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Abstract

We construct extended Weil representations of unitary groups over finite fields geo-
metrically, and show that they are Shintani lifts for Weil representations.

1 Introduction

Let q be a power of a prime number p. Let n be a positive integer. We define

Un(q) = {g ∈ GLn(Fq2) | g∗g = In},

where g∗ = (aqj,i) for g = (ai,j). Let ℓ ̸= p be a prime number. Let ψ be a non-trivial character

of Fq,+ = {x ∈ Fq2 | xq + x = 0} over Qℓ. A Weil representation of a unitary group Un(q)
associated to ψ is constructed in [2], which we denote by ρUn(q),ψ. Let m be a positive odd
integer.

In this paper, we investigate the behavior of ρUn(q),ψ via Shintani lifting from Fq to Fqm .
Let Γ be a cyclic group of order m with generator σ. Let F : Un(q

m) → Un(q
m); g 7→

(tgτ )−1, where τ((ai,j)) = (aqi,j). Let σ act on Un(q
m) as F . We consider the semidirect

group Un(q
m) ⋊ Γ. In [4], Gyoja defines a norm map from the set of Un(q

m)-conjugacy
classes in Un(q

m)σ to the set of conjugacy classes in Un(q), which is denoted by N. We set

ψm = ψ ◦ TrFq2m/Fq2
: Fqm,+ → Q×

ℓ .

Theorem. There is a unique extension ρ̃Un(qm),ψm of ρUn(qm),ψm to Un(q
m)⋊ Γ such that

tr ρ̃Un(qm),ψm(g, σ) = tr ρUn(q),ψ(N(g, σ))

for any g ∈ Un(q
m).

This is a version of [5, Theorem in §1] in unitary cases. Similarly to [5, Theorem 4.1], we
actually show a stronger equality. Namely, we show a similar equality for Heisenberg–Weil
representations and more general norm maps. See Theorem 7.1 for the precise statement.
As mentioned in [5, §1], the arguments in [5] work also in unitary cases. In this paper, we
use an inductive argument similar to that in [5], but replace some ingredients in the proof
with geometric inputs: In [5], an extended Weil representation is constructed based on the
Schrödinger model of a Weil representation. On the other hand, we construct ρ̃Un(qm),ψm in a
geometric way and study the representation by geometric tools.
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In [6, Theorem 2.5], it is known that the representation ρUn(qm),ψm is realized in the ψm-
isotypic part of the middle ℓ-adic cohomology of the smooth affine variety over Fq2 defined
by

zq
m

+ z =
n∑
i=1

xq
m+1
i

in An+1
Fq2

. In order to extend this representation to Un(q
m) ⋊ Γ, we use the Frobenius action

over Fq2 . A merit in our geometric construction is that the the action of the cyclic group Γ in
the Shintani lift appears very naturally from the rationality of the above variety. We believe
that this gives a new insight on the relation between liftings of representations and geometry.

We briefly explain the content of each section. In §2, we collect several known facts
on Gyoja’s norm map. In §3, we recall unitary Heisenberg–Weil representations. In §4,
we construct an extension ρ̃HUn(qm),ψm of a Heisenberg–Weil representation geometrically and
show Theorem 7.1 when n = 1 in Proposition 4.5. In §5, we study the behavior of ρ̃HUn(qm),ψm

restricted to several subgroups. In §6, we study the support of the trace of ρ̃HUn(qm),ψm . In
§7, we state our main theorem. Under the knowledges in §5–§6, we reduce Theorem 7.1 to a
special case in Lemma 8.3 in §8. By using the character formula of a tensor induction in [3],
we show Theorem 7.1 in the special case in §9.

Notation

• Let q be a power of a prime number p.

• Let Fq be an algebraic closure of Fq. For a scheme X over Fq and an endomorphism F
of XFq

, let

XF = {x ∈ X(Fq) | F (x) = x}.

• For a positive integerm, let Frqm denote the geometric Frobenius element of Gal(Fq/Fqm)
given by Fq → Fq; x 7→ xq

−m
.

• Let ℓ be a prime number different from p.

• For an abelian group A, let A∨ = HomZ(A,Q
×
ℓ ).

• For a representation W over Qℓ of an abelian group A and χ ∈ A∨, let W [χ] denote
the χ-isotypic part of W .

2 Norm map

We follow [5, §3] and [4, §3]. Let G be a connected algebraic group over Fq with Frobenius
endomorphism F . Let m be a positive integer. We put G = GFm

.
Let Γ be a cyclic group of order m with a generator σ. Let σ act on G as F . We consider

the semidirect group G⋊ Γ. Let 1 ≤ i ≤ m be an integer. We set d = (m, i). We choose an
integer t such that ti ≡ d (mod m). We set µ = m/d. For g ∈ G, we can choose

α = α(g) ∈ G(Fq)

such that
α−1F d(α) = (g, σi)t(1, σ−it)
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by Lang’s theorem. We put

Ni,t(g, σ
i) = αgF i(g) · · ·F i(µ−1)(g)α−1.

