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This year, I studied the analytic continuation of
the holomorphic discrete series representation
of Hermitian simple Lie groups.

Suppose that G is a Hermitian simple Lie
group, that is, its maximal compact subgroup
K has a non-discrete center Z(K). Then g°,
the complexification of the Lie algebra of G, is
decomposed into eigenspaces under the adjoint
action of Z(K), as g* = pt @t @ p~. Us
ing this decomposition, we can construct a nat-
ural diffeomorphism between G/K and some
bounded domain D C p*, through the embed-
ding G/K — G°/KCP~ + exp(p™).

Now, let (7, V') be an irreducible representation
of K, and x_» be a 1-dimensional representa-
tion of the universal covering group K. Then
G, the universal covering group of G, acts on
the space of holomorphic sections of the holo-
morphic vector bundle Gx g (V®x_») = G/K.
Since G/K ~ D is contractible, this space
can be identified with O(D,V), the space of
V-valued holomorphic functions on D. More-
over, if the parameter A is sufficiently large,
then the G-action preserves some inner prod-
uct defined by an integral on D. Therefore its
restriction to the space of functions with finite
norms H (D, V) gives a unitary representation.
These are called the holomorphic discrete series
representations.

On the other hand, if A is small, then the in-
tegral defining the inner product does not con-
verge. However, since this inner product de-
pends analytically on A\ when A is large, we can
consider the analytic continuation for smaller
A. Therefore if this analytically-continued in-
ner product is positive definite, then H (D, V)
gives a unitary representation. For the case of
holomorphic discrete series of scalar-type i.e.
when (7,V) is a trivial representation, Faraut-
Koranyi (1990) determined explicitly for which
A the representation is unitarizable, by com-
puting explicitly this inner product (more pre-

cisely, the ratio of this norm || - ||, and the A-



independent K-invariant norm || - ||r on each
K-invariant subspace).

In my study of this year, I generalized this re-
sult to more general representation (1, V') of K.
That is, under the assumption that (7,V) re-
mains irreducible even if restricted to a certain
subgroup K, I computed the inner product
of Hx(D,V) explicitly, and determined when
it is unitarizable for small A. This assumption
is satisfied, for example, when G = Sp(r,R)
and V. = AF(C") (the exterior algebra), or
G = SO*(4r) and V = S*(Cm),S*(C")Y)
(symmetric algebra or its dual), and for these
cases we can describe the inner product explic-

itly.
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