ON IMAGES OF WEAK FANO MANIFOLDS

OSAMU FUJINO AND YOSHINORI GONGYO

ABSTRACT. We consider a smooth projective morphism between
smooth complex projective varieties. If the source space is a weak
Fano (or Fano) manifold, then so is the target space. Our proof is
Hodge theoretic. We do not need mod p reduction arguments. We
also discuss related topics and questions.

CONTENTS

Introduction 1
Preliminaries 3
Log Fano varieties )
Fano and weak Fano manifolds 7
Comments and Questions 12
. Appendix 14
References 16

AR

1. INTRODUCTION

Let f : X — Y be a smooth projective morphism between smooth
projective varieties defined over C. The following theorem is one of the
main results of this paper.

Theorem 1.1 (cf. Theorem 4.5). If X is a weak Fano manifold, that
18, —Kx 1s nef and big, then so is'Y.

Our proof of Theorem 1.1 is Hodge theoretic. We do not need mod
p reduction arguments. More precisely, we obtain Theorem 1.1 as an
application of Kawamata’s positivity theorem (cf. [K2]). By the same
method, we can recover the well-known result on Fano manifolds.
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2 OSAMU FUJINO AND YOSHINORI GONGYO

Theorem 1.2 (cf. Theorem 4.7). If X is a Fano manifold, that is,
—Kx is ample, then so i1s Y.

Our proof of Theorem 1.2 is completely different from the original
one by Kollar, Miyaoka, and Mori in [KMM]. It is the first proof which
does not use mod p reduction arguments. We raise a conjecture on the
semi-ampleness of anti-canonical divisors.

Conjecture 1.3. If —Kx is semi-ample, then so is — Ky .

We reduce Conjecture 1.3 to another conjecture on canonical bundle
formulas and give affirmative answers to Conjecture 1.3 in some special
cases (cf. Remark 4.2 and Theorem 4.4). In this paper, we obtain the
following theorem, which is a key result for the proof of Theorem 1.1
and Theorem 1.2.

Theorem 1.4 (cf. Theorem 4.1). If —Kx is semi-ample, then —Ky is
nef.

We note that the proof of Theorem 1.4 is also an application of
Kawamata’s positivity theorem. We note that it is the first time that
Theorem 1.4 is proved without mod p reduction arguments. The reader
will recognize that Kawamata’s positivity theorem is very powerful. We
can find related topics in [Z] and [D, Section 3.6]. Note that both of
them depend on mod p reduction arguments.

We summarize the contents of this paper. Section 2 is a preliminary
section. We recall Kawamata’s positivity theorem (cf. Theorem 2.2)
here. In Section 3, we treat log Fano varieties with only kawamata
log terminal singularities. The result obtained in this section will be
used in Section 4. In Section 4, we prove Theorem 1.1, Theorem 1.2,
and some related theorems. In Section 5, we give some comments and
questions on related topics. In the final section: Section 6, which is an
appendix, we give a mod p reduction approach to Theorem 1.1.
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We will work over C, the complex number field, from Section 2 to
Section 4.

2. PRELIMINARIES

We will make use of the standard notation as in the book [KM].

Notation. For a Q-divisor D = 25:1 d;D; on a normal variety X
such that D, is a prime divisor for every j and D; # D; for i # j, we
define

D+ = Z dej and D™ = — Z dej-
d;j>0 d;j<0
We denote the round-up of D by "D™. Furthermore, let f : X — Y be
a surjective morphism of varieties. We define

D"= > d;D; and D"=D- D"
f(Dj)=Y

Let X be a normal variety and A an effective Q-divisor on X such
that Ky + A is Q-Cartier. Let ¢ : Y — X be a projective resolu-
tion such that the union of the exceptional locus of ¢ and the strict
transform of A has a simple normal crossing support on Y. We put

where E; is a prime divisor for every ¢ and E; # E; for i # j. The
pair (X, A) is called kawamata log terminal (klt, for short) (resp. log
canonical (lc, for short)) pair if a; > —1 (resp. a; > —1) for every 1.