The element Ni,t(g, σ
i) does belong to GF i

. Its conjugacy class does not depend on the choice
of α. By [4, Lemma 3.2(1)], Ni,t induces a bijection from the set of G-conjugacy classes in

Gσi to the set of conjugacy classes in GF i
. The norm map is originally defined in [10] in the

case where i = t = 1 and generalized in [8].
Let C be an algebraically closed field of characteristic 0. Let C(Gσi) denote the vector

space of C-valued functions on Gσi which are invariant under conjugation by G. For a finite
group H, let C(H) denote the set of C-valued class functions on H. Then we have the
bijection

Ni,t : C(GF i

) → C(Gσi); χ 7→ χ ◦ Ni,t.

This induces the bijection
C(GF i

)F
∼−→ C(Gσi)σ

by [4, Lemma 3.2(2)], where σ acts on Gσi by the conjugation. Note that GF i
= GF d

.

Lemma 2.1. Let H be a connected algebraic subgroup of G defined over Fq, and G1,G2 two
connected algebraic groups over Fq with Frobenius endomorphisms F . Let H = HFm

and
Gj = GFm

j for j = 1, 2.

(1) Let χ̃ ∈ C(H ⋊ Γ), and take χ ∈ C(HF i
)F such that χ̃|Hσi = Ni,t(χ). Then we have

(IndG⋊Γ
H⋊Γχ̃)|Gσi = Ni,t(Ind

GFi

HFiχ).

(2) Let χ̃ ∈ C(G⋊ Γ), and take χ ∈ C(GF i
)F such that χ̃|Gσi = Ni,t(χ). Then we have

(χ̃|H⋊Γ)|Hσi = Ni,t(χ|HFi ).

(3) Assume that H is a normal algebraic subgroup of G. We identify G/H with (G/H)F
m
.

Let χ̃ ∈ C((G/H)⋊ Γ), and take χ ∈ C((G/H)F
i
)F such that χ̃|(G/H)σi = Ni,t(χ). Let

p′ : G⋊ Γ → (G/H)⋊ Γ, p : GF i → (G/H)F
i

be the canonical projections. Then we have

(χ̃ ◦ p′)|Gσi = Ni,t(χ ◦ p).

(4) Let χ̃j ∈ C(Gj ⋊ Γ) for j = 1, 2, and take χj ∈ C(GF i

j )F such that χ̃j|Gjσi = Ni,t(χj).
Then we have

(χ̃1 × χ̃2)|(G1×G2)σi = Ni,t(χ1 × χ2),

where (G1 ×G2)σ
i is identified with{(

(g1, σ
i), (g2, σ

i)
)
∈ (G1 ⋊ Γ)× (G2 ⋊ Γ)

∣∣ g1 ∈ G1, g2 ∈ G2

}
.

Proof. This is proved in [4, Lemma 3.6] if C = C. The same proof works also for a general
C.
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3 Heisenberg–Weil representation

Let V be a vector space over Fq2 with a hermitian form h. In this paper, a hermitian form is
supposed to be sesquilinear on the first coordinate. For the hermitian space (V, h), we define
H(V,h) over Fq as

H(V,h)(R) = {(v, a) ∈ (V ⊗Fq R)× (Fq2 ⊗Fq R) | (Frq⊗ idR)(a) + a = hR(v, v)}

for an Fq-algebra R, where hR is the R-linear extension of h, with the group operation

(v, a)(v′, a′) = (v + v′, a+ a′ + hR(v, v
′)).

We put H(V, h) = H(V,h)(Fq) and call it the unitary Heisenberg group associated to (V, h).
Assume that h is nondegenerate in the sequel. Let U(V,h) be the unitary algebraic group

over Fq defined as

U(V,h)(R)

= {g ∈ AutFq2⊗FqR
(V ⊗Fq R) | hR(gv1, gv2) = hR(v1, v2) for v1, v2 ∈ V ⊗Fq R}

for an Fq-algebra R, with an action on H(V,h) defined by (v, a) 7→ (gv, a) for (v, a) ∈ H(V,h)(R)
and g ∈ U(V,h)(R). We put

HU(V,h) = H(V,h) ⋊U(V,h).

Further we put
U(V, h) = U(V,h)(Fq), HU(V, h) = HU(V,h)(Fq).

We simply writeHV ,UV andHUV forH(V,h),U(V,h) andHU(V,h) if it is clear which hermitian
form is involved.

For a positive integer m, we put

Fqm,+ = {x ∈ Fq | xq
m

+ x = 0}.

Let ψ ∈ F∨
q,+\{1}. Let ρH(V,h),ψ denote the unique irreducible representation of H(V, h) whose

restriction to the center Z(V, h) contains ψ. We put n = dimFq2
V . Then ρH(V,h),ψ|Z(V,h) ≃

ψ⊕qn . The following is shown in [2] and stated in [6, Lemma 2.2].

Lemma 3.1. There exists a unique representation ρHU(V,h),ψ of HU(V, h) characterized by

• an isomorphism ρHU(V,h),ψ|H(V,h) ≃ ρH(V,h),ψ, and

• the equality tr ρHU(V,h),ψ(g) = (−1)n(−q)N(g) for g ∈ U(V, h), where

N(g) = dimFq2
ker(g − idV ).

