)-generalized Laguerre semigroup -%; ,(2) (see (1.3)), we shall prove:
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Theorem B (see Theorem 3.39). Retain the assumptions of Theorem Al
1) H4(2) is a holomorphic semigroup in the complex right-half plane {z € C : Rez > 0} in
the sense that %, ,(2) is a Hilbert—Schmidt operator on L*(R", 9 ,(x)dx) satisfying
Iea(21) © Fra(22) = Szt +22),  (Rezi,Rezy > 0),
and that the scalar product (% .(2)f, g) is a holomorphic function of z for Rez > 0, for
any f, 8 € LZ(RN’ ﬁk,a(x)dx)'
2) F.4(2) is a one-parameter group of unitary operators on the imaginary axis Re z = 0.

In Section 4.3, we shall introduce a real analytic function .# (b, v; w; cos ¢) in four variables
defined on {(b, v,w, ) € R, X RXCXR/2aZ : 1 + bv > 0}. The special values at b = 1,2 are
given by

I (Lviwit) =e", (1.4)

(W(l + t)l/z)

N .

Here, E(z) = (%)‘AI 1(2) s the (normalized) modified Bessel function of the first kind (simply,
I-Bessel function). We notice that these are positive-valued functions of 7 if w € R.

We then define the following continuous function of ¢ on the interval [—1, 1] with parame-
tersr,s >0andz € {z€ C| Rez > 0} \ inZ by

exp (— 1 + 5%) coth(z)) (g 2+ N =2 2rs)t )

hio(r, 852;,1) = > asi ’
ka( ) sinh(2) 2+Nra2 a 2 a sinh(z)

where (k) = 1 3, ko (see (2.3)).

For a function /() of one variable, let (th)(x, y) be a k-deformation of the function
h({x,y)) on RY x R¥. (This k-deformation is defined by using the Dunkl intertwining op-
erator Vi, see (2.6)).

In the polar coordinates x = rw and y = sn, we set

Ara(X,y:2) = Vilhya(r, 5323 ) w, ).

For a > 0 and a non-negative multiplicity function k, we introduce the following normal-
ization constant

FQ2viw;t)y =T(v + 1)7 i

o (1.5)

1
Cra '= (f exp (——IIXII“) Fea(x)dx)™". (1.6)
RN a

The constant ¢, can be expressed in terms of the gamma function owing to the work by Sel-
berg, Macdonald, Heckman, Opdam [47], and others (see Etingof [[18] for a uniform proof).
Here is an integration formula of the holomorphic semigroup .#; ,(z).

Theorem C (see Theorem 4.23). Suppose a > 0 and k is a non-negative multiplicity function.
Suppose Re z > 0 and 7 & inZ. Then, 9} .(z) = exp(£Ay,) is given by

%ﬂmﬂﬂmffwMMmmmww (1.7)
RN

The formula (1.7) generalizes the k = 0 case; see Kobayashi-Mano [39]] for (k,a) = (0, 1),
and the Mehler kernel formula in Folland [20] or Howe [31]] for (k, a) = (0, 2).
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1.2. (k,a)-generalized Fourier transforms .%, .

As we mentioned in Theorem B 2), the ‘boundary value’ of the (k, a)-generalized Laguerre
semigroup -% ,(z) on the imaginary axis gives a one-parameter family of unitary operators.
The case z = 0 gives the identity operator, namely, .% ,(0) = id. The particularly interesting
case is when z = Z', and we set

Fra = ¢ Il 5 ) = cexp( S lF A - 1xl")

2(k)+N+a—2

by multiplying the phase factor ¢ = ¢2(™ @ ) (see (5.2)). Then, the unitary operator .%;,,
for general a and k satisfies the following significant properties:

Theorem D (see Proposition 3.35 and Theorem 5.6). Suppose a > 0 and k is a non-negative
multiplicity function such that a + 2{k) + N —2 > 0.
1) Fra is a unitary operator on L>(RY, 9y ,(x)dx).
2) FraoE=—(E+N+2§ky+a-2)o .
Here, E = Z?/:l x;0;.
3) Frao Xl = =P Ax 0 Fi,
Fia © (IXIPAA) = X" © F .
4) Fyq is of finite order if and only if a € Q. Its order is 2p if a is of the form a = %, where p
and q are positive integers that are relatively prime.

We call %, a (k,a)-generalized Fourier transform on RY. We note that .%; , reduces to
the Euclidean Fourier transform .% if k = 0 and a = 2; to the Hankel transform if k = 0 and
a = 1; to the Dunkl transform % introduced by C. Dunkl himself in [[12]] if K > 0 and a = 2.

For a = 2, our expressions of .%; , amount to:

Ui 7Tl .
F =eT exp Z(A — |2l (Fourier transform),

Ti(2(k)+N)
k)N

D=e exp %(Ak — |IxI») (Dunkl transform).

For a = 1 and k = 0, the unitary operator

Ti(N=1)
ﬁo’l =e 2

eXp(%illxll(A - 1)

arises as the unitary inversion operator of the Schrodinger model of the minimal representa-
tion of the conformal group O(N+1, 2) (see [38, 39]]). Its Dunkl analogue, namely, the unitary
operator .#;, fora = 1 and k > 0 seems also interesting, however, it has never appeared in the
literature, to the best of our knowledge. The integral representation of this unitary operator,

= F = €i%(2<k>+N_l)cfk,1(%
is given in terms of the Dunkl intertwining operator and the Bessel function due to the closed
formula of .Z (b, v;w;t) at b = 2 (see (1.5)).

On the other hand, our methods can be applied to general k and a in finding some basic
properties of the (k,a)-generalized Fourier transform .%#;, such as the inversion formula,
the Plancherel theorem, the Hecke identity (Corollary 5.20), the Bochner identity (Theorem

5.21), and the following Heisenberg inequality (Theorem 5.29):

) = 10N exp( T xlA - 1),
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Theorem E (Heisenberg type inequality). Let || ||, denote by the norm on the Hilbert space
L*(RY, 9 o(x)dx). Then,

it fo| et Zare|| = ZRFNEAZ2) coo
H Hk H Hk 2

for any f € L*(RN,9(x)dx). The equality holds if and only if f is a scalar multiple of
exp(—c||x]|*) for some ¢ > 0.

This inequality was previously proved by Rosler [52)] and Shimeno [55] for the a = 2
case (i.e. the Dunkl transform ). In physics terms we may think of the function where the
equality holds in Theorem E as a ground state; indeed whena =c =1, N =3,and k =0 itis
exactly the wave function for the Hydrogen atom with the lowest energy.

1.3. sl,-triple of differential-difference operators.

Over the last several decades, various works have been published that develop applications
of the representation theory of the special linear group S L(2, R). We mention particularly the
books of Lang [43]] and Howe-Tan [32], and the research papers of Vergne [60] and Howe
[30]. These and other contributions show how the symmetries of sl, can offer new perspec-
tives on familiar topics from inside and outside representation theory (character formulas,
ergodic theory, Fourier analysis, the Laplace equation, etc.).

The basic tool for the present article is also the S L, theory. We construct an sl,-triple of
differential-difference operators with two parameters k and a, and then apply representation
theory of § L2, R), the universal covering group of S L(2, R). The resulting representation is
a discretely decomposable unitary representation in the sense of [[36]], which depends contin-
uously on parameters a and k.

To be more precise, we introduce the following differential-difference operators on RV \ {0}
by

. . N
i _ i a 2 N+2ky+a-2
B, o= -l Bri= —ldPA, == ) xd;+ .
a a a a
With these operators, we have
alq, = i (B, —E,).
The main point here is that our operator Ay, can be interpreted in the framework of the
(infinite dimensional) representation of the Lie algebra sl(2, R):

Lemma F (see Theorem 3.2). The differential-difference operators {Hy ,, E;

k,a’®
sly-triple for any multiplicity-function k and any non-zero complex number a.

E, ,} form an

In other words, taking a basis of sl(2,R) as

0 1 00 1 0
+ _ - _ —
“=fo o <=5} »-lo )
we get a Lie algebra representation wy, of g = sl(2,R) with continuous parameters k and a

on functions on RY by mapping

+ + - -
h-H, e -—E_, e —»E/.
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The main result of Section 3 is to prove that the representation wy, of sl(2, R) lifts to the
universal covering group S LZR):

Theorem G (see Theorem 3.30). If a > 0 and k is a non-negative multiplicity function
such that a + 2¢k) + N — 2 > 0, then wy, lifts to a unitary representation of S L(2,R) on
L*(RYN, Do (X)dx).

Theorem G fits nicely into the framework of discretely decomposable unitary represen-
tations [36, 37)]. In fact, we see in Theorem [3.31] that the Hilbert space L*(R", Di.q(x)dx)
decomposes discretely as a direct sum of unitary representations of the direct product group
€ x SLZR):

2m+ 2ky+ N -2
(= )

a

53}
LPRY, B ((0)dx) = %{’"(RN)IWI ®n (1.8)
m=0
where 72" (R") stands for the representation of the Coxeter group € on the eigenspace of the
Dunkl Laplacian (the space of spherical k-harmonics of degree m) and n(v) is an irreducible
unitary lowest weight representation of S LZ,R) of weight v + 1 (see Fact3.27). The unitary
isomorphism (1.8)) is constructed explicitly by using Laguerre polynomials.

For general N > 2, the right-hand side of (1.8) is an infinite sum. For N = 1, (1.8) is
reduced to the sum of two terms (m = 0, 1).

The unitary representation of S E@/ R) on L2(RY, Pi.q(x)dx) extends furthermore to a holo-
morphic semigroup of a complex three dimensional semigroup (see Section 3.8)). Basic prop-
erties of the holomorphic semigroup .#; ,(z) defined in (1.3) and the unitary operator .%; , can
be read from the ‘dictionary’ of sl(2, R) as follows:

0 1 1
in_y ol ;Ak’a
(0 1 z
expiz|_| o] < I1a(2) = exp(=Axq)
- a
(0 -1 o
Wy = exp sl o «— Z4 (up to the phase factor)
Ad(wp)et = e« Fpq0 Il = |6l AFra
Ad(wple™ = e* «— Fy, o Ikl A = —[Ix]|" Fra-

1.4. Hidden symmetries for a = 1 and 2.
As we have seen in Section (1.1, one of the reasons that we find an explicit formula for the
holomorphic semigroup .% ,(z) (and for the unitary operator .%;,) (see Section [1.1) is that
there are large ‘hidden symmetries’ on the Hilbert space when a = 1 or 2.

We recall that our analysis is based on the fact that the Hilbert space L*(RY, 9 ,(x)dx) has
a symmetry of the direct product group € X § LZ,R) for all k and a. It turns out that this
symmetry becomes larger for special values of k and a. In this subsection, we discuss these
hidden symmetries.

First, in the case k = 0, the Dunkl Laplacian A; becomes the Euclidean Laplacian A,
and consequently, not only the Coxeter group € but also the whole orthogonal group O(N)
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commutes with A; = A. Therefore, the Hilbert space L>(R", P9 .4(x)dx) 1s acted on by O(N) X
S L(2,R). Namely, it has a larger symmetry

E€xSLZ,R) c ON) x SLZ, R).
Next, we observe that the Lie algebra of the direct product group O(N) X S L2 R) may be

seen as a subalgebra of two different reductive Lie algebras sp(N,R) and o(N + 1, 2):

o(N)®sl(2,R) ~ o(N)® o(1,2) C o(N + 1,2)

o(N) ®sl(2,R) = o(N) & sp(1,R) C sp(N,R)
It turns out that they are the hidden symmetries of the Hilbert space L*(RY, 9 ,(x)dx) for
a = 1,2, respectively. To be more precise, the conformal group O(N + 1,2), (or its double
covering group if N is even) acts on L>(RY, % (x)dx) = L*(R",||x||"'dx) as an irreducible
unitary representation, while the metaplectic group Mp(N, R) (the double covering group of
the symplectic group Sp(N, R)) acts on L>(R", Po2(x)dx) = L*(RY, dx) as a unitary represen-
tation.

In summary, we are dealing with the symmetries of the Hilbert space L*(R", Di.q(x)dx)
described below:

ON + 1,2)
/—)1
k—0

ExSL2,R)| —> |ON) x SLZ,R)

(k,a: general) \ﬂf -2
Mp(N,R)

DiaGram 1.4. Hidden symmetries in L2(RY, 9 ,(x)dx)

For a = 2, this unitary representation is nothing but the Weil representation, sometimes
referred to as the Segal-Shale—Weil representation, the metaplectic representation, or the
oscillator representation, and its realization on L*(RY) is called the Schrédinger model.

For a = 1, the unitary representation of the conformal group on L2(R", ||x||"'dx) is irre-
ducible and has a similar nature to the Weil representation. The similarity is illustrated by
the fact that both of these unitary representations are ‘minimal representations’, i.e., their an-
nihilator of the infinitesimal representations are the Joseph ideal of the universal enveloping
algebras, and in particular, they attain the minimum of their Gelfand—Kirillov dimensions.

In this sense, our continuous parameter a > 0 interpolates two minimal representations of
different reductive groups by keeping smaller symmetries (i.e. the representations of O(N) X
S lf(?,/ R)). The (k, a)-generalized Fourier transform .%;, plays a special role in the global
formula of the L>-model of minimal representations. In fact, the conformal group O(N +
1,2) is generated by a maximal parabolic subgroup (essentially, the affine conformal group
for the Minkowski space R™!) and the inversion element Iy,;, = diag(1,...,1,—1,-1).
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Likewise, the metaplectic group Mp(N,R) is generated by the Siegel parabolic subgroup
and the conformal inversion element. Since the maximal parabolic subgroup acts on the L*-
model on the minimal representation, we can obtain the global formula of the whole group
if we determine the action of the inversion element. For the Weil representation, this crucial
action is nothing but the Euclidean Fourier transform (up to the phase factor), and it is the
Hankel transform for the minimal representation of the conformal group O(N+1, 2) (see [38]],
see also [40), Introduction] for some perspectives of this direction in a more general setting).
A part of the results here has been announced in [3] without proof.

Notation N ={0,1,2,...}, N, ={1,2,3,...},, R, ={x e R | x>0}, andR,o = {re R :
t > 0}.

2. PRELIMINARY RESULTS ON DUNKL OPERATORS

2.1. Dunkl operators.
Let (-, -) be the standard Euclidean scalar product in R¥. We shall use the same notation for
its bilinear extension to CV x CV. For x € RV, denote by ||x]| = (x, x)!/2.

For @ € RY \ {0}, we write r, for the reflection with respect to the hyperplane {(a)* orthog-
onal to « defined by

re(x) :=x— ZMG’, x e RV,
llell?
We say a finite set Z in R \ {0} is a (reduced) root system if:

R1) r(Z) = Z forall a € Z,
R2) Z NRa = {xa} forall @ € Z.

In this article, we do not impose crystallographic conditions on the roots, and do not require
that % spans RY. However, we shall assume Z is reduced, namely, (R2) is satisfied.

The subgroup € c O(N,R) generated by the reflections {r, | @ € Z#} is called the finite
Coxeter group associated with %Z. The Weyl groups such as the symmetric group Sy for the
type Ay_; root system and the hyperoctahedral group for the type By root system are typical
examples. In addition, H3, H, (icosahedral groups) and /;(n) (symmetry group of the regular
n-gon) are also the Coxeter groups. We refer to [[27]] for more details on the theory of Coxeter
groups.

Definition 2.1. A multiplicity function for € is a function k : % — C which is constant on
C-orbits.

Setting k,, := k(a) for @ € %, we have k;, = k, for all h € € from definition. We say k is
non-negative if k, > O for all @ € #. The C-vector space of multiplicity functions on % is
denoted by .# . The dimension of %" is equal to the number of €-orbits in Z.

For & € CN and k € 2, Dunkl [[10] introduced a family of first order differential-difference
operators T¢(k) (Dunkl’s operators) by

Te(k)f(x) = 0ef () + ) kula, &)

aeR*

(@, x)

, feC'RY). 2.1

Here 0, denotes the directional derivative corresponding to &. Thanks to the €-invariance of
the multiplicity function, this definition is independent of the choice of the positive subsystem
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#*. The operators T¢(k) are homogeneous of degree —1. Moreover, the Dunkl operators
satisfy the following properties (see [[L0]):
(D1) L(h) o Te(k) o L(h)™" = Tye(k) for all h € €,
(D2) Te(k)T, (k) = T,(k)T¢(k) for all £,n € RV,
(D3) Te(k)[fgl = gTe(k)f + fTe(k)g if f and g are in C'(R") and at least one of them is
C-invariant.
Here, we denote by L(h) the left regular action of & € € on the function space on R":

(L)) = fh - x).

Remark 2.2. The Dunkl operators arise as the radial part of the Laplacian on the tangent
space of a Riemannian symmetric spaces. Let g be a real semisimple Lie algebra with Cartan
decomposition g = T @ p. We take a maximal abelian subspace a in p, and let (g, a) be the
set of restricted roots, and m, the multiplicity of @ € Z(g, a). We may consider X(g, a) to
be a subset of a by means of the Killing form of g. The Killing form endows p with a flat
Riemannian symmetric space structure, and we write A, for the (Euclidean) Laplacian on p.
Put % := 2%(g,a) and k, := % Y pesrra Mp. We note that the root system % is not necessarily
reduced. Then the radial part of A,, denoted by Rad(A,), (see [26, Proposition 3.13]) is given
by
Rad(Ay)f = Avf

for every C-invariant function f € C®(a), where Ay is the Dunkl Laplacian which will be
defined in (2.10).

Remark 2.3. Some of our results still hold for “slightly-negative” multiplicity functions. For
instance, when k, = k for all « € %, we may relax the assumption k > 0 by k > — dniax
where d.x is the largest fundamental degree of the Coxeter group € (see [18, Theorem 3.1]).
However, for simplicity, we will restrict ourselves to non-negative multiplicity functions k =

(ka)ae%-
Let 9, be the weight function on RY defined by

9(x) 1= ]_[ Ko, ),  xeRM. 2.2)
R

It is C-invariant and homogeneous of degree 2(k), where the index (k) of the multiplicity

function k is defined as |
(k= Z ko =5 Z k,. 2.3)

aeR* acX
Let dx be the Lebesgue measure on RY with respect to the inner product ( , ). Then the Dunkl
operators are skew-symmetric with respect to the measure 9J;(x)dx (see [[10]). In particular,
if f and g are differentiable and one of them has compact support, then

fR (T HD)g(D)d(x)dx = — fR S OTg) )P (x)dx. 2.4)

It is shown in [[L1] that for any non-negative root multiplicity function k there is a unique
linear isomorphism V (Dunkl’s intertwining operator) on the space 2(R") of polynomial
functions on R such that:
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I1) Vi(2,RY)) = 2,RY) for all m € N,

(I2) Vizy@y) = 1d,

(I13) Te(k)V) = V0, for all ¢ € RV,
Here, 2,,(RY) denotes the space of homogeneous polynomials of degree m. It is known that
V induces a homeomorphism of C(R") and also that of C*(R") (cf. [39]). See also [[I7] for
more results on V; for C-valued multiplicity functions on Z.

