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Abstract

This paper treats the relatively singular part of the unitary dual of pseudo-orthogonal
groups over F = R, C and H. These representations arise from discrete series for in-
definite Stiefel manifolds U(p,q;F)/U(p — m,q;F) (2m < p). Thanks to the duality
theorem between D-module construction and Zuckerman’s derived functor modules
(ZDF-modules), these discrete series are naturally described in terms of ZDF-modules
with possibly singular parameters. Some techniques including a new K-type formula are
offered to find the explicit condition deciding whether the corresponding ZDF-modules
Rqs (Cy) vanish or not. We also investigate the irreducibility and pairwise inequivalence
among these ZDF-modules. Although our concern is limited to the discrete series, our
approach is purely algebraic and applicable to a less special setting. It is an interesting
phenomenon that our discrete series sometimes give a sharper condition for unitarizabil-
ity of ZDF-modules than those given by Vogan (1984) algebraically. This phenomenon
does not occur in the case of discrete series for group manifolds or semisimple symmetric
spaces.
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keywords and phrases: unitary representations of semisimple Lie groups, Zuckerman’s
derived functor modules, discrete series, symmetric spaces, pseudo-orthogonal groups




0. Introduction

Interesting classes of (g, K )-modules are often described naturally in terms of coho-
mologically induced representations in various settings such as unitary highest weight
modules, the theory of dual reductive pairs, discrete series for semisimple symmetric
spaces, and etc. These have been stimulating the study of algebraic properties of derived
functor modules. Now an almost satisfactory theory on derived functor modules includ-
ing a functorial property about unitarizability, has been developed in the ‘good’ range
of parameters. However, actual interesting families of unitary representations contain
possibly singular parameters, so we are still faced with subtle problems such as finding
conditions for non-vanishing, irreducibility, or pairwise inequivalence of these (g, K)-
modules (see Problem(0.6)"). This paper treats such delicate algebraic properties of
Zuckerman’s derived functor modules with singular parameters which arise from discrete
series for indefinite Stiefel manifolds U(p, ¢;F)/U(p—m,q;F) (p > 2m, F =R, C or H).
Some of them are isomorphic to “unipotent” representations in the philosophy of Arthur
(e.g. [1], §5), and some are out of the range given by Vogan [29] for his unitarizability
theorem. We should also remark that the unitary dual of a pseudo-orthogonal group

U(p, ¢; F) has not been classified yet, except in lower rank cases.

Let G be a connected real reductive linear Lie group and H be a closed subgroup
which is reductive in G. A homogeneous space G/H carries a G-invariant measure, so
we have a natural unitary representation of G on the Hilbert space L?(G/H). Harish-
Chandra modules of finite length realized in L?(G/H) are called discrete series for G/H.

These play a fundamental role in harmonic analysis on G/H. If H is noncompact,
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2 TOSHIYUKI KOBAYASHI

discrete series for G/H do not necessarily enter the Plancherel decomposition in L?(G)

and then should correspond to a relatively singular part of the unitary dual of G.

If H is an open subgroup of the fix point group of an involutive automorphism o of
G, G/H is a typical example of a homogeneous space of reductive type and called a
semisimple symmetric space. Much progress on discrete series for semisimple symmetric
spaces has been made in the last ten years (see e.g. [2], [8], [9], [20], [21], [24], [33]). In

particular, discrete series for G/H is not empty iff
(0.1) rank G/H =rank K/H N K,

where K is a o-stable maximal compact subgroup in G.

Suppose that H has a direct decomposition Hy x Hy with H; compact. Correspond-

ingly to the G-equivariant H;-principal bundle
H, - G/Hy; — G/H,
we have
L*(G/H) = L*(G/H;1) < L*(G/H,) ~ P dim 7 L*(G/H; 1),

where the sum is taken over the unitary dual of the compact group H; and L*(G/H;T)
denotes the space of the square integrable sections of the vector bundle over G/H

associated to 7.

Throughout this section, we will write G/H, G/H> as a symbol of semisimple sym-
metric spaces with the rank condition (0.1), homogeneous spaces in the above setting,
respectively. Since we allow the case Hy = {e} and Hy = H, G/H> represents a
wider class of homogeneous spaces than G/H in this notation. Typical examples of
G D H = H; x Hjy are given in (0.10), and if G/H is any other classical irreducible

semisimple symmetric space then H; is one dimensional (or zero dimensional).
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It is natural to extend the study of harmonic analysis from L*(G/H) to L?(G/Hz),
in which more general unitary representations of G are expected to be realized. Dis-
crete series for G/Hs have not been studied very well before, except in Schlichtkrull’s
original work [23] generalizing Flensted-Jensen’s construction [8]. Building on work of
Schlichtkrull and Oshima-Matsuki [20], we construct a wider class of discrete series for

G /Hs whose parameters are possibly more singular.

Roughly, our construction is as follows: In a complexification G¢ of G, other real
forms K" ¢ G" D H" ~ H," x Hy" of K¢ C G¢ D He ~ Hic x Hyc are defined
so that H" is compact [9]. Let P" = M"A"N" be a minimal parabolic subgroup of
G", p = p(n") be half the sum of roots as usual, and X; (1 < j < [, finite) be the
closed K"-orbits in G"/P". Denote by A the sheaf of analytic functions, by B that of
hyperfunctions. For (§,V) € M\T, ve AT , we define F to be the A or B valued principal

series by

F(G"/P";6 @v) :={F € F(G";V); F(gman) = §(m) *a " PF(g)

forme M", ac A", ne N"}.
Then naturally we have a G"-invariant nondegenerate bilinear form
(0.2) B: B(G"/P";6* ® (—v)) x A(G"/P";6 @ v) — C,

by B(F,v) := [;.(F (k)) dk. If v is a cyclic vector in A(G"/P"; ® v) with trivial

Hy"-action, then B induces an injective mapping
(0.3) Py: B(G"/P";6* @ (—v)) — A(G"/Hy"),

by P,(F)(g) := B(F(g9-),v) = B(F,g-v). Then P, is an analogue of the Poisson

transform which respects the left G"-action. Let

B%(r(é @v) :={F € B(G"/P";6 ®@v);supp F' C X, F transforms according to

finite dimensional representations of K¢ under the action of K"}.
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Now we are ready to state a construction of discrete series for G/ Ho:

Proposition 0.4. Assume that

(0.5)(a) Bier(G"/PT;6" ® (—v)) #0,
(0.5)(b) A(G"/P";6 ® v) contains a Hy"-fixed cyclic vector v,
(0.5)(c) (v,a) > 0 for any o € X(g",a").

Then the image of P, (Bﬁ;r (0*® (—1/))) (1 < j <) by Flensted-Jensen duality (a kind

of holomorphic continuation) gives discrete series for L?(G/Hz).

We remark that if H; = {e}, H, = H and if § = 1, then the above construction
exhausts all discrete series for semisimple symmetric spaces G/H (in particular, those

for group manifolds G ~ G x G/ diag(G)) (see Fact(1.5.1),(1.5.2)).

Since the proof of Proposition(0.4) is similar to [23] and [20], and since the proof
requires a lot of analytic notations in estimating square integrability, we do not give it in
this paper. Instead, we investigate algebraic properties of these unitary representations
realized in L?(G/H,). First of all, we must find the explicit conditions for (0.5)(a),(b),

which are satisfied if the parameter v is sufficiently ‘regular’.

To obtain the explicit condition for (0.5)(b) is non-trivial but fairly easy: It is well
known that this condition is automatically satisfied under (0.5)(c) if H;" = {e} due
to Helgason, Kostant [10], [16]. This condition is also known if dim H;" = 1 (see
[19], Theorem 1.2, see also an explicit c-function obtained in [25](with a miswriting in
Sp(n,R) case), [26]). For a general H;", we can calculate it by standard arguments
using Gindikin-Karpalevi¢ method and the explicit knowledge of the socle filtration of
principal series for rank one simple Lie groups (see [5]). The arguments are independent

and we shall report it in another paper.

The most important and non-trivial part is (0.5)(a). So our interest in this paper

will be concentrated on the following algebraic properties involving (0.5)(a):
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Problem 0.6. Find each of the explicit conditions, deciding whether or not, (g, K")-
modules B3, (0* ® (—v)) (1 < j <) vanish, are irreducible, are pairwise inequivalent

and etc.

Thanks to the duality theorem due to Hecht, Mili¢ic, Schmid and Wolf ([4], [11], see
also [2] IL.6), the modules Bj..(6* ® (—v)) are isomorphic to the duals of a family of
(g, K)-modules defined by Zuckerman. Then we may reformulate Problem (0.6) into a

more familiar one:

Problem 0.6’. Find an explicit condition guaranteeing
i) RF(Cx) #0 if §:= %dim(K/LmK).

ii) RI(Cy) =0 for any j # S.

iii) "Rqs (C,) is irreducible or zero.

iv) RY(Ca) = R (Cx).

Here q = [+ u is a f-stable parabolic subalgebra, C, is a metapletic ([, (L N K)™)
unitary character, and R}(Cy) (j € N) are Zuckerman’s cohomologically induced (g, K)-

modules (see §1.3 for our normalization).

Remark 0.7. Our discrete series for G/Hs are originally the dual of cohomologically
induced representations from finite dimensional representations according to § € M.
If we use further induction by stages and the Borel-Weil-Bott theorem for compact
groups, we reduce them to those induced from characters.

Let tg be a maximal abelian subalgebra of {%OL(‘”)O, a subspace of £, orthogonal to (h2)o.
Then the discrete series constructed in Proposition(0.4) correspond to the modules
Rqs (C\) where q is defined by a generic element of t;. The choice of closed K"-orbits
X; (1 < j < 1) corresponds to the choice of polarizations. We will find that the
conditions (0.5)(a),(b) and (c) impose on A some mild positivity conditions with respect

to q (see List(0.9), Theorems in §2).
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The difficulty in Problem(0.6)" arises from singular parameters. Let us explain it.
Suppose that q = [ + u is a #-stable parabolic subalgebra and let C) be a metapletic

(I, (L N K)~)-module. Three kinds of dominance conditions on \ are defined:

(0.8)(a) A+ pr is dominant for u,
(0.8)(b) A is dominant for u,
(0.8)(c) px = A+ p(u) —2p(unt) is AT (£)-dominant.

We say (0.8)(a) (weekly) good and (0.8)(b) (weakly) fair according to [33] (more pre-

cisely, see Definition(1.2.1)).

General theory guarantees nice behaviors of the modules RZ,(C ») when C, is in the
good range where RY(C,) has a regular 3(g)-infinitesimal character (see Fact(1.4.1)).

Indeed, suppose that a unitary character C) is in the good range. Then,

RI(CA) =0 if j # S,

RE (C,) is nonzero, irreducible, and unitarizable.

Suppose one allows Cy to be in the (weakly) fair range, the cohomology group
R7(Cy) tends to be reducible or vanish (see Fact(1.4.2)). The condition (0.8)(c) is
sufficient for the non-vanishing of Rqs (Cy). The normality of the moment map (see §6)
is sufficient for the irreducibility (or vanishing) of R5(C,). For example, these sufficient
conditions apply to Proposition 6.41 in [32] which is used in classifying the unitary dual
of GL(2n,R). (This part of the book [32] suggests some importance of the study in the
strip: fair but not good.) However, unfortunately none of these conditions is necessary

in general.

Suppose one allows C, to wander outside the (weakly) fair range, the cohomology
group Rqs (C,) may be non-unitary, and cohomology may turn up in other dimensions

as well.
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Here is a sketchy list of the ranges of the parameters of the discrete series constructed
in Proposition(0.4) in terms of Zuckerman’s derived functor modules (see Remark(0.7)
for precise meaning). Semisimple Lie groups G ~ G x G/ diag(G), semisimple symmet-
ric spaces G/H, and our homogeneous spaces G/Hs are assumed to satisfy the rank

condition rank G = rank K, (0.1), and (0.1) respectively.

the parameter of discrete series RZ(Cy)
G G/H G/H,
C, 1is fair Yes Yes No
C, is good Yes No No
wy is AT (€)-dominant Yes No No
List 0.9.

Here “Yes” means that the corresponding condition is always satisfied, and otherwise

“NO”

Recall that the construction in Proposition(0.4) exhausts all discrete series for G and
G/H (see Fact(1.5.1),(1.5.2)). Counter examples (i.e. “No”) in List(0.9) for G/H, are

given as follows:

Suppose that G/H, is an indefinite Stiefel manifold
(0.10) G/Hy =U(p,q;F)/U(p — m, q;F), (p>2m, F=R, Cor H),

which is one of the most interesting and typical homogeneous spaces in our setting. (In
this case Hy = U(m;F).) Then Theorem 1 ~ 3 in §2 says that the discrete series for

G/H; in Proposition(0.4) contains a module "RqS(C,\) such that
i) C, is outside the weakly fair range when F = C or H with any p, g, m.

ii) py is not dominant for AT (¢) when F = H with any p, ¢, m; when F = C with p # 2m;

when F = R with p — ¢ —2m > 3.

The purpose of this paper is to make a detailed study on Problem(0.6)" when G/H>

is of the form (0.10), by seeking for useful techniques which are applicable to derived
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functor modules with singular parameters and aiming at some understanding of the
unitary dual. Most of our results of this paper involve a special class of #-stable parabolic
subalgebra: A Levi part is of the form L ~ T! x U(p — k,q;F). (I = k if F = C,H and
2l = k if F = R.) Our approach here is algebraic and does not depend on the fact that
the representations are realized in L2-functions; even H = H; x H, will not appear
explicitly in the proof. We shall sometimes deal with Problem(0.6)" for less special

derived functor modules at the same time in the proof (e.g. §5).

Remark 0.11.

i) The discrete series which were first constructed by Flensted-Jensen for G/H, by
Schlichtkrull for G/Hs have the property that uy is AT (£)-dominant, which corresponds
to the fact that B;}T(é* ® (—v)) contains a measure valued function. We call these
discrete series Flensted-Jensen type, Schlichtkrull type, respectively. Among discrete
series of Schlichtkrull type, the representations which have stable Langlands parameters
are explicitly stated in Theorem 8.2 ~ 8.4 in [23] (with some minor misprints). Some
of them were “new” unitary representations. It is known that Flensted-Jensen type
discrete series do not always exhaust all discrete series for L*(G/H) ([8] §8, [20]). We
notice that if G D H D Hj is of the form (0.10) and if F = H, the shortage of Flensted-
Jensen type for G/H happens only if p > ¢ + 2m, while that of Schlichtkrull type for

G/Hs happens for any p, ¢ and m. (This is similar if F = C.)

ii) Clearly, discrete series are unitarizable with respect to their L?-norm. On the
other hand, unitarizability of Zuckerman’s derived functor modules has been proven
algebraically in the weakly good range [29],[34]. If they are induced from characters,
the assumption can be weakened to the weakly fair range ([29], Theorem 7.1). Then
the latter stronger version covers the range of discrete series for semisimple symmetric
spaces G/H (see List(0.10)). One of the reasons why we reduce our discrete series

to cohomologically induced representations from characters (see Remark(0.7)) is to
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compare with these algebraic results.

It has also been observed by many people that the unitarizability of "Rqs (C,) special
parabolic subalgebras q still holds outside the fair range with small spectrum A (see
[7] and the references therein). It seems that our unitarizability results in Part(6) of
Theorems 1 and 2 contain some new cases, namely, the #-stable parabolic subalgebras

q which we treat here are more general.

iii) None of Problem(0.6)’ is trivial even if C, is in the (weakly) fair range: For exam-
ple, Problem(0.6) has been recently investigated by Bien, Vogan, Matsuki and Oshima
(2], [21], [33]) for discrete series for G/H (semisimple symmetric spaces). J.F.Adams
[1] also deals with some part of Problem(0.6)" in this range when q is “holomorphic” in

studying unitary highest weight modules.

Now let us explain briefly the methods of this paper to deal with Problem(0.6)".

To find the condition that assures Rqs (Cx) # 0, there are various techniques such as
i) Coherent continuation based on

a) the T-invariant (Vogan’s U, calculus) (e.g. [27], [1]),

b) a precise knowledge of the non-vanishing exponents in the asymptotic behavior of

spherical functions on semisimple symmetric spaces [22],
c¢) small parameters out of the fair range.

ii) Generalized Blattner formula.

The analytic approach (i-b) depends on the fact that these modules are realized in
eigenspaces on symmetric spaces. This idea was first introduced by Oshima and Matsuki
to check the non-vanishing of some part of the discrete series for G/H (unpublished).
We do not go into details here. A formulation with a detailed proof in a generalized
setting G/H> and actual calculations in a special setting may be seen in [13], which

was our first approach to this subject.
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We take the approach of neither (i-a) nor (i-b) in this paper, because both of them
are only partially successful in covering all of the singular parameters in our Theorems

1 to 3 in §2.

The technique (i-c) is new and appears valuable because of its simplicity. The idea is
illustrated in §5 for G = Sp(p, q) and more general f-stable parabolic subalgebras. The
point here is to concentrate on the range of most singular and small parameters (which
we write B standing for ‘bounded blocks’) by forgetting all about dominant conditions.

We will find that the picture of the set
{\; Rqs((C,\) # 0, A is fair with respect to q}

depends heavily on the choice of polarizations of #-stable parabolic subalgebras with a

fixed Levi part.

As for the method (ii), notoriously complicated cancellations of many terms in a
generalized Blattner formula have prevented us from an explicit calculation of a general

K-type except some few cases such as
- G is small.
- a K-type is special (e.g. with a highest weight py under (0.8)(c)).

- a f-stable parabolic subalgebra q is special (e.g. quasi abelian (see [7]) or corresponds

to unitary highest weight modules) and a K-type is less special.