We call ρHU(V,h),ψ the Heisenberg–Weil representation of HU(V, h) associated to ψ. The
restriction of ρHU(V,h),ψ to the subgroup U(V, h) is called the Weil representation of U(V, h)
associated to ψ.

Let

hn : Fnq2 × Fnq2 → Fq2 ; ((x1, . . . , xn), (x
′
1, . . . , x

′
n)) 7→

n∑
i=1

xqix
′
i.

Any nondegenerate hermitian space (V, h) of dimension n is isometric to (Fnq2 , hn). We simply
write Hn(q), Un(q) and HUn(q) for H(Fnq2 , hn), U(F

n
q2 , hn) and HU(Fnq2 , hn), respectively.
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4 Geometric construction

We give a geometric construction of an extended Heisenberg–Weil representation. Let m be
an odd positive integer. We consider the smooth affine variety over Fq2 defined by

zq
m

+ z =
n∑
i=1

xq
m+1
i

in An+1
Fq2

, which is denoted by Xm,n. The group HUn(q
m) acts on Xm,n,Fq2m

by

((xi), z) 7→ (g(xi), z) for g ∈ Un(q
m),

((xi), z) 7→ ((xi) + v, z + a+ hn(v, (xi))) for (v, a) ∈ Hn(q
m).

Let HUn(q
m) act on Hn

c (Xm,n,Fq
,Qℓ) by letting g ∈ HUn(q

m) act as (g−1)∗.

Let ν : Gal(Fq/Fq2) → Q×
ℓ be the character which sends the geometric Frobenius element

Frq2 to −q−1. Let ψ ∈ F∨
q,+ \{1}. The restriction of the trace map TrFq2m/Fq2

to Fqm,+ induces
TrFq2m/Fq2

: Fqm,+ → Fq,+. We set

ψm = ψ ◦ TrFq2m/Fq2
∈ F∨

qm,+.

The Frobenius endomorphism F of the algebraic group HU(Fn
q2
,hn) over Fq induces an

automorphism of HUn(q
m), for which we use the same symbol F . Viewing HUn(q

m) as a
subset of Fnq2m × Fq2m × GLn(Fq2m) naturally, the coordinatewise q-th power map on Fnq2m ×
Fq2m × GLn(Fq2m) induces an automorphism τ of HUn(q

m). Then we have F 2 = τ 2 by the
definitions. Hence we have F = Fm+1 = τm+1 as an automorphism of HUn(q

m) because
HUn(q

m) = HUFm

(Fn
q2
,hn) and m is odd.

We regard Hn
c (Xm,n,Fq

,Qℓ) as a Gal(Fq/Fq2)-representation as usual. By [1, Rapport

(1.8.1)], the action of Frq2 on Hn
c (Xm,n,Fq

,Qℓ) is equal to the pullback under the q2-nd power

Frobenius endomorphism FX of Xm,n over Fq2 . Let Gal(Fq/Fq2) act on HUn(q
m) by letting

Frq2 act as F−2, since we have

F ∗
X(g

−1)∗ = (g−1FX)
∗ = (FXF

−2(g)−1)∗ = (F−2(g)−1)∗F ∗
X .

We regard
Hn

c (Xm,n,Fq
,Qℓ)[ψm]⊗ νn

as an HUn(q
m)⋊Gal(Fq/Fq2)-representation, which we denote by ρ̃HUn(qm),ψm .

Lemma 4.1 ([6, Theorem 2.5]). We have H i
c(Xm,n,Fq

,Qℓ)[ψm] = 0 for i ̸= n. The restriction
of ρ̃HUn(qm),ψm to HUn(q

m) is isomorphic to ρHUn(qm),ψm.

Lemma 4.2. (1) The geometric Frobenius element Frq2 acts on

H1
c (X1,1,Fq

,Qℓ)[ψ]

as scalar multiplication by −q.

(2) We have ρ̃HUn(qm),ψm(Frq2m) = 1.

5



Proof. By Lemma 4.1, we have H i
c(X1,1,Fq

,Qℓ)[ψ] = 0 for i ̸= 1. Hence we have

Tr(Frq2 ;H
1
c (X1,1,Fq

,Qℓ)[ψ]) = −q−1
∑
η∈Fq,+

ψ(η) Tr((−η)Frq2 ;H∗
c (X1,1,Fq

,Qℓ)).

By the Lefschetz fixed point formula, we have

Tr((−η)Frq2 ;H∗
c (X1,1,Fq

,Qℓ)) = ♯{(x, z) ∈ X1,1(Fq) | xq
2

= x, zq
2 − η = z}

=

{
q3 if η = 0,

0 otherwise.

Thus we obtain
Tr(Frq2 ;H

1
c (X1,1,Fq

,Qℓ)[ψ]) = −q2. (4.1)

The action of Frq2 commutes with the one of H1(q). Since H
1
c (X1,1,Fq

,Qℓ)[ψ] is an irreducible
H1(q)-representation by Lemma 4.1, Frq2 acts on it as scalar multiplication by Schur’s lemma.
Hence the first claim follows from (4.1), because dimH1

c (X1,1,Fq
,Qℓ)[ψ] = q by Lemma 4.1.