For arbitrary finite reflection group €, and for any non-negative multiplicity function k,
Rosler [51]] proved that there exists a unique positive Radon probability-measure p* on RY
such that

Vif (o) = f FOAUE). 2.5)
RN

The measure u* depends on x € R and its support is contained in the ball B(||x|)) := {£ €
RN | 1€l < |lx||}. Moreover, for any Borel set S ¢ RY, g € € and r > 0, the following invariant
property holds:

H(S) = 115, (85) = i (rS).
In view of the Laplace type representation (2.5), Dunkl’s intertwining operator V; can be

extended to a larger class of spaces. For example, let B denote the closed unit ball in RY.
Then the support property of u* leads us to the following:

Lemma 2.4. For any R > 0, V. induces a continuous endomorphism of C(B(R)).

Proof. Let f € C(B(R)). We extend f to be a continuous function fon RM. Then, kais
given by the integral

V() = f FOd@).
RN

Suppose now x € B(R). Then Suppu* c B(||x|)) € B(R). Hence, (V; f)l B 18 determined by
the restriction f = f] s®- Thus, the correspondence f +— (Vi f)lB(R) is well-defined, and we
get an induced linear map V;: C(B(R)) — C(B(R)), by using the same letter.

Next, suppose a sequence f; € C(B(R)) converges uniformly to f € C(B(R)) as j — oo.
Then we can extend f; to a continuous function f; on R" such that f; converges to fon every
compact set on RV, Hence ka; converges to ka: and so does V. f; to Vi f. m|

For a continuous function /A(f) of one variable, we set

hy() := h((-,y))  (y €RY),
and define

(Vih)(x,y) := (Vihy)(x) = fR h(¢, YNAUAE). (2.6)

Then, (V;h)(x, y) is a continuous function on (x, y) € R¥ x RV.
We note that if £ = 0 then

(Voh)(x, y) = h((x, y)).
If h(?) is defined only near the origin, we can still get a continuous function (th)(x, y) as

far as |(x, y)| is sufficiently small. To be more precise, we prepare the following proposition
for later purpose. For simplicity, we write B for the unit ball B(1) in RY.
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Proposition 2.5. Suppose h(t) is a continuous function on the closed interval [-1,1]. Then,
(Vih)(x,y) is a continuous function on B X B. Further, Vi h satisfies

”th”L“(BxB) < Al e (=1,13) (2.7)
(Vih)(x,y) = (Vih)(y, x). (2.8)

Proof. We extend & to a continuous function h on R. It follows from Lemma 2.4 that the
values (Vi h)(x,y) for (x,y) satisfying [(x, y)| < 1 are determined by the restriction i = hl_; ;.
Hence,

(Veh)(x,y) := (Vih)(x,y), (x,y) € BX B

is well-defined.

Since u* is a probability measure, we get an upper estimate (2.7) from the integral expres-
sion (2.6).

By the Weierstrass theorem, we can find a sequence of polynomials # ; (t) (G =12,...)
such that /;(f) converges to h(7) uniformly on any compact set of R. Then, th converges to
th uniformly on B X B. Thanks to [[L1, Proposition 3.2], we have (Vk Dxy) = (th Ny, x).
Taking the limit as j tends to infinity, we get the equation (2.8)). Hence, Proposition 2.5 is
proved. O

Aside from the development of the general theory of the Dunkl transform, we note that
explicit formulas for V, have been known for only a few cases: € = Z)', € = §5;, and the
equal parameter case for the Weyl group of B, (see [15]] for the recent survey by C. Dunkl).

2.2. The Dunkl Laplacian.

Let {£1, ..., &y} be an orthonormal basis of (RY, (-, -)). For the j-th basis vector & » we will use
the abbreviation T¢,(k) = T (k). The Dunkl-Laplace operator, or simply, the Dunkl Laplacian,
is defined as

N
A= ) Tik). (2.9)
j=1

The definition of A, is independent of the choice of an orthonormal basis of RY. In fact, it is
proved in [[10] that A, is expressed as

AF() = Af()+ Dk ~ Il

(2.10)
= (a, x) (a, x)?

{2<Vf(X), @) ) - f (rQX)}
where V denotes the usual gradient operator.

For k = 0, the Dunkl-Laplace operator A; reduces to the Euclidean Laplacian A, which
commutes with the action of O(N). For general k, it follows from (D1) and (2.9) that A,
commutes with the action of the Coxeter group €, i.e.

L(h) o Ay o L(h)™ = Ay, Vh e G. (2.11)

Definition 2.6. A k-harmonic polynomial of degree m (m € N) is a homogeneous polynomial
p on RY of degree m such that Ayp = 0.
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Denote by " (R") the space of k-harmonic polynomials of degree m. It is naturally a
representation space of the Coxeter group C.

Let do be the standard measure on SV~!, ¢, the density given in (2.2), and d; the normal-
izing constant defined by

dy = ( f Fwder(w)) . (2.12)
SN—]

We write L2(SV~!, 9y (w)do(w)) for the Hilbert space with the following inner product { , )
given by

(fow=di | flg@hi@drw).

SN
For k = 0, d! is the volume of the unit sphere, namely,
¥
do = (2N). (2.13)
2n2

Thanks to Selberg, Mehta, Macdonald [44], Heckman, Opdam [47], and others, there is a
closed form of d; in terms of Gamma functions when & is a non-negative multiplicity function
(see also [[18]]).

As in the classical spherical harmonics (i.e. the k = 0 case), we have (see [19, page 37]):

Fact 2.7.

1) f%’j(m(RNNSN-] (m=0,1,2,...) are orthogonal to each other with respect to { , );.
2) The Hilbert space L*>(SV~!, 9i(w)do(w)) decomposes as a direct Hilbert sum:

LSV o) = Y AR s, (2.14)

meN

We pin down some basic formulae of A;. We write the Euler operator as

N
E:= ) x0; (2.15)
=1
Lemma 2.8. 1) The Dunkl Laplacian Ay is of degree —2, namely,
[E, Ar] = =2A; (2.16)
2)
N
Z (x;T;(k) + T;(k)x;) = N + 2(k) + 2E. (2.17)

=1
3) Suppose y(r) is a C* function of one variable. Then we have

(A gIIDT = @lxIP2g 7 (131 + alld 9 (DN + 2(k) +a = 2) +2E). (2.18)

Proof. See [25, Theorem 3.3] for 1) and 2).
3) Take an arbitrary C* function f on RY. We recall from the definition (2.1) and (D3) that

Ti(k)g = 8,8, (2.19)
Ti(k)(fg) = (Tj(k)f)g + f(9;8),
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if g is a C-invariant function on R". In particular,
T (llxll*) = ax;llxl| "y’ (|1,
T () (f D) = (T30 fF Cwllxll®) + ax; £ llxll* >y (x|
Using (D3) again, we get
T (k> (F Y1) = (T (k) fw(lxll)
+ allx| Y (Il e (T k) f (6) + T(k)(x; £ (%))
+ a f()x; T (k)" (1))
Taking the summation over j, we arrive at
AFOUIXD) = Arf Gl + allxl >y (1xlI)2E + N + 2¢k)) f(x)
+af()E(IX“ 7y (1x1)).
Here, we have used the expression (2.9) of Ay, (2.17), and (2.19). Now, (2.18)) follows from

the following observation: in the polar coordinate x = rw, the Euler operator £ amounts to
r, and r(r =2y (r") = (a = 2r* 72 () + ar’ 2y (). O
To end this section, we consider a ‘(k, a)-deformation’ of the classical formula
P o Ao e = A+ 4)x|2 - 2N - 4E.
Lemma 2.9. Forany v € C and a # 0, we have
el o |2 Ay 0 e a M = |7 Ar + Vx| = v((N + 2¢k) +a—2) +2E).  (2.20)

Proof. The proof parallels to that of Lemma 2.8 3). By the property (D3) of the Dunkl
operators, we get

T (k)€™ h(x)) = (T ;(k)e™)h(x) + e T;(k)h(x).

Then, substituting the formula

Tj(k)e’l“x”a — aje/lllJCIl“ — /laxj||x||a_ze/1”x”a,
we have

e~ Mo Ti(k) 0 e h(x) = Aax;||xl|**h(x) + T (k)h(x). (2.21)
Iterating (2.21) and using
Tl = (@ — 2)x{lx ™,
we get
e o (k) 0 e = (ax;{IxlI*™ + T;(k))°
= Pa? x| + Aallxl|* (T (k) + Ti(k)x))
+ Aa(a — 2)x3 || + T (k).

Summing them up over j, we have

N
e 0 Ay 0 eI = Ay + 22a|1x + Aallx|**(a - 2 + Z(ijj(k) +T;(x;)  (222)

=1
The substitution of (2.17) and A = —= to (2.22) shows Lemma. O
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3. THE INFINITESIMAL REPRESENTATION Wy, OF SI(2, R)

3.1. sl, triple of differential-difference operators.
In this subsection, we construct a family of Lie algebras which are isomorphic to sl(2,R) in
the space of differential-difference operators on R". This family is parametrized by a non-
zero complex number @ and a multiplicity function & for the Coxeter group.

We take a basis for the Lie algebra sl(2, R) as

. (01 (o0 (1 0
R T o

The triple {e*, e”, h} satisfies the commutation relations
[e*,e"] =h, [h,e*] = 2e*, [h,e ] =-2e". (3.2)

Definition 3.1. An sl, triple is a triple of non-zero elements in a Lie algebra satisfying the
same relation with (3.2).

We recall from Section 2 that A; is the Dunkl Laplacian associated with a multiplicity
function k on the root system, and that (k) is the index defined in (2.3). For a non-zero
complex parameter a, we introduce the following differential-difference operators on R¥:

CN+2k) +a-2
a

+

+ I a - I 2—-a . 2
Bi, = ;HXH , Bro = ZHXH A, Hi, : -

N
x,ﬁi. (33)
i=1

The point of the definition is:

Theorem 3.2. The operators E| , B, , and Hy, form an sl, triple for any complex number
a # 0 and any multiplicity function k.

Proof of Theorem 3.2, The operator E/ , is homogeneous of degree a, and E, , is of degree
(2-a)-2 = —-abyLemmal2.81). Let E = Z?/:] x;0; be the Euler operator as in (2.15).
Since Hy, is of the form %E + constant, the identity [Hy,, ]E,fﬂ] = iZE,ﬁa is now clear.

To see [}E;’a, E,;a] = H, ,, we apply Lemma 2.8 3) to the function y/(r) = r. Then we get

Ag o [IXI* = IxlI*Ag = a(N + 2¢k) + a — 2)||ld|*™ + 2allx]|*E. (3.4)
Composing the multiplication operator ||x||>~, we have
X4 Ay o |12l = IxXI1PA = a(N + 2¢k) + a — 2) + 2aE.

In view of the definition (3.3), this means []E;;a, E; ] = Hia
Hence, Theorem 3.2 is proved. O

Remark 3.3. Theorem 3.2\ for particular cases was previously known.

(1) Fora=2andk =0, {]E;;a, By oo Hialis the classical harmonic sl triple {%lellz, %A, %+
> Xi0;}. This s, triple was used in the analysis of the Schrodinger model of the Weil
representation of the metaplectic group M p(N,R) (see Howe [31l], Howe—Tan [32]).

(2) Fora =2 and k > 0, Theorem 3.2 was proved in Heckman [25), Theorem 3.3].
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(3) Fora = 1 and k = 0, {E; ,E, .

Mano [38, B9 where the authors studied the L*-model of the minimal representation

of the double covering group of S Oy(N + 1,2). (To be more precise, the formulas in

[39]] are given for the s, triple for {2E;;a, %E,;a, Hy .} in our notation.)

(4) For k = 0, the deformation parameter a was also considered in Mano [45l].

Hy .} is the s, triple introduced in Kobayashi and

The differential-difference operators (3.3) stabilize C*(R" \ {0}), the space of (complex
valued) smooth functions on R¥ \ {0}. Thus, for each non-zero complex number a and each
multiplicity function k on the root system, we can define an R-linear map

Wia : 512, R) — End(CTR" \ {0})) (3.5)
by setting
wk,a(h) = Hk,aa wk,a(e+) = E]::aa wk,a(e_) = E];a- (36)

Then, Theorem 3.2 implies that wy, is a Lie algebra homomorphism.

We denote by U(sl(2,C)) the universal enveloping algebra of the complex Lie algebra
sl(2,C) ~ sl(2,R) ® C. Then, we can extend (3.5) to a C-algebra homomorphism (by the
same symbol)

Wia : Us1(2,C)) — End(C® RN \ {0})).

We use the letter L to denote by the left regular representation of the Coxeter group € on

C=(RY \ {0}).

Lemma 3.4. The two actions L of the Coxeter group € and wy, of the Lie algebra sl(2,R)
commute.

Proof. Obviously, L(h) commutes with the multiplication operator E;a = éllxll“. As we saw
in (2.11), L(h) commutes with the Dunkl Laplacian. Hence, it commutes also with E,;a.
Finally, the commutation relation [E*ﬂ, E,;a] = Hy, implies L(h) o Hy, = Hy, o L(h). |
We consider the following unitary matrix
1 (=i -1
We set
(1 O 1 0 _
su(l,1):={X esl(2,C): X (O _1) + (O —I)X = 0},

another real form of sl(2,C). Then, Ad(c) induces a Lie algebra isomorphism (the Cayley
transform)
Ad(c) : sl(2,R) — su(l, 1).

We set
- 1
k :=Ad(c)h :i((l) 01) =—(e" —e), (3.8 a)
i
1{i -1 1 1 1
+ . + __ _ — _ (_ _ + "
n" = Ad(c)e" = 2(_1 —i) = 2i( h + ie + ie ), (3.8 b)
_ _ =i -1y 1 1, 1 _
n = Ad(c)e” = 2(_1 i)_ 2i(h+ l,e + l,e ). (3.8¢)
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Correspondingly to (3.8 a — ¢), the Cayley transform of the operators (3.6) amounts to:

. a _ 2-a A 1
B = wgaty = A Ly (39a)
a a

~ 2E + (N + 2(k) + a — 2) — ||x|[*"“ Ay — ||x]|*

B 1= wam®) = i ( (k) a2 ) = Xl Ay = Il , (3.9b)
’ a

— 2E + (N + 2¢k) + a — 2) + [|x*Ar + [Ix]1°

B = wan) = —i ( (k) a2 ) + Xl Ay + Il . (3.9 ¢)
’ a

Here, E = Y'Y, x;0; is the Euler operator.
Since Ad(c) gives a Lie algebra isomorphism, {E;;a, ]E,;a, Hy .} also forms an s, triple of
differential-difference operators. Putting v = +1 in Lemma 2.9, we get another expression of

the triple (E+ ,E; Hy .} as follows:

k,a’ —k,a’

Lemma 3.5. Let E;’a, E,;a, and I?I[k,a be as in (3.9 a, b, ¢). Then, we have:

Ef, = wpm®) = —zie@ o XA o e, (3.10 a)
’ a
Bru = Orali)) = —-¢" oA 0 e, (3.10b)
’ a
P P Z_QA @
Hio = oK) = ¢ o (Hk,a - k) oe'r (3.10¢)
a

[l [l

1
= ¢« o (N +2ky +a—2)+2E — ||lx"“A) o e .
a

3.2. Differential-difference operators in the polar coordinate.
In this subsection, we rewrite the differential-difference operators introduced in Section 3.1
by means of the polar coordinate.

We set

2m+ 2k + N — 2
/lk,a,m = .

(3.11)

a
We begin with the following lemma.

Lemma 3.6. Retain the notation of Section 2.2, For all y € C*(R,) and p € " (R"Y), we
have

Hia( PO AAI)) = {(Apam + D) + 21119 (1)} p(x), (3.12)
AP = {@* A + DIXI2W (XY + @629 (D px). (3.13)

Proof. The first statement is straightforward because the Euler operator E is of the form r%
in the polar coordinates x = rw. To see the second statement, we apply (2.18)) to p(x). Since

Ep = mp and Ayp = 0, we get the desired formula (3.13). O

We consider the following linear operator:

Tra: C*RY)® C™(Ry) — CRY\{0}), (p,y) = plow(lxll) (3.14)
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Lemma 3.7. Via the linear map Ty, the operators Hy,, E

ra and E,;a (see (3.3)) take the
following forms on %’j{’"(RN )® C*(R,):

Hya © Tra = Tra o (id ®(2r% + (am + 1)) (3.15 a)
Ef,© Tra = Tia o (id ®ér) (3.15b)
Ery © Tha = Tia o (id ®ai(rj—r22 + (A + 1)%)) (3.15¢)

Proof. Clear from Lemma 3.6 and the definition (3.3) of Hy ,, Ef

k,a’

and E, . O

The point of Lemma 3.7 is that the operators Hy ., E; ,, and E, , act only on the radial part

Y when applied to those functions p(x)y(||x||*) for p € %’j(’”(RN ).
For a > 0, we define an endomorphism of C*(R,) by

Ut CH(R) S CYE,), 20) o (Ua)) = exp~r)g(2r).

Clearly, U, is invertible. Composing with T, (see (3.14)), we define the following linear
operator S, by

Sta = Tra o (U, ®id).
Thatis, S 1., : C*(RY)® C*(R,) — C (R \ {0}) is given by

1 2
S kalp ® () = p(x) exp(——Ilxll*)s( >l (3.16)

We set
2

d d
Pi=t—+ Ny +1—-0—. 3.17
= 1+ (e = (3.17)
Here, A stands for A; ,,,. Then Lemma 3.7 can be formulated as follows:
Lemma 3.8. Via the map S, the operators Hy,, B, and B, take the following forms on
A RY) ® C¥(R,):
) d
Hia 0 Sta = Ska © (id ®(27t + (am + 1 =),
o,
El_:,a o Sk,a = Sk,a o (ld ®§l),
_ Sy t
Ery 0 Sta = Ska o (id®i(2P,, + 5 = Akam = 1)).

Proof. Immediate from Lemma 3.7 and the following relations:

U_loioU—%i_l
“ Tdr 7Y al\dr 2)

U'lorol, = gt
a a - 2 .
O
Similarly, by using (3.8 a—c), the actions of I[F-f[k,a, E,j’a, and E,;a (see (3.9 a—c)) are given as
follows:
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Lemma 3.9. Let P,, be as in (3.17). Then, through the linear map S, (see (3.16)), ﬁlk,a,

Eza, and E,;a take the following forms on %’jc’"(RN )® CT(R,):

Hia 0 Sta = Ska © (1d®( = 2P + A + 1)),

Eio©Sta =Siao (id&( —i(Pa— t% + 1= dgam — 1)),

B0 Sia = Suao (ide( ~i(P+15))).

3.3. Laguerre polynomials revisited.
In this subsection, after a brief summary on the (classical) Laguerre polynomials we give a
‘non-standard’ representation of them in terms of the one parameter group with infinitesimal
generator tj—; + (A + 1)% (see Proposition 3.11)).