Definition 2.1 (Relative normal crossing divisors). Let f: X — Y be
a smooth surjective morphism between smooth varieties with connected
fibers and D = . D; a reduced divisor on X such that D" = D,
where D; is a prime divisor for every i. We say that D is relatively
normal crossing if D satisfies the condition that for each closed point
x € X, there exits an analytic open neighborhood U and uy,...,u; €
Ox . inducing a regular system of parameter on f~!f(z) at x, where
k = dim f~! f(z), such that DNU = {u;---w = 0} for some [ with
0<I<k.
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Let us recall Kawamata’s positivity theorem in [K2]. It is the main
ingredient of this paper.

Theorem 2.2 (Kawamata’s positivity theorem). Let f: X — Y be a
surjective morphism of smooth projective varieties with connected fibers.
Let P = Zj P; and Q = ), Q; be simple normal crossing divisors on
X and Y, respectively, such that f~1(Q) C P and f is smooth over
Y\Q. Let D =}, d;P; be a Q-divisor (d;’s may be negative or zero),
which satisfies the following conditions:

(1) f: SuppD" — Y is relatively normal crossing over Y \ Q and
f(SuppD?) C Q,
(2) d; < 1 unless codimy f(P;) > 2,
(3) dimg(y) frO(T=D7) ®o, C(n) = 1, where n is the generic point
of Y, and
(4) Kx + D ~q f*(Ky + L) for some Q-divisor L on'Y.
Let

Q) = Zwljfjj, where wy; > 0,
J

_ . _1
g, = BTl rp) —q
Wi

& = max{d;|f(F;) = Qi},
Ay = ZCSle, and
M - L - Ao.

Then M is nef. We sometimes call M (resp. Ay) the moduli part
(resp. discriminant part).

Remark 2.3. In Theorem 2.2, we note that §; can be characterized as
follows. If we put

a=sup{t € Q| Kx + D+ tf*Q, is lc over the generic point of @},
then 6, =1 —¢.

We give a remark on the Stein factorization. We will use Lemma 2.4
in Section 4. See also Remark 5.3 below.

Lemma 2.4 (Stein factorization). Let f : X — Y be a smooth projec-
tive morphism between smooth varieties. Let

Xz 4y
be the Stein factorization. Then g : Z — Y s étale. Therefore, h :

X — Z is a smooth projective morphism between smooth varieties with
connected fibers.
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Proof. By assumption, R'f,Ox is locally free and
R'f.Ox @ C(y) ~ Hi(Xw Ox,)

for every ¢« and any y € Y. By definition, Z = Specy f.Ox. Since
9.0z ~ f,Ox is locally free, g is flat. By construction,

Z, = SpecHO(Xy, Ox,)

consists of n copies of SpecC for any y € Y, where n is the rank of
f+Ox. Therefore, g is unramified. This implies that g is étale. Thus,
Z is a smooth variety and h : X — Z is a smooth morphism with
connected fibers. O

3. LoG FANO VARIETIES

The proof of the following theorem is essentially the same as [F1,
Theorem 1.2]. We will use similar arguments in Section 4.

Theorem 3.1. Let f : X — Y be a proper surjective morphism between
normal projective varieties with connected fibers. Let A be an effective
Q-divisor on X such that (X, A) is klt. Assume that —(Kx+A+ecf*H)
18 semi-ample, where € is a positive rational number and H is an ample
Cartier divisor on' Y. Then we can find an effective Q-divisor Ay on
Y such that (Y, Ay) is kit and —(Ky + Ay) is ample. In particular, if
Ky is Q-Cartier, then —Ky 1s big.