Another novelty here is to get nice information on all K-types in our setting in §4. Let
us introduce the idea briefly. Put Oy = > j(—l)j R1(C,) as a virtual K-module. We
stratify K by a subspace t of a Cartan subalgebra t¢ of £, and add all the multiplicities
(~ dimensions) of K-types occurring in ©, belonging to each stratum parametrized
by § € t*. (If Rf (Cy) is a so called ladder representation, the parameter space t is

one dimensional in our definition.) The resulting function M (q, A, d) (precisely, see

§4.1) vanishes for all § if ©®) = 0 by definition. Then we present an explicit formula
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for M(q,\,d) (Propositions in §4.3-5) in terms of the determinant of a matrix whose
entries are polynomials of A and 9, from which we can determine the explicit condition
describing whether R (Cy) vanishes or not under the assumption RICA\) =0(j #5).
The special value of M(q, A, d) for the ‘minimal’ § := g\ (see (4.3.4),(4.4.4),(4.5.4) for
definition) is also found. It will play an important role in showing pairwise inequivalence
among our discrete series in §8. This method here is applicable not only when pu) is

not AT (£)-dominant but also when X is small and out of the fair range.

We also mention that a related non-vanishing condition (necessity part) has been
proven generally by Matsuki [21] for discrete series for semisimple symmetric spaces
(i.e. Hy = {e} case). His proof is beautiful but depends on the fact that they are

realized in L2-eigenspaces on symmetric spaces.

To prove the irreducibility of Rf (Cy) in the fair range in our settings, we can use
the known theory of D-modules except the case G = Sp(p,q) (see Fact(6.2.4)). When
g = sp(n,C), we shall follow Vogan’s method in [33], Example 5.10. The main step
of the proof is to find a very special direction to which a translation of the twisted
differential operators on a generalized flag variety coming from U (g) behaves reasonably.
Although there is no new ideas in §6, we shall give a complete proof of this main step
(see Theorem(6.3.1), a slight refinement of Theorem 5.11 in [33]) which is formulated

more generally than what we need.

Here is an outline of the contents. In §1 we fix some notations and recall related
facts. They are restrictive and set the scene for §2. The main results are Theorem
1, 2 and 3 in §2. The rest of the paper is devoted to prove them (sometimes with
suitable generalization). Since the parameters outside the fair range are peculiar to our
discrete series, our concern will be mainly with F = C or H. §3 contains further useful
notations and preliminary results on translation functors that we need in the proof. This

is essentially standard material included for the benefit of the reader. §4, 5 and 6 are
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independent of each other and the reader can go directly to any of them. §4 considers the
necessary and sufficient condition that Rqs (C\) # 0 by a K-type formula. §5 provides
another method to prove quickly the sufficient condition for the non-vanishing of ©, in
a more generalized situation. (We illustrate this idea when F = H case.) §6 gives the
proof of irreducibility result in the fair range when g = sp(n, C) with special parabolic
subalgebras. §7 proves some vanishing results R% (Cx) =0 (5 # S) outside the fair
range with small spectrum. The proof for pairwise inequivalence of these modules is

given in §8.

This paper consists of three lectures which were delivered at Conference on “Eigen-
functions on symmetric spaces and representations of Lie groups” held at RIMS Kyoto
on July 1987, Summer school at University of Industrial Technology on August 1987,
and Lie groups and representations Seminar at University of Tokyo on January 1989.
The results here except §5 were announced in [14] with a sketch of the proof. The
author expresses his sincere gratitude to Professor Toshio Oshima for the suggestion
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1. Notation

In this section we set up notation. See [28] and [32] for general references. Let H be a
connected real linear reductive Lie group, with real Lie algebra hy and complexified Lie
algebra h. Since H is contained in a complex Lie group, we denote by H¢ the connected
complex Lie subgroup with Lie algebra . The center of the universal enveloping algebra
U(h) is written as 3(h). In what follows analogous notation will be applied to Lie groups

denoted by other Roman upper case letters without comment.

We will use the standard notation N, Z, R, C and H. Here N means the set of
non-negative integers and H means the R-algebra of quarternionic numbers. We denote
by N, the set of positive integers. For x € R, we write [z]| := sup{n € Z; n < z}, the

Gaussian integer of z.

1.1. f-stable parabolic subalgebra

Let G be a connected real linear reductive Lie group. Let K C G be a maximal
compact subgroup and fix a Cartan involution 6 so that gy = ¥y + po is a Cartan
decomposition of gg. Fix a nondegenerate bilinear form (, ) on g invariant under G
and 0, which is positive definite on py and negative definite on £y. This form will be
restricted to subspaces and transferred to dual vector spaces without change of notation.
If the restriction of (, ) to each subspace a, b with a C b is non-degenerate, we look

upon

(1.1.1) a* c b*

through this bilinear form.
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Fix an abelian subalgebra t; of €. Define L to be the centralizer of ty in G. Let
u be the vector space spanned by positive eigenspaces of a fixed generic element of
v/—1t}. Then q := [+ u gives a Levi decomposition and q is called a #-stable parabolic
subalgebra ([28] Definition 5.2.1). Note that L coincides with the normalizer of q in G
and is a connected reductive Lie group. Clearly t is contained in the center of [, and in

this paper we shall usually assume that t satisfies
(1.1.2) t coincides with the center of I.
We use this assumption only for simplifying notation. In most situations we will let

1
(1.1.3) S :=dim(unt) = 5 dimK/LNK.

Write Cy,(,) for the determinant character of L on u whose differential is given by
(1.1.4) 2p(u)(X) = trace(ad(X))y) (X €.

Let b be a Cartan subalgebra of [. Then t C h and § is also a Cartan subalgebra of g. We
sometimes view p(u) as an element of h* or of t* under the assumption(1.1.2) according
to notation(1.1.1). Let L™~ = L~ be the metapletic two-fold cover of L (Duflo; see
[32] Definition 5.7) defined by the square root p(u) of 2p(u). (The definition of L™ is
independent of the particular choice of the nilradical u). Write ¢ for the non-trivial
element of the kernel of the covering map L™~ — L. Then the evaluation of p(u) at ( is

by definition —1. A metapletic representation of L™ is the one that is —1 on (.

There is a natural bijection between metapletic representations of L™ and represen-

tations of L by the assignment
(1.1.5) THHTQR C—p(u)

for each metapletic representation .
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We denote by C, the one-dimensional metapletic representation of L™ whose differ-
ential is given by A € [*. (Then automatically A € t* in the sense of (1.1.1) under the

assumption (1.1.2).) We use the same notation C, when it is a character of L or L™.

1.2. good range, fair range

Take a Cartan subalgebra h of g and let W(g,h) be the Weyl group of the root
system A(g, h). We usually assume b is a fundamental Cartan subalgebra. This means
ho = 0ho and by = t§ + af = (ho N o) + (ho Npo) such that t§ is a Cartan subalgebra of

0. A maximal ideal of 3(g) is identified with a W (g, h) orbit in h*:

Hom c_aigebra(3(9); C) 2= b*/cw(q.p)

via the Harish-Chandra isomorphism 3(g) ~ S(h)"(®b) which involves a shift by

p(A"(g,h)).

We follow the terminologies below from [33] Definition 2.5. Suppose that b is con-

tained in [ in the setting of §1.1.

Definition 1.2.1. Let W be a metapletic (I, (L N K)~)-module which has a 3(I)-
infinitesimal character represented by v € h*. We say that W is in the good range

if

(1.2.2) Re(a,7y) >0 for each a € A(u, h).

In this case we also say that « is in the good range with respect to q C g. Clearly, this

condition is invariant under the action of the Weyl group W (L, h).

Suppose that [I, [| acts by zero on W. We say that W is in the fair range if

(1.2.2) Re(a, 7)) > 0 for each a € A(u, h)
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(notation §1.1). W (or «) is called weakly good (respectively weakly fair) if the weak

inequalities ( >) hold.

One should notice that good implies fair if [[, [| acts by zero on W. Conversely, there
exists in general a strip of the fair range that is not in the good range. Roughly, the
size of this strip corresponds to that of a Levi part of q and it is empty when q is a

Borel subalgebra.

1.3. cohomological parabolic induction

As an algebraic analogue of Dolbeault cohomology on a homogeneous complex man-
ifold G/L, Zuckerman introduced the cohomological parabolic induction (we follow [32]
Definition 6.20)

Ry =(RS)’ (G eN),
which is a covariant functor from the category of metapletic (I, (L N K)~)-modules to
the category of (g, K)-modules.

With notation as before, fix a Cartan subalgebra h C [. The definition here dif-

fers from [28] Definition 6.3.1 only by a p-shift. In our normalization, if a metapletic
(I, (L N K)~)-module W has 3(I)-infinitesimal character v € h*, then R (W) has 3(g)-

infinitesimal character v in the Harish-Chandra parametrization.

1.4. results from Zuckerman and Vogan

Retain notations as in §1.1-2. The following theorem is due to Zuckerman and Vogan
(see [28],[32],[35]).
Fact 1.4.1. In the setting of §1.1, suppose that W is a metapletic (I, (LN K)"~)-module.
1) Assume that W is weakly good.

a) Rﬂ(W) =0 forall j # S.
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b) RS (W) is an irreducible (g, K)-module or zero if W is irreducible.

c) Rqs (W) is unitarizable if W' is unitary.
2) If W(# 0) is good, then RS (W) # 0.

3) If W is good and if R7 (W) is unitary, then W is unitarizable.

17

When W is fair, it is known that some of the properties in the above theorem fail:

Fact 1.4.2. Retain notations as in Fact(1.4.1) and assume that [[,[] acts by zero on

wW.

1) Assume that W is weakly fair.
a) (true) RL(W) =0 forall j #S.
b) (false) Ry (W) is an irreducible (g, K )-module or zero.
c) (true) Ry (W) is unitarizable if W is unitary.

2) (false) If W is fair, then RS (W) # 0.

Part(1)(a),(c) is due to Vogan [29], Theorem7.1. A counter example for (1)(b) is

given in [31] when g is of type Cy. As for (2), see also §4 and §5.

Note that if W is fair R(W) does not necessarily have a regular 3(g)-infinitesimal

character and does not always have nice behavior under translation.

1.5. results from Harish-Chandra and Oshima-Matsuki

We do not use directly the results cited here in later sections. However, they will

help us to understand what we are doing in this paper. Retain notations in §1.1-

3. Cohomologically induced representations from 6-stable parabolic subalgebras are

convenient in describing ‘discrete series’:
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Fact 1.5.1 (Harish-Chandra). Any discrete series for G is of the form Rf (Cy) with t
a Cartan subalgebra of g contained in ¢ and with Cy in the good range. (In this case q

is a Borel subalgebra of g.)

Fact 1.5.2 (Oshima-Matsuki [20], cf. [9], [33] Definition(2.8)). Let o be an involution
of G commuting with the Cartan involution 6, and H be an open subgroup of the fixed
points of 0. Then any discrete series for a semisimple symmetric space G/H is of the
form R (Cy) with t a Cartan subalgebra of ¢ contained in {X € ¢; 0(X) = —X} and

with Cy in the fair range.

Remark 1.5.3. Several remarks are in order. First, the existence of such an abelian
subspace t is equivalent to the famous rank condition rank G = rank K (respectively,
rank G/H = rank K/HNK), which is known to be the necessary and sufficient condition
for the existence of discrete series. Second, Oshima and Matsuki do not use derived
functor modules directly as alluded to in the Introduction. Third, we have mentioned
neither the necessary evenness condition on A (e.g. (2.7.4)(c)) nor the condition for
Rf(@,\) # 0. Finally, there exist now algebraic proofs of the unitarizability of these

modules (Fact(1.4.2)).
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2. Main results

In this section, we state our main theorems.

2.1. G = Sp(p,q)

Let G = Sp(p, q) where p, ¢ > 1 and let 8 be a Cartan involution of g corresponding
to the maximal compact subgroup K = Sp(p) x Sp(q) naturally embedded in a matrix

group G.

Let by be a fundamental Cartan subalgebra of gg; then by is contained in £3. Choose
coordinates {f;; 1 <i <p+q} on h* such that the root systems of g and ¢ for b are

given by,

Alg,h) ={E(fi £ f;),£2fi;1<i<j<p+q1<I<p-+gq},

AR ={£(fi£f);1<i<j<porp+1<i<j<gq}

U{E2f;;1<1<p+q}.

Let {H;} C b be the dual basis for {f;} C h*. Fix an integer r such that 1 < r < p. Set

t:=> CH; (Cb).
j=1

Let [ be the centralizer of t in g, and L be the centralizer of t in G. Then L is #-stable

in G, isomorphic to T" x Sp(p — r,q) with complexified Lie algebra I.

Let q = q(r) = I + u (Levi decomposition) be a @-stable parabolic subalgebra of g,

whose nilpotent radical u is defined by the following roots for b.
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Then p(u) = > (p+q+1—j)f;, S =dimc(unt) =r(2p — 7).

Set Q:=p+q—r(>0). Let
=1

be an element of t*, which will be sometimes regarded as an element of h*.

2.2. main theorem for G = Sp(p, q)

Theorem 1. Retain notations in §2.1.

0) Any 0-stable parabolic subalgebra of g with Levi part | is conjugate to ¢ = [+ u by

an element of K.
1) C, lifts to a metapletic (I, (LN K)"~)-module if and only if \; € Z for all i (1 <i <r).

From Part (2) to (6), we always assume

(2.2.1) NEZ (1<i<r).

2) If X\ satisfies
(222) )\1 Z )\2 Z st Z )\T,1 Z |)‘7“| and )\7“ Z —Q,

then R‘qg_j(C)\) =0, for any j # 0.

3) Under the assumption (2.2.2), RS (Cy) # 0 if and only if

A].Z)\QZ'.'Z)\T—].Z|)\T| and )\TZ_Qa

(2.2.3) X # A (#7)

([ Ar2q > Q+1 (when r > 2q).
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Here we impose the third condition only when r > 2q.

If (2.2.3) is satisfied, then R (C) has 3(g)-infinitesimal character

()\17~--7)‘T7Q7Q_1a~"71)eb*

in the Harish-Chandra parametrization.

4) The set {R5(Cy); A satisfies (2.2.3)} consists of non-zero (g, K)-modules which are

pairwise inequivalent.

5) If X satisfies (2.2.3) and A, > 0, then R (C,) is a non-zero irreducible (g, K)-module.

6) Assume that r is an even number. Set r = 2m (0 < 2m < p). If X satisfies (2.2.3)

and A\._1 + A > 0, then there is an injective (g, K )-homomorphism

Rg(Cx) — L*(Sp(p, q)/Sp(p — m, q))

into discrete series for an indefinite quarternionic Stiefel manifold G/Hy =
Sp(p,q)/Sp(p —m,q). In particular, the corresponding derived functor modules are

non-zero unitarizable.

Remark 2.2.4. We can derive the unitarizability of R (Cy) from Part(6) in the above
theorem under the assumption (2.2.3). In fact, the case A\._1 + A\, = 0 with » = 2m
corresponds to “limit of discrete series” for Sp(p,q)/Sp(p — m,q) and is still unitariz-
able. As for an odd integer r, we can deduce the unitarizability from the even integer

r 4+ 1 case. Actually, we choose sufficiently large A; and make use of Fact(1.4.1)(3),

Lemma(3.2.1)(2).

Remark 2.2.5. If we apply our result to the case where r = 1 under (2.2.3), we
have the known result on the unitarizability, the non-vanishing, and an explicit K-type
formula (see also §4.3) of R (Cy) due to Enright, Parthasarathy, Wallach, and Wolf (see

[7], 89). In this case (r = 1), q is quasi abelian and Rqs (C,) is a ladder representation in
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their terminology. Our assumption(2.2.3) is nothing but Ay > —@Q when r = 1, which
is equivalent to “z < 0” after a careful comparison of p-shift (This range is referred as

“especially curious” in [7], p126).

2.3. G=U(p,q)

Let G = U(p, q) where p, ¢ > 1 and let 0 be a Cartan involution corresponding to the
maximal compact subgroup K = U(p) x U(q) naturally embedded in a matrix group

G.

Let bho be a fundamental Cartan subalgebra of gg; then by is contained in £3. Choose
coordinates {f;; 1 <i < p+ q} on h* such that the root systems of g and ¢ for h are
given by

A ) ={x(fi—fj);1<i<j<porp+1<i<j<p+gq}.

Let {H;} C b be the dual basis of {f;} C h*. Fix two nonnegative integers r and s
such that 1 <r+4+ s < p. Set

r+s p+q

t:=» CH;+C» H; (Ch).
=1 =1

Then the centralizer L of t in G is isomorphic to T x U(p — r — s, q).
Let g = q(r, s) = [+ u be a #-stable parabolic subalgebra of g with nilpotent radical
u given by,
Al h):={fi—fj;1<i<j<r+s}
U{lfi—fis1<i<rr+s+1<j<p+gq}

U{-fi+fj;r+1<i<r+s r+s+1<j<p+gq}.

1 1
ThenSzi(r—i—s)(Zp—r—s—l). Set Q = §(p+q—r—s—1)(20).
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Finally, let

r+s pt+q
—T

Ni= SN+ ;SZfi et (\eQ).
=1 =1

2.4. main theorem for G = U(p, q)

Theorem 2. Retain notations in §2.3 and fix r, s.

0) There are r + s + 1 K-conjugacy classes of 0-stable parabolic subalgebras of g with

Levi part . A complete system of representatives is given by

{q(a,b); a,b € Nya+b=r+s}.

1) C, lifts to a metapletic (I,(L N K)~)-module if and only if \; € Z + Q for all
i(1<i<r+s).

From Part (2) to (6), we assume

(2.4.1) N EZ+Q (1<i<r+s).

2) If X satisfies

(A1 2> X2 -2 2> A1 20 2 Mgy

(2.4.2) Ar > —Q when r > 0,

(A1 £ Q when s > 0,

then Rffj((c,\) =0 for any j # 0.
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3) Under the assumption (2.4.2), RE(C,\) # 0 if and only if

(A1 > A2 > o> A 2> A1 > Apg2 > 000 > A,
Mg > Q+1 when r > gq,
(2.4.3) Ar > —Q when r > 0,
Arggr1 < —Q —1 when s > q,
(Ar1 Q@ when s > 0.

If (2.4.3) is satisfied, then R (C) has 3(g)-infinitesimal character

—r+s "
()\17"'7)\T+57Q7Q_17"'7_Q)+ 9 (1717"'71)66'

4) The set {R5(Cy); A satisfies (2.4.3)} consists of non-zero (g, K)-modules which are

pairwise inequivalent.

