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What are minimal reps?

Minimal representations of a reductive group G

Algebraically, minimal reps are infinite dim’l reps whose
annihilators are the Joseph ideals in U(g)

Loosely, minimal representations are

o ‘smallest’ infinite dimensional unitary rep. of G
e one of ‘building blocks’ of unitary reps.

e ‘isolated” among the unitary dual
(finitely many) (continuously many)

¢ ‘attached to’ minimal nilpotent orbits (orbit method)
e matrix coefficients are of bad decay
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Building blocks of unitary reps

unitary reps of Lie groups
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1 construction (Mackey, Kirillov, Duflo)
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Building blocks of unitary reps

unitary reps of Lie groups

T direct integral (Mautner)
irred. unitary reps of Lie groups

1 construction (Mackey, Kirillov, Duflo)
irred. unitary reps of reductive groups

T “induction”, etc.
finitely many “very small” irred. unitary reps.
of reductive groups
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Minimal representations of a reductive group G

Algebraically, minimal reps are infinite dim’l reps whose
annihilators are the Joseph ideals in U(g)

Loosely, minimal representations are

o ‘smallest’ infinite dimensional unitary rep. of G
e one of ‘building blocks’ of unitary reps.

e ‘isolated” among the unitary dual
(finitely many) (continuously many)

¢ ‘attached to’ minimal nilpotent orbits (orbit method)
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Minimal & Maximal

(Ambitious) Project:
Use minimal reps to get an inspiration in finding
new interactions with other fields of mathematics.
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Minimal & Maximal

(Ambitious) Project:
Use minimal reps to get an inspiration in finding
new interactions with other fields of mathematics.

Observation. w: minimal rep of G

DIM(w@) (Gelfand—Kirillov dimension)
= % dimension of minimal nilpotent orbits
< dimension of any non-trivial G-space
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Minimal & Maximal

(Ambitious) Project:
Use minimal reps to get an inspiration in finding
new interactions with other fields of mathematics.

Viewpoint:
Minimal representation (< group)
~ Maximal symmetries (< rep. space)
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Geometric analysis on minimal reps

Schrédinger model of minimal representations of O(p, q) - - -

Memoirs of Amer. Math. Soc. (2011), no.1000, 132 pp.

Algebraic analysis on minimal representations - - -

Publ. RIMS (2011), 28 pp.

Geometric analysis of small unitary reps of GL(n,R) - - -

J. Funct. Anal. (2011)

Special functions associated to a fourth order differential equation - - -
Ramanujan J. Math (2011)

Minimal representations via Bessel operators --- 66 pp. arXiv:1106.3621
Laguerre semigroup and Dunkl operators --- 74 pp. arXiv:0907.3749
Analysis on minimal representations - - -

Adv. Math. (2003) I, II, 1ll, 110 pp.

Generalized Fourier transforms ¥, - -+ C.R.A.S. Paris 2009
Inversion and holomorphic extension - - -

R. Howe 60th birthday volume (2007), 65 pp.

Collaborated with S. Ben Said, J. Hilgert, G. Mano, J. Méllers and B. Qrsted


http://dx.doi.org/10.1090/S0065-9266-2011-00592-7
http://uk.arxiv.org/abs/1001.0224
http://dx.doi.org/10.1016/j.jfa.2010.12.008
http://arxiv.org/abs/0907.2608
http://arxiv.org/abs/1106.3621
http://uk.arxiv.org/abs/0907.3749
http://dx.doi.org/10.1016/S0001-8708(03)00012-4
http://dx.doi.org/10.1016/S0001-8708(03)00013-6
http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html
http://www.ms.u-tokyo.ac.jp/~toshi/pub/102.html
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Indefinite orthogonal group O(p + 1,g + 1)

Throughout this talk, p,g > 1, p + ¢: even > 2

G=0(p+1l,q+1)
Iy 0 Iy 0
= {gEGL(p+q+2’R)[g( Ibl _Iq+1)g: ( IOI _Iq+1)

- real simple Lie group of type D
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Minimal representationof G =0(p + 1,q + 1)

[ ] q = 1
highest weight module @ lowest weight module
¢ the bound states of the Hydrogen atom
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[ ] q = 1
highest weight module @ lowest weight module
e the bound states of the Hydrogen atom
*pP=4q
spherical case
e p =¢g =3 case: Kostant (1990)
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Minimal representationof G =0(p + 1,q + 1)

[ ] q = 1
highest weight module @ lowest weight module
¢ the bound states of the Hydrogen atom
*prP=q
spherical case
e p =¢g =3 case: Kostant (1990)

e p,q: general
non-highest, non-spherical

e algebraic construction (e.g. dual pair)
(Binegar—Zierau, Howe—Tan, Huang—Zhu)

e construction by conformal geometry (K-QOrsted)

e L2 construction (K—-@rsted, K-Mano)
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Minimal representationof G =0(p + 1,q + 1)

[ ] q = 1
highest weight module @ lowest weight module
e the bound states of the Hydrogen atom
*pP=4q
spherical case
e p =¢g =3 case: Kostant (1990)

e p,q: general
non-highest, non-spherical

e algebraic construction (e.g. dual pair)
(Binegar—Zierau, Howe—Tan, Huang—Zhu)

e construction by conformal geometry (K-QOrsted)

e L2 construction (K—-@rsted, K-Mano)
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Two constructions of minimal reps.

1. Conformal model
Theorem B

2. L? model
(Schrodinger model)
Theorem D
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal model

Theorem B Clear

V.S.

2. L? model

(Schrédinger model) Clear

Theorem D

Clear Picture - - - advantage of the model
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal model

Theorem B Clear

V.S.

2. L2 model

(Schrodinger model) Clear

Theorem D
Clear Picture - - - advantage of the model

No single model of minimal representations has clear pictures for
both group actions and Hilbert structures
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal model

Theorem B Clear Theorem C
V.S.
2. [* model
(Schrédinger model)  Theorem E Clear
Theorem D

Clear Picture - - - advantage of the model

No single model of minimal representations has clear pictures for
both group actions and Hilbert structures
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal model

Theorem B Clear Theorem C
V.S.
2. [* model
(Schrodinger model)  Theorem E Clear
Theorem D

Clear Picture - - - advantage of the model

3. Deformation of Fourier transforms  (Theorems F, G, H)
(interpolation, special functions, Dunkl operators)
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§2 Conformal model of minimal representations



§1 §2 §3 §4
000000000000 0@00000000000000 000000000000 0000 000C

Conformal construction of minimal reps.