For a complex number 4 € C such that Re 4 > —1, we write LE,A) for the Laguerre polyno-
mial defined by

W @At (20, P G (DT@+e+D) F
L= Zo(ul)jj! _Zo(f—j)!l“(/l+j+l) !

Here, (a),, ;== a(a+ 1)---(a + m — 1) is the Pochhammer symbol.
We list some standard properties of Laguerre polynomials that we shall use in this article.

Fact 3.10 (see [}, §6.5]). Suppose Re A > —1.
1) L;ﬂ)(t) is the unique polynomial of degree € satisfying the Laguerre differential equation

2
(r% +(1+1 —t)—+€)f(t):0 (3.18)
and

00 = (-1)". (3.19)

2) (recurrence relation)
(¢ + tdit —t+ A+ DLP®) = (€ + DLY, (1), (3.20 a)
(¢~ tE)L;”(t) = (L + DL (. (3.20 b)

3) (orthogonality relation)
« _ raA+¢+1)
o) W At 74

fo L7 (DL (Dt e dt = 64 e+ (3.21)

4) (generating function)
1-n""exp(— Z LYo, (< 1. (3.22)

5) {L;A)(t) : £ € N} form an orthogonal basis in L*(R.., t'e”'dt) if A is real and A > —1.

Finally, we give a new representation of the Laguerre polynomial.
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Theorem 3.11. Forany c # 0 and € € N,

d’ d.\\e tpp(t
exp(—c(tﬁ +(A+ 1)5))1? = (—O) OILY (Z) (3.23)
Since the differential operator
d? d
Bt = tﬁ + (/1+ 1)5

is homogeneous of degree —1, namely, B, = ¢B, if x = ct, it is sufficient to prove Theorem
3.11lin the case ¢ = 1. We shall give two different proofs for this.

Proof 1. We set
2

d d d
A=t——-¢ B:=t—+U+1)—.
dt dt2+( M )dt

It follows from [A, B] = —B that
AB" = B"A — nB"
for all n € N by induction. Then, by the Taylor expansion e™2 = Y CU B we get

n=0 " p|

Ae B = ¢ BA + Be 8.

Since A = 0, we get (B — A)(e 2t) = 0, namely, e 2t solves the Laguerre differential
equation (3.18). On the other hand, e ¢ is clearly a polynomial of ¢ with top term . In view
of (3.19), we have e 81 = (=1)‘¢ILY" (). O

Proof 2. A direct computation shows
Bt' = €A+ Ot
Therefore, B/t = 0 for j > £ and

B Z":(—l)ff(f—l)---(f—j+ DA+OQA+L-D)- @A+ L= j+ D)
= J!
~ i (DO + £+ 1) ¢
L (=T +k+1) k!
— (&)
= (=D eIL (o).
Hence, Theorem 3.11/has been proved. m|

3.4. Construction of an orthonormal basis in L>(R", 9, ,(x)dx).
We recall from (1.2) and (2.2) that the weight function ¥, on R" satisfies

Fea(2) = 1272 l—[ K, )P = [l G x).

aeX*

Therefore, in the polar coordinates x = rw (r > 0, w € SV¥~!), we have

Dea(X)dx = RN 9 (w)drdo(w), (3.24)
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where do(w) is the standard measure on the unit sphere. Accordingly, we have a unitary
isomorphism:
LSV 9(w)do(w) ® L*R,, X3 dry S L2RY, 9 o(x)dx), (3.25)

where ® stands for the Hilbert completion of the tensor product space of two Hilbert spaces.
Combining (3.25) with Fact[2.7, we get a direct sum decomposition of the Hilbert space:

Zea(%im(RNnSN_l) ® L*(R,, POV gp) 5 L2RN, 9 o(x)dx). (3.26)
meN
In this subsection, we demonstrate the irreducible decomposition theorem of the sl, repre-
sentation on (a dense subspace of) L>(R", Y. o(x)dx) by using (3.26) and finding an orthogonal
basis for L>(R,, r2R+N+a=34p).
For{,me Nand p € j‘/j{’"(RN ), we introduce the following functions on R¥:
O (p.) = Ska(p® L"), (3.27)

Here, S, : C*RY) ® C*(R,) — C¥(RN \ {0}) is a linear operator defined in (3.16), Ay, =
é(Zm +2{k)+N —2) (see (3.11))), and Li,ﬂ)(t) is the Laguerre polynomial. Hence, for x = rw €
RY (r >0, w e SV1), we have

a c,a,m 2 a 1 a
O (p, x) = p(L,™ (= IIx*) exp(—= x| (3.28)
a a

2 1
— mL(/lk,a,m) ~.a __a .
p(w)r"L, (ar )exp( P )
We define the following vector space of functions on R" by
Wio(RY) := C-span{®’(p,) | L e Nym € N, p € 7" (R")}. (3.29)

Proposition 3.12. Suppose k is a non-negative multiplicity function on the root system % and
a > 0 such that
a+2ky+N-2>0. (3.30)

Let {,s,m,n €N, p € Z"(R") and q € 7"(R").

1) @ (p, x) € CRY) N L2RY, G o(x)d).
2)

f (I)(a)( )q)(ll)( )19 ( )d _ 6 6 a/lk’a’mr(/lk,a,m + € + 1)
RN 4 D, X)WV g, X)U q(X)AX = 0y, ,0¢,s 21+/lk4,a,mr(€ I 1) -

3) Wio(RY) is a dense subspace of L*(RYN, Do (X)dx).

pw)g()I(w)do(w).

Remark 3.13. The special values of our functions (DE,”) (p, x) have been used in various set-
tings including:

a=2 see [I15) §3],

k=0, N=1 see [42]],

k=0,a=1 see [39, §3.2].

Remark 3.14. The condition (3.30) is automatically satisfied for a > 0 and a non-negative
multiplicity k if N > 2.
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Proof. Our assumption (3.30) implies
Akam > —1 foranym € N,

and thus CDE,“)(p, x) is continuous at x = 0. Therefore, it is a continuous function on x € R"
of exponential decay. On the other hand, we see from (3.24) that the measure ¥ ,(x)dx is lo-
cally integrable under our assumptions on a and k. Therefore, CDE)“) (p,x) € L>(RY, i a(x)dx).
Hence the first statement is proved.

To see the second and third statements, we rewrite the left-hand side of the integral as

- 2 2 2 -
L(/lkA,a,m) - a L(/lkA,a,n) - a _~.a m+n+2(k)+N+a—3d f 19, d
( fo (S () exp( =) ) ., PeM@ii)dow)

in the polar coordinates x = rw. Since k-harmonic polynomials of different degrees are
orthogonal to each other (see Fact 2.7), the integration over SV~! vanishes if m # n.
Suppose that m = n. By changing the variable 7 := %r”, we see that the first integration

amounts to
a/lk,a,m

f L (L (1) t%eme™dt. (3.31)
0

21+/l/(,a$m
By the orthogonality relation (3.21), we get
a*an T (A am + €+ 1)
2 %anT(€ + 1)

Hence, the second statement is proved. The third statement follows from the completeness
of the Laguerre polynomials (see Fact 3.104)). O

(3.31) = 6,4

We pin down the following proposition which is already implicit in the proof of Proposition
3.12:

Proposition 3.15. We fix m € N, a > 0, and a multiplicity function k satisfying
2m+2k)y+ N+a—-2>0.
We set

1o -

( QUam*IT(£ + 1)
atanT(Aggm + €+ 1)

Then { f;ﬁ(r) : € € N} forms an orthonormal basis in L*(R,., r*0+N*a=34p),

1/2 2 1
) rmLE,Ak’“"”)(Er“) exp(=—r") for { € N. (3.32)

Remark 3.16. Let cy,cy, ... be a sequence of positive real numbers. Fix a parameter a >
0. Dunkl [[14]] proves that the only possible orthogonal sets {Lg“)(c[r) exp(—%c[r)}zo for the
measure r**dr on R, with u > 0, are the two cases (1) u = 0, ¢, = co forall €; (2) u =1,

_ a+l
Ce = Coginrne

For each m € N, we take an orthonormal basis {h;’”) }jes,, of the space %’j{’”(RN )|gn-1. Propo-
sition 3.12/ immediately yields the following statement.

Corollary 3.17. Suppose that a > 0 and that the non-negative multiplicity function k satisfies
the inequality (3.30). For ¢, m e N and j € J,,, we set

O (x) := K™ () ).

tm,j Jj ||X|| £m
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Then, the set {CI)E,";1 j1teNmeN,je Jm} forms an orthonormal basis of L*(RY, 9y ,(x)dx).
Remark 3.18. A basis of %’j{’"(RN ) is constructed in [16), Corollary 5.1.13].

3.5. sl, representation on L>(RY, 9 ,(x)dx).

Now we are ready to exhibit the action of the s, triple {k,n*,n"} on the basis d)i,“)(p, 2
(see (3.8 a—c) and (3.28) for the definitions). We recall from (3.9 a—c) that I?I[k,a = wiq(Kk),
E;a = wy ("), and E;a = Wy q(n7).

Theorem 3.19. Let W, ,(R") be the dense subspace of L*(RY, i.q(x)dx) defined in (3.29).
Then, W, ,(RY) is stable under the action of sl(2,C). More precisely, for each fixed p €
f%’jc’"(RN ), the action wy, (see (3.9 a—c)) is given as follows:

WD (p, x) = 2L + Ay g + 1O (p, %), (3.33 a)
WO (p, x) = i(L + 1O (p, %), (3.33 b)
WD (p, x) = i(€ + Ay )P, (P, %), (3.33¢)

where CDE,“)(p, x) is defined in (3.28) and Ay 4, = 2m + 2¢k)y + N —2)/a (see (3.11))). We have
used the convention (I)(_“]) = 0.

Theorem 3.19 may be visualized by the diagram below. We see that for each fixed k, a, and
pE %’j(’"(RN ), the operators wy ,(n*) and wy ,(n™) act as raising/lowering operators.

AN LA LA
P TN SN SN
(e] o o o o
S S S S
n n

DiaGram 3.5.

Here, the dots represent wy,(k) eigenvectors (I)Ef’)(p, x) arranged by increasing wy (k)
eigenvalues, from left to right.

Proof of Theorem 3.19. For simplicity, we use the notation P, = tj—; + (Apam + 1 — t)% as in

(3.17), where A stands for A;,,,. By the formula d)i,a)(l?, )=S8Sr.p® L;ﬂ)) (see (3.27)) and by
Lemma 3.9, it is sufficient to prove

(2P, + A+ 1)L = 2+ A+ LY, (3.342)
d

(<i(Pry =t + 1= A= LY = i¢ + DLY,, (3.34 b)
d

— (P + tE)Lgﬁ =it + LY. (3.34¢)

Since the Laguerre polynomial LE,A)(t) satisfies the Laguerre differential equation
P LY (1) = —CLP @)

(see (3.18), the assertion (3.34 a) is now clear. The assertions (3.34 b) and (3.34 c) are
reduced to the recurrence relations (3.20 a) and (3.20 b), respectively. O
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Remark 3.20. An alternative proof of (3.33 a) will be given in Section 5.4\ (see Remark5.17).

By using the orthonormal basis {f, (“)(r) } (see (3.32)), we normalize (D(“)(p, X) as

O (p, x) := £,2(r)p(w) (3.35)
~( 2an* 10 (£ + 1)
- a/lk’a""r(/lk,a,m ++ 1)

1
) o (p,0)

for x = rw (r > 0, w € S¥ 1. Then, Theorem 3.19/is reformulated as follows:

Theorem 3.21. For any p € " (R"), we have

WK (P, x) = 2L + Ay + DO (p, ), (3.36 a)
Wea@DB (P, x) = i (€ + D(Aigp + €+ 1) D, (p, %), (3.36 b)
Wea@)D (P, %) = i (A + OC D, (p, x). (3.36 ¢)

We recall that an operator T densely defined on a Hilbert space is called essentially self-
adjoint, if it is symmetric and its closure is a self-adjoint operator.

Corollary 3.22. Let a > 0 and k be a non-negative multiplicity function satisfying (3.30).

1) The differential-difference operator Ay, = ||x|* Ay — ||x||* is an essentially self-adjoint
operator on L*(RV, Do (X)dx).

2) There is no continuous spectrum of Ay .

3) The set of discrete spectra of —Ay, is given by

2a6+2m+2k)+ N-2+a:{,meN} (N =2),
{2aC + 2(ky +a + 1 : { e N} (N =1).

Proof. In light of the formula (3.9 a)
Aka = —awyq(K),

the eigenvalues of A , are read from Theorem3.19. Since W, ,(R") is dense in L>(R", 9 (x)dx)
(see Proposition 3.12), the remaining statement of Corollary 3.22/is straightforward from the
following fact. ]

Fact 3.23. Let T be a symmetric operator on a Hilbert space 7€ with domain D(T), and let
{fu}n be a complete orthogonal set in €. If each f, € D(T) and there exists u, € R such that
T f,, = wafn, for every n, then T is essentially self-adjoint.

Remark 3.24. We shall see in Theorem 3.30 that the action of sl(2,R) in Theorem 3.21 lifts
to a unitary representation of the universal covering group S L(2,R) and that Corollary 3.22

1) is a special case of the general theory of discretely decomposable (g¢c, K)-modules (see
136, 371).
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3.6. Discretely decomposable representations.

Theorem3.19/asserts that W ,(R") is an sl(2, C)-invariant, dense subspace in L*(RY, ¥ ,(x)dx).
For N > 1, this is a ‘huge’ representation in the sense that it contains an infinitely many in-
equivalent irreducible representations of sl(2, C).

By a theorem of Harish-Chandra, Lepowsky and Rader, any irreducible, infinitesimally
unitary (gc, K)-module is the underlying (gc, K)-module of a (unique) irreducible unitary
representation of G (see [35, Theorem 0.6]). This result was generalized to a discretely
decomposable (g¢, K)-modules by the second-named author (see [37, Theorem 2.7]).

In this section, we discuss the meaning of Theorem [3.19 from the point of view of dis-
cretely decomposable representations.

We begin with a general setting. Let G be a semisimple Lie group, and K a maximal
compact subgroup of G (modulo the center of G). We write g for the Lie algebra of G, and
gc for its complexification. The following notion singles out an algebraic property of unitary
representations that split into irreducible representations without continuous spectra.

Definition 3.25. Let (w, X) be a (g¢c, K)-module.

(1) ([36, Part I, §1]) We say @ is K-admissible if dim Homg (7, @) < oo for any T € K.
(2) ([36, Part III, Definition 1.1]) We say @ is a discretely decomposable if there exist a
sequence of (8¢, K)-modules X; such that

O =X,cX,CX,C--, X:UXj,
Jj=0

X;/X;_1 is of finite length as a (§c, K)-module for j = 1,2, ....

(3) We say w is infinitesimally unitarizable if there exists a Hermitian inner product ( , ) on
X such that

(@(Y)u,v) = —(u,w(Y)v) foranyY € g, and any u,v € X.
We collect some basic results on discretely decomposable (gc, K)-modules:

Fact 3.26 (see [36, 37)]). Let (w, X) be a (g¢c, K)-module.

1) If w is K-admissible, then @ is discretely decomposable as a (§c, K)-modules.

2) Suppose @ is discretely decomposable as a (a¢c, K)-module. If @ is infinitesimally unita-
rizable, then @ is isomorphic to an algebraic direct sum of irreducible (g¢c, K)-modules.

3) Any discretely decomposable, infinitesimally unitary (gc, K)-module is the underlying
(9c, K)-module of a unitary representation of G. Furthermore, such a unitary representa-
tion is unique.

We shall apply this concept to the specific situation where g = sl(2, R) and G is the univer-
sal covering group S L(2,R) of S L(2,R).
We recall from (3.8 a) that

k = i((l) _01) =i(e” —e) esl(2,0).
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Letf:= R(e” —e") = iRk and K be the subgroup of G with Lie algebra f. Since G is taken to
be simply connected, the exponential map

R — K, t+— Exp(itk)

is a diffeomorphism.
For z € iR, we set

y, := Exp(—zk) = Exp (_‘L ’5) € K. (3.37)

Since {k,n",n"} forms an s, triple, we have
Ad(y.)n" = e *n*, Ad(y,)n” =e*n".
Then it is easy to see that the subgroup
CG)={ymi:neZi~2 (3.38)

coincides with the center of G.
Next, we give a parametrization of one-dimensional representations of K ~ R as

K=~C, y,ou (3.39)

by the formula y,(y,) = e or equivalently, dy (k) = p.

We shall call y, simply as the K-type u.

Let (@, X) be a (gc, K)-module. A non-zero vector v € X is a lowest weight vector of
weight y € C if v satisfies

wom )y =0, and w@K)y = puv.

We say (@, V) is a lowest weight module of weight y if V is generated by such v. For each
A € C, there exists a unique irreducible lowest weight (g¢, K)-module, to be denoted by g (1),
of weight 4 + 1.

With this normalization, we pin down the following well-known properties of the (g¢, K)-
module g (A) for g = sl(2,R):

Fact 3.27.

1) For a real A with A > —1, there exists a unique unitary representation, denoted by n(Q), of
G = Sl,,_(z-/R) such that its underlying (g¢c, K)-module is isomorphic to m ().

2) n(—1) is the trivial one-dimensional representation.

3) For A > 0, n(A) is a relative discrete series representation, namely, its matrix coefficients
are square integrable over G modulo its center C(G).

4) ﬂ(%) ® 71'(—%) is the Weil representation of Mp(1,R), the two fold covering group of
SL(2,R).

5) vai (see (3.37)) acts on n(A) as scalar e

6) m(Q) is well-defined as a unitary representation of Mp(1,R) if 1 € %Z, of SL2,R) if1 € Z,
and of PSL2,R) if A € 2Z + 1.

7) For A # —1,-3,-5,...,ng(A) is an infinite dimensional representation. For A > —1, we
fix a G-invariant inner product on the representation space of n(1). Then we can find an

—mi(A+1)
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orthonormal basis {v, : € € N} such that
Tx(DEKw, = Q€+ A+ 1)y,
Ty = i+ DA+ L+ 1) vy,

nK(/l)(n_)v[ =i \ A+ 5)5 Ve_1.

Here, we set v_; = {0}. In particular, ng(A) has the K-type {1+ 1,4+ 3,1+ 5,...} with
respect to the parametrization (3.39).
8) For A = —m (m = 1,2,...), ng(d) is an m-dimensional irreducible representation of

sl(2, C).

By using Fact 3.27, we can read from the formulas in Theorem 3.21! the following state-
ment:

Theorem 3.28. Suppose a is a non-zero complex number and k is a non-negative root multi-

plicity function satisfying the inequality (3.30), i.e. a + 2¢k) + N —2 > 0.

1) (Wia» WioRY)) is a € X (gc, K)-module.

2) As a (gc, K)-module, wy, is K-admissible and hence discretely decomposable (see Defini-
tion 3.25).

3) (Wia> WiaRN)) is decomposed into the direct sum of € X (ac, K)-modules as follows:

WiaRY) = 5 AL, @ mAean) (3.40)
m=0

Here, Ay = Zmt 2+ N2 (see (3.11)). The Coxeter group € acts on the first factor, and the

Lie algebra sl(2,R) acts on the second factor of each summand in (3.40).