5) If X satisfies (2.4.3) and A\, > 0 > Ay, then Rqs((CA) is a non-zero irreducible

(g, K)-module.
6) Assume that r = s. Set m :=r (= s). If X satisfies (2.4.3) and A\, > A,11, then there
is an injective (g, K')-homomorphism

R3(Cx) — LA(U(p,q)/U(p — m,q))

into discrete series for an indefinite complex Stiefel manifold U(p, q)/U(p—m,q). In

particular, the corresponding derived functor modules are non-zero unitarizable.

Remark 2.4.4. The unitarizability of R{ (Cy) under the assumption (2.4.3) (without
assuming r = s) is derived from Part(6) in the above theorem by reasoning similar to

Remark(2.2.4)
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Remark 2.4.5. Our parabolic subalgebra q = q(r, s) is holomorphic ([1], Definition
1.6) iff r=0o0r s =0. q = q(r, s) is quasi abelian ([7], p.109) iff (r,s) = (1,0),(1,1) or
(0,1). Another algebraic approach of some part of our results may be seen in the above

cases (cf. Part(ii) and (iii) in Remark(0.11)).

2.5. G = S0(p,q)

Let G = SOq(p, q) where p, ¢ > 1 and let 6 be a Cartan involution corresponding to
the maximal compact subgroup K = SO(p) x SO(q) naturally embedded in a matrix

group G.

Let ho = (ho Nty) + (ho Npo) = t§ + a§ be a fundamental Cartan subalgebra of g.

If both p and q are odd, then dim¢ a® = 1, otherwise dim¢c a® = 0 and h = t¢. Choose

coordinates {f;; 1 <i < [Z%]} on h* such that the root systems of g and £ are given
by
p+q
Ag.h) ={=(fi+ ) 1< < < (210

o (i =i= 5Ny G+ goda) )

Ak ) ={£(fix f;);1<i<j < [E])

2y

Ut ) B -G+ 1zi< < 12

2 2
U (xR 1<U<[E]) (podd) )

o(fesi P50 - @151 PET) (goaa) ),

respectively. Let {H;} C b be the dual basis for {f;} C h*. Fix an integer r such
that 1 < r < [2] Set t := > " CH; (C t° C ). Then the centralizer L of t in G is

isomorphic to T" x SOg(p — 2r, q). Define two elements of t* (C (t°)* C b*) by,

(2ta .
—Z —— —f Wi=p-pta-2)f et
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Let ¢ = [+ u (resp. q := [+ 1) be a #-stable parabolic subalgebra of g with nilpotent

radical u (resp. u’) given by,

A(u, b) := {a € Ag, ) ; (e, p) > 0},

A, b) :=={a € A(g,); (a, u') > 0}.

Then p(u) = p (resp. p(u') = ') when restricted to h and S = r(p —r — 1). Set
1
Q= I% —r—1(> —5) Finally, let

A= Z)\ifia Ni=X=2)\f,et® (N eC).
i—1

2.6. main theorem for G = SOq(p,q)

Theorem 3. Retain notations in §2.5.

0) A complete system of representatives of the K-conjugacy classes of §-stable parabolic

subalgebras of g with Levi part | is given by,

a) {q} when p # 2,

b) {a},{q'} when p = 2r.

1) The following three conditions on \ are equivalent:
a) Cy lifts to a metapletic (I, (L N K)~)-module.
b) Cy lifts to a metapletic (I, (L N K)~)-module.
c) N €Z+Q foralli(1<i<r).

From Part (2) to (6), we always assume

(2.6.1) NEZ+Q (1<i<r).
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If \ satisfies

then R;,q_j((c,\) = Rf,_j((CA,) = 0 for any j # 0.

Under the assumption (2.6.2), the following three conditions are equivalent.
a) Rj (Cyx) #0.

b) RZ(Cxr) # 0.

c) A satisfies

A1 > A > > A 20,
(2.6.3)
Ar—g > Q+1 (when r > q).

In this case, R (Cy) and Rqs,(C ») have the same 3(g)-infinitesimal character
(At An@Q,Q —1,...,Q — [Q]) € ™.

When p # 2r, R7(Cy) ~ Rqs, (Cy ) and the set
{Rqs((CA) ; A satisfies (2.6.3)}

consists of pairwise inequivalent (g, K)-modules.

When p = 2r, the set
{RqS(C,\), RE/(C,\/); A satisfies (2.6.3)}

consists of pairwise inequivalent (g, K)-modules.

If X satisfies (2.6.3), then the (g, K )-modules Rj (Cy) and R;?(CA/) are non-zero and

irreducible.
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6) If A satisfies (2.6.3) and A\, > 0, then there is an injective (g, K')-homomorphism

RS (Cx) — L*(SO0(p,q)/SOo(p — 1,q)), when p # 2r,

RE(Cx) @ Ry (Cx') — L*(SOo(p, q)/SOo0(p — 1,q)), when p = 2r,

into discrete series for an indefinite real Stiefel manifold SOy (p,q)/SOo(p — r,q).

Remark 2.6.4. As opposed to the quarternionic case or the complex case, our result
for real pseudo-orthogonal groups, on the unitarizability of derived functor modules,
is completely contained in general theory because the parameter is always in the fair

range.

2.7. list and figures of various conditions on parameters

For reference below we list various conditions on A explicitly. We denote by (a) the
case where G = Sp(p, q), by (b) the case where G = U(p, q), and by (c) the case where

G = SO(p, q) respectively.

(2.7.0)(a) Q=p+qg-—r,
(2.7.0)(b) Q=§@+q—r—s—n,
(2.7.0)(c) Q= %(p%—q)—r—l.

The condition that C) is in the weakly fair range amounts to

(2.7.1)(a) AL > 2 A 20,
(2.7.1)(b) Az 2 A 202 A1 20 2 Ay,
(2.7.1)(c) A > 2A 20
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The condition that C) is in the weakly good range amounts to

(2.7.2)(b) ALz >0 >0

(2.7.2)(c) A1 > - > A > max(0, Q).

The condition that u, is dominant for A (£) amounts to

(2.7.3)(a) M>->A>p—q—r+1,
—q—r—s+1
)\1>-.->)\r2p q g S+,
(2.7.3)(b) S
A1 > o> Ay > 24 ; T
p—q—2r
(2.7.3)(c) A > A > P4

- 2

Let r =2m in (a), r = s=m in (b) and r = m in (c), respectively.
The condition that Rqs (C,) is discrete series for a semisimple symmetric space G/H =
Ulp,q;F)/U(m;F) x U(p — m,q;F) amounts to the following condition (conversely,

discrete series for G/H are exhausted): \; € Z + @, C, is in the fair range, and

(2.7.4)(&) Aoi—1 = Ag; + 1 (1 <3 < m),
(274)(b) )\2 = _)\27"—1—1—1' (]. S ) S m),

(2.7.4)(c) Aig1 — A €2Z41 (1<i<m-—1).
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Example 2.7.5. Retain notation in Theorem 2 (6) and choose r = s = m = 1. Let
G=UpqD>DH=U1)xUp-1,q) DHy,=U(p—1,q) withp+¢g=9,2<p<8.

In particular, rank G/H = 1.

1
Figure 2.7.6. (Q = E(p +q—3)=3)

e : RY(Cy) (#0) is discrete series for G/H, given in Theorem 2 (6);

()\1,)\2) S Z2, A1 > )\2, -3 < A1 and Ay < 3.

X RqS(CA) (# 0) is discrete series for G/H; A = —Xg € Ny

gy is AT (€)-dominant (Schlichtkrull type) < A\ >2,p—5 < Ajand Xy < —p+ 5,
C, is weakly fair (cf. Fact(1.4.2)) S A\ > 0> Ao,
C, is good (cf. Fact(1.4.1)) S A >3>-3> )\,

Rf (C,) has singular infinitesimal character < Aj(or A\2) € {0,+1, +2, £3}.

The figure for G/Hs = U(p,q)/U(p — 1,q) (2 < p, 1 < q) is similar via the usual
identification \/—1t} ~ R2. Roughly, A\; — A2 (resp. A1 + )\2) determines the asymptotic
behavior (resp. the right action of H; = U(1)) of the functions on G/H> contained in

a (g, K)-module R (Cy).
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Example 2.7.9. Retain notation in Theorem 1 (6) and choose r = 2m = 2. Let
G = Sp(p,q) O H = Sp(1) x Sp(p—1,9) > Hy = Sp(p—1,q) withp+¢=5,2<p<4.

In particular, rank G/H = 1.

Figure 2.7.10. (Q=p+q—2=3)

o RqS(C,\) (# 0) is discrete series for G/Hs given in Theorem 1 (6);

()\1,)\2) < Z2, A > ‘)\2‘, Ay > —3.

X RqS(CA) (# 0) is discrete series for G/H; A = X2+ 1€ Nj.

py is AT (€)-dominant S A > Ay > 2p— 6,
C, is weakly fair S A > A >0,
C, is good S A > A >3,

RqS(CA) has singular infinitesimal character < \; = £Xs or \; € {0,+1, +2, +£3}.
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The curious condition A,_g, > @ + 1 in (2.2.3) occurs only if r > 2¢q > 2. Choose
r=2m =4. Let G = Sp(p,q) D H = Sp(2) x Sp(p —2,q) D Hy = Sp(p — 2,q) with

p+q=7,4<p<6. In particular, rank G/H = 2. The cross section cut out by the

(A2, A\4) plane makes this figure visible, revealing the essential structure.

Figure 2.7.11. (p,q) =(6,1), Q=p+q—4=3

Figure 2.7.12. (p,q) = (5,2) or (4,3), Q=p+q—4=3
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Let us explain what Figures (2.7.11) and (2.7.12) means. For each (A2,)4) cor-
responding to a black point e there, we have discrete series RS (Cy) for G/Hy =
Sp(p,q)/Sp(p—2, q) with parameter A = (A1, A2, A3, \4) whenever (A1, \3) € Z? satisfies
A1 > A2 > A3 > Aq. There exist infinitely many such (A1, A3) for each (A2, A4) corre-
sponding to a black point e. Among them, there exists a unique choice of (A1, A3) cor-
responding to discrete series for a semisimple symmetric space G/H = Sp(p, q)/Sp(2) x
Sp(p — 2,q), namely A1 := Ay + 1, A3 := Ay + 1. In this case where r = 2m = 4, the
condition A,_9, > @ + 1 appears iff ¢ = 1, which distinguishes Figure(2.7.11) (¢ = 1)

from Figure(2.7.12) (¢ > 2).

2.8. remarks

Suppose we are in the setting of Theorem 1, i.e. G = Sp(p,q). We explain what is
easy and what is non-trivial by existing theories. The later sections are devoted to the

proof for only non-trivial parts.

Part (0) and (1) are obvious. From Fact(1.4.2)(1-a), the non trivial part in (2) is
when C, is outside the weakly fair range, i.e. 0 > A\, > —@Q. This case is proved in §7.1.
We remark that if —@) > A,, then it may happen that the cohomology Rqs_j (Cx) #0

for j =0, 1.

As for Part (3), it is easy to understand the conditions \; # \; because they corre-
spond to the ‘compact simple root condition’ (see Lemma(3.2.1)(1)). The last condition
Ar—2¢ > @ + 1 is mysterious. Understanding this condition is the main subject of §4

(K-type method) and §5.

The irreducibility results (5) in the weakly fair range in Theorems 2 and 3 are derived
from existing D-module theory (Fact(6.2.4)). So we shall restrict ourselves to the case
g =s5p(n,C) in §6. It is likely that all the discrete series in Part(6) are irreducible even

if the fair range condition A, > 0 is dropped. I have checked only the case where p = r
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by Vogan’s U,-calculus.

Finally, the condition A\, > —(Q corresponds to the condition that there exists a cyclic
H,"-fixed vector in some principal series (see (0.2)(b)), while the condition A._1+\, > 0
corresponds to square integrability. As we said in the Introduction, the proof of Part

(6) is not treated in this paper.
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3. Further notations and preliminary results

3.1. Jantzen-Zuckerman’s translation functor

Let G be a linear connected reductive Lie group as in §1 and H C G be a Cartan

subgroup. When £ € b is in the weight lattice for g we write

(3.1.1)(a) F(g,§).

for the unique irreducible finite dimensional representation of g of extremal weight &.

Analogously, if this representation lifts to GG, we denote the lift by
(3.1.1)(b) F(G,¢).

This is unambiguous because G is connected. The lifting condition is that £ is in
the weight lattice in H of G, that is, the the subgroup of h* consisting of weights of
finite dimensional representations of G. With a little abuse of notation, we also write
F(Gc,€&) for the holomorphic representation of G¢ with extremal weight £ € h* in §6,
and F(L~,&) for the metapletic representation F'(L,&§ — p(u)) ® C, () in the setting of

§1.1.

If X is a 3(g)-finite g-module and ~y is a character of 3(g), we define

P,(X):={x € X;(z—7(2))"x = 0 for some n > 0, and all z € 3(g)}.

Suppose £ € h* is in the weight lattice, and v € h*. The Jantzen-Zuckerman trans-

lation functor is defined by

YITE(X) 1= Pype(Py(X) ® F(G,€)).



36 TOSHIYUKI KOBAYASHI

3.2. induction by stages
The spectral sequence of induction by stages sometimes clarifies critical points in

proof. We shall frequently need the following well-known

Lemma 3.2.1 (see [28] Proposition 6.3.6). Let ¢ = [+ u C p = m + n be #-stable
parabolic subalgebras of g with | C m. Fix a metapletic (I, (L N K)~%)-module W
with respect to [ C g (see §1.1 for notation). Notice that W ® C_ ) is a metapletic
(1, (L N K)~M)-module with respect to | C m. Then there is a first quadrant spectral

sequence of (g, K)-modules:
(R)" (Cotm ® (Riw) (W T_pw)) = (RY)™ (W),
If C,n lifts to a character of M, then we can write this simply as
(R)' ((Rinw)” (W) = (RY™ (W).

Finally, suppose that W has 3([)-infinitesimal character 7y € h*. As a special case of

the above spectral sequence, we have

1) Assume that M /L is compact and that W is finite dimensional. If v is not regular

and integral for m, then (Rg)j (W) =0 for all j.

2) If v is in the weakly good range with respect to p C g, then
S ] s+
(R)" (Cotm) ® (Rip)” (W& C_ ) = (RY)™ (W),

where s := dim(n N ¢).

3.3. definition of A (A>\)

Let [ be the centralizer in g of a semisimple abelian subspace t and fix a Cartan

subalgebra f C [ and a positive system AT (I, h). For A\, A € h* such that X — X is
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contained in the weight lattice of g, we introduce a finite subset A(AT([); A \) =

A(A>X) of h* as follows: For p € b*, p is an element of A (A N) iff

(3.3.1)(a) g — X is dominant for AT ([, p),
(3.3.1)(b) p — A occurs as a weight of F(g,\" — \) for b,
(3.3.1)(c) p+pee Wig,h)- (N +p).  (Weyl group orbit)

Inspecting the definition, one finds
o - AAT(); A0 N) = Ao - AT(1);0 - Abo - N),

for o € W(L,h).

In later applications we will usually choose A, A’ € h* so that
(3.3.2) AM>)N) Ct*

as well as A\, X € t* in the notation(1.1.1).

3.4. A(A>)X) and derived functor modules

We describe a standard lemma for the connection between the translation principle
and derived functor modules in terms of A(A>X\). The smaller the cardinality of
A (A )X) is, the less complicated the effect of translation functors on cohomologically
induced representations becomes. This is the reason why we shall often use translation

away from one wall to another wall avoiding regular infinitesimal characters.

Lemma(3.4.1) has two typical applications in later sections, in which we can proceed
by induction on appropriate strings of \’s in proving some properties on Ré (Cy). One
is to show R7~%(Cx) = 0 (i # 0) where Cy is not necessarily in the fair range (see §7).
The starting point of induction here is of course in the fair (or good) range. The other
is to find a sufficient condition for R5(Cy) # 0 (see §5), which is non-trivial even if Cy

is fair. The starting point here is sometimes outside the fair range.
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Lemma 3.4.1 (cf. [28] Chapter 7 §4). Suppose we are given two metapletic ([, (L N

K)~)-modules Cy, Cy with A\, X € t*.

1) If RJ(Cy) = RYF(L™~,p) = 0 for all j € Z and all u € A(A>N)\ {X}, then

RI(Cy) =0 for all j € Z.

2) If A(A>)\) = {\'}, then
YA (RI(CA)) = RI(C).

In particular, R}(Cy) = 0 implies R%(Cy/) = 0 for each fixed j € Z.

3) Suppose that A(A> ') consists of two elements. Say, let A(A>X) = {u, \'}. As-

sume that R} (Cy) = RE(F(L™, 1)) = 0 for all j # S. Then,
a) RAU(Cx)=0forj#S—1,8.

b) If N ¢ p+ A(U(u),b) and if
(3.4.2) Hom (g, K)(R (C)\/) R (F(LN,,U))) = O,

then R}(Cy) =0 for j # S.

b) If N ¢ u+ A(U(u),b) and if p — X is a unique weight of F(G,\ — \) with the

property (3.3.1)(a), then there is a long exact sequence of (g, K)-modules:

= REH(Cw) = RE(F(L™, 1) = 9y (RE(C))

— RP(Cy) = REFY(F(L™, 1)) —

¢) If p ¢ N + A(U(u),bh) (especially, if N € pu+ A(U(u),h)), then RY(Cy/) = 0 for
Jj#S.
Remark 3.4.3. In Part (3) of the above lemma, we allow the multiplicity of a weight

u—Ain F(G, X — X) to be greater than one. Observe that the multiplicity of A’ — A is

always one.
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Proof. We can prove this Lemma by an argument similar to that in Chapter 7 §4 [28],
where the 3(g)-infinitesimal characters A+ p; and X' 4 p; are assumed that one is regular
and another lies in a generic point in the walls. So we review the argument there with

a sketch of a necessary modification in our setting.