Idea: Composition of holomorphic functions
holomorphic o holomorphic = holomorphic
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Idea: Composition of holomorphic functions
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|| taking real parts

I harmonic o conformal = harmonic | on C ~ R?
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Conformal construction of minimal reps.

Idea: Composition of holomorphic functions
holomorphic o holomorphic = holomorphic

|| taking real parts

I harmonic o conformal = harmonic | on C ~ R?

N e=miilaemem=mT
N agZSooam—

make sense for general Riemannian manifolds.
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holomorphic o holomorphic = holomorphic

|| taking real parts

I harmonic o conformal = harmonic | on C ~ R?

make sense for general Riemannian manifolds.
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Conformal construction of minimal reps.

Idea: Composition of holomorphic functions
holomorphic o holomorphic = holomorphic

|| taking real parts

I harmonic o conformal = harmonic | on C ~ R?

make sense for general Riemannian manifolds.

But | harmonic o conformal # harmonic | in general

= Try to modify the definition!

§4
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(X, g) Riemannian manifold
¢ € Diffeo(X)
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'g=Cg

C, : conformal factor
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(X, g) Riemannian manifold
¢ € Diffeo(X)

Def.
pisisometry < p*g=¢
¢ is conformal <= Jpositive function Cyo € CT(X) st
'g=Cg

C, : conformal factor

Diffeo(X) > Conf(X,g) > Isom(X,g)
Conformal group  isometry group
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Conf(X, g) D Isom(X, g)

(X, g) pseudo-Riemannian manifold
¢ € Diffeo(X)

Def.
pisisometry < p*g=¢
¢ is conformal <= Jpositive function Cyo € CT(X) st
'g=Cg

C, : conformal factor

Diffeo(X) > Conf(X,g) > Isom(X,g)
Conformal group  isometry group
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Harmonic o conformal # harmonic

Modification
¢ € Conf(X",g), ¢'g = C2g
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Harmonic o conformal # harmonic

Modification
¢ € Conf(X", g), g =Cgg

e pull-back ~» twisted pull-back
_n2

2

fop Co’ foo
conformal factor
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Harmonic o conformal # harmonic

Modification
¢ € Conf(X", g), g =Cgg

e pull-back ~» twisted pull-back
_n2

2

fop Co’ foo
conformal factor

» Sol(Ax) ={f € C(X) : Axf = 0} (harmonic functions)
~> Sol(Ax) ={f € C¥(X) : Axf =0}
Ax = Ax 5«

Yamabe operator Laplacian scalar curvature
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Distinguished rep. of conformal groups

I harmonic o conformal = harmonic

|| Modification
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Distinguished rep. of conformal groups

I harmonic o conformal = harmonic

|| Modification

Theorem A ([K=OQrsted 03]) (X", g): Riemannian mfd
— _n2
= Conf(X, g) acts on Sol(Ax) by f = C, * fop



http://dx.doi.org/10.1016/S0001-8708(03)00012-4
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Distinguished rep. of conformal groups

I harmonic o conformal = harmonic

|| Modification

Theorem A ([K—=OQrsted 03]) (X", g): pseudo-Riemannian mfd
— _n22
= Conf(X, g) acts on Sol(Ax) by f = C, * fop



http://dx.doi.org/10.1016/S0001-8708(03)00012-4
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Distinguished rep. of conformal groups

harmonic o conformal = harmonic

|| Modification

Theorem A ([K—=OQrsted 03]) (X", g): pseudo-Riemannian mfd
— _n22
= Conf(X, g) acts on Sol(Ax) by f = C, * fop

Pomt Ax = Ax + 4(’; 21)

Ay is not invariant by Conf(X, g).
But Sol(Ax) is invariant by Conf(X, g).
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Distinguished rep. of conformal groups

harmonic o conformal = harmonic

|| Modification

Theorem A ([K—=OQrsted 03]) (X", g): pseudo-Riemannian mfd
— _n22
= Conf(X, g) acts on Sol(Ax) by f = C, * fop

Pomt Ax = Ax + 4(’; 21)

Ay is not invariant by Conf(X, g).
But Sol(Ax) is invariant by Conf(X, g).

Diffeo(X) > Conf(X,g) > Isom(X,g)
Conformal group  isometry group


http://dx.doi.org/10.1016/S0001-8708(03)00012-4

§1
000000000000

§2 §3
00000e0000000000 000000000000 0000

Application of Theorem A

e (CP q e e
(X,8) =S xS, +---+ )
p q
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Application of Theorem A

e (CP q e e
(X,8) =S xS, +---+ )
p q

Theorem B ([7, Part ) Ax = Ag» — Aga + const.
0) Conf(X,g)~O(p+1,q+1)
1) Sol(Ay) # {0} & p + g even
2) If p+qisevenand > 2, then
Conf(X, g) "~ Sol(Ay) is irreducible,
andfor p+¢ > 6itisaminimalrepof O(p + 1,q + 1).



http://dx.doi.org/10.1016/S0001-8708(03)00013-6
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Application of Theorem A

e (CP q e e
(X,8) =S xS, +---+ )
p q

Theorem B ([7, Part ) Ax = Ag» — Aga + const.
0) Conf(X,g)~O(p+1,q+1)
1) Sol(Ay) # {0} & p + g even
2) If p+qisevenand > 2, then
Conf(X, g) "~ Sol(Ay) is irreducible,
andfor p+¢ > 6itisaminimalrepof O(p + 1,q + 1).

1

Ja Conf(X, g)-invariant inner product, and
take the Hilbert completion
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal construction

Theorem B Clear

V.S.