Proof of Theorem 3.28. We fix anon-zero p € ,%’j{m(RN ). Then, it follows from Theorem 3.19
and Fact3.27 that for sl(2, R) acts on the vector space

C-span{®’(p,-) : £ € N}

as an irreducible lowest weight module mx (A ..»)- By (3.26), we get the isomorphism (3.40)
as (gc, K)-modules.

On the other hand, the Coxeter group € leaves .7,"(R") invariant. Furthermore, as we saw
in Lemma 3.4, the action of € and sl(2,R) commute with each other. Hence, the first and
third statements are proved.

It follows from the decomposition formula (3.40) that wy, is K-admissible because the
K-type of an individual mx(2) is of the form {1 + 1,4 + 3, ...} by Fact 3.27, 4, ,,, increases
as m increases, and dim jﬁm(RN ) < co. Hence, the second statement is also proved. O

For f, g € L*(R", 94 ,(x)dx), we write its inner product as

«f. g0 = N F(2)g(x) Py a(X)dx. (3.41)

Proposition 3.29. Suppose that a > 0 and that k is a non-negative multiplicity function such
that a+2{k)+N-2 > 0. Then, the representation wy, of sl(2,R) on W ,(R") is infinitesimally
unitary with respect to the inner product { , Y, namely,

CwiaX)f, 80k = =L Wka(X)ENk
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forany X € sl(2,R) and f, g € Wi .(R").

Proof. As we saw in (2.4) that the Dunkl operators are skew-symmetric with respect to the
measure Y (x)dx. In view of the definitions of A; (see (2.9)) and }E,;a = éllxllz‘”Ak (see
(3.3)), we see that Eia is a skew-symmetric operator with respect to the inner product (-, - )).
Likewise for E; . Further, the commutation relation Hy, = [E; E,;a] shows that Hy , is also

g k,a’
skew-symmetric. Thus, for all X € sl(2, R), wy ,(X) 1s skew-symmetric. O

3.7. The integrability of the representation w,.

Applying the general result on discretely decomposable representations (see Fact 3.26)) to our
specific setting where G is the universal covering group of S L(2, R), we get the following two
theorems:

Theorem 3.30. Suppose a > 0 and k is a non-negative multiplicity function satisfying
a+2¢k)y+N-2>0. (3.42)

Then the infinitesimal representation wy, of sl(2,R) lifts to a unique unitary representation,
to be denoted by . ,, of G on the Hilbert space L*(RV, Ura(x)dx). In particular, we have

d
Wi a(X) = P I:OQk,a(EXp(tX)), X € g,

on W;.,(RV), the dense subspace (3.29) of L>(RY, ;. .(x)dx). Here, we have written Exp for
the exponential map of the Lie algebra s1(2,R) into G.

Theorem 3.31. Retain the assumption of Theorem 3.30. Then, as a representation of the di-
rect product group € X G, the unitary representation L*(RY, 9y ,(x)dx) decomposes discretely
as

LRY, 9u(0dx) = Y (A" @Y)lsr1) ® 1Agan). (3.43)

m=0
Here, we recall that € is the Coxeter group of the root system, G is the universal cover-
ing group of SL(2,R), and A4, = w (see (3.11)). The decomposition (3.43) of
the Hilbert space L*(R", 9 (x)dx) is given by the formula (3.26) and n(1) (A > —1) is the
irreducible unitary representation of S L2, R) described in Fact3.27. In particular, the sum-
mands are mutually orthogonal with respect to the inner product (3.41) on L*(RY, Pea(x)dx).

Remark 3.32 (The N = 1 case). In [42] Kostant exhibits a family of representations with
continuous parameter of sl(2,R) by second order differential operators on (0, 0). He uses
Nelson’s result [46] to study the exponentiation of such representations. See also [49].

In the N = 1 case, the decomposition in Theorem 3.28 (and hence in Theorem 3.31) is
reduced to a finite sum because %’j{m(RN ) =0ifm > 2and N = 1. Indeed, there are
two summands according to even (m = 0) and odd (m = 1) functions. We observe that
the difference operator in (2.10) vanishes on even functions of one variable, so the Dunkl
Laplacian Ay collapses to the differential operator j—; + %%. Thus, our generators (3.3)
acting on even functions on (0, co) take the form

2 d 2k+a-1 . i, _ i 5 0d* 2kd
Hyo = Exa + — Bio = Ex , B, = Ex (— ——)
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We may compare these with the generators in Kostant’s paper [42)], where his generators
on (0, co0) are

d d? d r
v, 2y— + 1, (y— + — — —),
Y Yy b dy*  dy 4y)
which by the substitution’y = éx” and ¢(y) = xk_%go(x) become our operators {Hy 4, ]E;’a, E,;a}

with r = % Note that our generators acting on odd functions do not appear in Kostant’s
picture.

Remark 3.33. The assumption a + 2(k) + N — 2 > 0 implies
Akam > =1 foranym e N,

whence there exists an irreducible, infinite dimensional unitary representation n(Ady.nm) of G
such that its underlying (9c, K)-module is isomorphic to ng(Ay.m) by Fact'3.27 (1).

By the explicit construction of the direct summand in Theorem 3.19, we have

Corollary 3.34. As a representation of S L2, R), minimal K -types of the irreducible sum-
mands in (3.43) are given by

1
h(x) exp(—allxlla), he A"RY).

As we have seen that wy, lifts to the unitary representation €, , of the universal covering
groupG = § L2, R) for any k and a with certain positivity (3.42). On the other hand, if k and
a satisfies a certain rational condition (see below), then €, , is well-defined for some finite
covering groups of PSL(2,R). This representation theoretic observation gives an explicit
formula of the order of the (k, a)-generalized Fourier transform .%; , (see Section 5). We pin
down a precise statement here.

Proposition 3.35. Retain the notation of Theorem 3.30, and recall the definition of the index
(ky from (2.3). Then the unitary representation ., of the universal covering group G of
S L(2,R) is well-defined also as a representation of some finite covering group of PS L(2,R)
if and only if both a and {k) are rational numbers.

Proof. It follows from Fact 3.27 5) that the central element vy,,; € C(G) acts on (A ,) by
the scalar

e_”in(/lk,a,m + 1) —

= exp(—g . 27rmi) exp(—

N+2k)y+a-2 .
nm).
a
This equals 1 for all m if and only if

n(2¢ky + N -2+ a) .

a

It is easy to see that there exists a non-zero integer n satisfying these two conditions if and
only if both a and (k) are rational numbers. For such n, € , is well-defined for G/nZ. Hence,
Proposition 3.35is proved. O

27Z.

EEZ and
a

We recall from (3.38) that we have identified the center C(G) of the simply-connected Lie
group G = S L(2,R) with the integer group Z. Then, we have

PSL22,R)~G/Z, SL(2,R)=G/2Z, Mp(1,R)=G/4Z.



32 SALEM BEN SAID, TOSHIYUKI KOBAYASHI, AND BENT @RSTED

As a special case of Proposition 3.35 and its proof, we have:

Remark 3.36. Let Q. , be the unitary representation of the universal covering group G.
(1) Suppose a = 2.
(a) Qi descends to S L(2,R) if and only if 2{k) + N is an even integer.
(b) Qi descends to Mp(1,R) if and only if 2¢k) + N is an integer.
This compares well with the Schrodinger model on L*(RN) of the Weil representa-
tion Qg of the metaplectic group M p(N,R) and its restriction to a subgroup locally
isomorphic to S L(2,R) (cf. [62] and [32]]).
(2) Suppose a = 1.
(a) Q1 descends to PS L(2,R) if and only if 2{k) + N is an odd integer.
(b) Q. descends to S L(2,R) if and only if 2(k) is an integer.
(c) Q1 descends to Mp(1,R) if and only if 4¢k) is an integer.
The case k = 0 corresponds to the Schrédinger model on L>(RY, ||dT)|C|) of the minimal

representation €1 of the conformal group and its restriction to a subgroup locally
isomorphic to S L(2,R) (cf. [41]).

Remark 3.37. C. Dunkl reminded us of that the parity condition of 2{k) + N appeared also
in a different context, i.e., in [17, Lemma 5.1], where the authors investigated a sufficient
condition on k for the existence and uniqueness of expanding a homogenous polynomial in
terms of k-harmonics.

3.8. Connection with the Gelfand-Gindikin program.
We consider the following closed cone in g = sl(2, R) defined by

W::{(a b):a2+bc§0,b2c}.
Cc —a

Then, W is S L(2, R)-invariant and is expressed as
W =i Ad(S L(2,R))R5ok.
We write expe : gc — S L(2, C) for the exponential map. Its restriction to iW is an injective
map, and we define the following subset I'(W) of S L(2, C) by
(W) := SL(2,R) exp-(iW).

Since W is S L(2,R)-invariant, I'(W) becomes a semigroup, sometimes referred to as the
Olshanski semigroup.
Denote by I'(W) the universal covering semigroup of I'(W), and write

Exp:g+iW — fm//)
for the lifting of expe jgeiw : ¢ + iW — T(W). Then [(W) = S L(2,R) Exp(iW) and the polar
map
SL2,R)x W — [ (W), (g,X) — gExp(iX)
is a homeomorphism.

Since W is an Ad(S L(2, R))-invariant cone, I'(W) is invariant under the action of S (2, R)
from the left and right. Thus, the semigroup I'(W) is written also as

I'(W) = SL(2,R) expc(—R>0K)S L(2, R).
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Its interior is given by
(W% = SL2,R) exp(-R,k)S L(2, R).
See [28, Theorem 7.25]. Accordingly, we have
F(W) = SL2.R) expe(-Rx0k)S L2 R).

By Theorem 3.19, €, , is a discretely decomposable unitary representation of S LZ,R) on
L*(RY , D a(x)dx). It has a lowest weight (2¢k) + N + a — 2)/a. It then follows from [29,
Theorem B] that €, , extends to a representation of the Olshanski semigroup I/:(VVJ), denoted
by the same symbol € ,, such that:

(P1) Oy, : f(vf/) — 9B(L?) is strongly continuous semigroup homomorphism.

(P2) For all f € L*@RN , Dk a(X)dx), the map y = Q. (¥)f, fr 1s holomorphic in the
interior of I:(VV_/)

(P3) Q)" = Qua(y?), where y# = Exp(iX)g™" for y = g Exp(iX).

Here, we have denoted by %(L?) the space of bounded operators on L*>(R", ra(x)dx).

Remark 3.38. The Gelfand—Gindikin program [23l] seeks for the understanding of a ‘family
of irreducible representations’ by using complex geometric methods. This program has been
particularly developed for lowest weight representations by Olshanski [48]] and Stanton [56]],
Hilgert, Neeb 28], and some others. The study of our holomorphic semigroup Qy , by using
the Olshanski semigroup £(W) may be regarded as a descendant of this program.

Henceforth we will use the notation C* := {z € C | Re(z) > 0} and C** := {z € C | Re(z) >

0}.
For z € C*, we extend the one-parameter subgroup v, (z € R) (see (3.37)) holomorphically
as
.0 1 —~
v, = Exp(—zK) = Exp(iz 10 ) e I'(W). (3.44)

Then, the operators € ,(y.) have the following property:

Qk,a(YZl) Qk,a(YZz) = Qk,a()/Z1+Z2)7 VZI’ 2 € C+’
Qa(y)" = Qy2), zeC,
Qra(yo) = 1d.

Following the formulation of [39, Proposition 3.6.1] (the case k = 0, a = 1), we summarize
basic properties of the holomorphic representation €2, of the semigroup L(W).

Theorem 3.39. Suppose a > 0 and k is a non-negative multiplicity function on the root system
satisfying (3.30), i.e. a+ 2(k) + N -2 > 0.

(1) The map
FOW) x P(RY, 9 o(x)dx) — LR, 9 u(0)dx), (v, f) = Qua)f

IS continuous.
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(2) Forany p € %(m)(RN) and £ € N, fD;a)(p, \) (see (3.28)) is an eigenfunction of the
operator Qy 4(y;) = exp(Wi.q(—zK)):

Qo (y )P (p, x) = e Hant 12001y x),

where Ay gm = é(Zm + 2(k) + N = 2) (see (3.11)).

(3) The operator norm |€y (¥ )llop is exp(—$(2<k> + N +a-2)Re2).

(4) If Re(z) > O, then Qy ,(y.) is a Hilbert—Schmidt operator.

(5) If Re(z) = 0, then Q4 ,(y.) is a unitary operator.

(6) The representation L, is faithful on l,:(T/VJ) if at least one of a or (k) is irrational, and
on I:(VVJ) /D for some discrete abelian kernel D if both a and (k) are rational.

Proof. The second statement follows from (3.33 a). The fifth statement is a special case of
Theorem 3.3(0). The proof of the other statements is parallel to that of [39} Proposition 3.6.1],
and we omit it. O

4. THE INTEGRAL REPRESENTATION OF THE HOLOMORPHIC SEMIGROUP £ ,(Y;)

We have seen in Theorem [3.39 that € ,(y.) is a Hilbert—Schmidt operator for Re z > 0 and
is a unitary operator for Re z = 0. By the Schwartz kernel theorem, the operator € ,(y;) can
be expressed by means of a distribution kernel A ,(x,y;z). If we adopt Gelfand’s notation
on a generalized functions, we may write the operator € ,(y.) on L*(RY, Prq(x)dx) as an
‘integral transform’ against the measure ¥ ,(x)dx:

QY f(X) = f A6 DIy @.1)

R

Here, we have normalized the kernel A, ,(x,y; z) by the constant ¢, that will be defined in
(4.47). In light of the unitary isomorphism

L2RY, 9y .(x)dx) > LARY, dx), £(x) > FX)a(x)?.

We see that Ay 4(x, y; z)ﬁk,a(x)%ﬁk,a(y)% is a tempered distribution of (x,y) € RY x RV,
The goal of this section is to find the kernel A ,(x,y; z). The main result of this section is
Theorem 4.23..

4.1. Integral representation for the radial part of Q; ,(y.).

By Lemma 3.7, the sly-action wy, on C*(RY \ {0}) (see (3.5) for definition) can be described
in a simple form on each k-spherical component .2, (R"), namely, it can be expressed as
the action only on the radial direction. Accordingly, we can define the ‘radial part’ of the

holomorphic semigroup Ql(:;)(%) (see (4.4) below for definition) on L*(R,, r*¥*N+4=34y). The

(m)

main result of this subsection is the integral formula for Q"

Theorems 4.4/ and 4.5.

(v,), which will be given in

4.1.1. Radial part of holomorphic semigroup.
Recall that " (R") is the space of k-harmonic polynomials of degree m € N. Let

™ - AR ® LRy, POy — PRY, 9, (x)dx)



LAGUERRE SEMIGROUP AND DUNKL OPERATORS 35

be a linear map defined by

@ (p® f)(x) = P(ﬂ)f(IIXII) for p € " (RY)|gv-1 and f € L2(R,, PN dr),

™ we get a direct sum decomposition of the Hilbert space:

Summing up a(
LA(RY, 9 o(x)dx) = Zea SRV grer ® LA(R,, POV gy, 4.2)
meN

It follows from Theorem [3.31! that the unitary representation €, of S L(Z,R) on the Hilbert
space L*>(RY, 9 ,(x)dx) induces a family of unitary representations, to be denoted by Q,(c”’;)(yz)
(m € N), on L>(R,, r*0+N+a=34r) such that

" (p® Q) = Quay) el (p ® ). 43)

As is Theorem 3.39 for € ,(y.), the unitary operator Q;C’Z) (y.) extends to a holomorphic
semigroup of Hilbert—Schmidt operators on L*(R, >*®*N*a=34r) for Re(z) > 0. Further, there
exists a unique kernel AE:Z)(”’ s; z) for each z and m € N such that

Q;:;?()’Z)f (r) = f f(s)AZ’j:l)(r, §; 7)s>BHNa=3 g (4.4)
0

holds for any f € L*(R,, r*®+N+a=34p),
According to the direct sum (4.2), the semigroup € ,(y;) is decomposed as follows:

o | m
Quay) = D idignan) ® QL (7). (4.5)
meN

Comparing the integral expressions (4.1) and (4.4) of Q ,(y.) and Q(m) (y,) respectively, we
see that the kernels A ,(x,y; z) and A(m)(r s; z) satisfy the following 1dent1tles

Cha fR Ara(, y,z>p(” DDy = p( f FOA 5255045 (4.6)

for any p € %C(m)(RN yand f € L2(R,, r?ON+a=3 ),
In light of the following formula for the measures

Fra)dy = K () s> N dor()ds

with respect to polar coordinates y = sn, we see that (4.6) is equivalent to
Cha f _ Awalro, s pmdimde () = p@)A 5:2). (4.7)
gN-

Therefore, the distribution Ay, is determined by the set of functions A;C"’;) (m € N) as
follows:

Proposition 4.1. Fix z € C with Rez > 0. Then, the distribution A, 4(x,y;z) on RN x RN is
characterized by the condition (4.1) for any p € #"(R") and any m € N.

The relation between Ay, and A;C"’;) (m € N) will be discussed again in Theorem 4.2() by
means of the ‘Poisson kernel’.
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4.1.2. The case Re(z) > 0.
Suppose Re(z) > 0. Then, QZ’ZI)()/Z) is a Hilbert—Schmidt operator on L*(R,, r*0+N*a=3qy),
and consequently, the kernel A,(c”’;)(-,- ;7) 1s square integrable function with respect to the
measure (rs)>®+N*a3dr d.

We shall find a closed formula for A,(c”’;)(r, s;z). Let us fix m € N (as well as k and a) once
and for all. We have given in Proposition 3.15 an explicit orthogonal basis { ftf;z(r) : £ € N}of

L*(R,, r?0*N+a=3 4y On the other hand, it follows from Theorem 3.39 (2) that 6;")(19, x) =
(a)

t,m

(r)p(w) (see (3.35)) is an eigenfunction of the Hilbert—Schmidt operator ; ,(y.):
Qua(y )P (p, x) = e M DRI p, ),
Using the identity (4.3)), we deduce that
QU () fi(r) = e ant g0 ), (4.8)

a tm tm

where the constant A, is defined in (3.11). Hence, the kernel A,(c”;)(r, s;z) in (4.4) is given
by the following series expansion:

. — ( ) —2(Agam+1+2€
AL 532) = ) fio(r) fra(s)e = Want120,
=0

In view of the definition (3.32) of f[(f’?i(r), A;{m)(r, §; Z) amounts to

,a

- _1 ay oo

e Z(/lk,a,mH)(rs)me 2 (r+s?) I'c+1) —QfZL(/lk,aA,m)(% a L(/lk,ai,m) % a

— D e ¢ r ¢ S ).
a/lkA,a,mz (/lkA,a,m"' = r(/lk,a,m + f + 1) a a

In order to compute this series expansion, we recall some basic identities of Bessel func-
tions. Let 1, be the /-Bessel function defined by

Lw) := e 2 T (e?'w).