Proof. By replacing H with mH and e with = for some sufficiently
large positive integer m, we can assume that H is very ample and
e < 1. By replacing H with a general member of |H|, we can further
assume that (X, A+ef*H) is klt. Let A be a general member of a free
linear system | — m(Kx + A +ef*H)| such that (X, A +¢ef*H + = A)
is klt and

1
Kx+A+effH+ —A~g0.
m

Weput I' =A+ecf*H + %A. Then we consider the following commu-
tative diagram:

Y/ ? Y7
where

(i) X" and Y’ are smooth projective varieties,
(ii) v and p are projective birational morphisms,
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(iii) we put L = —Ky+ and define a Q-divisor D on X’ as follows:
KX’ + D= V*(KX + F),

and
(iv) there are simple normal crossing divisors P on X’ and @ on

Y’ which satisfy the conditions (1) of Theorem 2.2 and there
exists a set of sufficiently small non-negative rational numbers
{s:} such that p*H — >, 5,(); is ample.

We see that f: X’ — Y, D, and L satisfy the conditions (1), (2), and

(4) in Theorem 2.2. Now we check the condition (3) in Theorem 2.2.

We put h = fov.

Claim 1. Oy = h,Ox.("—D")
Proof of Claim 1. Since (X,I") is klt, we see that "—D7 is effective

and v-exceptional. Thus it holds that v,Ox/("—D7) ~ Ox. Since
f*OX = Oy, we have Oy = h*OX/('_—D_'). O

By Claim 1, we see that f': X’ — Y’ and D satisfy the condition
(3) in Theorem 2.2 since p is birational. If we take Q-divisors A and
M on Y’ as in Theorem 2.2, then

Kx/ —|— D N@ f,*(Ky/ —|— M —I— Ao)
and M is nef. We have the following claim about Aj.
Claim 2. Aj > ep*H.

Proof of Claim 2. Since H is general, h*H is reduced. We set h*H =
> ; Pr;- Note that the coefficient of Py, in D is ¢ for every j by the
generality of H and A. By the definition of Jk]., it holds that
dk]. = dkj = E.
Thus we have Af > eu*H. O
We decompose ¢ = &' + ¢” such that & and &” are positive rational
numbers. Since M is nef, M +¢'(p*H -, 5,Q);) is ample. Hence, there
exists an effective Q-divisor B such that M +¢'(p*H — >, s1Q1) ~q B,
(Y',B4+¢& >, sQu+ Ay +e"u*H) is klt, and Supp(B + €'Y, s1Qi +
A +e"u*H—Ay) is simple normal crossing. If ¢ is a sufficiently small
positive rational number, then we see that

Supp(B + ¢ Z siQ+ Ad +e"wH — Ay)” = Supp 4, .
1

We set
Ay=Af —ep'H and Q' =B+ 5’251621 + A+ "W H — Ay .
l
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It holds that

Ky + Q ~Q Ky + L ~Q 0.
By the following claim, 1, is effective.
Claim 3 (cf. Claim (B) in [F1]). u.Agy = 0.
Proof of Claim 3. Let Ay = — )", &, Q,, where &, < 0. If there exists
k and j such that " —d; ' < wy,;, it holds that —d; +1 < wy, ; since wy,
is an integer. Then we obtain d;, > 0. Thus, it holds that "—d;™ > wy,
for all k and j. Therefore we have "—D™ > f*@Q),, . Since Oy = f.Ox,

we see that flOx/("—D7) 2 Oy/(Qy,). By Claim 1, @, = 0. We
finish the proof of Claim 3. 0

We put © = u,§2. Then we see that € is effective by Claim 3,
Ky/ + Q, = [L*(Ky + Q), KY + Q ~Q 0, and Q 2 €HH.
Thus (Y, Ay) is klt and —(Ky + Ay) ~q €”"H is ample if we put
Ay = Q —&"H > 0. We finish the proof of Theorem 3.1. O

Remark 3.2. Let (X, B) be a projective klt pair. Then —(Kx + B)
is semi-ample if and only if —(Kx + B) is nef and abundant by [F3,
Theorem 1.1].