We show the second claim. By the first assertion and the Künneth formula, Frq2m acts on
Hn

c (Xm,n,Fq
,Qℓ)[ψ] as scalar multiplication by (−1)nqmn. We have νn(Frq2m) = (−1)mnq−mn.

Since m is odd, the claim follows.

We set Γ = Gal(Fq2m/Fq2). By Lemma 4.2 (2), we can regard ρ̃HUn(qm),ψm as an HUn(q
m)⋊

Γ-representation. This is an extension of ρHUn(qm),ψm to HUn(q
m) ⋊ Γ by Lemma 4.1. The

restriction of ρ̃HUn(qm),ψm to the subgroup Un(q
m)⋊ Γ is denoted by ρ̃Un(qm),ψm as in §1. We

put

σ = Fr
m−1

2

q2 .

Then σ is the generator of Γ acting on HUn(q
m) as F .

Definition 4.3. Let (V, h) be a nondegenerate hermitian space of dimension n over Fq2. We
take an isometry (V, h) ≃ (Fnq2 , hn). This induces HU(V,h)(Fqm) ⋊ Γ ≃ HUn(q

m) ⋊ Γ. Via
this isomorphism and ρ̃HUn(qm),ψm, we define a representation of HU(V,h)(Fqm)⋊ Γ, which is
denoted by ρ̃HU(V,h)(Fqm ),ψm.

Remark 4.4. The isomorphism class of ρ̃HU(V,h)(Fqm ),ψm is independent of the choice of the
isometry (V, h) ≃ (Fnq2 , hn), since the difference is a conjugation by an element of UV (Fq).

For a positive integer r, let µr =
{
x ∈ Fq | xr = 1

}
.

Proposition 4.5. Let 1 ≤ j ≤ m. We set (j,m) = d. Let ζ ∈ µqm+1.

(1) We have

tr ρ̃HU1(qm),ψm(ζ,Fr
j
q2) =

{
qd if ζ ∈ µ qm+1

qd+1

,

−1 otherwise.

(2) We have

tr ρ̃HU1(qm),ψm(ζ,Fr
j
q2) = tr ρ̃HU1(qd),ψd

(ζ
qm+1

qd+1 ).

(3) We have tr ρ̃HUn(qm),ψm(Fr
j
q2) = qnd.

6



Proof. The third claim follows from the Künneth formula and the first one. The second claim
follows from the first one and Lemma 3.1.

We show the first claim. We consider the curve Xm defined by zq + z = xq
m+1 over Fq2 .

We have the finite étale morphism

Xm,1 → Xm; (x, z) 7→

(
x,

m−1∑
i=0

(−1)izq
i

)
.

The pull-back of this induces

H1
c (Xm,Fq

,Qℓ)[ψ]
∼−→ H1

c (Xm,1,Fq
,Qℓ)[ψm]. (4.2)

Thus
tr ρ̃HU1(qm),ψm(ζ,Fr

j
q2) = (−q−1)j Tr(ζFrjq2 ;H

1
c (Xm,Fq

,Qℓ)[ψ]). (4.3)

In the sequel, we identify U1(q
i) with µqi+1 for any positive integer i. We have an isomorphism

H1
c (Xm,Fq

,Qℓ)[ψ] ≃
⊕

χ∈µ∨qm+1\{1}

χ (4.4)

as µqm+1-representations as in [7, Lemma 2.2]. Let χ ∈ µ∨
qm+1. We have

χq
2j

= χ ⇐⇒ χ|µ qm+1

qd+1

= 1, (4.5)

because of (qm + 1, q2j − 1) = qd + 1. We regard µ∨
qd+1

as a subset of µ∨
qm+1 by the dual of

µqm+1 → µqd+1; x 7→ x
qm+1

qd+1 .

We have the finite morphism

Xm → Xd; (x, z) 7→
(
x

qm+1

qd+1 , z

)
.

Then the image of its pull-back map

H1
c (Xd,Fq

,Qℓ)[ψ] → H1
c (Xm,Fq

,Qℓ)[ψ]

equals
⊕

χ∈µ∨
qd+1

\{1} χ under (4.4). We write as j = dk. We compute

Tr(ζFrjq2 ;H
1
c (Xm,Fq

,Qℓ)[ψ]) = Tr(ζ
qm+1

qd+1 Frkq2d ;H
1
c (Xd,Fq

,Qℓ)[ψ])

= (−qd)k Tr(ζ
qm+1

qd+1 ;H1
c (Xd,Fq

,Qℓ)[ψ])

= (−qd)k
∑

χ∈µ∨
qd+1

\{1}

χ(ζ
qm+1

qd+1 )

=

{
(−1)kqd(k+1) if ζ ∈ µ qm+1

qd+1

,

(−1)k+1qdk otherwise,

where the first equality follows from (4.5) and the second one follows from Lemma 4.2 (1)
since

H1
c (Xd,Fq

,Qℓ)[ψ]
∼−→ H1

c (Xd,1,Fq
,Qℓ)[ψd]

similarly to (4.2). Hence the claim follows from (4.3), since d is odd.
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5 Compatibility

Let (V, h) be a nondegenerate hermitian space over Fq2 of dimension n.