It is also convenient to introduce the normalized /-Bessel function by

—_ Wi -1 s W2€
INWZ@)Mm:;ﬁmmuﬂn) (4.9)
1 ! |
— Wil — 2\1-5 ) 4.1
e J e @10)

We note that E(w) is an entire function of w € C satisfying
1

—_—
Now, we can use the following Hille-Hardy identity

N CTAD e k- (u+v)w 4 2 Vuvw
KZ:;‘F(/I+K+1)LK (WL (v)w =T — )(uvw) Il(l—w)

o (_(u+v)w)7(2\/m)'

Ty P TS

1,(0) =

exp( -
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Hence, we get a closed formula for A,(c";)(r, 83 2):

(rs)y ®-3+1 | .., 2 (rs)?
A(m) - §:7) = S(r+s )coth(z)l - 411
k.a (I" s Z) Sinh(Z) e S Sinh(Z) ( )
_ (rs)" e—%(r“+s“)coth(z)7 % (I’S)%
@ (Sinh () e tor \ @ sinh ()

(m)

rq 7> 85 2). For this, we recall

Next, let us give an upper estimate of the kernel function A
from [39] §4.2] the following elementary lemma.

Lemma 4.2. For z = x + iy, we set

. sinh(2x)
(@) = cosh(2x) — cos(2y)’
__cos(y)
PR = cosh(x)’
Then, we have
D
Re coth(z) = a(2), 4.12)
Re —- 5 a(2)B(2). (4.13)

2) If z € C* \ inZ, then we have cosh(2x) — cos(2y) > 0, and
a(z) 20 and |B(z) < 1.
3) If Rez > 0, then a(z) > 0.

We set
1

@ T (A + 1) Isinh(@) rer T

Clk,a,m;z) := (4.14)

With these notations, we have:

Lemma 4.3. For z € C* \ inZ, the kernel function A;{'Z)(r, s; z) has the following upper esti-
mate:

1
AL (r, 532)| < C(k, @, m; 2)(rs)™ eXp(—Z(r’“ + 5921 = [B)))- (4.15)
Proof. By the following upper estimate of the /-Bessel function (see [39, Lemma 8.5.1])
— 1
ILw)| < T+ 7R fory > —5andweC (4.16)

that we get

1 1
|A§::z)(”’ s: Z)l < C(k, a,m; Z)(I’S)m eXp(—;(’”a + s“)(Re COth(Z) - 'Re Sinh(z) ‘)) (417)

Here, we have used ¢ + s¢ > 2(rs)?. Then, the substitution of (4.12) and (4.13) shows
Lemma. O

We are ready to complete the proof of the following:
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Theorem 4.4. Let y, = Exp(iz( 01 0)) be an element of F(W) (see (3.44)), and A(m)(r $52)
the function defined by (4.11). Assume m € N and a > 0 satisfy

2m+ 2(ky + N +a—2>0. (4.18)
Then, for z € C**, the Hilbert—Schmidt operator Q(m)()/z) on AR, r?0+N+a=34r) is given by

QL) f(r) = f AL 512 f(5)s* 0 s, (4.19)

The integral in (4.19) converges absolutely for f € L*(R,, s*0+N+ta=3(y).

Proof. We have already proved the formula (4.11) for A,(:';)(r, s;z). The convergence of

the integral (4.19) is deduced from the Cauchy—Schwarz inequality because A;C"’;)(r, 37) €
LA(R,, s20+N*+a=3q5) for all z € C** if (4.18) is fulfilled. O

4.1.3. The case Re(z) =0
The operator Q;C’Z) (y.) 1s unitary if Re(z) = 0. In this subsection, we discuss its distribution
kernel.

We note that the substitution of z = iu into (4.11) makes sense as far as u ¢ nZ, and we get
the following formula

( )(k) 2+1
sin

) 2
exp(é(r“ +5) €Ot o, (5 lel)ﬂ

- . i
AL s:ip) = exp(=2 (gt + )T ) (4.20)

idr

Here, we have used the relation ﬂ(z) =e 2 J,(2).

In this subsection, we shall prove:
Theorem 4.5. Retain the notation and the assumption (4.18) as in Theorem 4.4. For u €
R\ #Z, the unitary operator Q(m) "(viu) on L*(R, P0*N*=3dr) is given by

Qi) f(r) = f FON 52 ip)s 0N ds, (4.21)

The integral in the right-hand side (4.21)) converges absolutely for all f in the dense subspace,
in L>(R,, r*0*N*a=3dy) spanned by the functions | ;‘Z} ren (see (3.32)) for definition).

Proof. Let € > 0 and u € R \ nZ. By Theorem 4.4/ we have
Q" Yeri) f(r) = f FON(r, s €+ ip)s™ 0N ds, (4.22)

As € — 0 the left-hand side converges to Q;C’Z) (viw) by Theorem 3.39 (1).
On the other hand, the addition formula

csch(e)csch(iu)
coth(e) + coth(iu)

csch(e + iu) =

gives
lcsch(e + iu)| < |csch(iw)). 4.23)
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Hence, it follows from Lemma 4.3 that we have
My > m (rs)"
1Ay (s 85 € + )| < C(k, a, m; ip)(rs)™ < CW,

for some constant C. In view of (3.32), we get
r'"exp(— % %)
| Sin(/,[)l/lk*“”7’+]

Now, we can use the dominated convergence theorem to deduce that the right-hand side of
(4.22) goes to

|A§('Z)(r, s, €+ iy)f(“)(s)| <C

tm

SZm‘ L;Ak,aﬁm)(g Sa) _

f FONL @ 5:ip)s* O s
0 :
as € — 0. Hence, Theorem has been proved. m]

As a corollary of Theorem 4.5, we obtain representation theoretic proofs of the following
two classical integral formulas of Bessel functions:
Corollary 4.6.
(1) (Weber’s second exponential integral, [24, 6.615]).
« 1 2
f e 1,2aNT)J,2BNT)dT = ge-%m”ﬂ%(%ﬁ),
0

where |arg(6)| < 5 and v = 0.
(2) (See [24, 7.421.4]).

T ¥ o 6—a)'p B W ap?
fo e T LY(aT)J(BNT)TdT = ST L (m), (4.24)
for Re(6) > 0 and Re(v) > 0.

Proof (Sketch). (1) The semigroup law Q" (. )" (7.,) = Q" (7., yields

f AP 532N (5,73 22)87 0N ds = A 70 + 2). (4.25)
0

Using the expression (4.20) of A;{'Z), we get the identity (1).
(2) The identity (4.8) (in terms of group theory, this comes from the K-type formula
(3.34 a)) can be restated as

f A](:;)(r’ s Z)f‘;jr)l(s)SZ(k)+N+a—3 dS — e_Z(2€+/1k’a’m+1)f€(;,)l(r)a
0

in terms of the integral kernels by Theorem 4.4. After some simplifications and by putting
constants together, we get the identity (4.24). O

Remark 4.7. 1) The operator n(Ay..,)(y;) acts on the irreducible representation n(Ayqm) of
S L2, R) as a scalar multiplication if z € inZ i.e. if vy, belongs to the center (see Fact'3.27).
Correspondingly, the kernel function A;C'Z) (r, 55 € + iu) approaches to a scalar multiple of
Dirac’s delta function as € goes to 0 if u € n’Z.
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2) Of particular interest is another case where u € n(Z + %). For simplicity, let u = 3. Then,

the formula (4.20) collapses to
m i i N 9 .
A;c,a)(r’ 55 E) = exp(_i(/lk,a,m + 1))()"5‘) ® 2+1J1k,a,m(5(rs)2).
Fora = 1,2, we have

i —iZQm+2(k)+N—-1 (=N 41
AL, 55 5) = e BN ()OS g2 VFS) (@ = 1),

7Ti - N N
A, s; >) = e B gy O34 gy (rs) (a=2).

2 m+(k)+5

We shall discuss the unitary operator Q(y%f) = lim._,0 Q(y%m-) in full detail, which we call
the (k, a)-generalized Fourier transform %, (up to a phase factor) in Section 5.

4.2. Gegenbauer transform.
In this section, we summarize some basic properties of the Gegenbauer polynomials and the
corresponding integral transforms.

4.2.1. The Gegenbauer polynomial.
The Gegenbauer polynomial C), () of degree m is defined by the generating function

(1=2rt+ )7 = ) Chor. (4.26)
m=0

To be more explicit, it is given as
1 m (2V)m IN—y+1 dm 2 _1
CH=(-=)"——A-)""2—(1 =)™ 2. 4.27
0= (=) TS TWUSCR U 4.27)
If we put r = cos 4, and expand
1 —2rcos@+r*=(1—-re?)(1 —re™)
by the binomial theorem, then we have

C MOk
C) (cosf) = ——————— cos(m — 2k)6. (4.28)
e k'(m — k)!

Then, the following fact is readily seen.

Fact4.8. 1) C) (?) is a polynomial of t of degree m, and is also a polynomial in parameter v.
2) Co%t) =0 foranym > 1.
3) G =1, C]() =2t

, . Dm+2v)
Y G = m!C2y)

In this subsection, we prove:

Lemma 4.9. Fix v € R. Then there exists a constant B(v) > 0 such that

1
sup [=C"(t)| < B)ym*™"  foranym e N,. (4.29)
v

—-I<t<1
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Remark 4.10. 1) For v > 0, it is known that the upper bound of |C) (t)| is attained at t = 1,
namely,
I'(m + 2v)
cn=Cc1)=———.
o 1601= G =2
This can be verified easily by (4.28), or alternatively, by the following integral expression
forv > O0:

I'(v+ %)F(m +2v)

\rm!\T(v)['(2v)

2) For v = 0, the left-hand side of (4.29) is interpreted as the L™-norm of lim,_, %CL(t),
which is a polynomial of t by Fact4.8 2).

3) Our proof below works also for all v € C.

Cl(1) = f (t+ V2 — 1 cos§)" sin® "' 9.d6. (4.30)
0

Before proving Lemma 4.9, we prepare the following estimate:
Claim 4.11. Let A € R. Then there exists a constant A(1) > 0 such that
I'(A+k)

[()k!
Proof. We recall Stirling’s asymptotic formula of the Gamma function:

< AWK forany k e N.

I'(x) ~Tp(x) asx — oo,

where [y(x) := V2rx*!e™. In light of the following ratio:
A\ kt+d _
Lotk + D _ (125 (1 + 4)1 ot
Lotk +1) 1+ % k
we get
o TR
poo KT
Thus, Claim follows. O

Proof of Lemma 4.9. By (4.28), we have

m

sup |C, (01 < )

-1<i<1 =0

T+ I'm—-k+v)
kKT(v) (m—=k)IT»)|

We note that there is no pole in the Gamma factors in the right-hand side. We now use Claim
4.11, and get

A(V)Zkv—l(m _ k)v—l

M=

<
k

< AWRm+ 1) (%)M.

1l
(=)

Hence, (4.29) is proved for v # 0.
For v = 0, we use (4.28)), and get

1 1
lirr& —C, (cos8) = —(cos(n — 2m)@ + cos nb). 4.31)
v—0 y m
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Hence, the inequality (4.29) also holds for v = 0. Thus, we have proved Lemma 4.9. O

4.2.2. The Gegenbauer transform.
We summarize L>-properties of Gegenbauer polynomials in a way that we shall use later.

Fact 4.12 (see [[I], [8, Chapter 15]). Suppose v > —1.
1) {CV (1) : m € N} is an orthogonal basis in the Hilbert space 7, := L*((=1, 1), (1=2)""2db).

V o AT(2v + m)
2) f Cr(*(1 - %) 2dt = 22-1T(m + )(m + v)[(v)?

3) We set a normalized constant b,,,, by
22T + DI (v + 1)

by = . 4.32
’ al'(m + 2v) ( )
Then, the Gegenbauer transform defined by
1
Gm(h) = b, f h(t)C) (1)1 — tz)v_%dt, forh € %, (4.33)
-1
has the following inversion formula.
1 (o8]
== (m+V)Eu(C) 1), (4.34)
v m=0

The orthonality relation in Fact 4.12/ can be restated in terms of the Gegenbauer transform
as follows:

(n =m),
Cun(Cy) =M T (4.35)
0 (n # m).
The Gegenbauer transform %, arises also in a Dunkl analogue of the classical Funk—
Hecke formula for spherical harmonics as follows.

Fact 4.13 (see [64, Theorem 2.1]). Let h be a continuous function on [—1,1] and p €
" (RN). Then, we have

di (Vih)(w, )pd()do(n) = Cys 222 m(WP(W), we SN (4.36)

SN-1

Here, d is the constant defined in (2.12), and Vih is defined in (2.6) by using the Dunkl
intertwining operator V. For k = 0, (Vih)(n,w) = h({n,w)) and 9(n) = 1, so that the
identity (4.36) collapses to the original Funk—Hecke formula.

4.2.3. Explicit formulas of Gegenbauer transforms.

In this subsection, we present two explicit formulas of Gegenbauer transforms %,,, (see
(4.33)). These results will be used in describing the kernel distributions Ay ,(x,y;z) for
a = 1,2 (see Theorem 4.24).

Lemma 4.14.

D Gon(T,y (1 + ) = 227042 T + D (V2@) = T2V T, (VEa).

. 2T(v+4)
2) Cgv,m(em) =2""a"I(v + DI, ().
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This lemma is an immediate consequence of the following integral formulas and the dupli-
cation formula of the Gamma function:

1
FQ2v) = 222 T (v + 5). (4.37)
Lemma 4.15. For a,v € C such that Re(v) > 0, the following two integral formulas hold:
(1)
1 ) | 2nl(m +2v); a \2m—
I_1(a(1+0)CLO(1 — ) 2dt = —=———(—) L2 (V20). 4.38
L 4@+ DDCLO( =)t = P Ees (\5) wmen(V20).  (4.38)
(2)
! | 272 A Qv +m)  ~
at v 1-— 2\v=5 e — m . 4.
[16 Co(D( —1°)"2dt Ton+ DO yem (@) (4.39)

Proof of Lemma 4.15. (1) This identity was proved in [39, Lemma 8.5.2].
(2) The integral formula (4.39) is well known (see for instance [61, page 570]). However,
for the convenience of the readers, we give a simple proof. Using (4.27), we have

! 1 Fv+31)  Tm+2v) Lgm 1
eatcv (1 = tZ V=2 dt 2 f - eat 1= tZ m+v—§dt
[1 (X ) I'2v) 2m"m!I'(m + v + %) -1 dlm( X )

L(v+1 T(m +2 ! |
_ ( 2) (m V) 1 " f eat(l _ z‘2)m+v—§ dt.
I'2v) 2m"m!T(m +v + 3) 1

Now, (4.39) follows from the integral representation (4.10) of E(w). |

Remark 4.16 (expansion formula). Applying the inversion formula of the Gegenbauer trans-
form (see Fact 4.12), we get the following expansion formulas from Lemma 4.14\:

¢ =T(v) Z(v + m)(g)mi;m(w)c;(t), Re(v) > 0 (4.40)
m=0

~ w(l +1)'/? 22T(v)
Iv—l/2( N = NE

or equivalently,

= W\ 2m~
20+m(3) TuaCL0).  Re()>0  (441)
m=0

w(l + t)1/2) _2YT()
V2

The first formula (4.40) is Gegenbauer’s expansion (see for instance [63, 7.13(14)]), whereas
the second expansion formula (4.41)) was proved in Kobayashi—Mano [39}, Proposition 5.7.1].

W T D D" M)y 20 (WIC D).
m=0

4.3. Integral representation for Q; ,(y.).
In this section, we find the integral kernel Ay ,(x, y; z) of the operator € ,(y.) for z € C* \inZ.
The main result is Theorem 4.23.
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4.3.1. The function .7 (b, v, w;t).
In this subsection, we introduce a function . (b, v; w; t) of four variables, and study its basic
properties.

Let E(w) = (%)‘Ald(w) be the normalized I-Bessel function (see (4.9)), and C) (¢) the
Gegenbauer polynomial. Consider the following infinite sum:

bm __

I (b, v wi 1) = M Do +0(5) T 00, (4.42)
m=0

We note that v = 0 is not a singularity in the summand because C° (r) = 0 for m > 1 (see Fact
4.8 2); see also (4.31)). In this subsection, we prove:

Lemma 4.17. 1) The summation (4.42) converges absolutely and uniformly on any compact
subset of
U:={b,vyw,t) e R, xRXCx[-1,1]: 1+ by > 0}. (4.43)
In particular, (b, v;w;t) is a continuous function on U.
2) (Special value at w = 0)
F(b,v;0;t) = 1. (4.44)
3) (Gegenbauer transform) Forv > —%,

bm _
Cun (.7 w3 ) =T+ 00 (5 ) Ty (), form e

Proof. 1) It is sufficient to show that for a sufficiently large m, the summation over m (> my)
converges absolutely and uniformly on any compact set of U. We recall from (4.16) and

(4.29) that
|Re w|

1Li(w)| < m,

< B(y)m*' for any m > 1.

1
\—c,:m
%
Then,

Lo
)

m=my

(m + v)B(v)wPmelRe w21
2bmI(bm + by + 1)

bm _
m+w@)uwmmqm

<)
m=my
S (1 Zym? (‘W
2

b\m
:B |RCW| ) X
(e ’;O Tm +bv + 1)

Since b > 0, I'(bm + by + 1) grows faster than any other term in each summand as m goes to
infinity, and consequently, the last sum converges. Furthermore, the convergence is uniform
on any compact set of parameters (b, v, w). Hence, we have proved the first assertion.

2) Since b > 0, the summand in (4.42) vanishes at w = O for any m > 0, and therefore

Fb.v0:0 =D TGl

= 1.

Thus, the second assertion is proved.
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3) This is an immediate consequence of Fact 4.12/ on the Gegenbauer transform %,,,. O

Example 4.18. The special values at b = 1,2 are given by
F(1,v;w;t) = e, (4.45)
o L= (w(l+1)?
J(Z, Viw;t) = F(V + 5) Iy_%(T)
Proof of Example 4.18. First, let us prove the identity (4.45). By Lemma4.17 3), we have

bm _

G I (b, viw; ) = T(1 + by) (%) Toomen(w),  for all m € N.

(4.46)

By Lemma4.14 2), we have

Gune”) = T(1+)(5) Tron0).
This shows that
@, m(left-hand side) = €, (right-hand side) forall m e N

with regard to the identity (4.45). Since the Gegenbauer polynomials form a complete or-
thogonal basis in the Hilbert space L*((—1, 1), (1 — tz)v‘%dt) (see Fact4.12), we have proved
(4.45).