We first recall from Lemma(7.2.3) in [28] the following fact: Let F' be a finite dimen-

sional representation of G, and
(3.4.4) {O}ZFOCF1C"‘CFn:F

be a (q, LN K) stable filtration with trivial induced action of u on F;/F;_;. Then there

is a natural spectral sequence of (g, K )-modules

Assume that W ~ Cy (A e t* C I*¥), FF = F(G,XN — \) and F;/F;_1 ~ F(L, ;) with
pi € b* dominant for AT([,h). Applying the projection Py, on the both sides of

(3.4.5), we obtain
(3.4.6) Priyp (RE(F(L™, A+ p13))) = 93, (RE(Cy)) -
But Py 4, (RE(F(L™, A+ w;))) # 0only if A+pi+p; = w-(N'+py) for some w € W(g, h),

thus only if A +p; € A(A>XN).

Recall that Rﬁ,(W) = 0 for any ([, (LNK)"~) module W and any j > S ([28] Corollary
6.3.21). Now a standard spectral sequence argument, combined with the following claim,

completes the proof of the lemma. []
Recall that Fj; ~ ®7_, F(L, u;) as a (I, L N K)-module.

Claim 3.4.7. With notation as above, assume vy, vy € {1, ..., i} satisty vy & vy +
A(U(u)). Then

U(a)F(L,v1) S U(a)(F(L, v1) + F(L, 12)).
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In particular, we can choose a filtration (3.4.4) so that i < j whenever u; = v; and

Hj = V3.

Proof of Claim. Consider an ([, L N K) surjective homomorphism

Uw) ® F(L,11) = UWF(L,1n) ~U(q)F(L,v1) C F,

given by u®v — u-v foru € U(u) and v € F(L,v;). The highest weight of an irreducible
finite dimensional [ module occurring in U(u) ® F(L,vy) is of the form v +§ with some
d € A(U(u)). Therefore this remains true for the ([, LN K)-module U(q)F(L,v;). From

our assumption, we conclude that F'(L,vs) does not occur in U(q)F(L,vy). O

3.5. some symbols

Let k,m € C, and n € N. Write

[k;m,n] = (k,k+m,....,k+ (n—1)m) € C".

We also use the following notations:

(n) :==[n;—1,nl=Mn,n—-1,...,1),

k" = [k;0,n] = (k,k,..., k).

From definition we have

al[k1§m1,n] + a2[7€2;m2,n] = [alkl + agka;a1my + a'2m27n]7

[k;m,ny + na| = [k;m,ny| & [k + nym;m, ns|,

for a;, k;, k, m;, m € Cand n;, n € N (i = 1,2).

When A = (Ag,...,\,) € C", we write !\ for (\,,..., A1), the transpose of \.
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The Weyl group W(C,,) ~ &,, x Zs™ acts by permuting and changing the signs of
the coordinates of C". For a fixed p (1 < p <n), 1 xW(C,—,), W(A,) ~ &,, and so on
are regarded as subgroups of W(C,,) in an obvious way. These actions are sometimes

restricted to an invariant subspace of C".
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4. Some explicit formulas on K multiplicities

4.1. preliminaries

In this section, we shall give some explicit formulas about K-types occurring in
> (=1)"R57HCy). If the modules RS ~*(Cy) vanish except in a single degree i = 0, this
formula determines immediately whether Rqs (Cx) = 0 or not. A condition guaranteeing
the vanishing of R7~#(C) (i # 0) outside the fair range (cf. Fact(1.4.2)) will be given
in §7 when RqS((C,\) corresponds to discrete series for U(p, ¢;F)/U(p —m, q;F) (see §2).
The setting of this section will be slightly more general in the range of C, than the

results in §2.

Suppose we are in the setting of §1.1. Let § = t° + a® be a fundamental Cartan sub-
algebra of g with h C [. As usual we write half the sum of roots as p. = p(&,t°), p(u) =
p(u,b) and p(uNt€) = p(unE, t°), respectively. Let py := (A + p(u) —2p(uNE)))e € t°F.
We remark that our definition of R ~*(Cy) here follows [32] Definition 6.20 and differs
from [28] Definition 6.3.1 by a p(u)-shift (see §1.3). Recall that S = dim(u N ¢€). Then
the Blattner formula due to Hecht-Schmid and generalized by Vogan ([28] Theorem

6.3.12) gives

(4.1.1) > (~1)'dimHomg (m, R§(Cy))

1

= Z(—l)j dim Hompnx (H? (une, m),Sunp) ® C,,)
J

forme K , where S(V') denotes a symmetric tensor algebra of a vector space V. When

wy is AT () dominant, it is easy to see that the multiplicity of the particular K-type
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7 = F(K, p) (notation (3.1.1)) in _,(—=1)*R5~%(Cy) equals one, from formula (4.1.1),
whence _,(—1)"R57*(Cy) # 0. However, for actual calculation with more general X or
m, too many cancellations occur, so that it is hard to tell even whether the formula(4.1.1)
vanishes or not. T.Oshima showed me an unpublished note (Lemma(4.2.6)) on how
to calculate the Blattner formula for some particular small K type (which frequently
coincides with one of the minimal K-types in Vogan’s sense, cf. [28]) occurring in the
discrete series for a semisimple symmetric space G/H = SO(p,q)/SO(m)xSO(p—m,q)
even if p) is not AT (£) dominant. Inspired by his technique, we are able to control all
K-types in terms of some alternating polynomial functions (see (4.2.2)). To do this we
also need another idea about ‘collecting K-types’. Communications with H.Schlichtkrull

clarified this idea in the following general setting. Now let us explain it roughly.

Retain notations in §1.1-3. (So ty is a fixed abelian subalgebra of ¢, and hg is a
fundamental Cartan subalgebra of [y (and also of gg) such that t Ct=¢nhChC L)

We may assume that a 6-stable parabolic subalgebra q = [ + u is defined by

A(w,b) = {a € Ag, h); (o, v) 2 1},

AL D) = {a € Alg,h); (a, v) = 0},

with a normalized generic element v € \/—1t}.

We choose a positive system of A(E,t°) so that A(unN€) C AT(€). Set ©, :=
> i(=1)"RE7HCy) and m = F(K, p). The information of each K-type occurring in ©)
(e.g. [Oak 7] = Zj(—l)j dim HomK(w,RqS_j(CA)) is so detailed that we can hardly
expect that it is a nice function of p € (t°)* and A € t*. In fact, such a function
may behave somewhat irregularly when A and p are small enough. So our idea is to

investigate more course information about K-types:
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Set

K(0)) = {m € K; [Oxx : 7] # 0},
K (8) := {r € K ; the highest weight z of 7 satisfies pe = 6},
for A € t* and 6 € t*. If A does not satisfy the integrality conditions so that C) lifts to

a metapletic (I, (L N K)™~)-character, we set K(0,) := {0}. Similarly K (8) := {0} if &

does not lie in the obvious lattice in /—1t}. Clearly,

Ork =0+ K(0,) =0,

K= K0

dEt*
Writing P(I/(\' ) for the totality of subsets in K, we have a map
t x5 (\,8) » K(0,)NK(8) € P(K).

Take a positive-valued function d: K — Ny (e.g. d(m) =1, or d(w) := dim7). Now we
define a map M : t* x t* — Z by

(4.1.2) M(X,6) = Y d(m)[Oxg 7] = > d(m)[Oxk 7.

reK () reK(0,)NK ()
If R} (Cy) vanishes except in a single degree, then it follows from definition that

M(A,8) =0 for all § € t* <= R}(Cx) = 0 for all 7.

What we would expect now is that, with a suitable choice of d: K — N, , this
M(X,6) is a restriction of a nice polynomial function of 6 and \ so that we can tell
explicitly whether or not M(\,0) = 0 for all § € t*. One of the simplest examples is a
ladder representation which has K-highest weights lying along a single line ([7]) and in

this case dimt = 1. We will give a beautiful formula of M (), J) with a special choice
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of d in some settings (see (4.1.8) for precise definition). The formula is expressed as
a determinant of a certain matrix whose entries are polynomials of A and J, and the
matrix reduces to a scalar if dimt = 1. First of all, let us check that Definition(4.1.2)

always makes sense. This is guaranteed by the following

Proposition 4.1.3. Retain notations as above. Then,

¢ (f{(ek) N 1?(5)) < .

We note that K (6) is possibly an infinite set, as is K (©x). The proof of Proposi-
tion(4.1.3) is based on a uniform estimate over K (6) as used in calculating the Blattner

formula. That is,

Lemma 4.1.4. With notations as above, fix §, b € \/—1t}. Recall that v is a fixed
element of \/—1t, defining a O-stable parabolic subalgebra q = | +u. If 7w € IA((é)

satisfies Homp(H7 (un g, ), S™(uNp) ® Cp) # 0, then

m < <5—b,V>—j.

Postponing the proof of Lemma(4.1.4) for a while, we first prove Proposition(4.1.3).

Proof of Proposition(4.1.3). Let m, € K (8). From (4.1.1) and Lemma(4.1.4),

[©x 7| < dimHompqg (H (un e, 7), ) S™(unp) @ Cy,)

J m=0
) (0—px,v)
gZdimHomLmK(Hj(uﬂE,ﬂ), @ S™Munp)®C,,).
J m=0

Therefore, we have

K(©y)nK(®) c | J{r € K; Hompnx (H (wnt,7),7) # 0},

T
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where 7 runs over the finite subset of L N K occurring in @g;gm Smunp)®C,,.
From Kostant’s Borel-Weil-Bott theorem ([15], see also [28] Corollary 3.2.16), the high-
est weight of an irreducible representation of L N K occurring in H?(u N €, 7) is of the

form
w - (p+ pe) — pe € ()7,
with w € Wi and I(w) = j. Here
Wit = {w e W(E,t); AT(w) C Aung)l,
At (w) := AT (E) Nw- A7 (),

I(w) = AT (w).

Write n € (t¢)* for the highest weight of 7 € LNK (recall that L N K is of maximal
rank in K). Then the equation w - (u + p.) — p. = 1 determines p uniquely for each w

and 7. Thus, for any 7 € L/H\K, we have

> #{r € K ; Hompng (HY (unt,m),7) # 0} < Wi < oo,
J

whence f (I?(@A) N I?(é)) <oo. O
Remark 4.1.5. Define a subset of K by
I?(,,)(c?) := {1 € K ; the highest weight x of 7 satisfies (u, v/) = (6, v)}.
Then K ) () D K (8). The above proof actually has shown the following statement:
f (IA((@A) a f?<u)(5)) < oo.
This might be used to give some variations of the definition of M (), ) in (4.1.2).

Proof of Lemma(4.1.4). As in the above proof, any t-weight occurring in H7 (u N €, )

is of the form

(w- (p+pe) — pe)|t
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with w € Wi and l(w) = j. Since p € (t°)* is AT (¢) dominant, there are non-
negative real numbers {n,; o € AT(¢)} such that p —w-p = > aea+(e) Nac. We also
have p. —w-p. = ZQGAJF(U)) a from definition of AT (w). Thus, taking an inner product

with v € \/—1t§ C (t°)*, we have

(G,v)=(uv)={((p—w-p)+ (pc —w-pc) +w- (1 + pe) = pe,v)

=( Y naat+ > a+tw-(u+tp)—pev)

aeAT(§) aEAT (w)

(4.1.6) > j+{w- (+pe) = pe,v).

In the last inequality, we have used AT () C A() U A(u) and AT (w) C A(ung).

On the other hand, any t-weight of S™(uNp) ® C, is of the form

Z Mmao + b

aceA(unp)

with some m, € N satisfying > m, = m. In particular,

(4.1.7) ( Z Mmaag + b,v) > m+ (b,v).
aceA(unp)
From (4.1.6) and (4.1.7), Homy (H? (uN &, 7), S™(uNp) ® Cp) # 0 implies m + (b, v) <

(0,v)y —j. O

From now on, let us restrict ourselves to the following settings: Suppose that K has
a direct decomposition K = K; x Ky and t C €. We write t© = t{ + t§ according
to £ = £, + £2. Clearly, we have t C t{. Let 7 = m M my € K ~ I/{\l X I/{\Q Putting
d(m) := dim 7y in (4.1.2), we introduce a multiplicity function

(4.1.8) M(q,A,8) = Y dim(m) [Oxx : 7,
reK ()

for A, § € t*(C (t9)*).
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The rest of this section will be devoted to showing that this M (g, A, d) behaves
as a nice polynomial of § under some hypotheses on A\ (see §4.3-5 for results) when

G =U(p,q;F). We finish this subsection with another formula for M (q, A, §).

Set

S

(4.1.9) m(q,\,m) =Y (—1)"dimHomg, (w1, Ry *(Cy)).
1=0

Since Hi(uN€,m) ~ HI(uNty,m)Xme as LN K ~ (LN K;) x Ky module, we have

(4.1.10) q,)\ 71'1 Z Z J dlIIlHOIIleK1 (Hj(uﬁ E1,7T1) Sm(uﬁp) & CNA)

7 m=0

If () € ()* is the highest weight of 7 € K1, we sometimes write m(q, \,6(1)) for

m(q, A, 7). Now we have

(4.1.11) M(q, A, ) Zm (q,\, 1)

where the sum is taken over the set:

{m € K ; the restriction of the highest weight of m; to tis d}.

4.2. some alternating polynomials

Fix positive integers n and [. Define a polynomial of ¢ by

gt T(n+t)  (t+n—1)--(t+1)
(4.2.1) a(t,n) = OO D) _

and polynomials of x = (z1,...,2;) and y = (y1,...,y) by

(4.2.2)(a) F(n,l;z,y) < det (a(z; + yjn)1<ii<1) »

(4.2.2)(b) d(n,l;x) 4ef det (a(x; — Jyn)i<ij<i) -
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By definition we have

(4.2.3) d(n,l;z) = F(n,l;z,(—1,-2,...,=1)).

IfteZand t > —n+ 1, then

(4.2.4) a(t,n) = dim S*(C"),

where dim S*(C™) := 0 for ¢ < 0. The point of (4.2.4) is that it covers small negative in-
tegers because a(t,n) = 0 for —n+1 < ¢ < —1. This will be useful for later applications

(see §4.3-5).

Lemma 4.2.5. As a polynomial of x and y,

F(n,l;z,y) =0 ifand only if n <l

The following lemma is due to T.Oshima and J.Sekiguchi. We include here its proof,

which is also due to them, for the sake of completeness. The author is grateful to them.

Lemma 4.2.6(Oshima-Sekiguchi).

(

I n—I
ITII (k+mi—1)
z:llkzl x [1(xi —z;) ifn>1,
din, i) ={ [[(n—1+j-1) ™
j=1
0- ifn <.

In particular, for fixed n, I € N, and x € C',

n>1,

dn,l;x) #0 iff x; ¢{0,—1,...,1—n+1} for any i,

x; #x; for anyi # j.
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Proof of Lemma 4.2.5. Since F'(n,l;x,y) is an alternating polynomial function of (say)
z, it is divisible by the simplest alternating polynomial [[;. ;(z; — ;). On the other
hand, F'(n,l;x,y) is of degree < n—1 with respect to z; (expand the determinant along

the first column), while [[,. .(z; —x;) is of degree {—1. Hence the ‘if’ part of the lemma.

i3

The ‘only if’ part is guaranteed by the special values given in Lemma(4.2.6). O

Proof of Lemma(4.2.6). From definition, we have

a(t,n —1) ifn>2
(4.2.7)(a) a(t,n) —a(t —1,n) =
0 ifn=1.

n+t
n

(4.2.7)(b) a(t,n+1) = a(t,n)
We put a(t,n) =0 if n € —N, then (4.2.7)(a) can be rewritten for n € Z:

(4.2.8) a(x; — j,n) =alx; — (j +1),n) +a(x; — j,n —1).

If we apply (4.2.8) to all j (1 <j <[ —1) and iterate on (4.2.8) then we conclude

det (a(z; — j,n — 1+ j)i<ij<i) ifn>1,
d(n,l;z) =
0 it n <l.

From now on, assume that n > [. Iteration on (4.2.7)(b) yields
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Therefore
I n—I1
d(n,l;z) = == det ((z; — 1)+ (zi — j + 1)1<ij<t)
[[(n—1+j—1)
j=1
I n—I1
H H (]C +x; — 1) ‘
= ok det ((wij_l)lﬁidﬁl)
[I(n—1+j—1)
j=1

Vandermonde’s determinant equals the simplest alternating polynomial, which leads to

the desired formula. [
Finally we prove the following lemma for use in §4.8.
Lemma 4.2.8. Let
(4.2.9) d'(n,l;z) :=det (a(z; + j;n)i1<ij<i) . (cf. (4.2.2)(b))

Then we have

d'(n,l;z) = (1) Vd(n, I; —z — [n;0,1)).
(Recall notation(3.5).) In particular,
n >,
d(n,l;x) #0 iff x; ¢ {-1l—1,-1—2,...,—n} for any i,
x; #x; for anyi # j.
Proof. This is a direct consequence of combinatorial reciprocity:
(4.2.10) a(t,n) = (=1)" " ta(—t —n,n).

The last statement is a translation of Lemma(4.2.6) via (4.2.10). O
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4.3. result in quaternionic case

Retain notations in §4.1-2 and §2.1. We have t¢ = h ~ CP*¢ in this case. Then,

Pc :[pa_lap]@[qv_laq] :(pap_17"'71aq7q_1a~"71)a
p(u) :[p+q7_17r]@[0707p+q_r]:(p+Q77p+q_r+150570)5
punt)=[p;-1,r&[0;0,p+qg—7r] =(pp—1,....,p—7r+10,...,0).

Thus we have,

p(u) —2p(unt) =[-p+q 1,7 ®[0;0,p+q—7]

=(-p+¢-p+qg+1,...,—p+qg+r—1,0,...,0).

For A :=(A1,...,A,0,...,0) € b*, we set
wx =X+ pu) —2p(unt)=(by,...,b.,0,...,0),
where

(4.3.1) bii=Xi—p+q+i—1 (1<i<r).

Proposition 4.3.2. Retain notations as above. Let \; € Z(1 <i <), § € Z". Recall

that we assign b = (by,...,b,) to A by (4.3.1) and that Q = p+ q — r. Assume that

(4.3.3)(a) Q>N >X> >\ > —Q,

(4.3.3)(b) 51> >8> 0.