Clear - -- advantage of the model

84
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Hilbert structure on Sol(A)

Three methods:
1. Parseval-type formula [7, Part Il]
2. Using Green function [7, Part 1l1]
3. ‘Intrinsic formula’


http://dx.doi.org/10.1016/S0001-8708(03)00013-6
http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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Hilbert structure on Sol(A)

Three methods:
1. Parseval-type formula [7, Part Il]
2. Using Green function [7, Part 1l1]
3. ‘Intrinsic formula’


http://dx.doi.org/10.1016/S0001-8708(03)00013-6
http://dx.doi.org/10.1016/S0001-8708(03)00014-8

§1 §2 §3 §4
000000000000 00000000 e0000000 000000000000 0000 000
Flat model
Stereographic projection

S" — R" U {0} conformal map



§1 2 §3
000000000000 ?)OOOOOO0.0000000 000000000000 0000 000
Flat model
Stereographic projection
S — R" U {0} conformal map

More generally

SP x §1 RP*4 conformal embedding
+...+ —

— LY SIS I S N R )
ds*=dx]+-+dx; dpo dx



Flat model
Stereographic projection
S" — R" U {0} conformal map

More generally

f__’:x S9 e RP*4 conformal embedding

— 2 2 i dr2 A2 A2
ds*=dx]+-+dx; abcp+1 dx

Functoriality of Theorem A

Sol(Asrxss) € Sol(Azra)
¢ ¢

Conf(S? x S9) « Conf(RP*)
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Conservative quantity for ultra-hyperbolic eqn.

P4 — RPH4 PR 2 _ e — (2
RPG =RV, ds? = dog + -+ +dxy —dx | dx;,,
-~ 2 2 2 2
ARp.qza—-i'""l—a——a——"'—a—ED

A ox;  ax a2, P4
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Conservative quantity for ultra-hyperbolic eqn.

P4 = RPH 2 —dx>+--- 2 _ I b
RPG =RV, ds? = dog + -+ +dxy —dx | dx;,,
-~ 2 2 2 2
AR/7~q:a—+"'+a——a——"'—a—ED

dx} dxy  Ox, Wpeg — P

Problem Find an ‘intrinsic’ inner product
on (a ‘large’ subspace of) Sol(0, )
if exists.
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Conservative quantity for ultra-hyperbolic eqn.

P4 = RPH 2 —dx>+--- 2 _ I b
RPG =RV, ds? = dog + -+ +dxy —dx | dx;,,
-~ 2 2 2 2
ARI,,‘[:‘?__F..._'_&__&__..._‘?_ED

dx} dxy  Ox, Wpeg — P

Unitarization of subrep (representation theory)
=
Conservative quantity (differential eqn)
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Conservative quantity for ultra-hyperbolic eqn.

P4 =RPY ds? = dx? + --- 2 _ e dx?
RPG =RV, ds? = dog + -+ +dxy —dx | dxy,,
-~ 2 2 2 2
ARp‘q:a_+...+a__a__..._a_ED

ox; oxg  ax ax,, P

qg=1 wave operator
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Conservative quantity for ultra-hyperbolic eqn.

P4 = RPH 2 —dx> 4. 2 _ I b
RPG =RV, ds? = dog + -+ +dxy —dx | dxy,,
-~ 2 2 2 2
AR/7~q:a—+"'+a——a——"'—a—ED

o} dxp  Ox, Ipeg — P

qg=1 wave operator

energy - - - conservative quantity for wave equations
w.r.t. time translation R
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Conservative quantity for ultra-hyperbolic eqn.

P4 = RPH 2 —dx> 4. 2 _ I b
RPG =RV, ds? = dog + -+ +dxy —dx | dxy,,
-~ 2 2 2 2
AR/7~q:a—+"'+a——a——"'—a—ED

o} dxp  Ox, Ipeg — P

qg=1 wave operator

energy - - - conservative quantity for wave equations
w.r.t. time translation R

l

--- conservative quantity for ultra-hyperbolic egs
w.r.t. conformalgroup O(p+ 1,q+ 1)
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Conservative quantity foro, ,f =0

Fix @ c RP*Y non-degenerate hyperplane



§1 §2 §3 §4
000000000000 0000000000 800000 0000000000000000 000¢

Conservative quantity foro, ,f =0

Fix @ c RP*Y non-degenerate hyperplane

For f € Sol(O,,,)

f, )= anf (to be defined soon) ... D
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Conservative quantity foro, ,f =0

Fix @ c RP*Y non-degenerate hyperplane

For f € Sol(O,,,)

f, )= anf (to be defined soon) ...

Theorem C ([7, Part lll]l+K—=2011)
1) @ is independent of hyperplane a.



http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/72.html
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Conservative quantity foro, ,f =0

Fix @ c RP*Y non-degenerate hyperplane

For f € Sol(O,,,)

f, )= anf (to be defined soon) ...

Theorem C ([7, Part llI]+K—2011)
1) @ is independent of hyperplane a.
2) @ gives the unique inner product (up to scalar)
which is invariant under O(p + 1,g + 1).
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Conservative quantity foro, ,f =0

Fix @ c RP*Y non-degenerate hyperplane

For f € Sol(O,,,)

f, )= anf (to be defined soon) ...

Theorem C ([7, Part llI]+K—2011)
1) @ is independent of hyperplane a.
2) @ gives the unique inner product (up to scalar)
which is invariant under O(p + 1,g + 1).

O(p.q) > RM (linear)


http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/72.html
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Conservative quantity foro, ,f =0

Fix @ c RP*Y non-degenerate hyperplane

For f € Sol(O,,,)

f, )= anf (to be defined soon) ...