The proof for the identity (4.46) goes similarly by using Lemma 4.14 1). Thus, Example
4.18 has been shown. O

4.3.2. The normalization constant.
For a > 0 and a multiplicity function k on the root system %, we introduce the following
normalization constant

| fR ) exp(—é||x||“)19*k,a(x)dx)_1 (4.47)

where 1, 1s the density defined in (1.2). Using the polar coordinates, we have

« 1
el = f f exp(— - r“)r2<k>+N 3 9 (w)do(w)dr
’ 0 SN-1 a

-1 _ N+2(k)—=2
=d, e '(at)” « dt.
0

Here, a’,;l is the k-deformation of the volume of the unit sphere (see (2.12)). For a non-
negative multiplicity function k, the integral converges if 2¢k) + N + a — 2 > 0, and we
get

Y d,. (4.48)

L = a_(2<k>;N—2)F(2(k) +N+a-2
,a a

N
For k = 0, we have d;! = % (see (2.13)), and in particular,
2
) 1 1
= N = [ N c X .
miTV - 1) @ E T T @b

€o,1
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4.3.3. Definition of hy ,(1, s;2; 1) and Ay 4(x,y; 2).
We now introduce the following continuous function of ¢ on the interval [—1, 1] with param-
etersr,s > 0,and z € C* \ inZ:

exp(—L(r + s coth(z)) (2 2(ky + N =2 2(rs)}
Pa(r, 52:1) = Wyeira ST\= ®) ( ) 31 (4.49)
sinh(z)™ @ — a 2 " asinh(z)’
We observe that, for u € R \ nZ, the substitution z = iu into (4.49) yields:
, exp(j’(r“ +sY)cot(w) (2 AKY+N -2 2rs)t
hk,a(r’ s3Iy t) = 200+ N+a=2 2(k)+N+a 2 P 5 o1 (4.50)
e 2 Tgin(u) e a 2 ai sin(u)

We recall from (4.3) that A(m)(r s; 7) is the integral kernel of the operator Q(m)(yz) on L2(R,, rPR+N+a=3qp),
Up to a constant factor (1ndependent of m), the Gegenbauer transform of hka coincides with
A (r, 51 7):

k,a LK)

Lemma 4.19. Suppose 2{k) + N > 1. Then, for every m € N, we have

di
Cyet1miea(r, 5:2;)) = A(m)(r 537) (4.51)

A(’")(r 55 2).

2<k>+N—2F (2(k> +N+a- 2)

Proof. We observe

2ky+a+N -2 2
|4y = 2R ra and  Apap = —(m +v)
a a

ifb= % and v = w Then, Lemma 4.19 follows from Lemma 4.173) and the definition
@.1T) of A™(r, 53 2). O

We are ready to define the following function on R¥ x RN x (C* \ inZ) by
Ararw, sm;2) 1= (Vi o(r, 323 )@, ), (4.52)

where V, is introduced in (2.6) by using the Dunkl intertwining operator V; and hy (7, s; z; 1)
is defined in (4.49).

4.3.4. Expansion formula.
For a > 0, we will derive a series representation for the kernel Ay, in terms of A;{'Z) and the
Poisson kernel of the space .7, (R").

In light of the definitions of . (b, v; w; f) (see (4.42)) and A(’") (r, 5; z) (see (4.11)), we may
rewrite (4.49) as

- 2(ky + N 2 k) +m+ X2 N2
hia(r, ;250 = @& 5T ( - a+a )ZA(’")(r 53 z)(< ><k>+N_—22‘) O g,
meN 2

(4.53)
The above expansion formula (4.53) is the series expansion by Gegenbauer polynomials (Fact
4.12) corresponding to Lemma 4.19.
Now, applying the operator V; to (4.53), we get
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Theorem 4.20. For a > 0 and z € C* \ in’Z, we have
2k)+ N +a- 2)

a

2ky+N=2 m
Ara(x,y32) = a o >r( DAL, 53 2DPi(w, )

meN
where x = rw, y = sn, and
(ky +m + 852
N2
k) + 55+
In Theorem 4.20), the function Py, (w,n) on SV~1 x SN is the Poisson kernel, or the re-

producing kernel, of the space of spherical k-harmonic polynomials of degree m, which is
characterized by the following proposition.

Pi(w.n) = ( )V ). (4.54)

Proposition 4.21. P ,,(w,n) is the kernel function of the projection from the Hilbert space
LASN, 9(pdn) to M RYN), namely, for any p € A" (RY),

plw) (n=m),

dy fs o Py m(w, m)p(md(mdo(n) = {0 (n % m).

Example 4.22. For N = 1, S¥™! consists of two points (1), and " (R") = 0if m > 2. In
this case, it is easy to see

1
di= 3.
1 (m = 0),
Pk,m(w’ 77) - {sgn(a)n) (m _ 1)

Proof of Proposition 4.21. By the Funk—Hecke formula in the Dunkl setting (see Fact 4.13)),
we have

b [ (T Y mptndem = €, (€87 e

m+(ky+ 5=

b)) m=m),
0 (n # m).

Here, we have used Fact4.12 and (4.35) for the last equality. Hence, Proposition 4.21 follows.
]

4.3.5. Integral representation of Qy ,(y.).

We are ready to prove the main result of this section. Recall from Theorem 3.39 that € ,(y.)
is a holomorphic semigroup consisting of Hilbert—-Schmidt operators on L2(R", ¢ ,(x)dx) for
Re z > 0, and is a one-parameter subgroup of unitary operators for z € i R. Here is an integral
representation of € ,(y.):

Theorem 4.23. Suppose a > 0 and k is a non-negative multiplicity function on the root system
Z satisfying
2(ky + N > max(1,2 — a). 4.55)
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1) Suppose Rez > 0. Then, the Hilbert—Schmidt operator y ,(y.) on L*(RV, Pa(X)dx) is
given by

Qa7 )f () = i fR FOAkalx D)y, (4.56)

where cy, is the constant defined in (4.47) and the kernel function Ay ,(x,y;2) is defined
in (4.52).

2) Suppose z = iy (u € R\ nZ). Then, the unitary operator Qi ,(y;,) on L* (RN, 9 ,(x)dx) is
given by

v f) = i f FOWARa(,y: )0 dy. 457)
RN

Proof. Thanks to Proposition 4.1, it suffices to show the following identity:
Cha f Ao, PO = AL, 53 Dp(),
gN-

for all p € 7™R") and m € N. This follows from Theorem 4.20, Proposition 4.21, and
(4.48). Hence, Theorem 4.23is proved. O

4.4. The a = 1,2 case.
As we have seen in Theorem 4.23, the kernel function A, ,(x, y; z) for the holomorphic semi-
group € ,(y.) is given as

Ara(rw, s7:2) = (Vida(r, 532 )@, 7).

See (2.6) for the definition of Vk. In this section, we give a closed formula of 4 (7, s; z; 7) for
a = 1,2, and discuss the convergence of the integral (4.56)) in Theorem 4.23.

4.4.1. Explicit formula for hy ,(r, 552, 1) (a = 1,2).
When a = 1, 2, the series expansion in (4.53) can be expressed in terms of elementary func-
tions as follow.

Theorem 4.24. Let (k) be defined in (2.3), and }; the normalized I-Bessel function (see (4.9)).
Then, for z € C* \ inZ, we have:

exp(—i(r” + s%) coth(z))

hio(r, 8325 1) = —
sinh(z) ™+
N—1\— V2(rs)? \
(k) + ——)I,, . no 1+1)2 =1,
T+ ==l (5= +07) @=D) wss)
exp( ) (a=2).
sinh z

Proof. In view of the definition (4.49) of hy ,(r, s; 2; 1), Theorem 4.24/ follows from formulas
(4.45) and (4.46) for .Z(a, v;w;t) in Example 4.18. O
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4.4.2. Absolute convergence of integral representation.
By using Theorem 4.24, we shall give an upper bound for Ay ,(x,y;z). We begin with the
following:

Lemma 4.25. Forb=1,2
|7 (b, v;w; )| < IR (4.59)
foranyte[-1,1],v>0andw € C.

Proof. We have seen in (4.45) and (4.46) the explicit formulas of .Z (b, v;w;t) for b = 1,2.
Then (4.59) is obvious for b = 1, and follows from the upper estimate (4.16) of the /-Bessel
function for b = 2. O

Proposition 4.26. Suppose b is a positive number, for which the inequality (4.59) holds. Let

a:= %. Then the function Ay (x,y; z) (see (4.52)) satisfies the following inequalities:

1) For Rez > 0, there exist positive constants A, B depending on z such that
|Ara(x,y; 2 < Aexp (=B(IxlI® +IIyll)),  forany x,y € RY. (4.60)

2) Forz=iu+e(ueR\nazZ €>0),
1

N+2(k)+a-2 *

| sin(u)| =2
Remark 4.27. By Lemma 4.25, the assumption of Proposition 4.26 is fulfilled for b = 1, 2.
We do not know if (4.59) holds for b other than 1 and 2.

Proof. Suppose the inequality (4.59) of .# (b, v; w; t) holds. Then, by the definition of A (7, s; 2; )
in (4.49), the inequality (4.59) brings us to the following estimate:

|Aralx, ysip + €)] < (4.61)

1 1 N

852 ] < ———s exp(—=(r" + s)a(2)) exp( = (rs) (DBR)).
| sinh(z)|™ « a a

Here, we have used the functions a(z) and 5(z) defined in Lemma 4.2. Since r* + 5% > 2(rs)?,

we have obtained:

1 1

8523 D) € ———5zm exp(—=( + s)a(2)(1 = |BR)D).
| sinh(z)|— « a

We recall that Ay ,(x,y; z) is defined by applying the operator Vi to hi.o(r, 552;+) (see (4.52)).

Then, it follows from Proposition 2.5 that

1 1
Ak, Y3 D1 < War, 5323 i < ———szzmms exp(==(Ixll* + Iy D@1 - 1BER)D).
| sinh(z)| ™~ « a

Suppose now that Rez > 0. Then, a(z) > 0 and |8(z)] < 1 by Lemma 4.2. Hence, we have
proved (4.60).

On the other hand, suppose z = iu + € (u € R\ nZ, € > 0). Then a(z) > 0, |B(z)| < 1 by
Lemma 4.2, and as we have seen in (4.23)

| sinhz| > | siny/.
Hence, we have shown (4.61). O

Now we are ready to prove:
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Corollary 4.28. Suppose we are in the setting of Theorem 4.23. Let a = 1, 2.

1) ForRez > 0, the right-hand side of (4.56) converges absolutely for any f € L*(RY, %; .(x)dx).
2) For z = iu € iR\ nZ), the right-hand side of (4.57) converges absolutely for all f €
(L' N LR, % o(x)dx).

Proof. 1) It follows from Proposition 4.26 1) that
Aa(x,y:2) € PRY X RY, O o(0)Fa(v)dx dy)

for Re z > 0. Therefore, Corollary is clear from the Cauchy—Schwartz inequality.
2) We shall substitute z by € + iu in (4.56)) and let € goes to 0.
For the left-hand side of (4.56), we use Theorem 3.39 1), and get

161_138 Qk,a(ye+iu) = Qk,a()/iu)-
For the right-hand side of (4.56), thanks to Proposition 4.26 2), we see

im [ Aca(ey: s+ ©f0)Da0)dy = f Aua 50 FOY )

€l Jrn R

for f € L'(RY, 9:..(y)dy) by the Lebesgue dominated convergence theorem. Hence, we have
shown that

(Qk,a(Yiy)f)(x) = LN Ak,a(x’ s l/l)f(.)})ﬁk,a(y)dy,

and the right-hand side converges for any f € (L' N L?)(RY, H.q(y)dy). Hence, Corollary 4.28
has been proved. O

4.5. The rank one case.

For the one dimensional case, the only choice of the non-trivial reduced root system &% is
Z = {1} in R up to scaling, corresponding to the Coxeter group € = {id, o} = Z/2Z on
R, where o(x) = —x. Here (k) = k. In this section we give a closed form of A ,(x,y; z) for
N=1.

First of all, for N = 1 and a > 0, we note that we do not need Lemma 4.19, for which
the assumption was 2¢k) + N > 1. Hence, instead of (4.55), we simply need the following
assumption:

a>0 and 2k>1-a. (4.62)
The goal of this section is to find a closed formula of the kernel function Ay ,(x,y;z) (see
(4.52)) for all a > 0 and for an arbitrary multiplicity function subject to (4.62).

Proposition 4.29. Let N = 1,a > 0, k > 0 and 2k > 1 —a. For z € C*\ in’Z, the holomorphic
semigroup Q. o(y.) on L*(R, |x|***2dx) is given by

o aeny 2k +a— 141 .
.Q.k,a('yz)f(x) =2 la (=2 )F(T) ff(y)Ak’a(x’y; Z)|y|2k+ Zdy’
R
where
2k +a— 1\e sl HhiDeoh@ oy Iy~ 2 ol
Ak,a(X, s 7) = r( ) Thral 2/\7-1(_ ) + I2ka+l (; sinh(z) ))

asinh(z)) " 42 sinh(z)?

a sinh(z)* 06

Here Z,(W) denotes the normalized Bessel function (4.9).
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Proof. By Theorem 4.20), the kernel Ay ,(x,y; z) can be recovered from a family of functions
{A,(:';)(r, s;z) : m € N}. In the rank one case, S° consists of two points, and correspondingly,
Theorem 4.2() collapses to the following:

Ak,a(x7 y’ Z)
.

¢ a
= S (AR b2 + AL . b 2) sen(ay))

L0 +1y1) coth(z)

_ck € —k+(1/2) 2 |xyl? 2 |xyl?
= S L.(% I, (2P
2 s G an ) e (G b))

20+ coth(z) 1

_ CLe a ~ (2 |xy|? )+ Xy T (2 |xy|2 ))
2 sinh(z) (asinh(z))%«0 *“\gsinh(z)’ ~ (a sinh(z))% '\ sinh(z)

where

a

2k —1 2k +1 2% 2k+a—1
Akao = —>  Aka1 = . Cry =244 ])F(—),
a a a

Here, we have used Example 4.22 for the first equality, and the formula (4.20) of A;{'Z) for the
second equality. This finishes the proof of Proposition 4.29. O

5. THE (k, a)-GENERALIZED FOURIER TRANSFORMS .7},

The object of our study in this section is the (k, a)-generalized Fourier transform given by

7i ¢ 2{k)+N+a-2 )

S\ 7Tl —a a
Fa = X0 exp( (P A = 1)),

This is a unitary operator on the Hilbert space L>(RY, 9 ,(x)dx).

As we mentioned in Introduction, the unitary operator .%;, includes some known trans-

forms as special cases:

e the Euclidean Fourier transform [31]] (a = 2, k = 0),

e the Hankel transform [39]] (a=1,k=0),

e the Dunkl transform %, (a=2,k>0).
In this section, we develop the theory of the (k, a)-generalized Fourier transform .%;, for
general a and k by using the aforementioned idea of sl,-triple. The point of our approach
is that we interpret .%;, not as an isolated operator but as a special value of the unitary rep-
resentation €, of the simply connected, simple Lie group S LZR) at Y (see (3.37)), or
as the boundary value of the holomorphic semigroup. Then, we see that many properties of
the Euclidean Fourier transforms can be extended to the (k, a)-generalized Fourier transform
Z1.a by using the representation theory of § l/,—(z-/ R). Our theorems for .%#; , include the inver-
sion formula, and a generalization of the Plancherel formula, the Hecke formula, the Bochner
formula, and the Heisenberg inequality for the uncertainty principle.

As in Diagram [1.4! of Introduction, the Hilbert space L*>(RY, 9% ,(x)dx) admits symmetries
of €x S l/,(?,/ R) for general (k, a), and even higher symmetries than €x .S E@/ R) for particular
values of (k,a). In fact, if k = 0, then the Hilbert space L>(R", P q(x)dx) 1s a representation
space of the Schrodinger model of the Weil representation (see [20] and references therein)
of the metaplectic group Mp(N, R) for a = 2, and the L>-model of the minimal representation
(see [41]) of the conformal group O(N + 1,2) for a = 1. The special value a = 2 has a
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particular meaning also for general & in the sense that .%;, is equal to the Dunkl transform
9. How about the a = 1 case for general k? The unitary operator

I = T (6.1
may be regarded as the Dunkl analogue of the Hankel-type transform %, (see Diagram /1
in Introduction). As we have seen in Section 4.4, this unitary operator .7#; can be written by

means of the Dunkl intertwining operator V; and the classical Bessel functions (see Section
5.3).

5.1. %, as an inversion unitary element.
The (k, a)-generalized Fourier transform .%#; , on L*(RY, Pa(x)dx) is defined as
'Qayiz)- (5.2)

. o 2(k)+N+a—=2
Fra =20

Here, we recall from (3.37) that
n (0 -1
e =Exp(Z0) =Bl (] )
is an element of the simply connected Lie group S L(Z,R), and from Theorem [3.30 that Qsa
is a unitary representation of § f(?,_/ R) on the Hilbert space L>(RY, 9 ,(x)dx).
In this subsection, we discuss basic properties of .%, , for general k and a, which are derived

from the fact that Vi is a representative of the non-trivial (therefore, the longest) element of
the Weyl group for sl,.

Theorem 5.1. Let a > 0 and k be a non-negative multiplicity function on the root system %

satisfying the inequality a + 2{k) + N > 2 (see (3.30)).

(1) (Plancherel formula) The (k, a)-generalized Fourier transform F ., : L*(RY, 9y 4(x)dx) —
L*(RY, 9y ,(x)dx) is a unitary operator. That is, F,, is a bijective linear operator satis-
Jying

e Ol = 1Ifllc for any f € L2RY, 9 4(x)dx).

(2) We recall from (3.28) that CDE,a)(p, 2) is a function on RY defined as

2 1
q)(a) , — L(/lkA,a,m) - a __ a , = RN,
¢ (P x) = pCOL " (SIlall*) exp(=~lxl).

for €, m e N and p € " (R"). Then, (Di;a)(p, -) is an eigenfunction of % ,:
T @ (p,) = € DD (p, ). (5:3)

Proof. Since the phase factor in (5.2) is modulus one, the first statement is an immediate
consequence of the fact that €, is a unitary representation of S l/,—(z-/ R) (see Theorem 3.30).

To see the second statement, we recall from Proposition 3.12' 1) and Theorem 3.19 that
(DE,“)(p, -) 1s an eigenfunction of wy,(k). Then, the integration of (3.33 a) leads us to the
identity (5.3). O

Corollary 5.2. The (k, a)-generalized Fourier transform %, is of finite order if and only if
a€Q. Ifais of the forma = %, where q and q' are positive integers, then

(Za)™ =id.
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Proof. We recall from Proposition 3.12 3) that
Wio(RY) = C-span{®”(p,-) | € € N,m € N, p € 7"RM))

is a dense subspace in L*(R", Yr.q(x)dx). Hence, it follows from (5.3) that the unitary operator
Fr.a 18 of finite order if and only if a € Q. If a = %, then (ﬁkﬂ)zq acts on (DE)“)(p, -) as a scalar
multiplication by

w2
(e—m(t’+;)) 1 =1
for any m € N and any p € "™(R"). Thus, we have proved (% ,)* = id. O

Corollary 5.2limplies particularly that 7%; := %, (see (5.1)) is of order two, and the Dunkl
transform 2, = .%;, is of order four. We pin down these particular cases as follows:

Theorem 5.3 (inversion formula). Let k be a non-negative multiplicity function on the root
system X.