5.1 Orthogonal decomposition

Let (V, h) = (V1, h1)⊕ (V2, h2) be a decomposition of V into the orthogonal direct sum of two
hermitian spaces. Then we have the natural homomorphism

HUV1 ×HUV2 → HUV .

This morphism and the projections induce(
HUV1(Fqm)×HUV2(Fqm)

)
⋊ Γ δ //

i
��

HUV (Fqm)⋊ Γ

(
HUV1(Fqm)⋊ Γ

)
×
(
HUV2(Fqm)⋊ Γ

)
,

(5.1)

where Γ acts on HUV1(Fqm)×HUV2(Fqm) by (h1, h2) 7→ (σ′h1, σ
′h2) for σ

′ ∈ Γ.

Proposition 5.1. The inflation of ρ̃HUV (Fqm ),ψm by δ is isomorphic to the restriction of
ρ̃HUV1

(Fqm ),ψm ⊠ ρ̃HUV2
(Fqm ),ψm by i.

Proof. The claim follows from Definition 4.3 and the Künneth formula.

5.2 Parabolic subgroup

LetW be an isotropic subspace of V andW⊥ be its orthogonal. Let (W0, h0) be the hermitian
spaceW⊥/W with induced hermitian form by h. Let PW be the stabilizer ofW in UV . Then
PW naturally acts on HW⊥ . We have the natural homomorphism HW⊥⋊PW → HUW0 . This
induces the homomorphism

(HW⊥ ⋊PW )(Fqm)⋊ Γ → HUW0(Fqm)⋊ Γ. (5.2)

Proposition 5.2. The restriction of ρ̃HUV (Fqm ),ψm to (HV ⋊PW )(Fqm)⋊ Γ is isomorphic to

Ind
(HV ⋊PW )(Fqm )⋊Γ

(H
W⊥⋊PW )(Fqm )⋊Γρ̃HUW0

(Fqm ),ψm ,

where the inflation of ρ̃HUW0
(Fqm ),ψm via (5.2) is denoted by the same symbol.

Proof. We have tr ρ̃HUV (Fqm ),ψm(σ) = qn by Proposition 4.5 (3). Hence it suffices to check
that the trace of the induced representation at σ is qn by [2, Theorem 3.3(b)]. We see that
the trace equals

|HV (Fq)/HW⊥(Fq)|qn0 = qn,

where n0 = dimW0, by the character formula of an induced representation and Proposition
4.5 (3) (cf. [5, the proof of Proposition 6.2]). Hence we obtain the claim.
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6 Support of trace of extended Weil representation

We have the isomorphism

ι : HU(V,h)(Fqm)⋊ Γ
∼−→ HU(V,−h)(Fqm)⋊ Γ; (v, a, g) 7→ (v,−a, g).

Lemma 6.1. The HU(V,h)(Fqm)⋊ Γ-representation ρ̃HU(V,h)(Fqm ),ψ−1
m

is isomorphic to the in-

flation of ρ̃HU(V,−h)(Fqm ),ψm by ι.

Proof. This follows from Lemma 3.1 and Proposition 4.5 (3).

Let (2V,±h) = (V, h) ⊕ (V,−h) be the orthogonal direct sum. By (5.1), we have the
group homomorphism

δ′ : (HU(V,h)(Fqm)×HU(V,−h)(Fqm))⋊ Γ → HU(2V,±h)(Fqm)⋊ Γ.

Let
∆: HU(V,h)(Fqm)⋊ Γ → HU(2V,±h)(Fqm)⋊ Γ; (g, σ) 7→ δ′(g, ι(g, σ)).

Lemma 6.2. The inflation of ρ̃HU(2V,±h)(Fqm ),ψm by ∆ is isomorphic to the restriction of
ρ̃HU(V,h)(Fqm ),ψm ⊗ ρ̃HU(V,h)(Fqm ),ψ−1

m
.

Proof. The inflation of ρ̃HU(2V,±h)(Fqm ),ψm by δ′ is isomorphic to the restriction of the repre-
sentation

ρ̃HU(V,h)(Fqm ),ψm ⊠ ρ̃HU(V,−h)(Fqm ),ψm

to
(HU(V,h)(Fqm)×HU(V,−h)(Fqm))⋊ Γ

by Proposition 5.1. Hence the claim follows from Lemma 6.1.

Let Z(V,h) be the center of H(V,h). We put ZU(V,h) = Z(V,h) ×U(V,h).

Lemma 6.3. The tensor product ρ̃HU(V,h)(Fqm ),ψm ⊗ ρ̃HU(V,h)(Fqm ),ψ−1
m

is isomorphic to the in-

duction of the trivial character of ZU(V,h)(Fqm)⋊ Γ.

Proof. Take ζ ∈ Fq2 \ {1} such that NrFq2/Fq(ζ) = 1. Let W be the Lagrangian subspace

{(v, ζv) ∈ V ⊕ V } of 2V , which is isotropic via ±h. Note that W⊥ = W . Applying
Proposition 5.2 in this situation, we have W0 = {0}, HUW0(Fqm) ≃ Fqm,+ and ρ̃HUW0

(Fqm ),ψm

is the character
Fqm,+ ⋊ Γ → Q×

ℓ ; (x, σi) 7→ ψm(x).