Theorem C ([7, Part llI]+K—2011)
1) @ is independent of hyperplane a.
2) @ gives the unique inner product (up to scalar)
which is invariant under O(p + 1,g + 1).

pev D
Op+1l,g+1) (MObius transform)


http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/72.html
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Construction of Q,, f

Rp’qz(RP"q,dsz=dx%+---+dx12,—d ---—dx12)+q)
Fix veRPY st (v,v)pra = £1
ceR

p+1 -

RS a=a,, :={xeRM*: (x,v)pra = c}
non-characteristic hyperplane

Qy ¢

§4
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Construction of Q,, f

Point: f = f, + f_ (idea: Sato’s hyperfunction)
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Construction of Q,, f

Fora = ay., f € C*R’7) with some decay at co
Point: f = f, + f_ (idea: Sato’s hyperfunction)

Qe / (X, V)Rra = C
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Construction of Q,, f

Fora = ay., f € C*R’7) with some decay at co
Point: f = f, + f_ (idea: Sato’s hyperfunction)
f+ extends holomorphically to the direction + V—1v

Qye/ (X, V)rra =c
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Construction of Q,, f

Fora = ay., f € C*R’7) with some decay at co
Point: f = f, + f_ (idea: Sato’s hyperfunction)

) :=i.fMdt
R

2mi t+i0

Qye /) (X, V)rra = ¢

000C
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Construction of Q,, f

Fora = ay., f € C*R’7) with some decay at co
Point: f = f, + f_ (idea: Sato’s hyperfunction)
fi -+- normal derivative of f, w.r.t. v

Qe / (X, V)Rra = C



81 §2 83
S
000000000000 000000000000e000 0000000000000000

Construction of Q,, f

Fora = ay., f € C*R’7) with some decay at co
Point: f = f, + f_ (idea: Sato’s hyperfunction)
fi -+- normal derivative of f, w.r.t. v

Vw7
Quf = = (fof = I-F)

Qe / (X, V)Rra = C

000C
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Conservative quantity foro, ,f =0

Fix @ = a,,, c R’*? non-degenerate hyperplane
For f € Sol(O,,,)
dn=[er e ®

Theorem C
1) @ is independent of hyperplane a.
2) @ gives the unique inner product (up to scalar)
which is invariant under O(p + 1,g + 1).



http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/72.html
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Conservative quantity foro, ,f =0

Fix @ = a,,, c R’*? non-degenerate hyperplane
For f € Sol(O,,,)
dn=[er e ®

Theorem C
1) @ is independent of hyperplane a.
2) @ gives the unique inner product (up to scalar)
which is invariant under O(p + 1,g + 1).

Theorem C is non-trivial even for ¢ = 1 (wave equation)
In space-time R”*! = RY x R,,
average in space (i.e. time ¢t = constant)
= average in (any hyperplane in space) xR, (time)


http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/72.html
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal construction

Theorems A, B Clear

V.S.

> 1 [ ] [=2 ]

Clear - -- advantage of the model

000C
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal construction conservative
Theorems A, B Clear quantity
Theorem C
V.S.

> 1 [ ] [~

Clear - - - advantage of the model
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal construction conservative
Theorems A, B Clear quantity
Theorem C
V.S.

2. L? construction

(Schrédinger model) Clear

Theorem D

Clear - - - advantage of the model

000C
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§2 Conformal model of minimal representations



§1 What are minimal representations?
§2 Conformal model of minimal representations
§3 L? model of minimal representations

§4 Deformation of Fourier transform
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Conformal model = L>-model

. B 62 . 62 ~ 62 ~ ~ 62
a8 e Tae, e,

§4
000c¢
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Conformal model = L>-model

& & &

Opg ==+ +—
ox; 0x}  0x
E;:{geRp+q:§%+,,,+§2_§2

p+l

_ z (figure for (p.q) = (2, 1))

000C
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Conformal model = L>-model

& & Py 5
Opg = + — - [
ax% axlz’ asz)+1 ax]Z)+q
E::{feRPw:ff_,_..._,_gg_gf’H §§+q_0}

Fourier trans.

I Opqf=0 =  SuppFfCE I
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Conformal model = L>-model

& & Py 5
Opg = + — - [
ax% axlz’ asz)+1 ax]Z)+q
E::{feRPw:ff_,_..._,_gg_gf’H §§+q_0}

I Opqf=0 =  SuppFfCE I

Fourier trans.

F SRM) —  S®RM)
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Conformal model = L>-model

& & Py 5
Opg = + — - [
ax% axlz’ asz)+1 ax]Z)+q
E::{feRPw:ff_,_..._,_gg_gf’H §§+q_0}

I Opqf=0 =  SuppFfCE I

Fourier trans.

Fo OS®RM) — SRM)
U U

Sol(O, )
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82 82 82 62
Dp,q = b — — — =
O ox;  0x 01
S R Bt -y, 0

IDMf:O — SupprcEI

Fourier trans.

F: SR —  SRM)
U

U
| Solr) |

— denotes the Hilbert completion w.r.t. the invariant inner product.
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& & Py 5
qu e - ...
0x% (9x[2, a)612)+1 ax[Z)+q
E::{feRPw:ff_,_..._,_gg_gf’H §§+q_0}

I Opgf=0_ =  SuppFfcCE I

Fourier trans.

F: SRM) — SR
U U

ITheoremD([7, Partlll) Solm,, — I3 I



http://dx.doi.org/10.1016/S0001-8708(03)00014-8

§3

& & Py 5
qu e - ...
5x% (9x[2, asz)+1 ax]Z)+q
E::{feRPw:ff_,_..._,_gg_gf’H §§+q_0}

I Opqf=0 =  SuppFfCE I

Fourier trans.

Fo OS®RM) — SRM)
U U

ITheoremD([7, Partlll) Solm,, — I3 I

conformal model L*-model


http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal construction
Theorems A, B Clear

conservative
quantity

V.S.

2. L? construction

(Schrédinger model) Clear

Theorem D

Clear - - - advantage of the model

000C
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L*-model of minimal reps.

Theorem D p+q>2,even. Sol(O,,) = 12(®)

conformal model L*-model


http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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L*-model of minimal reps.

Theorem D p+q>2,even. Sol(O,,) = 12(®)

conformal model L*-model

minimal rep.
G=0(p+1,g+1) "~ LX) unitary rep.


http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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L*-model of minimal reps.

Theorem D p+q>2,even. Sol(O,,) = 12(®)

conformal model L*-model

minimal rep.
G=0(p+1,g+1) "~ LX) unitary rep.

dmEZ=p+qg—-1 = Eistoo small to be acted by G.



http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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L*-model of minimal reps.

Theorem D p+q>2,even. Sol(O,,) = 12(®)

conformal model L*-model

minimal rep.
G=0(p+1,g+1) "~ LX) unitary rep.

dmEZ=p+qg—-1 = Eistoo small to be acted by G.

2 c RP¢ c Rrtlatl



http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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L*-model of minimal reps.