The following corollary is obvious by Theorem 3.1.

Corollary 3.3 (cf. [PS, Theorem 2.9]). Let f : X — Y be a proper
surjective morphism between normal projective varieties with connected
fibers. Let A be an effective Q-divisor on X such that (X, A) is kit and

—(Kx + A) is ample. Then there is an effective Q-divisor Ay on'Y
such that (Y, Ay) is klt and —(Ky + Ay) is ample.

For related topics, see [SS, Remark 6.5] and [FG, Section 5]. We
close this section with an easy corollary of Theorem 3.1.

Corollary 3.4. Let (X, A) be a projective klt pair such that —(Kx+A)
is semi-ample. Let n be a positive integer such that n(Kx + A) is
Cartier. Then there is an effective Q-divisor Ay on

Y = Proj @ H(X,Ox(—mn(Kx + A)))

such that (Y, Ay) is kit and —(Ky + Ay) is ample.

Proof. By definition, Y is a normal projective variety and there is a
projective surjective morphism f : X — Y with connected fibers such
that —(Kx + A) ~q f*H, where H is an ample Q-Cartier Q-divisor
on Y. Then we can apply Theorem 3.1. U
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4. FANO AND WEAK FANO MANIFOLDS

In this section, we apply Kawamata’s positivity theorem to smooth
projective morphisms between smooth projective varieties.

We note that the statement of the following theorem is weaker than
[D, Corollary 3.15 (a)]. However, the proof of Theorem 4.1 has potential
for further generalizations. We describe it in details.

Theorem 4.1 (cf. [D, Corollary 3.15 (a)]). Let f : X — Y be a smooth
projective morphism between smooth projective varieties with connected
fibers. If —Kx is semi-ample, then — Ky 1is nef.

Proof. Let C' be an integral curve on Y. Let A be a general member
of the free linear system | — mKx|. Then there is a non-empty Zariski
open set U of Y such that CNU # () and that A is smooth over U. By
construction, Kx++A ~g 0. Let 1 : Y" — Y be a resolution such that
p is an isomorphism over U and ' (Y \ U) is a simple normal crossing
divisor on Y’. We consider the following commutative diagram.

X=XxyYV —=X
fl if
y ——y
We note that f: X — Y’ is smooth. We write Ky = p*Ky + E. Then

SuppF = Exc(u), where Exc(pu) is the exceptional locus of u, and E' is
effective. We put

~ 1
K)N(—FDZQO*(KX—FEA) ~Q 0.
Then .
D=—fE+p"—A.
m

Note that K¢ = O Kx+ [*E. We put U’ = p Y (U). Then p: U — U
is an isomorphism. Let ¢ : X' — X be a resolution such that Y is
an isomorphism over ffl(U’) and that SuppA’ U Suppf' (Y’ \ U) is
a simple normal crossing divisor, where A’ is the strict transform of A

on X" and f'= foy: X' =Y’ We define

Kxi 4+ D =*(Kg + D) ~g 0.
We can write

le—f—D:f/*(Ky/—f-AO—f—M)

as in Kawamata’s positivity theorem (see Theorem 2.2). We put F =
> . €il;, where E; is a prime divisor for every ¢ and E; # E; for i # j.
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The coefficient of E; in Ag is 1 — ¢;, where
c; =sup{t € Q| Kx: + D + tf™E; is lc over the generic point of E;}.
By construction,
c; =sup{t € Q| K5 + D + tf*E; is lc over the generic point of F;}.
Since N N .
D=—f"E+¢"—A,
m

and cp*w%A is effective, we can write ¢; = e; 4+ a; for some a; € Q with
a; < 1. Thus, we have 1 — ¢; = 1 — ¢; — a;. Therefore, the coefficient of
Ei in E + AO iS

ei+1—ei—a,~:1—ai20.
So, we can see that E + Ay is effective. Since Ky’ + Ag+ M ~g 0 and
Ky = Ky + E, we have

—ILL*KY =—-Ky+F ~Q E—i—Ao—FM
Let C’ be the strict transform of C on Y’. Then
C-(—Ky)=C"(—p"Ky)
=C"-(E+ Ao+ M)>0.