Define y = y(A) = (y1,.--,Yyr) €EZ", 2 = 2(6) = (21,...,27) EZ" by y; := i —b; =

—Ai+p—q+1andzj:=0d; —j. Set

(4.3.4)(a) k:=max[{i;1 <i<r b >0}U{0}]

(4.3.4)(b) fix = (by,...,b,0,...,0) € Z" C t*
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Then the following holds.
1) M(q,X,6) = F(2q,7;59(X), 2(9)).
2) Assume moreover that Y ._, 8; = Zle b;. Then
a) If 6 # gy, then M(q,\,0) = 0.
b) If § = iy, then M(q,\,0) = d(2q,7 — k; yr+1(N), - - ., yr(N)).
3) M(q,\08) =0if>0_ 6 <>F b

Remark 4.3.5. In the above Proposition the assumption @ > A; in (4.3.3)(a) can be

relaxed to @ > A1 in (2) and can be dropped in (3).

The proof of this Proposition together with Remark(4.3.5) will be given in §4.7 after
some preparations in §4.6. We observe that » — 2¢ > 0 iff r — 2¢ > k under the
assumption (4.3.3)(a). Indeed, b,_2;y = Ar_2q — Q@ — 1 when r > 2q.

Since y;(A\) = i —b; > 1(k+1 < i < r), combining Proposition(4.3.2) with

Lemma(4.2.5-6), we have

Corollary 4.3.6. Retain the same notation as in Proposition(4.3.2). If \ € Z"®0P*Ta~"
satisfies (4.3.3)(a) and if R5~*(Cy) = 0 for i # 0, then the following two conditions are
equivalent:

a) RS(Cy) = 0.

b) 2g < r.

If we use induction by stages (see an argument in Remark(5.1.5) in the next section),

we have immediately

Corollary 4.3.6’. Retain the same notation as in Proposition(4.3.2). If A € 7" &
0P+e=" gsatisfies

AL> A > > A > =0,
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and if Rf ~%(Cy) =0 for i # 0, then the following two conditions are equivalent:
a) RZ(Cy) = 0.
b) 2¢ <7 and \,_2; < Q.
Remark 4.3.8. ) is a K-dominant weight only if £ = r (see (4.3.4)(a) for definition).

(It is always the case when \ is ‘sufficiently’ regular.) This is the reason why we use

(€ t*) instead of py.

4.4. result in complex case
Retain notations in §4.1-2 and §2.1. Note that t© = h in this case.

We abbreviate [k;m,n] as [k;m]| when this vector is understood to be contained in

C™. According to the direct decomposition:
h* ~CPI=C"pC°@CP " (!

defined by basis {f;; 1 <i < p+ q}, we have

p—1 —p+2s—1 p—2r—1 q—1
= e[ e [ —— 1 e [T 1),
pe = (L= -1 [ Jo 2= Jo[1=i-1)
p+qg—1 —p—q+2s—1 —r+s —r+s
= 1 -1 . )
-1 -p+2s—1 —-r+
plun®) = [P 1@ [ 1 @ [ 0] [0; 0]
2 2 2
Thus, p(u) —2p(unée)
—p+q+1 p—q—2s+1 r—35 —r+s
— -1 -1 . -01.
—Tr+s

FOI')\Z: ()\1,...,)\T+s>0;-"70)+[

5 ;0,p + ¢, we set

wr = A+ pu) —2p(une) = (by,...,brus) ®[0;0,p—7 — 8] B [—7+5;0,q]|,
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where
prqg-rts—1
b= A+ 211 QHS vi (1<i<r)
(4.4.1) I
brss = Ari + i (1<i<s)

Proposition 4.4.2. Retain notations as above. Let \; € Z4+ Q (1 <i<r-+s), § €

1
7" 5. Recall that we defined QQ = i(p +q—1r—s—1). Assume that

(4.4.3)(a) Q=M >X > >\ >-0Q,
(443)(b) Q Z )\r+l > )\r+2 > > >\7'—|—8 Z _Qa
(443)(0) 01202 >---26,202> 6T+1 > 5T+2 Ze 2 67‘-1—5-

We define y") = y(M(\) = (ygl),...,yfal)) c 7',y = yA\) = (y§2),... y?)) c

Y

7s, 2 = 0) = .. 2) € 2mand 2@ = 2@(6) = 2P, 2P e 75 by

X 1
y§1> =i—b; = —)\i—g(—p+q—r+s—1) (1<i<r), Z/z'(Z) =i=brp = _>"’+i_§(p_

g—r—s—1)(1<i<s), zj(-l) =0, —j(1<j<r) andzj(?) =04, —J(1<j<s). Set

k:=max[{i;1 <i<r, b >0}U{0}]
(4.4.4)(a)

l:=max[{i;1 <i<s,0>brys+1-:} U{0}],

(4.4.4)(b) Wy = (bl, ey b, 0,...,0, br+3_l+1, ceey br+s, 0,... ,0) et*
Then the following holds:

1) M(q,A,0) = F(gq,r;yM(A), 200(8)) - F(g, s; =y (1), =23 (4)).

2) Assume moreover that Y ,_, 6; = Zle b; and that Y ;_| 0,4; = Zi-:l bris 114
a) If 6 # gy, then M(q,\,0) = 0.

b) If § = iy, then
M(q, ), 0) = d(g,r — Ky 1oy D) - d (qos — -y, —y ).

3) M(q,A,0)=0if 22:1 d; < Z?:l b or if Zf:l Orti > Zé:l brys—1+i-
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Remark 4.4.5. In the above Proposition, the assumption @ > A; in (4.4.3)(a) (re-
spectively, A1 s > —@Q in (4.4.3)(b)) can be relaxed to Q > Agy1 (respectively, A\, 5_; >

—(@) in (2) and can be dropped in (3).

The argument parallels Proposition(4.3.2) in the quarternionic case; we will explicitly
give only the necessary steps in §4.8. We observe that r — g > 0 iff r — ¢ > k under the
assumption (4.4.3)(a) and that s — g > 0 iff s — ¢ > [ under the assumption (4.4.3)(b).

Indeed, b,y = Ay —Q — 1 when r > g and b4 g41 = Arjgy1 + @ + 1 when s > q.
Since y PN =i—b; > 1(k+1<i<r), 4PN =—it+bp>—(s—)(1<i<

s — 1), combining Proposition(4.4.2) with Lemma(4.2.5),(4.2.6) and (4.2.8), we have

Corollary 4.4.6. Retain the same notations in Proposition(4.4.2). If (A1,..., Arys) €

775 4+ [Q; 0,7 + s| satisfies

AL> A > > A > =0,

Q Z >\r+1 > >\r+2 > > )\r—i—sa

and if Rqs_i((CA) = 0 for i # 0, then the following two conditions are equivalent:
a) Rf(@)\) =0.

b) g<rand \,_;<Q or g<sand\iq41>—Q.

4.5. result in real case

Retain notations in §4.1-2 and §2.5. Note that t© = b iff pg is even.  Set p’ :=

and ¢’ := [g] We have

b q
Pc = [5 - 17 _17p/] D [5 - 17 _1aq/]a
_ptg . 0
p(u)|’tc - [T - 1a —1,7’] D [0707p +q - 7‘],
punt) = [g -1 -1,r]@[0;0,p" +¢" — 1],
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2

For A:=(A1,..., A, 0,...,0), N := X =2\ f. € ()" (C —bh*), we set

Thus, p(u) — 2p(uN &) =

+1;1,7]®[0;0,p" + ¢ — r].

px:=A+pu)—2punt) =(by,...,b.,0,...,0) € (t)",

pho =X+ p) = 2p(' NE)= (b],...,0,0,...,0) € (t)%,

where

(4.5.1) 2

Proposition 4.5.2. Retain notations as above. Let \; € Z4+Q(1<i<r), 6 € Z".

1
Recall that Q = §(p +q) —r — 1. Assume that

(4.5.3)(a) Q>2A > >> A\ >-0Q,
(4.5.3)(b) 61>06>-->6,2>0 (p # 2r)
(4.5.3)(b') 61>02> > 6,1 > 6] (p=2r)

We definey = y(A) = (y1,...,yr) €Z", 2= 2(0) = (21,...,27) EZ" by y; :=i—b; =
pP—q

_,\i_—2 (1<i<r),z:=6—j(1<j<r). Set
(4.5.4)(a) k:=max[{;;1 <i<r b >0}U{0}].
(4.5.4)(b) gy = (byy..., bk, 0,...,0).

Then the following holds:
1) M(a,A,6) = F(q,m;y(A), 2(5)).

2) Assume moreover that Y ._, §; = Zle b;. Then
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a) If 6 # piy, then M(q,\,0) = 0.
b) If5 = ,lf)\, then M(q> >\75) = d(qar’ﬂ - k;ykJrl()‘)? s 7y7“()‘))
3) M(C[,)\,(S) =0 le::l 5@ < Zf:l bz

Similar statements are valid for \'.

Corollary 4.5.5. Retain the same notations in Proposition(4.5.2). If (A1,...,\.) €
Z" +(Q;0,r| satisfies

>\1>)\2>"'>>\7»Z—Q,
and if R37%(Cy) = Rf,_i(Cx) = 0 for i # 0, then the following three conditions are
equivalent:
a) RZ(Cy) = 0.
) RY(Cxr) =0

b) ¢ <7 and \,_; < Q.

4.6. some auxiliary lemmas

In this subsection, we collect elementary lemmas used in the proof of §4.3-5. Our
strategy is to reduce an alternating sum in a generalized Blattner formula to the de-
terminant of some matrix. The main point is that only a (possibly small) symmetric
group contained in a Weyl group appears in the actual calculation. In particular the
elements in a Weyl group which reverse the signature of coordinates do not appear

under suitable inequalities of vectors. This is what we describe here.

Fix p, re Nwith 1 <r <p.
Lemma 4.6.1. Let a = (a1,...,a,,0,...,0) € ZP. Assume that

(4.6.2) aj > —2p+2r—1foranyj (1<j<r).
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If
(4.6.3) w-(0+(p) —(p)=a
for some w € &, X Zs?, 6 = (61,...,0,) € NP, then we have

weG, x1, ,(C6, xGp_, C G, xZP),

5j:0 (7’+1§j§p).

Proof. The equation(4.6.3) is written as

(4.6.3) w-(61+p,d2+p—1,...,6,+1)

=(a1 +pazs+p—1,...;a,+p+1—rp—rp—r—1,...,1).
Therefore there are at least p—r elements among {§;+p+1—j;1 < j < p} whose absolute
values are not greater than p —r. Since §; > 0, this implies w € (&, X Z3") x 1,_, and

Now we must show that w does not reverse any signs. The condition (4.6.2) assures
that a;+p+1—j > —(p—r), while d;+p+1—j>p+1—j>p+l—rforl1 <j<r.
Hence a; +p + 1 — j must be positive and w € &, x 1,_,, which completes the proof.
Note that we have also proved at the same time that a; +p+1—j > p+1 —r, that

is,a; >—r+j(1<j<r). O

Lemma 4.6.4. Let b= (by,...,b.) € Z" satisfy

(4.6.5)(b) 0>b; (k+1<j<r),
for some k (0 < k <r). Set

(4.6.6) ni=- Y beN
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Assume that there are w € &,., ¢ = (¢1,...,¢.) €Z", 6 = (61,...,0,) € Z" such that

(4.6.7) w-(d+(r)) —(r)=b+c,
(4.6.8)(a) ;>0 (1<j<k),
(4.6.8)(b) §1>0>>8,>0

Then the following holds.

1) 22:1 ¢ = 22:1(59' —bj) > n.

2) If 377_, ¢j = n or equivalently if 377 _, 6; = Z?:l b;, then

6;=b;(1<j<k), §=0(k+1<j<r),
¢;=01<j<k), chyj=—brsjtj—w-j(1<j<r—k).
3) If Y35_,¢j >m, then 330, 0; > Z?:l b;. In particular, we have

§# (biy...,bi,0,...,0).

Proof. From definition(4.6.6) of n and the equation(4.6.7), we have
k r
(4.6.9) Z(S —Zb +cj):ij+ch—n.
j=1 j=1 j=1
Using inequalities (4.6.8)(a),(b), we have

k
(4.6.10) D b < Zb te) <) 6 <) 5

Here the middle inequality is because b+ ¢ — 0 = w - (6 + (r)) — (§ + (r)) and because

the components of § + (r) are strictly decreasing.
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The statement (3) is clear from (4.6.9). Substitution of (4.6.9) into (4.6.10) gives
> j—1¢j > n, namely, (1).
Finally assume Z§:1 ¢; = n. Then all the terms in (4.6.10) must be equal, which
implies
w € G X Gr—k,

9; =0 (k+1<j<m),

Then both of the first k coordinates of 6 + (r) and b+ c+ (r) are strictly decreasing, so

that w € 1 X &,_. Now the remaining assertions in (2) are clear. [
The following result is a direct consequence of Lemma(4.6.1) and Lemma(4.6.4).

Proposition 4.6.11. Let b = (by,...,b,,0,...,0) € ZP. Assume that

by >by>--->b, >0

0>b;>-2p+2r—1 (k+1<j5<r),

for some k (0 < k <r). Suppose that there are w € S, xZs?, ¢ = (¢1,...,¢,,0,...,0) €

ZP and § = (d1,...,0p) € ZP such that

Set n:= —>" ;.1 bj. Then the following holds.

1) Z;:1 cj = m, Z;Zl d; > Z?:l bj, we &, x1,_,, and

(Sj:() (7’+1§j§p).
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2) If Y30_, ¢j = n or equivalently if 377, 6; = 2?21 b;, then,

3) If 320 cj >mn, then 377, 6; > 2?21 b;. In particular,

§ % (by,...,bp,0,...,0).

4.7. proof for quarternionic case

In this subsection, we complete the proof of Proposition(4.3.2). Suppose we are in
the setting of §4.3. First recall (cf. §2.1) that the root system of u for t© = b is given
by

Aunph) = {fitfi;1<i<r,p+1<j<p+gq},

and that LN K ~T" x Sp(p —r) x Sp(q) acts on uNp ~ C*9 by

T

P (F(T", £) B 1R F(Sp(q), (1,0,...,0))).

=1

Assume that A € Z" satisfies
AI> A > >N >—-Q=-p—q+r.
Then py = (b1,...,b,,0,...,0) with b; = X\; —p+ g+ j — 1 satisfies
(4.7.1) by >by>--->b.>-2p+2r—1

Define k(0 < k <r) by (4.3.4).
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Lemma 4.7.2. Retain notation as above, let A € Z", § € ZP with the same hypotheses

onXanddy > --- >0, > 0.

1) If (§r41,...,6,) = (0,...,0), then

(4.7.3) m(q,1,6) = Y sgn(w) [ [ dim 5% (C*9).

w,{ci} =1

(See §4.1 for notation.) Here the sum is taken over the set satisfying

(4.7.4)(a) we6G, c=(c,...,cr) N,
(4.7.4)(b) w-((01,...,0,)+(r))—(r)=b+c.
2) If
T k
(4.7.5) (Org1s--s0p) # (0,...,0) or Y &< > b
i=1 i=1

then m(q, A, 0) = 0.

Proof. As an LN K; ~T" x Sp(p — r)-module,
Sunp)~ P (H dim Sci(Czq).> (e1,...,0) K1,
ceN™ \i=1
where the multiplier in the right hand stands for the multiplicity of each representation

and ¢ = (¢1,...,¢.) € Z" denotes an additive character of T". Thus for each m; € I/(\l,

(476) HomLmKl(Hj(uﬂEl,m),S(uﬂp)®CM)

~D ( dimSCi<@2q>> - Hom sp(pr) (B (w1 b1, m), (b -+ ¢) B11).
=1

ceNr

We will regard ¢ as an element of NP by putting ¢ = (c1,...,¢-,0,...,0) without

comment. Appealing to Kostant’s Borel-Weil theorem

dim Homwxsp(p_r)(ﬂj (u N e, 7T1), (b + C) X 1)
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is the number of elements w of

Wit = {w e W(t); AT(&) Nw- A~ (8) C Aunty)}

such that
(4.7.7)(a) l(w) = j,
(4.7.7)(b) w-(0+(p) —(p) =b+c

Assume that (4.7.7)(b) holds. From (4.7.1) and ¢; > 0, we are able to apply Propo-
sition(4.6.11), so that we conclude w € &, x 1,_,, §; =0 (r+1 < i < p) and
Sor_ 0 > Zle b;. Thus the statement (2) is clear. Now Part (1) is followed from

(4.7.6) since &, x 1,_, C W%, O
Proof of Proposition(4.3.2). First notice that we have
(4.7.8) M(q, A, 0) = m(q, A, 0 ®[0;0,p —r]),

from Lemma(4.7.2). Therefore the third statement is plain in view of Lemma(4.7.2)(2).

1) . Fixw € 6, and define ¢ € Z" by the formula(4.7.4)(b). Then putting j := w-i (1 <

i <r), we have

cGi=-b+00;j+r—j+1)—(r—i+1)
= bt (55— ) +i
=-Ai+p—q+1+d;—7J
>—(pt+q-r)+p—q+l-r
(4.7.9) =1-2g,

for any ¢ (1 < ¢ < ). In the third inequality we used (4.3.3)(a). Then this inequal-

ity(4.7.9) assures the condition for (4.2.4) so that we have

a(ci, 2q) = dim S¢ (C29),



UNITARY REPRESENTATIONS IN L2(U(p, ¢;F)/U(p — m, ¢; F)) 65

Therefore, combining (4.7.3) with (4.7.8), we get

(4.7.10) M(q,A\,6) = ) sgn(w) <H a(i — by 4 s — w - z’,2q)>

weS,, =1

= F(2q,7;y(\), 2(9)) (Definition(4.2.2)(a)).

2) Assume Y. ,8; = Z,’;:l b;. From Lemma(4.6.4)(2), each term in the right hand
side of (4.7.3) is non-zero only if § = (by,...,b;,0,...,0) and w € 1 X &,_;. From

(4.7.8), the first statement follows. If § = (by,...,b,0,...,0), then we have

M(q, A, 0) = Z sgn(w) ( H a(i —b;, —w -1, 2q)>

WELL XSy i=k+1
= d(2q7 r—= ka yk—l—l()\)) R yr()\))a

which is the desired result. [

We remark that in the proof of the second statement i—b; —w-i > 1—2q (k+1 < i < r)

if @ > Ag41. In this way Remark(4.3.5) is justified.