Theorem D p+q>2,even. Sol(O,,) = 12(®)

conformal model L*-model

minimal rep.
G=0(p+1,g+1) "~ LX) unitary rep.

dmEZ=p+qg—-1 = Eistoo small to be acted by G.

2 c RP¢ c Rrtlatl

| Whatis 22



http://dx.doi.org/10.1016/S0001-8708(03)00014-8
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Geometric quantization of minimal nilpotent orbit

g* D 0 = Ad*(G)A coadjoint orbit
$? “geometric quantization”
Gonr irred. unitary rep of G
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Geometric quantization of minimal nilpotent orbit

g* D Omin = Ad*(G)A minimal nilp. orbit
$? “geometric quantization”
Gonr minimal rep of G
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Geometric quantization of minimal nilpotent orbit

g* D Omin = Ad*(G)A minimal nilp. orbit
$? “geometric quantization”
Gonr minimal rep of G

Assume E is a Lagrangian submanifold of Opin
2

— GV IAE)
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L*-model of minimal rep.

V: simple Jordan algebra
G = (afinite covering of) the conformal group of V
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L*-model of minimal rep.
V: simple Jordan algebra
G = (afinite covering of) the conformal group of V

Ex1 V =Symm(n,R)
G = Mp(n,R), a double cover of Sp(n, R)

Ex2 V=RraH
G=0(p+1l,q+1)
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L?-model of minimal rep.
V: simple Jordan algebra
G = (afinite covering of) the conformal group of V
Omin: Minimal nilpotent coadjoint orbit of G
B:= Omin nv

*

Observation g =~ g
U U
Vv Omin
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L*-model of minimal rep.
V: simple Jordan algebra
G = (afinite covering of) the conformal group of V

Omin: Minimal nilpotent coadjoint orbit of G
B:= Omin nv

Assume that a maximal euclidean Jordan subalgebra of V is
simple, and V # R”4*1 with p + ¢: odd.

Theorem (with Hilgert, Moellers, arXiv:1106.3621)
1) E is a Lagrangian submanifold of Opin-



http://arxiv.org/abs/1106.3621
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L*-model of minimal rep.
V: simple Jordan algebra
G = (afinite covering of) the conformal group of V

Omin: Minimal nilpotent coadjoint orbit of G
B:= Omin nv

Assume that a maximal euclidean Jordan subalgebra of V is
simple, and V # R”4*1 with p + ¢: odd.

Theorem (with Hilgert, Moellers, arXiv:1106.3621)
1) E is a Lagrangian submanifold of Opin-
2) We get an irreducible unitary representation of G on L*(Z).



http://arxiv.org/abs/1106.3621
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L*-model of minimal rep.
V: simple Jordan algebra
G = (afinite covering of) the conformal group of V

Omin: Minimal nilpotent coadjoint orbit of G
B:= Omin nv

Assume that a maximal euclidean Jordan subalgebra of V is
simple, and V # R”4*1 with p + ¢: odd.

Theorem (with Hilgert, Moellers, arXiv:1106.3621)

1) E is a Lagrangian submanifold of Opin-

2) We get an irreducible unitary representation of G on L*(Z).

3) The Gelfand—Kirillov dimension attains its minimum among all
(co-dim’l) irreducible unitary representations of G.



http://arxiv.org/abs/1106.3621
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L*-model of minimal rep.
V: simple Jordan algebra
G = (afinite covering of) the conformal group of V

Omin: Minimal nilpotent coadjoint orbit of G
B:= Omin nv

Assume that a maximal euclidean Jordan subalgebra of V is
simple, and V # R”4*1 with p + ¢: odd.

Theorem (with Hilgert, Moellers, arXiv:1106.3621)

1) E is a Lagrangian submanifold of Opin-

2) We get an irreducible unitary representation of G on L*(Z).

3) The Gelfand—Kirillov dimension attains its minimum among all
(co-dim’l) irreducible unitary representations of G.

4) The annihilator of the differential rep dr is the Joseph ideal
in U(g) if Vis splitand g # A,,.



http://arxiv.org/abs/1106.3621
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L*-model of minimal rep.

V: simple Jordan algebra
G = (afinite covering of) the conformal group of V

Omin: Minimal nilpotent coadjoint orbit of G
2E=0m NV

Ex1 V= Symm@n,R)
G = Mp(n,R)
= Schrddinger model of the Weil representation
G Y L*(R)even ~ L*(Symm(n, R))

Ex2 V=R, p+g:even
G=0(p+1,qg+1)
= G Y IL%(®)
(Theorem D)
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Inversion element

G = PGL(2,C) w P'C ~ CU {c0}
Mobius transform
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Inversion element

G = PGL(2,C) w P'C ~ CU {c0}
Mobius transform

(8 lf):aecX,bec} zaz+b

w= ((1) 0 ) zm -1 (inversion)

000C
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Inversion element

G = PGL(2,C) w P'C ~ CU {c0}
Mobius transform

P={(8 ll’):ae(CX,bGC} zaz+b

w= ((1) _01) zm -1 (inversion)

G is generated by P and w.

000C



§1 §2 §3
000000000000 0000000000000000 000000@000000000

Inversion element

G = PGL(2,C) w P'C ~ CU {c0}
Mobius transform

=03, 1) = R0
P={(8 ll’):ae(CX,bGC} zaz+b

w= ((1) _01) zm -1 (inversion)

G is generated by P and w.

000C
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Inversion element

G = PGL(2,C) w P'C ~ CU {c0}
Mobius transform

=03, 1) = R0
P={(8 ll’):aeCX,beC} zaz+b

w= ((1) _01) zm -1 (inversion)

G is generated by P and w.

G=O(p+Lag+l '~ R
Mobius transform

P={Ab):AcO(p,q)-RX, be RP*1} x> Ax+b

w= (Ip —Iq) (inversion)

000C
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Inversion element

G = PGL(2,C) w P'C ~ CU {c0}
Mobius transform

=03, 1) = R0
P={(8 ll’):aeCX,be(C} zaz+b

w= ((1) _01) zm -1 (inversion)

G is generated by P and w.