It is because M is nef and Supp(E + Ag) C Y’ \ U'. Therefore, —Ky
is nef. O

We give a very important remark on Theorem 4.1.

Remark 4.2 (Semi-ampleness of —Ky). We use the same notation
as in Theorem 4.1 and its proof. It is conjectured that the moduli
part M is semi-ample (see, for example [A1, 0. Introduction]). Some
very special cases of this conjecture were treated in [F2] before [A1].
Unfortunately, the results in [F2] are useless for our purposes here. If
this semi-ampleness conjecture is solved, then we will obtain that — Ky
is semi-ample.

Let y € Y be an arbitrary point. We can choose A such that y € U.
Since

—p Ky ~g M + E + Ao,

E+ Ay is effective, and Supp(E + Ag) C Y\ U’, we can find a positive
integer m and an effective Cartier divisor D on Y such that —mKy ~ D
and that y € SuppD. It implies that — Ky is semi-ample.

By [K1], M is semi-ample if dimY = dim X — 1. Therefore, — Ky is
semi-ample when dimY = dim X — 1.

In [A2, Theorem 3.3], Ambro proved that M is nef and abundant. So,
if Y is a surface, then we can check that — Ky is semi-ample as follows.
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Ifv(Y',M)=r(Y',M)=0or 1, then M is semi-ample. Therefore, we
can apply the same argument as above. If v(Y', M) = k(Y', M) = 2,
then M is big. Since

—LL*KY ~Q M+E+A0

and E + Ay is effective, —u*Ky is big. Therefore, —Ky is nef and
big. In this case, — Ky is semi-ample by the Kawamata—Shokurov base
point free theorem. Anyway, for an arbitrary point y € Y, we can
always find a positive integer m and an effective Cartier divisor D on
Y such that —mKy ~ D and that y € SuppD. It means that — Ky is
semi-ample.

In the end, in Theorem 4.1, — Ky is semi-ample if dimY < 2. By
combining the above results, we know that — Ky is semi-ample when
dim X < 4. We conjecture that — Ky is semi-ample if —Kx is semi-
ample without any assumptions on dimensions.

Remark 4.3. In Remark 4.2, we used Ambro’s results in [Al] and
[A2]. When we investigate the moduli part M on Y by the theory
of variations of Hodge structures, we note the following construction.
Let m : V — X be a cyclic cover associated to m(Kx + +A) ~ 0. In
this case, 7 is a finite cyclic cover which is ramified only along SuppA.
Since SuppA is relatively normal crossing over U, we can construct a
simultaneous resolution fow : V — Y and make the union of the
exceptional locus and the inverse image of SuppA a simple normal
crossing divisor and relatively normal crossing over U by the canonical
desingularization theorem. Therefore, the moduli part M on X behaves
well under pull-backs. It is a very important remark.

The semi-ampleness of — Ky is not so obvious even when —Kx ~q 0.
The proof of the following theorem depends on some deep results on
the theory of variations of Hodge structures (cf. [A2] and [F3]).

Theorem 4.4. Let f : X — Y be a smooth projective morphism be-
tween smooth projective varieties. Assume that —Kx ~q 0. Then
— Ky is semi-ample.

Proof. By the Stein factorization (cf. Lemma 2.4), we can assume that
f has connected fibers. In this case, we can write

Kx ~q [*(Ky + M),

where M is the moduli part. By [A2, Theorem 3.3], we know that M is
nef and abundant. Therefore, — Ky is nef and abundant. This implies
that — Ky is semi-ample by [F3, Theorem 1.1]. O
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The following theorem is one of the main results of this paper. We
note that it was proved by Yasutake in a special case where f : X — Y
is a P"-bundle (cf. [Y]).