Let
ψ̃m : (H(W,±h) ⋊PW )(Fqm)⋊ Γ → Q×

ℓ ;
(
(v, ζv), a, g, σi

)
7→ ψm(a).

Then ψ̃m is the inflation of ρ̃HUW0
(Fqm ),ψm via (5.2). Thus Proposition 5.2 gives an isomor-

phism

ρ̃HU(2V,±h)(Fqm ),ψm|(H(2V,±h)⋊PW )(Fqm )⋊Γ ≃ Ind
(H(2V,±h)⋊PW )(Fqm )⋊Γ

(H(W,±h)⋊PW )(Fqm )⋊Γ ψ̃m. (6.1)

The image of ∆ is contained in (H(2V,±h) ⋊PW )(Fqm)⋊ Γ. The map ∆ induces a bijection

(HU(V,h)(Fqm)⋊ Γ)/(ZU(V,h)(Fqm)⋊ Γ)
∼−→

((H(2V,±h) ⋊PW )(Fqm)⋊ Γ)/((H(W,±h) ⋊PW )(Fqm)⋊ Γ).

Inflating (6.1) under ∆, we obtain the claim by Lemma 6.2.
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Remark 6.4. The proof of Lemma 6.3 is slightly different from that of [5, Lemma 7.3] in
the sense that we use {(v, ζv) ∈ V ⊕ V } instead of {(v, v) ∈ V ⊕ V } as W . By this choice,
the bijection at the end of the proof holds and the proof becomes clearer.

Corollary 6.5. The trace of the representation ρ̃HU(V,h)(Fqm ),ψm is zero outside the conjugates
of ZU(V,h)(Fqm)⋊ Γ.

Proof. We take an isomorphism Qℓ ≃ C. Using this isomorphism, we consider ρ̃HU(V,h)(Fqm ),ψm

and ρ̃HU(V,h)(Fqm ),ψ−1
m

as representations over C. First, we show that the representation

ρ̃HU(V,h)(Fqm ),ψ−1
m

is isomorphic to the complex conjugate of ρ̃HU(V,h)(Fqm ),ψm . Clearly ψ−1
m is

equal to the complex conjugate of ψm. Hence ρH(V,h)(Fqm ),ψ−1
m

is isomorphic to the complex

conjugate of ρH(V,h)(Fqm ),ψm . Therefore, we obtain the claim by Lemma 3.1 and Proposition
4.5 (3), since ρ̃HU(V,h)(Fqm ),ψ−1

m
is irreducible as an HU(V,h)(Fqm)-representation.

The required claim follows from this and Lemma 6.3.

7 Main theorem

Let the notation be as in §2.

Theorem 7.1. Let 1 ≤ i ≤ m be an integer. We set d = (m, i). We take an integer t such
that ti ≡ d (mod m). Then there is a unique extension ρ̃HU(V,h)(Fqm ),ψm of ρHU(V,h)(Fqm ),ψm to
HU(V,h)(Fqm)⋊ Γ such that

tr ρ̃HU(V,h)(Fqm ),ψm(g, σ
i) = tr ρ̃HU(V,h)(Fqd

),ψd
(Ni,t(g, σ

i)) (7.1)

for any g ∈ HU(V,h)(Fqm).

In §4, we already know that ρ̃HU(V,h)(Fqm ),ψm in Definition 4.3 is an extension of ρHU(V,h)(Fqm ),ψm .
Since ρHU(V,h)(Fqm ),ψm is irreducible, only one extension can satisfy (7.1). The aim in the rest
of this paper is to prove that the extension ρ̃HU(V,h)(Fqm ),ψm actually satisfies (7.1).

8 Reduction steps

To show Theorem 7.1, we imitate the arguments in [5, §8]. We recall a known fact.

Lemma 8.1. Let g0 ∈ U(V, h). Assume that g0 stabilizes no non-trivial isotropic subspace.
Then g0 is semisimple.

Proof. The claim is stated in [2, proof of Theorem 4.9.2]. We recall a proof here (cf. [5, §8]).
Let g0 = su be the Jordan decomposition in U(V, h). If u ̸= idV , then Im(u− idV )∩Ker(u−
idV ) is a non-trivial isotropic subspace of V stable under g0. Hence the claim follows.

We fix i and t. Changing the base field from Fq to Fqd , we may assume that d = (m, i) = 1
(cf. [5, Remark 3.1 (ii)]). Let g ∈ HU(V,h)(Fqm). We set

g0 = Ni,t(g, σ
i).

If g0 does not belong to ZU(V,h)(Fq), the both sides of (7.1) are 0 by Corollary 6.5. Assume
g ∈ Z(V,h)(Fqm) ≃ Fqm,+. The restriction of ρ̃HU(V,h)(Fqm ),ψm to Z(V,h)(Fqm) is a multiple of ψm.
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Clearly ((m− 1)i/2,m) = 1 by (m, i) = 1. Hence the left hand side of (7.1) equals ψm(g)q
n

by Proposition 4.5 (3) for j = (m− 1)i/2, because σ = Fr
m−1

2

q2 . By the definition of Ni,t and
(m, i) = 1, we have

g0 = gσi(g) · · ·σi(m−1)(g) = TrFq2m/Fq2
(g).