4.8. proof for complex case

Set v e CP(~ (t§)*) by

1 —p+2s—1 —or—1
e e L B B e e T
=[p;-Lr@[s;-Ls|@p—r—-1,p—r—s +[——;0,p.

2

We need first the next Lemma as a slight variant of Proposition(4.6.11).

Lemma 4.8.1. Let b= (b1,...,by,bp41,...,br45,0,...,0) € ZP. Assume that

(4.8.2)(a) by >by > >bp >0,
(4.8.2)(b) 0>b;>—-p+s+i (k+1<i<r),
(4.8.2)(c) p—r—5s—14i>b.1; >0 (1<i<s-—1),

(482)(d) 0> br+s+l—l > 2 br+s>
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for some k (0 < k < r)and ! (0 <1 < s). Suppose that there are w € S,, ¢ =

(€1, 3¢r45,0,...,0) € ZP, § = (61,...,0,) € ZP such that

(4.8.3)(a) w-(0+v)—v=>b+c,
(4.8.3)(b) ¢i>0(1<i<r), <0(r+1<i<r+s),
(4.8.3)(c)

61262Z"'25r26r+s+125r+s+22"'25p26r+126r+22"'257‘+5-

Set n .= — Z::,Hl b;, m:= Zf;{ br+i; € N. Then the following holds:

1) we G xGex1ly g, §; =0(r+s+1<i<p), > ¢ >n,and Y i jcryi < —m.

2) If
(4.8.4) Zci =n and Zcrﬂ = —m,
i=1 i=1
then,

(W E 1 X Gy X Gy x 1) X 1y,

di=b (1<i<kr+s—1+1<i<r+s),
;=0 (k+1<i<r+s—Il,r+s+1<i<p)
¢i=0 (1<i<k,r+s—-I1+1<i<r+s),

Chri = —bpri+i—w-i (1<i<r—k),

(Crpi = —bryi+i—w" i (1<i<s—1).

Here w' € 6,_j, and w" € &,_; are the obvious restrictions of w.

3) If YI_,¢i >, then Y20 6 > S8 by IF Y cppi < —m, then Y 5_ 6,4y >

Zi:l brts—i+i- In particular, if (4.8.4) is not satisfied, then

d# (by,...,bg) ®[0;0,7+5s—k —1]® (byysti—1y---,br4s) B[0;0,p — 1 — s].
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Proof. We may replace v by [p; —1,7]®[s; —1,s]® [p—r; —1,p—r — s] without changing

notations. The condition(4.8.2)(b)(c) and (4.8.3)(b) assure

b+c+v)i=b+ci+p+1—i >s+1(1<i<r)
b+c+v)pri=britceyi+s+l—i<p—r(1<i<s)

{(b+c+v)T+8+i;1§i§p_r_S} :{S+178+27"-7p_r}

From (4.8.3)(a)(c), b + ¢+ v consists of distinct entries, which implies w € &, x &4 x

1p—7’—87 52:0(r+$+1§2§p)

Now we apply (4.6.4) to the first r block (respectively the second s block) and then

the lemma follows. [

Suppose we are in the setting of §4.4. Recall that the root system of u for t¢ = b is

given by (see §2.3)

Aunp,h)={fi—fi;1<i<r, p+1<j<p+gq}

U{-fi+fi;r+1<i<r+s p+1<j<p+gq}

and that LN K ~ T x U(p —r — s) x U(q) acts on unp ~ C+9)e by

@ (F(T"*, fi) 1R F(U(q), (—1,0,...,0)))

@ @ (F(T"**, —fr4) K1 K F(U(qg), (1,0,...,0))).

Assume that
)\i S Z+Q7
AL > Ao > o> A\ > —Q.

QZAT+1>>\T+2>“'>)\T’+S
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Then py = (b1,...,br45,0,...,0) (Definition (4.4.1)) satisfies

by 2by>--2b 2 —pt+s+r,

p_T_SZbTJrlZbr+22"'2br+s~

Now the proof of Proposition(4.4.2) is done in the same way as the previous section

based on the following lemma (cf. Lemma(4.7.2)). We omit the proof.

Lemma 4.8.5. Retain notation as above, let A\ € Z" "5 + [Q; 0,7 + s], 6 € ZP with the
same hypotheses on A and 01 > 02 > -+ > 0p > Opqg41 = Opgspa = =00 > 0p > Opy1 >

Opyo > +++ > 0pys. Then

1) If 0pys41 =+ =0, =0, then

(4.8.6) m(q,\0) = [ > sgn(w’)]]dimS(CY)

w’ {c;} =1

X Z sgn(w') H dim S~ +¢(C?)

w' {erii} i=1

Here the sums are taken over the sets satisfying

(4.8.7)(a) w e, ¢eN@AZi<r),

(4.8.7)(b) W (1, 8,) + (1)) — () = (b1 +c1yenn by + o),

(4.8.8)(a) w”" €6, ¢y € -N(1<i<ys),
(4.8.8)(b)

w' - (57"—1—17 ) 5T+S) + <S>) - <S> = (bT—H +Crg1yes by + Cr+s),

respectively.
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2) If (5r+s+1, cee 5:0) 7é (0’ cee 0) or Z:;l 51 < Zf:l bl or Zle 5r+i > Zé:l b?"JrsflJriy

then m(q, \,0) = 0.

4.9. proof for real case

LNK ~T"xSO(p—r)xSO(q) acts on unp ~ C"? by

T

@ (F(17, £) R1K F(SO(q), (~1,0,...,0))).

=1

The proof of Proposition(4.5.2) reduces to the same calculation for the quarternionic

case, owing to the following

Lemma 4.9.1. Let a = (a1,...,a,,0,...,0) € Z” . Assume that

(4.9.2) a; > —p+2r+1foranyi (1<i<r).
If
w- @+ - L-Lp) -5 -L-Lp]=a

for some w € W(SO(p)), = (81,...,0,) € NP such that §; > --- > &, > 0 when

p is odd, 61 > -+ > 6,_1 > |0,| when p is even, then we have w € &, X 1,,_, and

S i=0(r+1<i<yp).

The proof of this Lemma is similar to that of Lemma(4.6.1) and so we omit it. The

condition(4.9.2) guarantees a; + g —i> —(129

putting a; = b; + ¢; (notation(4.5.1)) when A; > —@Q and ¢; € N.

= —r—1) (1 <4 <r)and is satisfied by
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5. An alternative proof of the sufficiency for RE(CA) # 0

In studying our discrete series for G/H,, we are obliged to deal with the parameters
outside the fair range. Usually, we move from good parameters toward bad (e.g. fair
or non-fair) ones. But this is a negative way of thinking. In this section, a positive
application of bad parameters is offered: making use of direct information for possibly

non-fair parameters.

Retain notation in §1. Suppose that C is in the fair range. Then (g, K)-modules
R{,(C ») vanish except in the single degree j = S, but the remaining module may also
vanish as we saw in the previous section. A recent (unpublished) method (cf. §0)
to check the sufficiency for Rf (Cx) # 0 due to Matsuki and Oshima is based on a
computation of very special ‘small’ K-types case-by-case. They explained to me that
it sometimes requires a long calculation and some preparations on finite dimensional
representations and that the special case of this section (in particular F = H case) is
extremely tedious because of a non-triviality of a partition function for uNp as well as

a complicated polarization of a parabolic subalgebra.

In the present case C, is in the fair range. Nevertheless, treating the parameters
outside the fair range at the same time leads us to another simple proof of the sufficient

condition for Ry (Cy) # 0.
Here is our idea:
i) mice information may be buried outside the fair range.
i) the modules with small (but not necessarily fair) parameters form a closed universe.

Actually we make use of the difference between the fair range and the condition that

Wy is AT (€, t¢) dominant when A is small.
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5.1. theorem: sufficient condition for RqS(C,\) # 0

Let G = Sp(p,q) and by be a fundamental Cartan subalgebra of go. Take bases of

and h* as in §2.1. Fix r and s with 0 <7 < p, 0 < s < ¢ and put

(5.1.1)(a) t_E:CHW+§:CHwﬂCU
(5.1.1)(b) Q =p+q—r—35,

(5.1.1)(c) L : the centralizer of t in G (~ T"* x Sp(p — r,q — s)).

First of all, let us parametrize #-stable parabolic subalgebras of g with Levi part
[. Let (mps,...,m1), (nN,...,n1) be partitions of r and s respectively, that is, r =
Z;Vil mj, § = Zjvzl n; with m;, n; € N;. Assume that M = N or M = N + 1. Then

a O-stable parabolic subalgebra q = [ 4 u is defined by giving the nilradical u so that

(mJQ+Zm+Zm,Mw

(5.1.2)

|nJ Q_I_ka_l_znkv 1n]

Here we identify t* with C™"* via the basis {H;; 1 <i <r,p+1 <17 <p+ s} as usual.
We denote by p(u)jm,,, p(1t)n, the obvious restriction of p(u) € h* to each subspace
C™ o 3 CHpgtovpmgaati (C0), €% 2 300 CHpp ooy a4 (C D), Tespec
tively. See §3.5 for the notation of [k;m,n|. Conversely, any 6-stable parabolic subal-
gebra q with Levi part [ is obtained in this manner up to conjugation by an element of

K and up to exchange of p by q.

In the setting above, q N ¢ is a parabolic subalgebra of ¢ and we have (with similar
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notations as above):

;

J
p(um E)|mg = [p — T+ kaa _1amj]7
k=1

J
PN Y, = lg— 5+ > ms—Lny)
\ k=1

In the present case p(u), p(un¢) € t* (C h* in the notation (1.1.1)). Set

th:o={ et;(\a')eZ forallae A(u,h) }
={A= (A1, Adrys) €75 N €Z)

B:={A=(1,...., ps) €7 —Q < X\ < Q}

F:={xet;(\,a)>0 foral aecA(ubh) }

Bz :=BnNty, Fz = F Nt
Note that a weight A € t* lifts to a metapletic ([, (L N K)~)-module iff X € ¢}.

Definition 5.1.3. Suppose we are given q C g as above and A € t*. Set

r=#{is 1<i<r N\ < QY
s =#{i;p+1<i<p+s \<Q},

pli=p—r+7r, ¢=qg—s+5¢,

T_Tl 5—8/
o= Y Ry=IH;+ » Ry=1Hp,
i=1 i=1
g’y := the semisimple part of the centralizer of t’¢ in g
~ sp(p’,q') C go,

qg:=¢gNg>dag.

In extremal cases, (g(,9") = (g0,q) if A € B, and (g5,q") = (lo,[) if A € F is

sufficiently ‘regular’. We shall use similar notations for (g;, q") by adding ’. For example,
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t' = Zgzl CHy—pryi + Zf:l CHpys—s'+is Q' = (p—7r+ 7'/) +(g—s+ 3/) —r'—s =Q,

and etc.

Now we are ready to state the main result in this section.

Theorem 5.1.4. Let G = Sp(p, q), q be a 0-stable parabolic subalgebra of g given by
(5.1.2), and X\ € Fy. Let (gy,q') be associated to (go,q,A) by Definition(5.1.3). Then

RI(Cy) # 0 if —p(w') +2p(w' N¥) € B'.

We emphasize again that the conclusion was essentially found first by Matsuki and
Oshima. In fact, if Rqs (C,) is realized as discrete series for a semisimple symmetric
space (in this case, the parameter X is so degenerate as in (2.7.4)(a) and all of m;, n;’s
are even), the above sufficient condition in Theorem(5.1.4) coincides with the neces-
sary one given in [21] after some calculations. We remark that our formulation based
on Definition(5.1.3) helps us to understand the somewhat complicated and different

description given in [21] in this case.

If C, is in the good range with respect to q, then ¢’ = [ and —p(u') + 2p(u' N ¥') =
0 € B, whence Theorem(5.1.4) implies a well known result Rf (Cy) # 0. The opposite
extremal case is essential. Recall that (gj,q’) = (go,q) if A € B in Definition(5.1.3).

Then the following is a special case of Theorem(5.1.4) by assuming A € B.

Theorem 5.1.4" (special case). With notation as above, if —p(u)+2p(uNt) € B, then

R5(Cy) # 0 for all X € BN Fy.

Since the essence of our proof for Theorem(5.1.4) lies in this special case, we shall
prove only this case. Indeed, we shall iterate translations among small singular parame-
ters, where the components (strictly) larger than @) are always stable, so that the proof

for Theorem(5.1.4) parallels exactly to that for Theorem(5.1.4)’.

Remark 5.1.5. We can also reduce Theorem(5.1.4) to Theorem(5.1.4)" directly. In

fact, according to the direct decomposition t = t/ + t/, we write A = A\’ + )\, and
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p(u) =p" +p'. If X € F, then p’ = p(1v’) in this quarternionic case. Assume that

(A, appr) >0 for any o € A(u) with aj¢r # 0,

Ai > —Q foranyi(l1<i<r+s).

(This condition is clearly weaker than A € F.) Then we have

j+S5—-S' j+S—S8’
(R @) #0 (RY)"™ 7 (Crigp) #0 (¥ EN)
NI
= (Rﬁ) (Cx)#0
The first equivalence is derived from Lemma(3.4.1)(2). Indeed, we can easily find a

sequence MO = X\ XM XM = X\ 4 £p” so that
A (Mi—l) D)\(i)) — (O, A(A(i) >A<i—1>) — DY for i=1,2,...,n.

The second equivalence is from Lemma(3.2.1)(2) and Fact(1.4.1)(2). Hence we have, in
NS
particular, (Rg)s (C)) #0 < (Rﬁ,) (Cx) # 0. Since Q" = @, we have X' € B and

we are done.

Remark 5.1.6. Let A = A(q) := —p(u) + 2p(uN€). We write the coordinates of A

as A\; (1 < i < r + s) by restricting it to t. Then elementary arithmetic shows the

equivalence of the following four conditions:

(5.1.7)(a) e B.
(5.1.7)(b) Q>XN>—-Q foralli(1<i<r+s).
(5.1.7)(c) Q>N foralli(1<i<r+s).
‘; i1
Y mp<20q—s)+> nm (1<j<M),
(5.1.7)(d) - =
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The implication (5.1.7)(c) = (5.1.7)(b) looks strange, but it turns out that the estimate
on m; and n; blocks (see after (5.1.2) for notation) plays a ‘complementary’ role to each

other with reverse signs.

5.2. key lemmas

Definition 5.2.1. For each subset S of By, we define S C By to be the smallest set

such that
(5.2.2)(a) S>8
(5.2.2)(b) AeS, Netband AAbN)CSUNY =X €S,

By definition A (A )') is a subset of h*. However, as is easy to see, if \, X € Bz(C

t*), then A (A> X)) C By, where we regard t* as a subspace of h* as usual. Finally, set
N =N(q) :={) € By; R;(CA) = 0 for all i}.
Here are two key lemmas.

Lemma 5.2.3. With notation as above,
1) S =S for any subset S of By,.

2) N =N.
Lemma 5.2.4. m =Bz if A e BN Fy.

Proof of Lemma(5.2.3). Part (1) is clear from definition and Part (2) is a direct con-
sequence of the relation between translation functor and cohomologically parabolic

induction in Lemma(3.4.1)(1). O

Admitting Lemma(5.2.4) for a while, we shall complete the proof of Theorem(5.1.4)".
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Proof of Theorem(5.1.4) . If X = —p(u) + 2p(uN€) € B, then X ¢ N because

Y (-1)*dimHomg (1, Ry *(C5)) =1,

as is easy to see by the generalized Blattner formula. Thus N & Bz, which implies
BN Fy C Fz \ N because of Lemma(5.2.3) and Lemma(5.2.4). On the other hand, if
A € Fz then C, is in the fair range and R (Cx) = 0 for all i # S. Therefore RqS((CA) #0

forany A e BNFy. O

5.3. proof of the combinatorial part

We are now left with the proof of Lemma(5.2.4), whose statement depends only on
r+s and @), and dose not depend on the particular partitions of r and s. Set n := r+s.

Let t; :={A = (A1,..., ) € t*; A\; € R}. Each connected component of

{)\: ()\1,,)\71) Eti; A %AJ (Z?éj), Ai %0} Ctﬁ%
is a Weyl chamber for W(C,,).
Claim(5.3.1). Let C C t; be a Weyl chamber. If A € B, NC, then {\} D Bz NC.

Proof. Fix X € Bz NC. Then we can easily find a sequence A = A@ X1 Ak = ¥
such that A (AC~YpA@) = {AD} (1 < 4 < k). Now the property(5.2.2) shows

Xe{fAv}. O

Claim(5.3.2). Let A= (n,n—1,...,1). Then {\} contains X in each case below.
a) N =mnmn—-1,....5,7+1,...,1) (1<j<n-1)

b) N =(n,n—1,...,2,—1)

Proof. A(A>X')={N'} and AN > X)) = {\ N} if we choose \" as follows:

a) N :=(n,n—-1,...,4,4,...,1),



UNITARY REPRESENTATIONS IN L2(U(p, ¢;F)/U(p — m, ¢; F)) 77

b) N =(n,n—1,...,2,0).

Now the claim follows from the property(5.2.2). O

Claim(5.3.1) and Claim(5.3.2) lead us to
(5.3.3) (\} =By

for each fixed A\ € Bz NC, and for each Weyl chamber C. Now Lemma(5.2.4) is proved.
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6. Proof of irreducibility results

6.1. irreducibility in the fair range

In this section, we prove a result about irreducibility of certain series of cohomo-
logically induced representations. Suppose we are in the setting of §1.1-3. One might

expect that

(6.1.1) If a metapletic representation Cy of (I, (LN K)™) is in
the weakly fair range, then the derived functor module

Rqs (C,) is irreducible as a (g, K )-module or zero.

This is known to be false in general as alluded to in Fact(1.4.2)(2). However, it still

holds in some interesting cases:
0) C, is in the weakly good range (see Fact(6.2.4)(c)).
i) g is of type A (see Fact(6.2.4)(b)).

ii) (go,q) arises in a natural description of discrete series for a semisimple symmetric

space ([33], see Fact(1.5.2) for notation).