Theorem 4.5 (Weak Fano manifolds). Let f : X — Y be a smooth
projective morphism between smooth projective varieties. If X is a weak
Fano manifold, then so is Y.

Proof. By taking the Stein factorization, we can assume that f has
connected fibers (cf. Lemma 2.4). By Theorem 4.1, — Ky is nef since
— K x is semi-ample by the Kawamata—Shokurov base point free theo-
rem. By Kodaira’s lemma, we can find an effective Q-divisor A on X
such that (X, A) is klt and that —(Kx +A) is ample. By Theorem 3.1,
we can find an effective Q-divisor Ay such that —(Ky + Ay) is ample.
Therefore, —Ky is big. So, —Ky is nef and big. This means that Y is
a weak Fano manifold. 0

The following example is due to Hiroshi Sato.

Example 4.6 (Sato). Let ¥ be the fan in R? whose rays are generated
by

T = (1707 1)a To = (07 170)a T3 = (_1a370)7 Ty = (07 _170)a
N = (0707 1)a Yo = (0707 _1)7

and their maximal cones are

<I17 x27y1>7 <ZE1, X2, y2>7 <$2,.T37 y1>7 <I27 $3>y2>7
<$3, x4,y1>, <$3,$4, y2>, (954,%7 ?Jl), <$4, Il,y2>~

Let A be the fan obtained from > by successive star subdivisions along
the rays spanned by

21 :I2+y1 = (071,1)
and
2o = o + 21 :2951—1—3/1 = (0,2,1)

We see that V' = X (2), the toric threefold corresponding to the fan ¥
with respect to the lattice Z* C R3, is a P'-bundle over Y = Pp1 (Op1 @
Op1(3)). We note that the P-bundle structure V' — Y is induced
by the projection Z* — Z? : (z,y,z) — (z,y). The toric variety
X = X(A) corresponding to the fan A was obtained by successive
blow-ups from V. We can check that X is a three-dimensional toric
weak Fano manifold and that the induced morphism f: X — Y is a
flat morphism onto Y since every fiber of f is one-dimensional. It is
easy to see that — Ky is big but not nef.
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Therefore, if f is only flat, then — Ky is not always nef even when
X is a weak Fano manifold.

Let us give a new proof of the well-known theorem by Kollar, Miyaoka,
and Mori (cf. [KMM]). We note that Y is not always Fano if f is only

flat. There exists an example in [W].

Theorem 4.7 (cf. [KMM, Corollary 2.9]). Let f : X — Y be a smooth
projective morphism between smooth projective varieties. If X is a Fano
manifold, then so isY .

Proof. By taking the Stein factorization, we can assume that f has
connected fibers (cf. Lemma 2.4). By Theorem 4.5, —Ky is nef and
big. Therefore, — Ky is semi-ample by the Kawamata—Shokurov base
point free theorem. Thus, it is sufficient to see that C' - (—Ky) > 0
for every integral curve C' on Y. Let C' be an integral curve C' on
Y. We take a general very ample divisor H on Y. Let € be a small
positive rational number. Then Kx + ¢f*H is anti-ample. Let A be
a general member of the free linear system | — m(Kx + ef*H)|. We
can assume that there is a non-empty Zariski open set U of Y such
that H is smooth on U, Supp(A + f*H) is simple normal crossing on
f7HU), SuppA is smooth over U, and CNHNU # (). Apply the same

arguments as in the proof of Theorem 4.1 to
1
KX —|—€f*H—|— —A ~Q 0
m

Then we obtain a projective birational morphism p : Y’ — Y from a
smooth projective variety Y’ such that u is an isomorphism over U and
Q-divisors Ay and M on Y’ as before. By construction, A, contains
eH', where H' is the strict transform of H on Y’ (cf. the proof of
Theorem 3.1). Therefore, we have

C(—Ky):C/(E+AQ+M) >0
as in the proof of Theorem 4.1. Thus, — Ky is ample. U

We can prove the following theorem by the same arguments. It is a
generalization of Theorem 4.7.