1) Let r be any positive integer. Suppose 2(k) +N > 2 — % Then, F, 1 is an involutive unitary
operator on L*(R", t 1(x)dx). Namely, the inversion formula is given by

(F ) =7 (5.4)

1.
’r

2) Let r be any non-negative integer. Suppose

2
2ky+ N >2 - ——.
& 2r+1
Then, .7, 2 IS a unitary operator of order four on L>(RY e 2 (x)dx). The inversion
formula is given as

(Z L D) = (B 2 . (5.5)
Proof. The first statement has been already proved. In the second statement, we remark that
the inversion formula (5.5) is stronger than the fact that (%,)* = id for a = 5% To see

(5.5), we use (5.3) to get
(Fra)’ @ (p, ) = exp(=m(2r + Dm)O (p, )
= (=1)"®, (p,")
ifa = =% Since p(=x) = (=1)"p(x) for p € %’"(RN), we have shown that (5.5) holds for

2r+1°
any f € W ,(RY). Since W, ,(R") is dense in L*(RY, ¥ ,(x)dx), we have proved (5.5). m]

Remark 5.4. Theorem 5.3 2) for r = 0 (i.e. 1o = %, the Dunkl transform) was proved
in Dunkl 1], and followed by de Jeu [33l] where the author proved the inversion formula
for C*-valued root multiplicity functions k. Our approach based on the S L, representation

theory gives a new proof of the inversion formula and the Plancherel formula for %, even
fora =72.

Remark 5.5. We recall from Theorem 3.31 that L>(RY, H.q(x)dx) decomposes into a discrete
direct sum of irreducible unitary representations of G = S L2, R). Hence, the square (Fy.,)?
acts as a scalar multiple on each summand of (3.43) by Schur’s lemma because y,; is a

2(k)+N+a—2

central element of G (see (3.38)) and (Fi.)* = €™ @ ) o(yxi) by (5.2). Since y,; acts on
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the irreducible representation n(Ay ) as a scalar e kantl) by Fact3.27.(5), ff,fa

as the scalar

acts on it

_ 2mni

e_ﬂi(/lkﬁ,m“']) =¢ a

.2k, -2
em( ()+[;/+a )

This gives us an alternative proof of Corollary 5.2,

Next, we discuss intertwining properties of the (k, a)-generalized Fourier transform .7,
with differential operators. Let E = Z?’: , x;0; be the Euler operator on R" as before.

Theorem 5.6. The unitary operator ¥, satisfies the following intertwining relations on a
dense subspace of L*(RY, 9y ,(x)dx):

1) FruoE=—(E+N+2k)+a-2)o F,.
2) Frg o lIxll* = —lIxP Ay 0 P
3) Fra o IXIIP“Ar = —|Ix]1 0 Py

These identities hold in the usual sense, and also in the distribution sense in the space of
distribution vectors of the unitary representation of G on L*(R", D q(x)dx).

If we use & (instead of x) for the coordinates of the target space of .%;,, we may write
Theorem 5.6/ 2) and 3) as

Feal - II'HE) = NP AT a( ), (5.6 a)
Frall - P D f)E) = =N Fra £)(E)- (5.6 b)

Proof of Theorem 5.6. We observe that Vi is a representative of the longest Weyl group ele-
ment, and satisfies the following relations in sl5:

Ad(yz)h = —h, Ad(y%;)e+ =—e, Ad(ym)e” = —e",
(see (3.1) for the definition of e*, €7, and h). In turn, we apply the identity
Qa(@)WeaX)a(@)™! = wira(Ad(9)X), (¢€G, X €9),

to E,J;a = Wi q(€"), E,, = wra(€7), and Hy, = wy4(h) (see (3.6)). Then we have

a7 — o

Jk,a o Hk,a - _Hk,a © Jk,aa (57)
a7 + - o

Jk,a o Ek,a - _Ek,a ° Jk,a’

or - + or

Jk,a ° Ek,a - _Ek,a o ‘/kﬂ’

because %, is a constant multiple of Qk,a(y%,-) (see (5.2)). Now, Theorem 5.6/ is read from
the explicit formulas of Efa, B and H; , (see (3.3)). O

5.2. Density of (k, a)-generalized Fourier transform .7 .

By the Schwartz kernel theorem, the unitary operator .%#;, can be expressed by means of a
distribution kernel. By using the normalizing constant ¢, (see (4.47)), we write the unitary
operator .%; , on L2 (RN, 9% ,(x)dx) as an integral transform:

Fraf(§) = Cra f  Bra(& 0 f ()P a(x)dx. (5.8)

R
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Comparing this with the integral expression of €;,(y;) in Theorem 4.23, we see that the
distribution kernel By ,(£, x) in (5.8)) is given by

Bra(x,y) = e EDIN (x, 1) (5.9)

2(k>+N+a 2

because T, = €™ 2 (yix) (see (5.2)).
Now, Theorem 5.6 is refonnulated as the differential equations that are satisfied by the
distribution kernel By ,(x, £) as follows:

Theorem 5.7. The distribution By ,(-,) solves the following differential-difference equation

on RN x RN
E*Byo(€, x) = E*Bio(¢, %), (5.10 a)
IEIP AL By (&, x) = —[IxI|* Bra(£, %), (5.10 b)
x>~ A Bia(€, x) = —|€]|" Bra(€, ). (5.10 ¢)

Here, the superscript in E*, A}, etc indicates the relevant variable.

Remark 5.8. For a = 2, Theorem 5.7 was previously known as the differential equation of
the Dunkl kernel (cf. [10]).

Proof of Theorem 5.7, First we use the identity (5.7) as operators on R" for any a > 0 and k.
It is convenient to write

1
Hy, = —( +2E),
a

where E is the Euler operator and ¢ := N + 2(k) + a — 2. Then, by (5.8), the identity (5.7)
implies

f (€ +2E)f(x))Br (&, )Ba(x)dx = — f SO+ 2EN)Bio&, ) a(x)dx  (5.11)
RN RN

for any test function f(x) (i.e. f (x)ﬁk,a(x)% e .Z(RN)).
Now we recall that the density 9 ,(x) (see (1.2) for definition) is homogeneous of degree
a-2+2k)(={—-N), we have

E* (%) = (€ = NG o(x). (5.12)

On the other hand, it follows from >N 2 x ; = —N as operators, we have

J= 1x]6x, J=1 ox;

f (E* f)(0)g(x)dx = — f SOWN + E¥)g(x)dx. (5.13)
RN RN
Combining (5.12) and (5.13), we have

the left-hand side of (5.11) = — f SXOEB o€, X) + 2E" By o (€, X)) o(x)d x.

RN
Hence, the identity (5.11) implies that the distribution kernel By ,(¢, x) satisfies the differential
equation
E*Bia(€, x) = E°Biu(&, x). (5.14)
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Next, the identity (5.6 a) implies

fR  Bra& DA f () a(x)dx = I A fR  Bra(&: 0 f ()T a(x)dx

for any test function f. Hence the second differential equation (5.10.b) follows.
Finally, by the identity (5.6 b), we have

[ Brate (<8t 0)uody = -1l [ Bate sy
RN RN

Since ||x||2‘“Az is a symmetric operator on L*(R", % ,(x)dx), the left-hand side is equal to

f 1517 (Af Bra(€. )) £ (x) . a(x)dx.
RN
Hence the third differential equation (5.10 c) is proved. O

We continue basic properties on the kernel By ,(€, x) of the (k, a) generalized Fourier trans-
form.

Theorem 5.9.

1) Bio(Ax, &) = By o(x,AE) for 1 > 0.
2) By (hx, hé) = By (x,€) forh € €.
3) Bia(€,x) = Biu(x, ).

4) By.(0,x) = 1.

Proof. 1) This statement follows from the differential equation (5.10 a) given in Theorem 5.7.
2) Since ., commutes with the action of the Coxeter group €, the second statement
follows from the fact that ¥ ,(x)dx is a C-invariant measure.
3) Putting u = 7 in (4.50), we get

i, )= e_2<k>+g+azﬂij(g 2ky+N -2 2(rs)7;t)' 5.15)

h (r, s;—:t , ; ;
ka 2 a 2 ai

In particular, we have

hk,a(r, S; %i; t) = hk,a(s, r; %i; t).

In view of (4.52) and Proposition 2.5, we conclude that

)= hl )

Hence, the third statement has been proved.
4) By Lemma 4.17, hy o(r,0; 55 1) = e~ "3 =mi_ Since the Dunkl intertwining operator V;
satisfies V,(1) = 1 (1 is the constant functlon on RN ) (see (I2) in Section 2), it follows from

2(/\)+N +a—2

(4.52) that Ay (x,y;Z) = e = 2 ™. Finally use (5.9). o

Aka(x ys
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5.3. Generalized Fourier transform .7, , for special values at ¢ = 1 and 2.
In this subsection we discuss closed formulas of the kernel By ,(x, y) of the (k, a)-generalized
Fourier transform .% , (see (5.8)) in the case @ = 1,2. The (k, a)-generalized Fourier trans-
form %, , reduces to the Dunkl operator Z, if a = 2, and gives rise to a new unitary operator
4, the Dunkl analogue of the Hankel transform if a = 1.
We renormalize the Bessel function J,, of the first kind as
(_ 1 )€W2€

Tw) = (5) " w) = ; =77 . (5.16)

Thw+£€+1)

Then, from the definition (4.9) of };(z) we have
J,(w) = T(=iw) = T,(iw).
By substituting z = % into (4.58), we get the following formula:

s By 10+ B2 (V140 =
kalls 2> 75 B = o~ B+ 5) pirst (a =2).

Together with (5.9) and (4.52), we have:

Proposition 5.10. In the polar coordinates x = rw and 'y = sn, the kernel By ,(x,y) is given
by

L(¢k) + 551 (Vi( Ty 2 (V27T ) ), ) (@ = 1),
(Vi(e™™))(w,m) (a=2).

As one can see form (5.17), the kernel By »(x, y) coincides with the Dunkl kernel at (x, —iy)
(ctf. [I2D).

By (rw, sn) = { (5.17)

Theorem 5.11. Let k be a non-negative root multiplicity function, a = 1 or 2, and x,y € RV,
Then |By(x,y)| < 1.

Proof. Theorem 5.11/follows from the special case, i.e. u = 7, of Proposition 4.26/2) because
|Bra(x, V)| = Ak a(x, y; i5)| by (5.9). O

Remark 5.12. For a = 2 it was shown that |By»(x, y)| is uniformly bounded for x,y € RY first
by de Jeu[33)] and then by Rosler [51]] by 1.

We note that Theorem 5.11 implies the absolute convergence of the integral defining .%; ,,
fora = 1,2, on (L' N L*)(RY, % .(x)dx), as we proved in Corollary 4.28.

5.4. Generalized Fourier transform .%, , in the rank-one case.
This section examines .%; , and its kernel By ,(x, y) in the rank-one case.

Suppose N = 1,a > 0, k > 0, and 2k > 1 — a. Then, by the explicit formula of the kernel
Ay (see Proposition 4.29), followed by the formula (5.9), we get

2k+

“ R
D Aalx, y; i)

a a

Bk,a(x7 y) = ei%(

a T 2 a
o) + T (ot (5.18)
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where fv(w) = E(—iw) is the normalized Bessel function given in (5.16); here the branch
of it is chosen so that 17 = 1. Thus, for a > 0, k € R* such that 2k > 1 — a, and f €
L*(R, |x[**%2dx), the integral transform .%, , takes the form

1 ~ 2 ~ (2
Feaf ) =2 [ 0(Ton (Glartt) # = T (Ghaot P 2
R N ai)a “* °d

Remark 5.13. If we set

1
B M(xy) = E[Bk,a(x’y)"i'Bk,a(x, -]
2k+a—-1\~ /2 a
= F S J | - 2 A
(s Gt

Then, the transform %, ,(f) of an even function f on the real line specializes to a Hankel
type transform on R,.

Let us find the formula (5.18) by an alternative approach. First, for general dimension R”,
by composing (5.9), (4.52), and (5.15), we have

2 2Aky+N-2 2(rs)

Bra(x,) = (W(a S )| G, my)

in the polar coordinates x = rw, y = sn. Furthermore, in the N = 1 case, a closed integral
formula of the Dunkl intertwining operator Vi 1s known:

(ka)(x)— f Fx)(1 + (1 = ar, (5.19)

F(k)r( )

see [LL1, Theorem 5.1]. Hence, we might expect that the formula (5.18)) for the kernel By ,(x, y)
could be recovered directly by using the integral formula (5.19) of V. In fact this is the case.
To see this, we shall carry out a compution of the following integral:

[(k + %1) 1j(g, 2k — 1’ 2(rs)?
T(OT(1) a2 ai
forx=rw,y=sn(r,s >0, w,n==x1).

We notice that the summation (4.42) for .Z (b, v;w; 1) is taken over m = O and 1 if N = 1.
Hence we have
2 2k—1 2(rs) 2k+a—1\(= 202y Qk+ Dixy~ 2xy
A2 ) = (P 7 (22  Faa (200))
a 2 a a (az) a a
On the other hand, by using the integral expression of the Beta function and the duplication
formula (4.37) of the Gamma function, we have

Tk + 1)
T(Or(3)

Bia(x,y) = Kw 77>)(1+t)(1 ) ldr (5.20)

a

wr1 b

Substituting these formulas into the right-hand side of (5.20) we have completed an alterna-
tive proof of (5.18).

! 1 (m = 0),
(1 + (1 =) dr = { 1
0

5.5. Master Formula and its applications.
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5.5.1. Master Formula.
We state the following two reproducing properties of the kernel By, of basic importance.

Theorem 5.14. (Master Formula) Suppose a > 0 and k is a non-negative multiplicity function
satisfying 2(k) + N > max(1,2 — a).

1) For x,y € RN, we have

i
Cra f exp( ) Bea e, 1) Bra(ut y) B w)dlu
RN

. 2k)+N+a-2 )

i a a
= " exp(—— (Il + 1)) Bra(x.). (5.21)

2) Let p be a homogeneous polynomial on RY of degree m. Then we have
1 a 1 2-a
Cha fR exp(=—lull*) (exp(~ 11+ 1A )p ) @0) Bua . 1))l

= e_ian CXP(_éHXHa)(eXp(_Ql_aH ' ||2_aAk)p)(x). (5-22)

Remark 5.15. For a = 2, the reproducing properties (5.21) and (5.22) were previously
proved in Dunkl 12, Theorem 3.2 and Proposition 2.1]. In that case, theses properties played
a crucial role in studying Dunkl analogues of Hermite polynomials (see [53l, Section 3]), the
properties of the heat kernel associated with the heat equation for the Dunkl operators (see
[53L Section 4]), and in the construction of generalized Fock spaces (see [, Section 3]).

5.5.2. Proof of Theorem 5.14.
We begin with the proof of (5.21)). From the semigroup law

Qk,a(Yzl)Qk,a(YZz) = Qk,a(7z1+zz)’ for Yz Yz € f(\/VV),

the integral representation of € ,(y,) (see Theorem 4.23)) yields

f Agalx, us i )Aka(u yiig )ﬁka(u)du = Aralx, iz %), (5.23)
RN
We set
u:=2ky+N+a-2.
In view of (4.49), a simple computation shows

hka(r s’ 4 b t)
ha(2Er, 3% 1)

= 2% exp( r* + s“)).

Applying Vi, and using (4.52), we get
o a TR
Aol 4) 2% exp( (IRl + Nel)) A2, 15 5

~7i\ 1 i a a 1
= (2¢7) exp(~ (Il + ")) B2 x. ). (5.24)
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In the second equality, we have used (5.9). By substituting (5.24) and (5.9) into (5.23), we
get

21 1 1 L7 i a a
Cha f exp( = lull*)Bra(27 X, ) By o271, y) Iy a(udu = 274 ™4 exp(—==(Ixll" +IIYII)) Bia(x, ).
RN a a

Since Bk,a(25x, u) = Bi(x, 25u) (see Theorem 5.9 1)) and ¢ ,(u)du is homogeneous degree
N +2(k) + a — 2 = pu, the left-hand side equals

_u Lo
2 ﬁck,af exp( = Ilull*) Bra(x, 1) Bra(tt, y)P.a ().
RN a

Hence, (5.21)) is proved.

The remaining part of this subsection is devoted to the proof of the second statement of
Theorem 5.14.

We recall from (3.3) and (3.6) that

01\ i

E/:—,a = Wra (0 O) = EHXH s
_ 00\ i .,
Ek,a = Wia (1 O) = _HXHZ Ay

a
are infinitesimal generators of the unitary representation € , of S L_(ZJ R) on L2(RY, 9 o(x)dx).
We set

(0 1 i (00
Co ::Expz(0 O) Expi(1 0), (5.25)
and introduce the operator
. s+ I — 1 a 1 2-a
Bya = expli Ek’a)exp(zEk’a) = exp(—allxll )exp(—%nxn A). (5.26)
Then, the following identity in sl,,
Ad()h—%i10 %i_l—'()l—k (5.27)
OR= o —)\d 1) T o) T ‘
leads us to the identity of operators:
%k,a © wk,a(h) = wk,a(k) o %k,a' (528)

Since H;, = wi,(h) acts on homogeneous functions as scalar (see (3.3)), we know a priori
that homogeneous functions applied by %, , are eigenfunctions of wy ,(K). Here is an explicit
formula:

Proposition 5.16. For {,m € N and p € 7"(R"),

al,
BraPIAI) = (=) 00 (p. x).
Proof. We recall from Lemma 3.7 that the linear map

Tia: CORY) @ C¥(Ry) = CRY\{0D), (p,) = p(0w(lIxl)



LAGUERRE SEMIGROUP AND DUNKL OPERATORS 61
satisfies the following identity on %{m(RN )® C*(R,):

I . a;, d* d
eXp(EEk,a) o Tk,a = Tk,a o (1d®exp(—§(rﬁ + (/lk,a,m + 1)5))) (529)
Applying (5.29) to p ® r, and using Theorem 3.11, we get
i - a ¢ a,m 2
exp(5Era) © Tealp ® 1)) = Tealp ® (=5) AL (Zr)()

= (—g)gf!P(x)Ly"’“”")(%||x||“).

Hence,
. i
BrapQOIAN) = expliBL,) exp( 5B, ) Tia(p © 1)
_ (4 L@y Geam) (2 y1a
= (~5) €10 exp(=—Ilall*)L (> 1)
at

- (_5) 00 (p, x).

Thus, Proposition 5.16 has been proved. O

Remark 5.17. Let p € %i’"(RN ). By (3.3), wiq(h) acts on p(x)||x||* by the multiplication of

the scalar Ay 4, + 1 + 2¢. Hence, wy,(K) acts on CDE,“)(p, X) as the same scalar Ay 4, + 1 + 2¢.
This gives an alternative proof of the formula (3.33.a) in Theorem 3.19.