In this section we shall prove a positive answer for (6.1.1) when C) is in the fair

range and when
iii) g is of type C and [[,1] is also of type C.

To prove this, we need a slight refinement (Theorem(6.3.1)) of [33] Theorem 5.11,

which assures a nice behavior under translation in an extremely special direction when
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applied to some Harish-Chandra bimodules: namely, twisted differential operators com-
ing from U(g) when g = sp(n,C).
Our approach parallels exactly Vogan’s proof there. But we isolate the necessary

steps explicitly since it is complicated in detail (ex. (6.7.7)).

6.2. twisted differential operators

We introduce some notation used throughout this section §6. For materials of this

subsection, we refer to [2], [3], [6], [30] and [33].

Fix a connected complex reductive (algebraic) group G¢ with Lie algebra g. We iden-
tify Harish-Chandra bimodules with actual Harish-Chandra modules for G¢ (regarded
as a real group) by a Chevalley anti-automorphism. Fix a Cartan subalgebra h and a
parabolic subalgebra q of g with Levi decomposition q = [+ u so that [ contains h. Fix
a weakly fair weight v € h*. Write R ([ : [) for the one-dimensional Harish-Chandra
bimodule for L¢ with 3(I ® C)-infinitesimal character (v,v) € b* @ bh*. That is, its

bimodule structure is given by,

X y=y-X=7v(X1)y

fory € Ry([:1), X = X1 + X € t® [[,[] = [ (notation (1.1.2)). Define

(6.2.1) R,(I:g) =Ind(Qc T Gc)(R,(I:1)),
a Harish-Chandra bimodule for G¢, which has a unique G¢-fixed vector. Here we denote
by Ind(Qc T G¢) normalized parabolic induction for Harish-Chandra bimodules.

Note that R+ ([ : g) may be identified with a G¢-equivariant twisted ring of differential
operators on the generalized flag variety G¢/Qc. Then R, ([: g) has a natural algebra

structure with

(6.2.2) d:U(g) = Ry(L: g)
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an algebra homomorphism that is nonzero on the unique Gc-fixed vector. Define

(6.2.3)(a) I,(l:g):=Ker(d:U(g) = Ry([:g))
(6.2.3)(b) A, (l:g):=Image(d:U(g) = R,([:g))

~U(g)/I,(:g)

If q is a Borel subalgebra, we write simply () for I,(h : g), which is nothing but
the ideal in U(g) generated by the corresponding maximal ideal in 3(g). From this view
point, we put I(w-v) = I(y) (w € W(g,bh)) so that I(y) is defined for all v € h*. Here
is the irreducibility result due to J.Bernstein that we need (see [30] Proposition 16.8,

[2] Proposition I11.2.2.2 and 1.5.6, see also [33] Proposition 5.7).

Fact 6.2.4. Retain notations as above.

a) Suppose that W is a one dimensional metapletic ([, (L N K)"~) representation having
3(0)-infinitesimal character « in the weakly fair range. The algebra R. (I : g) acts on

R5(W), and the resulting (R+(1: g), K )-module is irreducible or zero.

b) If the moment map
m: T*(Gc/Qc) ~ Ge 5 - —G-(qgF) Cg
C

is birational and has a normal image, then A, (I : g) = R,([: g).

c) If v is in the weakly good range, then A,(l: g) = Ry([: g).

If A,(I : g0 = Ry(l : g), then Part (a) implies the irreducibility (or vanishing)
of RqS(CA) as a (g, K)-module. It is known that the assumption in Fact(6.2.4)(b) is
satisfied if g = gl(n,C) and q is any parabolic (see [17]) or if g = so(n,C) and g
is of the form in §2.5 (see [12] for birationality and [18] for normality, see also [2]
I11.3.2), whence Part (5) of Theorem 2, 3. But unfortunately, the birationality fails

(although the image of 7 is normal) when g = sp(n,C) and q is of the form in §2.1.
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This should be compared with the fact that the normality frequently fails (although 7 is
birational) in the setting of Fact(1.5.2) (discrete series for semisimple symmetric spaces)
if g = sp(n,C). Thus, throughout the rest of this section we shall restrict ourselves to
the case where g = sp(n,C) and q is a general parabolic subalgebra and to the case of

singular 3(g)-infinitesimal characters.

6.3. theorem

Theorem 6.3.1 (cf. [33] Theorem 5.11). Suppose g is sp(n,C). Let b be the
standard Cartan subalgebra identified with C" as usual. Fix non-negative integers N,
r such that 1 < N < n —r. Writel =n — N —r. Let q be the standard parabolic

subalgebra with Levi factor

[=gl(N,C) @ gl(1,C)" @ sp(l,C).
Suppose 7y is the 3(I)-infinitesimal character of a one-dimensional representation of [:
(6.3.2)(a) Y=o+ N-=1,2+N—=2/...,00,A1,-.., A, [T —1,...,1).
Assume that
(6.3.2)(b) Aj €Zforanyj, 1>X>-->A>0 and Xy >0.

Set £ := (1 —X)N @0 N = (1~ Xo,...,l —Xo,0,...,0). Suppose M is an irreducible

g-module annihilated by I,,¢(l : g). Then ¢3+§M is an irreducible g-module or zero.

Remark 6.3.3. Theorem 5.11 in [33] is the case where N = 2. But the above theorem
with N = 1 may also apply to the irreducibility results in [33] owing to the Borel-Weil-
Bott theorem for U(2). In order to prove Part(5) of Theorem 1 (§2.2), we need the case

where N = 1.

6.4. irreducibility result
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Corollary 6.4.1. Let G be a real form of Sp(n,C), K a maximal compact subgroup
of G and 0 the corresponding Cartan involution of G. Let p = m + n be a 6-stable

parabolic subalgebra (see §1.1) of g with a Levi factor
m =~ gl(n1,C) & gl(n2,C) & - - - & gl(ny, C) & sp(l, C),

for some 0 <[ < n and n; € N, such that Z?:l nj = n — 1. Fix a Cartan subalgebra b
of m. Let W be a metapletic (m, (M N K)~)-character with 3(m)-infinitesimal character

Y= Y1, 0,1 —1,...,1) € h*. Assume that v, € Z and
Y1 Z=Y2 > 2 Yn—t > 0.
Then Ry (W) is an irreducible (g, K')-module or zero.

This includes the irreducibility assertions in Part (5) of Theorem 1. In fact, it is

obtained by applying the above corollary to the case when n; = --- =ng = 1.

6.5. Vogan’s idea on the translation principle for A.([: g)

We shall review shortly a technique due to Vogan [33] which shows irreducibility of
certain series of derived functor modules. The main tools for reduction to good param-
eters are a combination of induction by stages and translation principle. Translation is
used in a pair of translation functors for Harish-Chandra modules and Harish-Chandra

bimodules.
Let R be a complex algebra, endowed with Harish-Chandra bimodule structure for
G through an algebra homomorphism

(6.5.1) d:U(g) — R.

Let M be an R-module which is 3(g)-finite via (6.5.1). Let F' be a finite dimensional
representation of g with extremal weight —& on which the adjoint action of g exponen-

tiates to Gc. A formal argument (the Jacobson density theorem) (see [33] Corollary
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3.9) shows that

(6.5.2) If M is an irreducible R-module, then wz LM s

an irreducible (@Dg:g N +§)R) -module or zero.

Retain notations in §6.2. Let v := A + p; € h* be in the weakly fair range. Let
us apply (6.5.2) to d : U(g) - Axi, ([ : g). We expect a reasonable behavior under

translation (see Theorem(6.3.1)):
Ao
(6.5.3) ¢EQ§[‘+§§;’M@AMP[+§([ :g) = Axyp (L1 g).

But, in the (weakly) fair range, the behavior of Axy, ([ : g) under translation is
not as good as those of R7(Cy) and Rxy, (I : g). Vogan pointed out that (6.5.3) is
guaranteed by the existence of Harish-Chandra bimodules Cy and C) ¢ satisfying

Ao,
(6.54)(a) YTOT) L Cove = Cn.

(6.5.4)(b) Each of Cyy¢ and C), is generated by its unique G¢-fixed vector as a Harish-
Chandra bimodule.

(6.5.4)(c) There are Harish-Chandra bimodule maps

Chie = Raypre(l:g)

Cx — Rayp (L: g)

that are non-zero on the G¢-fixed vectors.

With a special choice of € and C'y in §6.7, we shall check these conditions in §6.8-10.

6.6. notations about GL(n,C) and Sp(n,C)

Since we shall treat only complex reductive Lie groups in §6.6-10, we write GL(n)

for GL(n,C) and etc, for simplicity.
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First let G¢c = GL(n). Take a Cartan subalgebra h of g so that b consists of n x n
diagonal matrices with complex entries. Diagonal coordinates induce h* ~ C™ as usual.

Let B be a Borel subgroup of G¢ consisting of upper triangular matrices. Let v =

(71,---,7n) € b*. Define a Harish-Chandra bimodule for G¢ = GL(n) by,

[v] = [71,-..,7n] = unique irreducible subquotient of R (b : g)

containing the G¢-fixed vectors.

We remark that [y] = J(2v) in the notation of [30] §11 when regarded as an irreducible

spherical representation of G¢ (as a real group).

Assume that the sequence (Re~,) is decreasing. With the above parametrization,
we have (see [30] Theorem 11.5, Lemma 11.11):
(6.6.1)(a) [v] is the unique irreducible quotient of R, (h : g).
(6.6.1)(b) [v] is finite dimensional iff v; — ;41 € Ny for any j.

(6.6.1)(c) [v] is one dimensional iff v = [¢; —1,n| (§3.5) for some ¢ € C.

Next we look upon GL(n) as a reductive subgroup in Sp(n). Since GL(n) is of
maximal rank in Sp(n), b is also a Cartan subalgebra in sp(n). Let B(D B) be the

Borel subgroup of Sp(n), making (n) = (n,n —1,...,1) dominant for A(b, b).

Definition 6.6.2. An (ordered) partition of n is a sequence

™= (pla"'vps)

of non-negative integers, such that 2;21 p; = n. Denote by P(m) the parabolic sub-

group of GL(n) containing B and having a Levi factor

(6.6.3) L(n) ¥ GL(p1) x GL(p2) x -+ - x GL(ps).

Similarly we denote by P(7) the parabolic subgroup of Sp(n) containing B with the

same Levi factor L(w).
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6.7. definition of C)

Suppose that we are given r, [ € Ny, \; € Z (0 < j < r) such that,

(6.7.1)(a) I>XN>A > > A >0,

(6.7.1)(b) o > 0.

Let {A;}1<;j<s+1 be the totality of distinct values in {A;; 0 < j <r} U {0} such that

(6.7.2)(a) Ay > >As > A1 =0.

We shall ignore Ag;; unless A\, = 0. The next definition serves to simplify the notation

somewhat:
(6.7.2)(b) Ap:=1+1
Set
(6.7.3) m(j) =8{k; de =A;, 1 <k<r}eN (1<j<s+1).

Clearly Zj*’i m(j) =r>s—1 (or > s when \. =0). Let
MO =D+ N—1;—1,N]:= M+ N—-1, +N—2,...,)).

Define

(674)(&) I/(J) = [Aj—l - ]_7 —]_,Aj_l — Ag]

If Ay > 2, we also define

(6.7.4)(b) ) = A, — 1,1, A, — 1] = (A, — 1)
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With this notation, if {\1,..., A} 3 1 (equivalently, if A, = 1), then (v, v . . 1)
is a grouping of (I, —1,...,2,1). If {A1,...,\.} # 1 (equivalently, if A; > 2), then
(v, p@ w6 D) s a grouping of (I,1—1,...,2,1). If {\1,..., A} 2 0 (equiv-
alently, if A, = Ay.1 = 0 and m(s+ 1) > 0), then (A;™W A,™3) A gmlst1)
is a grouping of (A1, A2,..., Ax). If {A\,..., A} Z 0 (equivalently, if A\, # 0), then

(Alm(l), A3 ,Asm(s)) is a grouping of (A1, A2, ..., \n).

Put
(675) = (Na 1m(1), AO - Ala R 1m(8), Asfl - As: As - 1; 1m(5+1))7

an ordered partition of n = N + r + [. Then according to notation (6.6.3), a reductive

subgroup L(7) of Sp(n) is given by,

GL(N) x H (GL(1)m<f> x GL(Aj_1 — Aj)) % GL(As — 1) x GL(1)™+D),

More precisely, if {A1,..., A} 3 1 (equivalently, if A; = 1), then the above GL(As — 1)
and the below [v(** 1] should be omitted. Similarly, if A, > 0 (equivalently, if m(s+1) =
0), then the above GL(1)™(*1 and the below [As;1]™+1) should be omitted. We

define a Harish-Chandra bimodule for L(7) by

(6.7.6) ox £ A0 ®®( A @ ) @ [HI] © [,

and a Harish-Chandra bimodule for Sp(n) by

(6.7.7) Cx = Ind(P(m) 1 Sp(n))(03).

Finally, take

(6.7.8) E=1-2) N0V,
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We define oy;¢ and Cyy¢ similarly by changing only MO, We shall prove Theo-
rem(6.3.1) by checking (6.5.4)(a)-(c) for these Cy, Cxy¢ in the subsequent three sub-

sections.

The somewhat complicated notation of A;, m(i), v¥) and m will be used throughout

§6. The following figure would be helpful useful to memorize the definition.

As+1m(s+1)

Figure 6.7.9

6.8. verification of (6.5.4)(a)

The proof of (6.5.4)(a) depends on the following
Lemma 6.8.1. In the setting of (6.7.1)-(6.7.5),(6.7.8), set

v = (AO A, ) A, 2 A ) s) (s gmistl)y
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Let p € h* ~ C™ be a weight in F(Sp(n),—¢). Assume that

p is dominant for A" (I(r), ),

Y+ €&+ pu=w-vy for some w € W(sp(n))

Then

p= =€
Write py(ry = p(A*(I(7))). We note that the above conclusion is equivalent to

AAT(U(m));y + € = pimy Y — Pumy) = {7 — i)

in terms of our definition in §3.3 for a pair [(7) C sp(n).

Assuming this lemma for a while, we verify (6.5.4)(a).

Proof of (6.5.4)(a). Set v = A+ py as in §6.5.

(v7)
biyreqre Orte

=Py (d(P(x) 1 Sp(n))(0x+¢) © End(F(g, —€))

=P, ) (Ind(P(r) 1 Sp(n) (946 @ End(F (g, ~€)))) .

As the above Lemma(6.8.1) assures that

A((Y 4+ € = pimys ¥ + €= pum)) > (Y = iy Y — Pi()))

:{(7 — Pix) Y — P[(n))}

for [(m) @r C C sp(n,C) @r C, the last Harish-Chandra bimodule is isomorphic to

Ind(P(r) 1 Sp(n))(oy) = Cy (cf. Lemma(3.4.1)(2)). Hence (6.5.4)(a). O

Lemma(6.8.1) is deduced from the following two elementary claims.
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Claim 6.8.2. Let v = (71,...,Vn), £ = LY @ 0"~ € Z" satisfy v, > 0 for any k and

L > 0. Let p € Z™ be a weight of F(Sp(n), —¢). Assume that

(6.8.3) Yy+HE+p=w vy

for some w, an element of the Weyl group W (sp(n)) ~ &,, X Zy". Then the following

holds.

(6.8.4)(a) —L<pur<0 foranyk (1<k<n).
(6.8.4)(b) iuk = —NL.

(6.8.4)(c) (6.8.3) I;u:)llds for some w € &,,.
(6.8.4)(d) IFN+1<k<nand~y < lg}iSnN 74, then py = 0.

Proof. As every weight of F'(Sp(n), —¢€) lies in the convex hull of the extremal weights,

we have

(6.8.5) —Lmin(N,#I) <Y p; < Lmin(N, #I),
jel

for any subset I C {1,...,n}. In particular, applying the above inequality to I =

{1,...,n}, we have

(r+Ee+me =Y w+NL+> =Y w+NL-NL=Y .
k=1 k=1 k=1 k=1 k=1
On the other hand, since v, > 0 for any k, we have

n
Z’Y+€+Mk—zw 7k<27k7
k=1 k=1

from (6.8.3). Thus the both sides must be equal, so that we have (6.8.4)(b),(c). Now

(6.8.4)(a) follows from (6.8.4)(b) by applying (6.8.5) to I = {1,...,n}\{k} and I = {k}.
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It remains to check (6.8.4)(d). From (6.8.4)(a), we have

Vit Lt+p; >y f1<j<N,
(v +&+n); =
Vi + kg < fN+1<j<n

Fix k such that v, < . gignNyj. Then

{Js1<i<n (v+&+n); >}
={1,2,...,N}U{j; N+1<j<n,(v+u); >}
c{1,2,...,N}U{j; N+1<j<n,v >}

={j;1<j<n, 7% >m}

Since v + £ + p is a permutation of v ((6.8.4)(c)), both sets must coincide. Thus we

have

Vi =V = M=k

for any j with N + 1 < j < n. Therefore if we assume moreover N + 1 < k < n, then

we have v + pur > v, by taking j = k. Hence pux = 0 from (6.8.4)(a). O

Claim 6.8.6. Suppose we are in the setting of Claim(6.8.2) with the same hypotheses.
Set J :=A{k; v > 121i<rlN7j} and J' :={k; N+1<k<n, k¢ J}. Assume moreover
<<

that

(6.8.7) min 4; > min p;,

jed jed’
If J' is not empty, then yu = —¢€.
Proof. First we show that u; =0 (N +1 < j <n)if J' # 0. Indeed, ; = 0 when
j € J by (6.8.4)(d). If J' # 0, this implies p; = 0 (j € J) because of (6.8.4)(a) and

(6.8.7). Therefore p; =0 for j e JUJ ={N+1,N+2,...,n}. Now (6.8.4)(a),(b)

determines y; = —L. [
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6.9. verification of (6.5.4)(b)

Retain notations in §6.7. Set

Proof of (6.5.4)(b). Define the partition 7 of n by
7= (n(1),...,n(s), Ay — 1,1mE+D)Y,

and associate a parabolic subgroup P(7) of Sp(n) (Definition(6.6.2)) with the Levi

factor

(H G, ) x GL(A; — 1) x GL(1)™+1),

Here G; ~ GL(n(j)) stands for the obvious j-th block of L(7). Set

s {Ind( P(1) NGyt G (AD] @ [A]™D @ [vD]) (j=1)
CJ .