Theorem 4.8. Let f : X — Y be a smooth projective morphism be-
tween smooth projective varieties. Let H be an ample Cartier divisor
onY. Assume that —(Kx + ef*H) is semi-ample for some positive
rational number . Then — Ky is ample, that is, Y is a Fano manifold.

Proof. By Lemma 2.4, we can assume that f has connected fibers. By
Theorem 3.1, we see that —Ky is big. By the proof of Theorem 4.7,
we can see that C' - (—Ky) > 0 for every integral curve C' on Y. By
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the Kawamata—Shokurov base point free theorem, — Ky is semi-ample.
Thus, — Ky is ample. U

5. COMMENTS AND QUESTIONS

In this section, we will work over an algebraically closed field k of
arbitrary characteristic. We denote the characteristic of k by chark.

5.1. Let f : X — Y be a smooth projective morphism between smooth
projective varieties defined over k.

(A) If —Kx is ample, that is, X is Fano, then so is —Ky.
It was obtained by Kolldr, Miyaoka, and Mori in [KMM]. Their proof
is an application of the deformation theory of morphisms from curves
invented by Mori. It needs mod p reduction arguments even when
chark = 0. In the case chark = 0, we gave a Hodge theoretic proof
without using mod p reduction arguments in Theorem 4.7.

(N) If —Kx is nef, then so is —Ky-.
This result can be proved by the same method as in [KMM] (cf. [M],
[Z], and [D, Corollary 3.15 (a)]). In the case chark = 0, we do not
know whether we can prove it without mod p reduction arguments or
not.

(NB) If — Ky is nef and big, that is, X is weak Fano, then so is — Ky
when chark = 0.

It was proved in Theorem 4.5. We do not know whether this statement
holds true or not in the case chark > 0. See also Section 6: Appendix.

(SA) If —K is semi-ample, is —Ky semi-ample?
We have only some partial answers to this question. For details, see
Remark 4.2 and Theorem 4.4. In the case chark = 0, we note that — K
is semi-ample if and only if —K is nef and abundant (see Remark 3.2).
(B) If —Kx is big, is —Ky big?

The following example gives a negative answer to this question.

Example 5.2. Let £ C P? be a smooth cubic curve. We consider
f: X =Pg(Og® Og(l)) - E =Y. Then, we see that —Kx is big.
However, — Ky is not big since E is a smooth elliptic curve.

Anyway, it seems to be difficult to construct nontrivial examples. It
is because the smoothness of f is a very strong condition.

We close this section with a remark on Lemma 2.4. It may be indis-
pensable when k # C.
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Remark 5.3. Lemma 2.4 holds true even when k # C. We can check
it as follows. By the proof of Lemma 2.4, it is sufficient to see that
[+Ox is locally free and f.Ox ® k(y) ~ H°(X,, Ox,) for every closed
point y € Y. Without loss of generality, we can assume that Y is affine.
Let us check that the natural map

f[:O0x @ k(y) — H°(X,,Ox,)

is surjective for every y € Y. We take an arbitrary closed point y &
Y. We can replace Y with SpecOy,,. Let m, be the maximal ideal
corresponding to y € Y. We note that f.Ox ®k(y) ~ (f.Ox), ® k(y),
where (f,O X)Q is the formal completion of f,Ox at y. By the theorem
on formal functions (cf. [H, Theorem 11.1]), we have

(f*OX);\ ~ limHO(Xn, OXH),
where X,, = X Xy SpeCOyvy/mZ. Therefore, we can see that

(f.0x), @ k(y) — H°(X,,0x,)

is surjective. It is because H°(X,;, Ox,,;) = k for every i, where X, =
[ 1, Xy is the irreducible decomposition of a smooth variety X,,. By the
base change theorem (cf. [H, Theorem 12.11]), we obtain the desired
results.

