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A real G-manifold of a real reductive group G is
real spherical if a minimal parabolic subgroup
has an open orbit on it. From the viewpoints of
harmonic analysis on homogeneous spaces and
branching problems for representations of real
reductive groups, T. Kobayashi introduced the
following conjecture in the 3rd Summer School
on Number Theory 1995. “Let G be a real re-
ductive algebraic group and H a real reductive
algebraic subgroup. Suppose that G/H is real
spherical. Then there exist a maximal com-
pact subgroup K of G with the corresponding
Cartan involution € and an abelian subspace a
of g% such that G = Kexp(a)H holds” A

Cartan decomposition of the form G = KAH
is known for reductive symmetric pairs (G, H)
by M. Flensted-Jensen (J. Funct. Anal. 30
(1978)), M. Lassalle (Ann. Sci. Ecole Norm.
Sup. (4) 11 (1978)) and W. Rossmann (Canad.
J. Math. 31 (1979)). In the non-symmetric
setting, a Cartan decomposition is given for
the circle bundles on the symmetric spaces of
non-tube type by A. Sasaki (Geom. Dedicata
145 (2010), Proc. Japan Acad. Ser. A Math.
Sci. 91 (2015)) and for the triple spaces by
T. Danielsen, B. Krotz and H. Schlichtkrull
(Geom. Dedicata 174 (2015)). Furthermore,
F. Knop, Krétz, E. Sayag and Schlichtkrull
(Selecta Math. 21 (2015)) proved that there
exist finite subsets F' and F’ of G such that
G = F'KAFH holds for a general real spher-
ical homogeneous space G/H (H can be non-
reductive), where A is a split abelian subgroup
of a minimal parabolic subgroup P = MAN
with PH open in GG. The paper B. 4 below
shows that Kobayashi’s conjecture is true in
general.
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