Ind(P(m) N G; 1 G;)([A4,]"D) @ ) (2<j<s).

Then appealing to induction by stages, we have
€ = 1ud(P() 1 Sp(n) ( &,0) © W] (A7)

As C’/(\j ) is an irreducible bimodule for G ; due to Barbasch and Vogan ([30] Proposition

12.2), each Harish-Chandra bimodule map for G;

U(g1)/ IO, Ay, ... Ay, D) = OV

U(g;)/I(A,..., Aj, ) = CY) (2<j<s)

is surjective. From Theorem 5.5 of [33] combined with the exactness of the functor

Ind(P(7) 1 Sp(n)), the bimodule map

U(sp(n))/1(7) = Cx
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is also surjective (v is defined in (6.3.2)(a)). Therefore C) is generated by a unique (up

to scalar) Sp(n)-fixed vector as a Harish-Chandra bimodule for Sp(n).

The similar argument is available for A + £&. More precisely, one should replace 7 by
its refinement according to n(l) = N + (m(1) + Ag — A1). Thus we have shown the

condition (6.5.4)(b). O

6.10. verification of (6.5.4)(c)

Retain notations in Theorem(6.3.1) and §6.6-7. Suppose we are in the setting of

(6.7.1-4). Define another ordered partition of n = N +r + [ by

= (N, 1™V 1mETD A~ Ay, Ay — Agy)

=(N,1",Ag — Ay, .., As — Agyq),

a permutation of 7 (Definition(6.7.5)). We define a Harish-Chandra bimodule for L(7")

by

1 1

(0" = D)@ (& [4,]"D) ® (© P9)),

Jj=1 Jj=1

and a Harish-Chandra bimodule for Sp(n) by

(C")x :=Ind(P(x’) 1 Sp(n))((c")x)-
We will construct Harish-Chandra bimodule maps for Sp(n):
(6.10.1) Cx = (C)a
(6.10.2) (Cx — R, (I: g)
that are non-zero on Sp(n)-fixed vectors.
As for the first map (6.10.1), it is proved on GL(n) level. In fact, put
5= (WO ATD M AT 4,() st AmETDY e e,

= (tA(O),AT(l)’ o ,Agn(s)’Ag_(iJrl)’ty(l)’ o ,ty(s)’ty(s—l—l)) cCn,
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Then there is a commutative diagram of intertwining operators between Harish-Chandra

bimodules (see Definition(6.6.2)):

Ind(B 1t GL(n))(R5(h : h)) —— Ind(B 1T GL(n))(R5(h:h))
U U
Ind(P(n) t GL(n))(0y) —— Ind(P(r') 1 GL(n))((o")»).

The point here is that these horizontal maps are non-zero on GL(n)-fixed vectors ([28]
Chapter 4, see also [30] Theorem 11.5). By inducing it to Sp(n), the induced Harish-

Chandra bimodule map

Oy ~ Ind(P((n)) 1 Sp(n)) Ind(P(r) + GL(n))(oy)

= (C')x = Ind(P((n)) 1 Sp(n)) Ind(P(x") 1 GL(n))((c")x)

is non-zero on the Sp(n)-fixed vector.

As for the second map (6.10.2) we use induction by stages according to
L(r") C L¢ := GL(N) x GL(1)" x Sp(l) € Sp(n).
Then the desired result is obtained from the corresponding one for L¢, that is,
Ind(P (") N Le 1 Le)((0")x) = Ry(1:1)
is a surjective Harish-Chandra bimodule map for L¢.

The argument for A + £ is quite similar.

6.11. proof of Corollary(6.4.1)

Suppose we are in the setting of Corollary(6.4.1). Define the parabolic subalgebra

q=I[+uof gsuchthat q Cp, h ClCmand [~ gl(n) ®gl(1)" ™ @ sp(l).
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We proceed by induction on n. Put g’ := gl(n1) @ sp(n —nq), s’ :=dim(nneng’).
We will show that R;(C,) is irreducible as U(g)-module assuming the irreducibility in
the sp(n — nq) case. If 7,, > [, then v is weakly good with respect to p + g’ C g and
so the inductive assumption assures that (R§)" (Cy) ~ (Rgﬂl,)s—s, ((Rg%g,)s, (Cy))
is irreducible (or zero) (Fact(1.4.1)(1), Lemma(3.2.1)). Thus we shall concentrate on

the case where v, <.

First recall that our assumption on v = A\ + p,,, implies that v is in the weakly fair
range with respect to both ¢ C g and p C g. We have a surjective Harish-Chandra

bimodule map for Mc (cf. (6.6.1)):
Ind(Mc N Qc T Mc) (Ry(I: 1)) = R,(m:m).

Applying the exact functor Ind(Pr 1 G¢) with trivial n action, we have a surjective

Harish-Chandra bimodule map for G¢:
R,(l:g) = Ry(m:g).

Here we used R, (I : g) ~ Ind(Pc 1 Gc¢)Ind(Mc N Qc T Mc) (R,(I:1)). Thus the

U(g)-action on R;(Cy) factors through algebra homomorphisms

U(g) = Ry(l:g) » Ry(m: g).

Now we apply Theorem(6.3.1) to r = na+---+ng, N =n; and M = Ry (Cxy¢). (As
7 is a 3(m)-infinitesimal character of a one dimensional representation, ~y is of the form
(6.3.2)(a) with (6.3.2)(b).) Choose § as in Theorem(6.3.1), then Ry (Cy¢) is irreducible

by the inductive assumption as we saw, in the case 7,, > [. Therefore if we show

(6.11.1) U1 eRp(Care) = Ry (Ch),

then we are done. From Lemma(3.4.1)(2), it suffices to show

,U::—f,
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if p € h* ~ C" is a weight in F(Sp(n), —&) satisfying

 is dominant for A™*(m,b),

y+E+pu=w-7y for some w € W(sp(n))

This is derived from Lemma(6.8.1) by the following observation: With notation in

Lemma(6.8.1), reorder 7, v as

. (N, 1m(1)+...+m(s)+m(s+1),A0 — A, A1 —Ag A — 1),

v = ()\(0),)\1, D WO ON V(S+1)).

The same statement for 7', [(7’) as in Lemma(6.8.1) holds (use an inner automorphism
of Sp(n)) and its assumption is satisfied under (6.11.2) because [(7') C m. (Recall that
(W, @ w0yt s a grouping of (1,1 —1,...,2,1).) Hence (6.11.1) holds and

Corollary(6.4.1) is proved.
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7. Proof of vanishing results outside the fair range

This section is devoted to Part(2) of Theorems 1 and 2 (see §2): the vanishing
result, when j # S = dim(u N ¢), for the derived functor modules RZ,(CA) with small
parameter A such that C) lies outside the fair range. When G = SOy (p, q), the condition
(2.6.2) implies that Cy (resp. Cy/) lies in the weakly fair range with respect to q (resp.
q'). Then Part(2) of Theorem 3 is a direct consequence of Fact(1.4.2)(1-a). When
G = U(p,q), we can apply Lemma(3.4.1)(2) and Fact(1.4.2)(1-a). This is fairly easy
and we shall give a preliminary Lemma(7.1.1). The rest of this section (§7.2-4) will be
devoted to the case G = Sp(p, q). The non-trivial part there is only the crossing of the

wall A\, = 0.

7.1. proof in complex case

When G = U(p, q), the iteration of the following lemma and Lemma(3.4.1)(2) reduces

the vanishing of R‘Z,((C A) (j # S) under the condition (2.4.2) to that under the condition
AML>A > > A >Q 2> Ag1 2 > Ay
Similarly, this is then reduced to the vanishing under the condition
AM>A > > A >0Q>—Q > g1 > > Ay,

Now the vanishing of RJ(Cy) (j # S) in this last case is well known (see Fact(1.4.1)(1-a)

or Fact(1.4.2)(1-a)). So it suffices to show

Lemma(7.1.1). Let G = U(p,q) and q = q(r,s) = [+ u (r + s < p) be a 0-stable

parabolic subalgebra. Retain notations as in §2.3. Let A = (A1,...,Apqs) € t*. Fix
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i(l1<i<r+s)andset N := X+ f; € t*. Assume

(7.1.2)(a) X > Q.

(7.1.2)(b) AjF#XNi+1forany j(1<j<r+s).

Then A(XN > X) = {\} (see §3.3 for definition).

r+s
N,
Proof. Fix a positive system A1 ([,h) so that p; = (0,...,0,Q,Q — 1,...,—Q). We

shall prove A(AT([,H); X > A) = {A}. (Then we tell a fortiori A(AT([,h); N > N) is
independent of a particular choice of AT ([, ). This is the reason why we omit A™ ([, h)

in the statement of Lemma(7.1.1).)

Suppose = ({1, .-, fptq) € AATIH); N > A). As p— X is a weight of a p +
q dimensional representation F(gl(p+ ¢q,C),—f;) = F(gl(p+ ¢q,C),—f1), we can find

k(1 <k < p+ q) such that
(7.1.3) n= N —fe=X+fi— fr

Thus  — X is dominant for AT (I,h) if 1 <k<r+sork=p+gq.

Let us observe that k # p + ¢. If u were to be A + f; — fp+q, then (7.1.2)(a) and

(7.1.3) would imply

#is (w+p)j=-Q -1} =#{j; A +p); = -Q -1} +1,

contradicting to the fact that u+ pr € Sppq- (A + pr). Therefore we have 1 < k <r+s
and g = A+ fi — fr € t*. Then p+ pr € Sppq - (A + pr) implies p € S,45 - A\. Now

(7.1.2)(b) assures k =i and p = A+ f; — fi = A. Hence A(AT(,h); N > A)={\}. O

7.2. vanishing result in quaternionic case

The rest of this section will be devoted to proving Theorem 1 (2). That is,
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Theorem 7.2.1. Let G = Sp(p,q) and fix an integer r (1 <r <p). Set Q :=p+q—r
and let q¢ = q(r) be a @-stable parabolic subalgebra as in §2.1. Retain the notation

there. If A = (A1,...,\.) € Z" C t* satisfies
(722) )\1 > )\2 > 2 >\T71 > |)\7“|7 )\7“ > _Qa
then Rg(C,\) =0 for any j # S.

Remark 7.2.3. The assumption A\, > —@Q in (7.2.2) is crucial. In fact, it does happen
that RZ~4(Cy) # 0 (i = 0,1) when A, < —Q. (I checked this when p = r by using

Vogan’s U, calculus.)

7.3. maximal parabolic case

First we prove Theorem 7.2.1 in the case where » = 1 so that q is a maximal parabolic

subalgebra in g. This is a main part in the proof.
Lemma 7.3.1. Theorem(7.2.1) holds when r = 1.

Proof. We write A\(n) :=n € t* =~ C for n € Z. Then C,(,) is in the weakly fair range
iff n > 0. Because of the vanishing theorem, R} (C A(n)) =0 (j #5), in the weakly fair
range (Fact(1.4.2)(1-a)), we should concentrate our attention on 0 > n > —@Q. Then

thanks to Lemma(3.4.1), it suffices to treat only the case where n = —1 because
AN A(—=i—1)) ={N—-i—-1)} (—1>i>-Q+1).

(See §3.3 for notation.) Let us prove the vanishing result for A = A(—1). For this, we
apply Lemma(3.4.1)(3-a,b) and Claim(3.4.7). But we give a little detailed explanation

of it for the benefit of the reader. First observe that

(7.3.2)(a) A A1) > A(0)) = AAM=1) > M0)) = {AM0)},

(7.3.2)(b) A(M0) 5 A(1)) = A (M0) > A(~1)) = AL A1)},
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and that Rg(CA(l)) = Rg(CA(O)) =0 for j # S. From (7.3.2)(a), we have

WOTRICrw)) =R (Cro)),

" | |
AN (RE(Ca(-1))) = RI(Cro))-

Applying Claim(3.4.7) with F = F(Sp(p,q), A(1)) (=~ C?*P729)  we have a filtration of
g-modules:

{O}ZFQCF1CF2CF3:F

such that Fy ~ Cy, Fo/F1 ~ 1 X F(Sp(p —1,q),(1,0,...,0)) and F/F; ~ Cy_y).
From (7.3.2)(b) and Lemma(3.4.1)(3-b)’, we have a long exact sequence of (g, K)-

modules:

_ A(1
0 = RETH(Cx(—1)) = RS (Car)) = Ug) 14 (RS (Ca)) = RE(Ca(—1)) = 0,

and RZ,(C,\(_U) = 0 for j # S —1,5. Since R7(Cy(1)) is (nonzero) irreducible by

Corollary(6.4.1), we have either
REHCx—1)) =0,

or

REHCr—1)) = RS (Cry)-

But the latter case is impossible. Indeed, applying 1/};((%)1/6 [[ = wi‘go_);;i‘p[ to the latter
(false) isomorphism, we would have Rqs_l(C,\(O)) = Rf((CA(O)). Since Cy(g) is in the
weakly fair range, we have Rqs_l((CA(o)) = 0, while Rf(CMO)) # 0 by Corollary(4.3.6).
This is a contradiction. Therefore Rﬁ,(@ A(-1)) = 0 for all j # S. This completes the

proof. [J

7.4. general parabolic case
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Proof of Theorem(7.2.1). Fix A = (A1, ..., \) satisfying (7.2.2). The spectral sequence

of induction by stages (Lemma(3.2.1)) corresponding to

L:=T xSplp—r,q) CM:=T""xSp(p—r+1,q) CG=Spp,q)
collapses to
(141 (RE) (REw) (€)= Ry (€0,

from the vanishing result Lemma(7.3.1) applied to a maximal parabolic subalgebra
gimCmand Q= (p—r+1)+q—1=p+q—r. Here 8’ =dim(unN€tnm). Take a

weight p = (p1,.. ., fr—1,Ar) € Z" C t* such that

1 > 2 > > e > max(|A], Q).

Since RS

anm(Cp) is in the good range with respect to q(r—1) C g, we have RI(CL) =0

for j # S. We can easily find a sequence A% =y, A\ ... X\(") = X so that
A(Au—l) M@) = {2\ for i=1,2,...,n.

Hence an inductive argument shows RZ,((C A) =0 for all j # S from Lemma(3.4.1). O
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8. Proof of the inequivalence results

In this section we shall show the results on pairwise inequivalence among Rqs (Ca)’s,
i.e. Part (4) of the Theorems in §2. Our method is based on the K-spectrum calculated
in §4. In view of the 3(g)-infinitesimal characters, the non-trivial cases are when G =

Sp(p, q) or when G = SOq(p, q) with p = 2r.

8.1. quarternionic case

Suppose we are in the setting of §2.2. It suffices to compare the modules with the
same 3(g)-infinitesimal character to prove Part (4) of Theorem 1. That is, we must

show:

Proposition 8.1.1. Let G = Sp(p,q) and fix an integer r (1 < r < p). Retain the

notation in §2.1. Let A = (A1,..., A\p—1,\) € Z" C t* satisfy

AL > Ao > o> A1 > A >0,
(8.1.2)
Ar—2q>Q+1=p+q—7r+1) whenr > 2q.

If we set ' = (A1,...,A\r—1,—A), then Rf(@,\) * RE(C,\/) as a (g, K)-module.

Proof. Let I (0 <1 <r —1) be an integer such that A; > Q > X\;11. We may assume
A >> Q sothat Ay —p+qg+1—1 2> 0. We may also assume ) > \,.. This is
possible because the general statement is derived from the corresponding one in this
special case by reduction to absurdity (use the translation principle). In our present
situation, R%(Cx) = RE(Cx) = 0 when i # S by Theorem(7.2.1). Hence, it suffices

to find p € t* such that M(q,\, u) # M(q,\, ) (see §4.1 for notation). We define
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b, b/ € Z" by (4.3.1) and k, k' € N by (4.3.4) corresponding to A\, X’ respectively. Set

d=(by,...,b,0,...,0), 6" = (b},...,b,,,0,...,0) € Z". Let us show
M(q,\,8") < M(q,X,d").

As by = \j—p+q+1—1 > 0 from our assumption, we have k, k" > land Q > Apy1, Ay

respectively. We divide now into two cases according as 6 = ¢’ or not.

(I) 6 #4"
In this case we have >, 0/ < >0, 4; = Zle b;. Hence, M(q,)\,0') = 0 <
M(q, )\, ¢") from Proposition(4.3.2)(2)-(3) (see also Remark(4.3.5)).

(I) 0 =4"
In this case we have & = k’. Combining Proposition(4.3.2)(2) with the explicit

formula of d(n,l;z) in Lemma(4.2.6) and putting P := p — g + 1, then we have

M(q,\,0)  d(2¢,7 —k; =M1 +P,...,— A1+ P,—\. + P)
M(qa/\/’dl) B d(zqar_k;_kk-‘rl +P7"'7_)\T'—1 +P>>\7‘ +P)
2q—r+k
H (j_)‘r+p_Q) H (Aj_Ar)
=1 k+1<j<r
2q—r+k
[T G+a+pr—q II j+A)
j=1 k+1<j<r
< 1.

Hence M(q,\,0") = M(q,\,0) < M(q,N,d"). O

8.2. orthogonal case

Suppose we are in the setting of §2.6 and §4.5. Assume p = 2r and (2.6.3). Put

5= pae :()\14—%—r+1,...,>\r_1+g—1,)\r+g) c ()",

5/ ::/,Ll)\/“,;:()\1—'_%_T+17"'7)\7"*1+g_17_)\7ﬂ_%)E(ti)*’
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Then 6 # ¢’ and

M(q,\,0)=M(q',\N,8") =1
M(q, A\, 6') = M(q', N, 8) =0
This follows from Proposition(4.5.2), but is easy to check directly because py, ), are

A" () dominant in this case. Since Ry 7 (Cy) = Rqs,_j((CA/) = 0 when j # 0, we have

R§(Cy) # RE(Cr).
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