6. APPENDIX

In this appendix, we give another proof of Theorem 1.1 depending on
mod p reduction arguments. This proof is not related to Kawamata’s
positivity theorem.

First let us recall various results without proofs for the reader’s con-
venience.

6.1 (Preliminary results). The following theorem was obtained by the
same way as in [KMM].

Theorem 6.2 (|D, Corollary 3.15 (a)]). Let f : X — Y be a smooth
morphism of smooth projective varieties over an arbitrary algebraic
closed field. If —Kx is nef, then so is —Ky.

In [SS], Schwede and Smith established the following results on log
Fano varieties and global F-regular varieties. For various definitions
and details, see [SS] and [S]. See also [HWY] for related topics.

Theorem 6.3 (cf. [SS, Theorem 1.1]). Let X be a normal projective
variety over an F-finite field of prime characteristic. Suppose that X

is globally F-regular. Then there exists an effective Q-divisor A on X
such that —(Kx + A) is ample and that (X, A) is kit.
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For the definition of kit in any characteristic, see [SS, Remark 4.2].

Theorem 6.4 (cf. [SS, Theorem 5.1]). Let X be a normal projective
variety defined over a filed of characteristic zero. Suppose that there
exists an effective Q-divisor A on X such that —(Kx + A) is ample
and that (X, A) is klt. Then X has globally F-regular type.

Theorem 6.5 (cf. [SS, Corollary 6.4]). Let f: X — Y be a projective
morphism of normal projective varieties over an F-finite field of prime
characteristic. Suppose that f.Ox = Oy. If X is a globally F'-reqular
variety, then so is'Y .

We can find the following lemma in [L, Proposition 3.7 (a)].

Lemma 6.6. Let C' be a smooth projective curve over a field k, let
K be an extension field of k, and let D be a Cartier divisor on C.
Suppose that 7 : C'x .= C X, K — C' is the natural projection. Then
deg,D = degym*D.

By the above lemma, we see the following lemma.

Lemma 6.7. Let X be a projective variety over a field k, let K be an
extension field of k, and let D be a Cartier divisor on X. Suppose that
7D is nef, where m : Xy := X X, K — X 1s the projection. Then D
s nef.

Proof. We take a morphism f : C' — X from a smooth projective
curve. We consider the following commutative diagram:

Cx —<—C
le ) lf
X —">X
| o]
SpecK —— Speck

where Ck := C x; K. By the assumption, deg,mc*(f*D) > 0. Hence
deg, f*D > 0 by Lemma 6.6. Thus D is nef. O

Let us start the proof of Theorem 1.1.

Proof of Theorem 1.1. First, we note that —Kx is semi-ample by the
Kawamata—Shokurov base point free theorem and that — Ky is nef by
Theorem 6.2. It is sufficient to show that (—Ky)¥™Y > 0. By the
Stein factorization, we can assume that f has connected fibers. We
can take a finitely generated Z-algebra A, a non-empty affine open set
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U C SpecA, and smooth morphisms ¢ : X — U and ¢ : Y — U such

that
\ F / g
U

and F' ~ f over the generic point of U and that — Ky is semi-ample. We
take a general closed point p € U. Note that the residue field k := x(p)
of p has positive characteristic p. Let f, : X, — Y}, be the fiber of F
at p, and let K be an algebraic closure of k. By Theorem 6.4, we may
assume that X, is globally F-regular. Let f, : X, — Y, be the base
change of f, by SpecK, where X, := X, x;, K and Y, := Y, x;, K. Since
— Ky is semi-ample, we see that —KXfp is semi-ample. In particular,
—Kx; is nef. Hence, we obtain that — Ky~ is nef by Theorem 6.2. By
Lemma 6.7, —Ky, is nef. By Theorem 6.5, Y, is globally F-regular.
Hence —Ky, is nef and big. Thus (—Ky,)¥™ > 0. Since ¢ is flat,
(—Ky)¥mY > (. Therefore, —Ky is nef and big. O

X
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