We now introduce the vector space
P,RY) := C-span{px)||x]|‘ : p € %Cm(RN) for some m € N, £ € N}. (5.30)

For a = 2, 2,(R") coincides with the space Z(R") of polynomials on RY owing to the
following algebraic direct sum decomposition (see [S, Theorem 5.3]):

o [5]

2®RY) = 5 P kP o4 ®Y).

m=0 (=0

We introduce an endomorphism of Z2,(RY), to be denoted by (e~"¢)*, as
(e—i%)*(p(x)nxn“f) = e DT p()||x|,  for p e A(RY) and £ € N. (5.31)

Remark 5.18. The notation (e=)* stands for the ‘pull-back of functions’ on the complex
vector space CV given by

(e"%)*f(z) = f(e_i%z).

However, taking branches of multi-valued functions into account, we should note that (e‘iz‘r) *

id fora = %

The next proposition is needed for later use.
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Proposition 5.19. For a > 0, the following diagram commutes

[

P RY) 2 RN, 9y o (0)dx)

(e7ia)" l l%,a

P RY) 2 PRY, 9, (0)d)

Proof. The identity (5.28)) in sl, lifts to the identity
PBra © Qa(Expth) = Q (Exp 1K) 0 By,
and in particular
Bra © ValBxp Th) = Qo(EBxp TK) © H
on Z,(R") where the both-hand sides make sense. In terms of the (k, a)-generalized Fourier
transform %, (see (5.2)), we get
mi2¢ky+ N +a-2

PBha © exp(z P )Qkﬂ(Exp %h) = F1a © PBra-

On the other hand, we recall from (3.6) that

2 J N+2k)+a-2
a)k,a(h) = EZXj(?j-i- ,

a

j=1
and therefore its lift to the group representation is given by
(N+ 2k) + a — 2t)
a

(Qua(Bxp 1) f)(x) = exp fle®x). (532)
Substituting = %, we get B O(e‘i a )* = F1.4°Py.q- This completes the proof of Proposition
5.19 |

When k = 0 and a = 2, %, coincides with the inverse of the Segal-Bargmann transform
restricted to Z(RY) = P ,(RY) (cf. [20, p. 40]). We may think of %, , as a (k, a)-generalized
Segal-Bargmann transform. We are ready to prove the second statement of Theorem 5.14.
Proof of Theorem 5.14 2). In View of Proposition 5.19, we have .7, o Bir.(p) = PBia ©

(e”0)*(p). Since (e7'a)*p(x) = e~ "« p(x) for a homogeneous polynomial of degree m, we get

_imnm

<gﬁk,a o '%k,a(p) =e T'@k,a(p)-
Hence, the reproducing property (5.22) is proved. O

5.5.3. Application of Master Formula.
As an immediate consequence of Master Formula (see Theorem 5.14), we have:

Corollary 5.20. (Hecke type identity) If in addition to the assumption in Theorem 5.14| 2),
the polynomial p is k-harmonic of degree m, then (5.22) reads

Frale™ 5 p)E) = Mt p(g), (5.33)
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Corollary 5.20) may be regarded as a Hecke type identity for the (k, a)-generalized Fourier
transform .%; ,. An alternative way to prove this identity would be to substitute O for £ in
(5.3).

The identity (5.33)) is a particular case of Theorem 5.21' below. For this, we will denote by
H,, the classical Hankel transform of one variable defined by

H,,()(s) = f i T (2098 0 (5.34)
0 a

for a function ¥ defined on R, . Here, fv is the normalized Bessel function j;(w) = (%)_VJV(W)
(see (4.9)). Then the (k, a)-generalized Fourier transform .%#, , satisfies the following identity:

Theorem 5.21. (Bochner type identity) If f € (L' N L*)(RY, 9y ,(x)dx) is of the form f(x) =
pOY(||x]]) for some p € %’j{’"(RN ) and a one-variable function Y on R, then

2m+2(l\)+N 2

Fra(IE) =a” e p(¢) H,, w2 () ([IE]])-
In particular, if f is radial, then F ,(f) is also radial.

Remark 5.22. The original Bochner identity for the Euclidean Fourier transform corre-
sponds to the case a = 2 and k = 0. Fora = 2 and k > 0, Theorem 5.21 corresponds
to the Bochner identity for the Dunkl transform which was proved in [2]. Fora =1 and k = 0
it is the Bochner identity for the Hankel-type transform on RY (see [39]).

Proof of Theorem 5.21. 1t follows from (4.20) that

NG %i) = exp(—%i(ak,a,m + 1>)<rs)‘<">‘%“hk,a,m(gvs)‘f)
- o exp( B+ DT (09 6539)

We set ,,,(r) := r™y(r). Since p is homogeneous of degree m, we have

(” ”)lﬂm(ll D = pQyClixD.

From the definition of the unitary operator Q(m) (y.) (see (4.3)), we get
Qpa(y) f(x) = P(X)IIXII_’"Q('") (Y )¥m(lIxI)
= p(o)lxl| ™" f A1l 53 2 ()s> N3 s,
0

Substituting (5.35) into the above formula with z = %i, we get
Q (v — o —Akam _JT_i 1 1 - z s 2m+2(k)+N+a=3 g
cay)f @) = a4 exp(=5 amn + D)PG) | Do | SU0l)* us)s s
0

= aom exp(= 2 (A + D) pCOH 1, @)

Now, Theorem 5.21! follows from (5.2). |
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5.6. DAHA and S L,-action.
In this subsection we discuss some link between the representation €, of SLZ,R) in the
a = 2 case and the (degenerate) rational DAHA (double affine Hecke algebra). To be more
precise, we shall see that our representation €;, of S L(2,R) induces the representation of
SL(2,C) on the algebra generated by Dunkl’s operators, multiplication operators, and the
Coxeter group (see (5.42) below). This induced action on the operators coincides essen-
tially with a special case of the S L(2, Z)-action discovered by Cherednik [6] and that of the
S L(2, C)-action by Etingof and Ginzburg [[19]]. Note that our approach (but not the result) is
new in that we use our action on functions to derive the action on the operators in the Hecke
algebra. The authors are grateful to E. Opdam for bringing their attention to this link.

We begin with an observation that if € is a representation of a group G on a vector space
W then we can define an automorphism of the associative algebra End(W) by

A Q@AQ(R)™, g€G. (5.36)

We shall consider this induced action for G = § Lf(\2,j R), Q = Q. (see Theorem 3.30), W =
the vector space consisting of appropriate functions on R”.

Remark 5.23. We do not specify the class of functions here. Instead, we shall use the formula
(5.36) to define algebraically the G-action on a certain subspace of End(W). The point here
is that the G-action on such a subspace will be well-defined even when the group G may not
preserve W.

We begin with a basic fact on Dunkl operators on R". For ¢ € R, we define the multipli-
cation operator M, by

M f(x) := (&, x)f(x).

Choose an orthonormal basis &, ...,&yv in RY. As in Section 2.2, we will use the ab-
breviation T;(k) for Dunkl operators T (k), and M; for M. Then we have the following
commutation relations:

T =542 3 1, @)

e forany 1< j<N. (5.37)
aeR*

Since the formula (5.37) is symmetric with respect to i and j, we have:
[Ti(k),M;] = [Tj(k),M;] forany1<i,j<N. (5.38)
Furthermore, we have the following formulas:

Lemma 5.24. Let £ € RN and s € C.

1) [Ax, M¢] = 2T (k).
2) €SAkM§€_SA/" = ME + 2ST$(1€)

The first statement is due to Dunkl [[10), Proposition 2.2], but we give its proof below for the
reader’s convenience.

Proof. 1) It is sufficient to prove the formula for & = &; (j = 1,...,N).
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By using (5.37), we have
[T} (k), M¢,] = TAR)Ti(k), M;] + [Tik), M;]Ti(k)
(@, &)X, &)

= 26,JT,(k) +2 Z ka ”a||2

aeR*

(Ti(k)ro + 1o Ti(k)).
Summing them up over 7, and using the following relations:

N
D (@ ET (k) = T,(h),
i=1

T,(k)r, +r,To(k) =0, (see (D1)in Section 2.1)),
we get
[Ar, M¢,] = 2T (k).
2) The second statement is straightforward from the first statement. O

Let us consider the induced action of G on End(W) (see Remark 15.23)).

Proposition 5.25. We fix a non-zero & € RY.
1) The induced action of 4, by (5.36) preserves the two dimensional subspace

C; := CM¢ + CTe(k).

2) The resulting representation of S I:@/ R) on Cg descends to S L(2,R), and extends holo-
morphically to S L(2, C). A
3) Via the basis {M¢, T¢(k)}, the representation of S L(2,C) on Cé is given by

¢ SL2,C) - GL(CD), (’é S)H(iAC _zi)B)' (5.39)

Proof. 1) Since S f(?,_/ R) is generated by Exp(re*) and Exp(te™) (t € R), it is sufficient to
prove that the subspace CM, + CT¢(k) is stable by the induced action of these generators. In
light of the formula (3.3), we have

it
Q;,(Expte”) = Exp(tE[,) = exp (EHXHZ)-

Obviously, this action commutes with the multiplication operator M. On the other hand,
applying (2.21) witha = 2 and 1 = —%, we get

it it .
exp (S I7) o Teth) 0 exp (-5 ) = Tett) = irMe.

Hence, Exp(tE;g’Q) preserves the two-dimensional subspace CM; + CT¢(k), and its action is
given by the following matrix form

Exp(re’) - ((1) ‘1”) (5.40)

with respect to the basis {M,, T(k)}.
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Next, we consider the action

_ _ it
Qi2(Exp(te”)) = Exp(tE; ,) = exp (EAI‘)'

Obviously, it commutes with Dunkl’s operator T¢(k). On the other hand, applying Lemma
5.242) with s = 52’, we get

nt 't
exp (%Ak) o M o exp (—%Ak) = M + itTg(k).

Hence, Exp(7E; ,) also preserves the subspace CM + CT,(k), and its action is given as

Exp(te”) (llt (1)) . (5.41)

Thus, we have proved the first statement.
2) The center of S L(2,R) consists of the elements Exp(innk) (n € Z) (see (3.38)). Let us
compute the action of Exp(zk) on Cg = CM; + CT¢(k). For this, we recall from (5.27) that

Exp(tk) = ¢o Exp(th)c;' fort e C.

In view of the formulas (5.40) and (5.41)), the element ¢y = Expi (0 1)Exp % ((1) 8) (see

St [ R |

It follows readily from the formula
N+ 2<k>t

(Q2(Exp(th)) f) (x) = eXP( 2 )f (e'x)

(5.25)) acts on C; as

=

1=

(see (5.32)) that the action on Exp(th) on Cé is given by
e 0
Exp(th) — (0 e‘t)'

Therefore, Exp(zk) acts on Cé by the formula:

I i\(¢ 0\(} i\" [cosh(r) —isinh(r)
Xp(t)'_’(' 1)(0 e‘t)(% 1) _(isinh(t) cosh(z))'

=

N~

In particular, if ¢t = inn, then Exp(innk) acts as (—1)" id on Cé. Thus, the action of S l/,_(z_/ R)

descends to S l/,(?,/ R)/2Z ~ SL(2,R). Then, clearly, this two-dimensional representation
extends holomorphically to S L(2, C). Hence, the second statement is proved.

3) Since a representation of S L(2,C) is uniquely determined by the generators Exp(te*)
and Exp(ze™) (¢ € C), the third statement follows from (5.40) and (5.41)). |

Let FH be the algebra generated by
(Mg, Ty : £ e RN} UG, (5.42)
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where € is the Coxeter group. Its defining relations are given by the commutativity of the

Dunkl operators T¢(k) (see (D2) in Section 2), the commutativity of the multiplication oper-

ators M, the commutation relations (5.37), and the following €-equivariance:
hoTgk)yoh™ =Ty(k), hoMs;oh™' =M, foranyheG, ¢£eR",

see [Z, [19].

We recall from Proposition 5.25 3) that the matrix representation of the S L(2, C)-action on
Cé = CM; + CT¢(k) does not depend on ¢ € RY \ {0}. Then, a simple computation relied on
(5.38) yields

(g Ti(k), g Tj(k)] =0 =g-[Tyk), T;(k)],
[g-Mi,g-Mj] =0=g- [Mi’Mj],
forany 1 < i, j < N and for any g € S L(2, C). Likewise, we get from (5.37)
(g - Ti(k), g - M;] = [Ti(k), M;].

Furthermore, the representation €, of S I:_(?:/ R) commutes with the action of the Coxeter
group €. Therefore, the action of S L(2,C) on Cé (& € RV \ {0}) and the trivial action on the
Coxeter group € extends to an automorphism of H{ because all the defining relations of H{
are preserved by S L(2, C).

Hence, we have proved:

Theorem 5.26. The representation ., of S lf(?,/ R) induces the above action of S L(2,C) on
the algebra H1 as automorphisms.

Remark 5.27. The S L(2, C)-action on the algebra HH is essentially the same with the one
given in [19, Corollary 5.3].

Remark 5.28. As we saw in the proof of Proposition 5.25, the center ( 0 _01) of SL(2,C)
acts on Cé as —1d. Therefore, PS L(2,C) acts on Hi as projective automorphisms.

In order to compare the S L(2, Z)-action on HH defined by Cherednik [6] we consider the
following automorphism of S L(2, C):

L: SL2.C) = SL2.C), (é S)H(;é _zi)B)’ (5.43)

and twist the S L(2, C)-action on H{ (see Theorem 5.26) by ¢. This means that the new action
takes the form

go1:SL2,C) - GL(C), (é g)H( —Ac _lf), (5.44)

on the generators Cf: = CM; + CT¢(k) (see (5.39)).

We write 7, and 7, for the automorphisms of H{ corresponding to the generators ((1) })

and (1 0

1 1) of SL(2,7Z). Then, by (5.44), 7, and 7, are given by

T1:M§:|—)M§, Tgl—)Tg—M‘f, hl—)h,
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To . Tf (i Tf,

which coincide with the one given in [6].
Of particular importance in Cherednik [6] is the automorphism

Mgf"—)Mg_Tf, hHh,

o= Tl‘rglﬁ = Tngngl,

which corresponds to the action of (_01 (1)) The automorphism o is characterized by

o(Tg)=-M;, oMy =T; and o(h)=h forallheC.

From our view point, these automorphisms on H{ can be obtained as the conjugations of
the action on the function space (see (5.36)). In view of the formulas (see (5.43)):

11 (1 -

o 1) Tlo 1)

10 10

9 1] T\ 1)

0 1 0 —i mi
‘-1 0)‘ —i o)‘EXP(Eh)V%"’

we may interpret that 71, 7,, and o are given by the conjugations of
1
Qua(Exp(~ie")) = exp(5llF).

1
Q2(Exp(ieT)) = exp(— EAk)’

1 1 1 1 ; 1
Fr5 = e exp(iAk) 0 ¢t = CXP(EAk) 0 et o exp (EAk) 64

= Qk,z(EXp %h)Qk,Z(y%),

respectively. Recalling the formulas:

(Qk’z(EXp %h)f)(x) - ex (lﬂ'(N + 2(k>))

in(N + 2¢k))

" )(%,zf)(X),

(Qua(ys)f)(x) = exp (—

we have

FHf(x) = Fraf(ix).
Hence, o may be interpreted as an algebraic version of the Dunkl transform. We notice that
the formula (5.45) fits well into Master Formula (5.22) for a = 2, which we may rewrite as

~ 4P N B kagly = 3P
Ck2 fR € (CXP( «)P)W) By (ix, u)ﬂl(d wldu = €2 p(x).

aEA
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5.7. The uncertainty inequality for the transform .7 .
The Heisenberg uncertainty principle may be formulated by means of the so-called Heisen-
berg inequality for the Euclidean Fourier transform on R. Loosely, the more a function is
concentrated, the more its Fourier transform is spread. We refer the reader to an excellent
survey [21]] for various mathematical aspects of the Heisenberg uncertainty principle. In this
section we extend the Heisenberg inequality to the (k, a)-generalized Fourier transform %,
on RV,

Let || - ||l be the L?>-norm with respect to the measure Pa(x)dx on RY (see (1.2)). The goal
of this subsection is to prove the following multiplicative inequality:

Theorem 5.29. (Heisenberg type inequality) Forall f € L>(RY, i.q(x)dx) the (k, a)-generalized
Fourier transform # , satisfies
2kY+N+a-2

-2 AL 0 12 Zea ), = ( 5 [ (5.46)

The equality holds if and only if the function f is of the form f(x) = Aexp(—c||x||*) for some
AeCandc eR,.

Remark 5.30. The inequality (5.46) for k = 0 and a = 2 is the original Heisenberg inequality
for the Euclidean Fourier transform. The inequality for k > 0 and a = 2 is the Heisenberg
type inequality for the Dunkl transform, which was proved first by Rosler [52l] and then by
Shimeno [55). In physics terms we can think of the function f(x) = Aexp(—c||x||*) where the
equality holds in the above theorem as a ground state; indeed when a = ¢ = 1, N = 3, and
k = 0, it is exactly the wave function for the Hydrogen atom with the lowest energy.

In order to prove Theorem 5.29 we begin with the following additive inequality:
Lemma 5.31. (1) Forall f € L>(RY, 9 ,(x)dx)

a 2 a 2
-2 AL+ - 12 Zea()], = @Y + N +a = 2)If1. (5.47)
(2) The equality holds in (5.47) if and only if f(x) is a scalar multiple of exp(—%llxll“).
Proof. By Theorem 5.6(3) and Theorem 5.1(1), we get

- 1 Zeaf ||} = R Feaf. Fraf W
= ~(Fa(lXPAf)s Freaf W
= — QAP Aefs [
Hence, the left-hand side of (5.47) equals
KU = 1P AL ke = €= Deafs [ (5.48)

It then follows from Corollary 3.22 that the self-adjoint operator —A;, has only discrete
spectra, of which the minimum is 2¢k) + N — 2 + a. Therefore, we have proved

(5.48) > 2¢k) + N - 2 + a)lIfll;-
Thus, the inequality (5.47) has been proved. Further, the equality holds if and only if f is an

eigenfunction of —A;, corresponding to the minimum eigenvalue 2¢(k) + N — 2 + a, namely,
f 1s a scalar multiple of exp(—%||x||“) (i.e. by putting £ = m = 0 in the formula (3.28) of

d)i,“)( p, x)). Hence, Lemma 5.31 has been proved. ]
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Proof of Theorem 5.29. Now, for ¢ > 0, we set f.(x) := f(cx). Using the fact that the density
Yo 1s homogeneous of degree 2(k) + a — 2, we get

a .12 —2(k)-N—-2a+2 a 2
-1 £, = <O 22 - 02 1),

and
Ifelle = 2OV 2) 7117,
Furthermore, we lift the formula in Theorem 5.9(1) to the formula
(Fraf)0) = V20D g (=),
c

from which we get

a 2 _ _ a 2
- 12 ZeaCfl, = 2921 1E ZraH), -
Thus, if we substitute f. for f in Lemma 5.31, we obtain
a 2 a a 2
-1 A[ + - 13- Fea(D, = K + N +a = 2SI}
Obviously the minimum value of the left-hand side (as a function of ¢ € R,) is
205 A1, - 1EFa O,

Hence, Theorem 5.29 has been proved. O
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