G=O(p+Lag+l '~ R
Mobius transform

P={A,b):AcO(p,q)-RX, b RP*Y} x5 Ax+b
W = (Ip —]q) . (x/,x//) —

4
‘x1|2_‘xu

|2(—x’,x”) (inversion)
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Towards a global formula

p+q:even>?2
G=0(p+1,g+ 1) VL*E)  minimal rep.
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Towards a global formula

p+q:even>?2
G=0(p+1,g+ 1) VL*E)  minimal rep.

P-action --- translation and multiplication
w-action .- Fz (unitary inversion operator)
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Towards a global formula

p+q:even>?2
G=0(p+1,g+ 1) VL*E)  minimal rep.

P-action --- translation and multiplication
w-action .- Fz (unitary inversion operator)

Problem What is F=?
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Towards a global formula

p+q:even>?2
G=0(p+1,g+ 1) VL*E)  minimal rep.

P-action --- translation and multiplication
w-action .- Fz (unitary inversion operator)

Problem What is F=?

Cf.  Analogous operator for the oscillator rep.
Mp(n,R) ™ L*(R")
unitary inversion operator coincides with
Euclidean Fourier transform - (up to scalar)!
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New Fourier transform ¥z on =

[1]
|

_{‘fERpw:f%"‘“""f%_fiu_"'_512;+q:0}

v (figure for (p,q) = (2, 1))

A\

000C
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New Fourier transform ¥z on =

E::{SER”“’2§%+"'+€"§—f§+1_"'_5127+q=0}

= v (figure for (p,q) = (2, 1))

AN

Fourier trans. ¥r» on R”
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New Fourier transform ¥z on =

E::{é‘ER’m’2§%+"'+§§—§§+1_"'_5127%1:0}

= v (figure for (p,q) = (2, 1))

AN

Fourier trans. ¥r» on R”

Problem 1. Algebraic properties of =
2. Analytic formula of ¥=.
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‘Fourier transform’ ¥z on =

Fourier trans. Fr» on R” F= on E2= X

- £
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‘Fourier transform’ ¥z on =

Fourier trans. Fr» on R” F= on E= \VA4
£
F4 =id
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‘Fourier transform’ ¥z on =

Fourier trans. Fp» on R” F= on == z

F4=id F2=id
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‘Fourier transform’ ¥z on =

Fourier trans. Fr» on R” F= on E= z
Qj P —Pj

Q;=x; (multiplication by coordinates function)

Pj=

i
T ox;

f-
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‘Fourier transform’ ¥z on =

Fourier trans. Fr» on R" F= on == Z
Pj - O Rj 0

Q;=x; (multiplication by coordinates function)

L _ 18
T Vo0

R; = 'second order differential op. on E
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Fourier trans. Fr» on R” F=z on E= g
Qi » =—P; Q; = Kj

Q;=x; (multiplication by coordinates function)
1
Pj= 9
V=1 0x;

R; = 7second order differential op. on E

Rediscover Bargmann—Todorov’s operators (1977)
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‘Fourier transform’ ¥z on =

Fourier trans. Fr» on R” F= on == Z
Qi » =—P; Q; = Kj
P = Q; R = Q;
Q;=x; (multiplication by coordinates function)
po L0
V-10x;

R; = 'second order differential op. on E

2 2 2 2 _
Notice le +eeet sz - Qp+21 - Q]7+2q =0 on=
Ry +"'+Rp _Rp+1 _"'_Rp+q =0
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Unitary inversion operator ¥z

p+q:even>?2
G=0(p+1,g+ 1) I%E)  minimal rep.

w-action --- ¥z (unitary inversion operator)

I Problem Find the unitary operaotr = explicitly.
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Unitary inversion operator 7=

p+q:even>?2
G=0(p+1,g+ 1) I%E)  minimal rep.

w-action --- ¥z (unitary inversion operator)

I Problem Find the unitary operaotr 7= explicitly. I

Cf. Euclidean case ¢(f) = e (one variable)
Frn f(x) = ¢ for o, ) f )y

000C
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Unitary inversion operator ¥z

p+q:even>?2
G=0(p+1,g+ 1) I%E)  minimal rep.

w-action --- ¥z (unitary inversion operator)

I Problem Find the unitary operaotr = explicitly.

Cf. Euclidean case ¢(f) = e (one variable)
Frn f(x) = ¢ for o, ) f )y

Thm E (K—Mano, Memoirs AMS, 2011, vol.1000)
(F=f)) = ¢ f O((x ) )y



http://dx.doi.org/10.1090/S0065-9266-2011-00592-7
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Tan = [ ety

o(f) = e7" satisfies

d . :
(E + l) ) =0
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Fry V.S. Fz
OnRYM

Tan = [ ety

o(f) = e7" satisfies

d . :
(E + l) ) =0

OnZ (c RPY)

(F=hi) = ¢ f O((x, y)f()dy
(1) satisfies

d\’ 1 d
((IE) + E(p +q- 4)ta + 2t) (1) =0
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Bessel functions

Ly ()
JV(Z)_(E) ;j!F(j+v+ D
V=lyr

Vi
I():=e "2 J, (e > z)

Jy(z)cosvm — J_,(2)
sin vrr
(I_V(z) 1,(2)) (third kind)

Y, (2):
K,(z) :=

(second kind)

2sinvr
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Bessel distribution

Prop. ([4]) ®%,(¢) solves the differential equation

@ +mb+20u=0
d

where 6 = 17
__



http://uk.arxiv.org/abs/0712.1769
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Bessel distribution

Prop. ([4]) ®%,(¢) solves the differential equation

(@ +mb+20u=0
d

where 6 = 17
__

Explicit forms

m

D), (1) = 27i(21), > (2 V28)

m—1 IREY,
q)}n(r):cpﬁ)n(r)—niz )

0]
=0 ’

2m—-1-1)



http://uk.arxiv.org/abs/0712.1769

§3
000000000000 0e00

Bessel distribution

Prop. ([4]) ®%,(¢) solves the differential equation

(@ +mb+20u=0
d

where 6 = 17
__

Explicit forms

m

@0 () = 27i(21), > Jn(2 V2t5)
m—1
Ui a0 ey s &) 0
@ (1) = D (¢) — i ; Tom 1= 1)!5 (t)
D2 () = 27i(20), * V(2 217)