Thus the right hand side of (7.1) is ψ(g0) dim ρ̃HU(V,h),ψ = ψm(g)q
n. Hence we have (7.1) on

Z(V,h)(Fqm) ⋊ Γ. By applying Lemma 2.1 (4) to the product ZU(V,h) = Z(V,h) × U(V,h), we
may assume that g0 ∈ U(V, h).

We show Theorem 7.1 in the case where g0 ∈ U(V, h) by induction on n. The claim for
n = 1 is shown in Proposition 4.5 (2). Assume n > 1. If g0 stabilizes a non-trivial orthogonal
decomposition of (V, h), the claim follows from the induction hypothesis by Lemma 2.1 (4),
and Proposition 5.1. If g0 stabilizes a non-trivial isotropic subspace of V , the claim follows
from the induction hypothesis by Lemma 2.1 (1) and Proposition 5.2.

Now, we may assume that g0 stabilizes no non-trivial isotropic subspace and stabilizes no
non-trivial orthogonal decomposition. By Lemma 8.1, g0 is semisimple. We write s for g0.

We set A = EndFq2
(V ). Let

†h : A→ A; f 7→ f †h

be the adjoint involution associated to h. Namely, we have h(f(x), y) = h(x, f †h(y)) for any
x, y ∈ V . Then we have s†h = s−1 by definition. Hence the involution stabilizes Fq2 [s].

Lemma 8.2. The subalgebra Fq2 [s] ⊂ EndFq2
(V ) is a field.

Proof. Since s is semisimple, we can write as

Fq2 [s] ≃
∏
α∈I

Fα,

where Fα is a field. Let eα be the idempotent in Fq2 [s] associated to Fα. We have a direct
sum

V =
⊕
α∈I

Vα,

where Vα = {v ∈ V | eαv = v}. The subspaces Vα are s-stable. The involution †h gives a
permutation α 7→ α on I, with an isomorphism Fα ≃ Fα.

Assume that I has at least two elements. We take α ∈ I. If α = α, then V is the
orthogonal sum of Vα and

⊕
β ̸=α Vβ as hermitian spaces. Actually, we have

h(xα, xβ) = h(eαxα, xβ) = h(xα, eαxβ) = h(xα, eαxβ) = 0

for any α ̸= β, xα ∈ Vα and xβ ∈ Vβ. Hence V has a non-trivial s-stable orthogonal
decomposition. This contradicts to the assumption.

Assume α ̸= α. Then Vα is a non-trivial s-stable isotropic subspace of V . Actually, we
have

h(xα, x
′
α) = h(eαxα, x

′
α) = h(xα, eαx

′
α) = 0

for any xα, x
′
α ∈ Vα. Again this contradicts to the assumption. Hence I consists of one

element. The claim follows.

We put
E = Fq2 [s] ⊂ A, E+ = E†h .

We regard V as an E-vector space.
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Lemma 8.3. (1) The extension E/E+ is a quadratic extension and [E+ : Fq] is odd.

(2) There exists a nondegenerate hermitian form h̃ : V × V → E such that h = TrE/Fq2
◦h̃.

(3) We have dimE V = 1.

Proof. The first claim follows from that †h on Fq2 is the q-th power map.
Since TrE/Fq2

: E × E → Fq2 is nondegenerate, we can define a nondegenerate hermitian

form h̃ : V × V → E by the condition that

TrE/Fq2
(ah̃(v, v′)) = h(v, av′)

for a ∈ E, v, v′ ∈ V . Hence we obtain the second claim.
The element s ∈ E× acts on V as scalar multiplication. Since s stabilizes no non-trivial

orthogonal decomposition of (V, h̃) as hermitian spaces over E by the assumption, we obtain
the third claim.

9 Proof in the reduced case

We will show Theorem 7.1 in the situation of Lemma 8.3. Note that n is odd and E = Fq2n
by Lemma 8.3. By the natural homomorphism U(V, h̃) ↪→ U(V, h), we obtain

r : HU(V, h̃) → HU(V, h); (v, a, g) 7→ (v,TrE/Fq2
(a), g).

We put ψE = ψ ◦ TrE/Fq2
∈ F∨

qn,+.

Lemma 9.1. (1) The inflation of ρHU(V,h),ψ by r is isomorphic to ρHU(V,h̃),ψE
.

(2) Let s ∈ U(V, h̃). Then we have

tr ρHU(V,h),ψ(s) = tr ρHU(V,h̃),ψE
(s) =

{
qn if s = 1,

−1 otherwise.

Proof. Let r∗ρHU(V,h),ψ denote the inflation of ρHU(V,h),ψ by r. The restriction of r∗ρHU(V,h),ψ

to the center of H(V, h̃) is a multiple of ψE with multiplicity qn. Hence we have

(r∗ρHU(V,h),ψ)|H(V,h̃) ≃ ρH(V,h̃),ψE
.