F 4120 K, (220



http://uk.arxiv.org/abs/0712.1769
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Bessel distribution

Prop. ([4]) ®%,(¢) solves the differential equation

@ +mb+20u=0
d

where 6 = 17
__

Thm E (K-Mano, Memoirs AMS, 2011, vol.1000)
-~ — £(p.q)
T2 = ¢ [ 00D (ronsory



http://uk.arxiv.org/abs/0712.1769
http://dx.doi.org/10.1090/S0065-9266-2011-00592-7
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Bessel distribution

Prop. ([4]) ®%,(¢) solves the differential equation

@ +mb+20u=0
d

where 6 = 17
__

Thm E (K-Mano, Memoirs AMS, 2011, vol.1000)
-~ — £(p.q)
T2 = ¢ [ 00D (ronsory

0 if min(p,q) =1,
Here, e(p,q) = {1 if p,q > 1 are both odd,
2 if p,q > 1 are both even.


http://uk.arxiv.org/abs/0712.1769
http://dx.doi.org/10.1090/S0065-9266-2011-00592-7
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Two constructions of minimal reps.

1. Conformal construction
Theorems A, B

V.S.

2. L? construction
(Schrédinger model)
Theorem D

Group action

Clear

‘Fourier transform’

Clear - - - advantage of the model

3. Deformation of Fourier transforms

Hilbert structure

conservative
quantity

Clear

(Theorems F, G, H)

000C
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Two constructions of minimal reps.

Group action  Hilbert structure

1. Conformal construction
Theorems A, B Clear Theorem C

V.S.

2. L? construction
(Schrédinger model) Theorem E Clear
Theorem D

Clear - - - advantage of the model

3. Deformation of Fourier transforms (Theorems F, G, H)




§1 What are minimal representations?
§2 Conformal model of minimal representations
§3 L? model of minimal representations

§4 Deformation of Fourier transform



§1 What are minimal representations?
§2 Conformal model of minimal representations
§3 L? model of minimal representations

§4 Deformation of Fourier transform
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Deformation theory of Fourier transform

e Generalized Fourier transform 7, C.R.A.S. Paris (2009)
e Laguerre semigroup and Dunkl operators 74 pp.
arXiv:0907.3749 with Ben Said and Bent Orsted
¢ Inversion and holomorphic extension
R. Howe 60th birthday volume, 65 pp. with Mano



http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html
http://arxiv.org/abs/0907.3749
http://www.ms.u-tokyo.ac.jp/~toshi/pub/102.html
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Special values of holomorphic semigroup 7, ,(7)

‘ (k, a)-generalized Fourier transform % ,
[i-9
‘ Holomorphic semigroup 7 ,(f) ‘
a—?2 B / \‘S_’ { a—1

-2
l—>”7i/\k—>0 kHO‘/\‘I—)%"

Dunkl transform Hermite semigp Laguerre semigp 7‘7(,1
k— (\ / [ — ”7\ ﬁ -0
Fourier transform Fpw ‘ ‘ Hankel-type transform ¥z

& ‘unitary inversion operator’ =

the Weil repreéentation of the minimal représentation of
the metaplectic group Mp(N, R) the conformal group O(N + 1,2)

§4
008c¢



§1 §4
777777777 00000000000 000

Interpolation of Fourier transform v

F= --- ‘Fouriertransform’on & c R?4
Fgy ---  Fourier transform on RY
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Interpolation of Fourier transform v

F= --- ‘Fouriertransform’on & c R?4
Fgy ---  Fourier transform on RY

Assume g = 1. Set p = N.

_ i; projection
RV 5= = —)5:RN



Interpolation of Fourier transform v

F= --- ‘Fouriertransform’on & c R?4
Fgy ---  Fourier transform on RY

Assume g = 1. Set p = N.
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Interpolation of Fourier transform v

F= --- ‘Fouriertransform’on & c R?4
Fgy ---  Fourier transform on RY

Assume g = 1. Set p = N.




Fourier transform

Fpv = ¢ exp(ﬂzi( A —|x|2))




(k, a)-deformation of exp £(A — [x]*)
Fourier transform

self-adjoint op. on L*(R")
—_——

Fpv = ¢ exp(ﬂzi( A —|x|2))

phase factor Laplacian
niN
= eT
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(k, a)-deformation of exp £(A — [x]*)
Fourier transform

self-adjoint op. on L*(R")
—_——

Fpv = ¢ exp(ﬂzi( A —|x|2))

phase factor Laplacian
niN
= eT

Hermite semigroup

| 10) = exp 5 (A = <)

Mehler kernel using exp(—x?)



(k, a)-deformation of exp £(A — [x]*)
(k, a)-generalized Fourier transform

self-adjoint op. on L*(RY, 9 .(x)dx)

—_———
i _
|ﬂ,a= ¢ exp(=( PN X))
2a
phase factor Dunkl Laplacian
I.;r(,'\’+2<A>+a—2)
=¢e 2a

(k, a)-deformation of Hermite semigroup

t y_
| Tra(t) :=exp 5(|X|“ A = 1x17)

Mehler kernel using exp(—x?)

k: multiplicity on root system R, a > 0



(k, a)-deformation of exp £(A — [x]*)

Hankel-type transform on =

self-adjoint op. on L*(RY, &)
—_—

i

Fe= ¢ exp(5 (A ~laD)

phase factor Laplacian
ni(N—1)
=e 2

“Laguerre semigroup” ([K—Mano], 2007)

I(#) := exp t(|x|A — |x]) Ret >0

closed formula using Bessel function
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http://www.ms.u-tokyo.ac.jp/~toshi/pub/102.html

(k, a)-deformation of exp £(A — [x]*)
(k, a)-generalized Fourier transform

self-adjoint op. on L>(RY, 9 .(x)dx)

—_——
i 3
Fra= ¢ exp(=( WA —[x)
2a
phase factor Dunkl Laplacian
(N+2(k)+a=2)
=¢e 2a

(k, a)-deformation of Hermite semigroup ([with Ben Said, Orsted])

Retr >0

t _
Tra(t) == exp 5<|x|2 “Ag =[xl

k: multiplicity on root system R, a > 0


http://uk.arxiv.org/abs/0907.3749
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Special values of holomorphic semigroup 7, ,(7)

‘ (k, a)-generalized Fourier transform % ,

a—?2 a—1

Dunkl transform 7'7( 1

k—>(\‘ ‘/k—>0

\ Fourier transform Hankel transform \
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Special values of holomorphic semigroup 7, ,(7)

‘ (k, a)-generalized Fourier transform % ,
[i-%
‘ Holomorphic semigroup 7 ,(f) ‘
a—?2 B _’/ \‘S_’ { a—1

I—>”7"‘/\k—>0 kHO/\‘I—W’@"

Dunkl transform Hermite semigp Laguerre semigp ﬂ 1

k—>(\‘ / 1%”7\‘ ‘/kHO

\ Fourier transform \ \ Hankel transform \
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Special values of holomorphic semigroup 7, ,(7)

‘ (k, a)-generalized Fourier transform % ,
[i-%
‘ Holomorphic semigroup 7 ,(f) ‘
a—?2 B _’/ \‘S_’ { a—1

z-ﬂg’/\k—m kao/\/_wg

Dunkl transform Hermite semigp Laguerre semigp 7‘7(,1
k— (\‘ / - ”7\ ﬁ -0

\ Fourier transform \ \ Hankel transform \

& ‘unitary inversion operator’ =

the Weil repreéentation of the minimal représentation of
the metaplectic group Mp(N, R) the conformal group O(N + 1,2)
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Generalized Fourier transform 7, ,

i
ﬂ,a = CIk,a(?)



Generalized Fourier transform 7, ,

i i _
Fra=cTlra(=) = cexp(—(|x|2 N~ |x|a>)
2 2a

Thm G ([arXiv:0907.3749])

1) Frq is a unitary operator



http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html

Generalized Fourier transform 7, ,

i i _
Fra=cTlra(=) = cexp(—(|x|2 N~ |x|a>)
2 2a

Thm G ([arXiv:0907.3749])
1) Fiq is a unitary operator
2) o2 = Fourier transform on RN
F.. = Dunkl transform on RY
Fo.1 = Hankel-type transform on LQ()
3) Frais of finite order &= a € Q
4)  Frq intertwines |x|% and —|x>9A;



http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html

Generalized Fourier transform 7, ,

i i _
Fra=cTlra(=) = cexp(—(|x|2 N~ |x|“>)
2 2a

Thm G ([arXiv:0907.3749])
1) Fiq is a unitary operator
2) o2 = Fourier transform on RN
F.. = Dunkl transform on RY
Fo.1 = Hankel-type transform on LQ()
3) Frais of finite order &= a € Q
4)  Frq intertwines |x|% and —|x>9A;

= generalization of classical identities such as Hecke identity,
Bochner identity, Parseval-Plancherel formulas,
Weber’s second exponential integral, etc.
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http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html

Heisenberg-type inequality

Thm H ([6]) (Heisenberg inequality)
1212 £l 1S (Fra @l > 22 £(0)|?

k=0,a=2 .-+ Weyl-Pauli-Heisenberg inequality
for Fourier transform Fpv
k: general,a =2 --- Heisenberg inequality for Dunkl

transform D, (Rdsler, Shimeno)
k=0,a=1,N=1--- Heisenberg inequality for Hankel
transform
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http://uk.arxiv.org/abs/0907.3749

§1 §2 §3
§ ‘ g
000000000000 0000000000000000 0000000000000000

Special values of holomorphic semigroup 7, ,(7)

‘ (k, a)-generalized Fourier transform % ,
[i-9
‘ Holomorphic semigroup 7 ,(f) ‘
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Dunkl transform Hermite semigp Laguerre semigp 7‘7(,1
k— (\ / [ — ”7\ ﬁ -0
Fourier transform Fpw ‘ ‘ Hankel-type transform ¥z

& ‘unitary inversion operator’ =

the Weil repreéentation of the minimal représentation of
the metaplectic group Mp(N, R) the conformal group O(N + 1,2)
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Hidden symmetries in L>(R", 9, ,(x)dx)

O(N + 1,2)
Coxeter group %_’ !

€ x SIaR)| 2% oV x S ER)

(k,a : general) \: 50
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Minimal & Maximal

(Ambitious) Project:
Use minimal reps to get an inspiration in finding
new interactions with other fields of mathematics.

Viewpoint:
Minimal representation (< group)
~ Maximal symmetries (< rep. space)
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(2]
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(7]

(8]
(9]

Geometric analysis on minimal reps

Schrédinger model of minimal representations of O(p, q) - - -

Memoirs of Amer. Math. Soc. (2011), no.1000, 132 pp.

Algebraic analysis on minimal representations - - -

Publ. RIMS (2011), 28 pp.

Geometric analysis of small unitary reps of GL(n,R) - - -

J. Funct. Anal. (2011)

Special functions associated to a fourth order differential equation - - -
Ramanujan J. Math (2011)

Minimal representations via Bessel operators --- 66 pp. arXiv:1106.3621

Laguerre semigroup and Dunkl operators --- 74 pp. arXiv:0907.3749
Analysis on minimal representations - - -

Adv. Math. (2003) I, II, 1ll, 110 pp.

Generalized Fourier transforms ¥, - -+ C.R.A.S. Paris 2009
Inversion and holomorphic extension - - -

R. Howe 60th birthday volume (2007), 65 pp.

Collaborated with S. Ben Said, J. Hilgert, G. Mano, J. Méllers and B. Qrsted


http://dx.doi.org/10.1090/S0065-9266-2011-00592-7
http://uk.arxiv.org/abs/1001.0224
http://dx.doi.org/10.1016/j.jfa.2010.12.008
http://arxiv.org/abs/0907.2608
http://arxiv.org/abs/1106.3621
http://uk.arxiv.org/abs/0907.3749
http://dx.doi.org/10.1016/S0001-8708(03)00012-4
http://dx.doi.org/10.1016/S0001-8708(03)00013-6
http://dx.doi.org/10.1016/S0001-8708(03)00014-8
http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html
http://www.ms.u-tokyo.ac.jp/~toshi/pub/102.html
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