Therefore the second claim implies the first one. The second claim follows from Lemma 3.1
(cf. [2, Corollary 3.5]).

Let e = (m,n). We put Γe = Gal(Fqe/Fq). For α ∈ Γe, we put

Eα = E ⊗Fqe ,α Fqm , Vα = V ⊗Fqe ,α Fqm ,

where Fqm is regarded as an Fqe-algebra via the composite Fqe
α−→ Fqe ↪→ Fqm . Note that Eα

is isomorphic to Fq2mn/e . We have

E ⊗Fq Fqm
∼−→
∏
α∈Γe

Eα; x⊗ a 7→ (x⊗ a)α,

V ⊗Fq Fqm
∼−→
∏
α∈Γe

Vα; v ⊗ a 7→ (v ⊗ a)α.
(9.1)
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The base change of h̃ for Fqm/Fq induces a hermitian form h̃α : Vα × Vα → Eα. We put

hα = TrEα/Fq2m
◦h̃α,

which is a hermitian form on Vα over Fq2m .
Let (Vm, hm) be the base change of (V, h) for Fqm/Fq. Then (Vm, hm) is isomorphic to the

orthogonal sum
⊕

α(Vα, hα). Hence we have the homomorphisms∏
α∈Γe

HU(Vα, h̃α) ↪→
∏
α∈Γe

HU(Vα, hα) ↪→ HU(Vm, hm) = HU(V,h)(Fqm). (9.2)

We put α0 = idFqe
∈ Γe. We omit the index set Γe in the notation. Let

prα0
:
∏
α

HU(Vα, h̃α) → HU(Vα0 , h̃α0).

be the projection. We consider the homomorphism(∏
α

HU(Vα, h̃α)

)
⋊ ⟨σe⟩

prα0
×id

−−−−→ HU(Vα0 , h̃α0)⋊ ⟨σe⟩, (9.3)

where the left hand side is regarded as a subgroup of
(∏

αHU(Vα, h̃α)
)
⋊ Γ. We put

ψEα = ψ ◦ TrEα/Fq2
∈ F∨

qmn/e,+.

Let R denote the tensor induction to(∏
α

HU(Vα, h̃α)

)
⋊ Γ

of the inflation of ρ̃HU(Vα0 ,h̃α0 ),ψEα0

under (9.3). Here and in the sequel, we identify ⟨σe⟩ =

Gal(Fq2m/Fq2e) with Gal(Fq2mn/e/Fq2n) via the natural isomorphism Fq2m ⊗Fq2e
Fq2n ∼= Fq2mn/e .

We take s′0 ∈ U(Vα0 , h̃α0) with norm s ∈ U(V, h̃). We set

s′ = (s′0, 1, . . . , 1) ∈
∏
α

U(Vα, h̃α).

Recall that we assume (m, i) = 1.

Lemma 9.2. We have

trR(s′, σi) =

{
qn if s = 1,

−1 otherwise.

Proof. The group Γ permutes the factors {Vα}α∈Γe in (9.1) transitively and the stabilizer of
each factor is ⟨σe⟩. Hence by [3, §2],

trR(s′, σi) = tr ρ̃HU(Vα0 ,h̃α0 ),ψEα0

((prα0
× id)(s′, σi)e)

= tr ρ̃HU(Vα0 ,h̃α0 ),ψEα0

(s′0, σ
ie)

(cf. [9, Definitions 10 and 11]). We note s′0
qmn/e+1

qn+1 = s. Thus the claim follows from (m, i) = 1
and Proposition 4.5 (1) with taking (qn,m/e) as (q,m).
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Corollary 9.3. (1) The (
∏

αHU(Vα, h̃α))⋊ Γ-representation R is isomorphic to the infla-
tion of ρ̃HU(V,h)(Fqm ),ψm by the natural homomorphism(∏

α

HU(Vα, h̃α)

)
⋊ Γ → HU(V,h)(Fqm)⋊ Γ.

(2) We have

tr ρ̃HU(V,h)(Fqm ),ψm(s
′, σi) =

{
qn if s = 1,

−1 otherwise.

Proof. By [3, §2], the restriction of R to the subgroup
∏

αHU(Vα, h̃α) is isomorphic to
⊠αρHU(Vα,h̃α),ψEα

. The inflation of ρHU(V,h)(Fqm ),ψm by (9.2) is isomorphic to ⊠αρHU(Vα,h̃α),ψEα

by Proposition 5.1 and Lemma 9.1 (1). By Proposition 4.5 (3), we have

tr ρ̃HU(V,h)(Fqm ),ψm(σ) = qn.

Since σ is a generator of Γ, the first claim follows from Lemma 9.2. The second claim follows
from the first one and Lemma 9.2.

Note that (g, σi) is HU(V,h)(Fqm)-conjugate to (s′, σi) for any g ∈ HU(V,h)(Fqm) satisfying
s = Ni,t(g, σ

i). Hence, it suffices to show

tr ρ̃HU(V,h)(Fqm ),ψm(s
′, σi) = tr ρHU(V,h),ψ(s).

This follows from Lemma 9.1 (2) and Corollary 9.3 (2).
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